(Proofs in Mathematics)

**Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD <

A.1.1 9fierT (Introduction)

FHel X, X T XIH B9 A, 9ok o, o o oA, foam aeon gfaumeres
ey 3R AR, STAIG e, Wed qe s foeem 1 Seheuetl o ar
o 1g ok B

T8l &9 T el i fag (i) s w1 fafae fafual w famm i

A.1.2 Ut 1 22 (What is a Proof?)

ot TIforeier sher ot St el 1 U ST fafa g ¢, Treh Yo e
o sfifeca = foret aRenfora o5 o1 fenedt sifvpeia on fanedt Ut @resr gr1 wfore a6
&, fort fmafer fafyr qen o emaRtanfod usi gr1 vl e difeher fromt 61 wam
EZCAR CRIREICGRE RIS Ieca il

TH YhR Ycieh IUuf FmfTer qenf &1 Tk e el 8, T ° weie ) STt
IRepeqATd qen ekt Bl 81 stfushal g9 fepdt Tre ol Sow R g aedt 9 werer O
N fag #%d B R wef-oft e @Y fag w0 1 oTdaT STk GAded qed
1 Tog ST A il 1 369 YR Trdlt wien 1 fag & &1 9 fafeet vkl g
&, 9d: Yoe S el STucdel Sudfd 9 sHeh Sifdfed Wik fafy H
=T alier erd 2, foret == = =t T 2

YIS IUUTH 98 Wieg &1 9% 3yurd ¢, T4 g WY ¥9 H yed dedi § URe &
e 1 IUAfa wIfd e 2
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(i) Hrem-Hrem SWEA (Approach) 7€ Tehl &1 Teh S@el €, S USH 1efal hieqd
Al § WY IR ek, FETal, IRwifid usi qen g8 g |ieAl St ST
Y ok o Tl o v gr, fag fhu S et frewd i wmifoE st @)

frafafEa 3 W faar +ifs:
SEECOT 19 ¥ —S5x+6=0d x=3q x=2 3

T - Sx+6=0 (fm ?)

= (x=3) (x—2)=0 (T HF & oI F9Hh ¥ akeH W)

= x=3=0Ax—2=0 (TGO A ab=07F a=0Ab=0,a,bec REN)

= x=3+3=0+3TqM x-2+2=0+2 (THIH & I T&fi H FOH T S
T 3TH! ghfa afafda & et 21)

= x+0=32|1x+0=2(W@WW@W(Identity)'{[ﬁ#
ERILELY)

= x=39dx =2 (A o dd Yolfeh oh TdHE 01 o FAN §HII)
X=5%x+6=0=x=3"Ax=2

Tl p UEH HUT X2 5x +6=0"T 3 g FT=HT HUH “x=3AMx=2" B

HUT ph HASTH 12— 5x+ 6 I, 3Hh oI Th o Felh (x—3) (x—2) ¥

gfeeernfid T % B9 Tk b 11 “(x — 3) (x—2) = 0" I L B

qﬁ'ﬁqﬂ%ﬁ%\

() =S (x—3) (x —2) TF TR ol 22— 5x+ 6 o TUH (qed) € 2

(i) et =Hsten i STeh THM Teh 31 o4l § 80 d Fiqeenfud s Hend ¢ 2 374
T Hom 1 en fusell wmensti § [orEe gu fHg Y g € e

X=5x+6=x*-3x-2x+6=x(x-3)-2(x-3)=(x-3)(x-2)
fedta U qeh & 9y ®9 (b o o)) gN §9E Bl Bl

T S r YdRUT (Premise) a1 YA HeA Sl €, @@ wed
50 “x—3=0 Fx—2=0" 9 Bl &1 Tedeh =00 (steps) b1 HAifae wIS+ (brackets)
o fean 2
TE Wik TR a9 ook wordt el € ST qeh e Sifan ekt W wde Wi g

ek I FdlehlcHeh EEQEAdl A gR U8 YEU % W 2 T p =g
T 2

pE URY Hh A G p= r = s = ... = ¢ & YHIUG HifaQ| 37d:
“p = ¢” TA B
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T o SqufaEr 267
3ETET0T 2 THg HITNT 1 el f: R > RS fx) = 2x + 5 g1 IRWIG 2, Tk Tohen!
(one—one)qv_c'r'l%

Suufw e A fF wem £ whe B A f(x) = f(x,) = x, = x,
(Thah! ol 1 qReT)
e UE AT R f(x) = f(x,) FAM 20+ 5=2x,+ 5

= 24 5-5=2x,+5-5 (A vall | THA WA Sied W)

= 2x+0=2x,+0

= 2x, =2x, (ATEfash @A H T TE@HE B 00)
S 2 % = 2 xy Gl e e e e
= X, =X,

3Td: e THAT T

(if) TUTT ST

Tt s, |l i fag W w1 uw uE fafy 2, e wew fmtees

el 21 39 fafy & Suuf quiedo frefaiea st w enaia e €1

N & & U4 Su8q==d S H, A
(i) 9rehd "&A 1 e ST
(i) Uhd &N k+le S &+ ke S,MS=N

Tt ST T fagid I8 € & 3 Tk wem “S(n), n=1% fau g @ (31ean
et e URf9e Hem j o fau 9 ©) 3R 9K ®ed n=ko foq 9 e o 7@
fdrifed € foF 98 n=k+ 1 o foIQ rfardd: g € (S &t o quis £ > j), @ 9o
wo fRelt off o7 quifd n, &1 n> j o foAw ¥ @ R

379 B P ST o Bl

cosO sin© cosnB sinn 9}

—sin n©® cosnO

wwszr&'m[ } a‘rﬁ{@@ﬁﬁm:[

—sin® cos 0

[cosne sinn 9}

—sin n©® cosnO

7o AW forn T P(n) : A" =
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268 Tfora

cos O sin 6}

—sin® cos O

T 3@ ¢ fw P(l):Alz[
31 P(1) 93 2
o WM o T Pk) 9o €, e

[ cosk® sink©
| —sink 6 cos k 6

dl eq fag T =ed § T Pk + 1) @ed §, 5 &t P(k) T €, 39efq

" [cos (k+1)0 sin(k+1)0 3
Pk+1): A%l = | —sin(k +1)0 cos (k+1)8

P(k) : Ak =

: A= Ak A
T P(k) 91 @, g9ferT

. cosk® sink® cos O sin O
AT = —sink ® cosk® —sin6® cos 6

cosk © cos 6 —sin k 0 sin O cosk ©sin O + sin k 6 cos O
| —sink©®cos®—coskOsin® —sink Osin 0+ cos k O cos O

(3Tr=e T §T)

B cos(k+1)0 sin(k+1)6
—sin(k +1)0 cos (k+1)6

APk + 1) T B, 5@ H9 P(k) A 2B
AT P(n), noh | WA (e qUiieR) ok forg @ 21
(i) Tafir=r feafaat & fawess grr stean f:9mor gro suufa

FUA p = ¢ H g FH 1 T ot ohorel At G9a B, @ p Rl Ik A
r, 8, t (WW)ﬁﬁ@%ﬁWWW@@WWp:rV s v t(ﬁﬁ“v”g'cﬂil?
g “ar & faw)

g Fgfaay &t r= q;
5= q;
qen = g
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T | SuuteE 269
1 FHIOE fRal ST, @ (r v s v 1) = g, IS 8 S ® SR W YRR p = g
IO B 2
7@ fafy o uftered T &1 Yoier G9a g9 1 Siten s @1 7 fafy seeifie 9
T haet qdft giaurse € o« fagued g uw weHl w1 @ w9 €l

saretor 4 f&E st ABC, ® fag wifsw &

a= bcosC+ccosB
T OH it R p heM “ABC Tk B35S € » qe ¢ hem
“a4=bcosC+ccosB’ %
A oifSe fF ABC T 31 81 9t A @ BC (STEvashd{ar s@E TE) | od
AD gifem|
&0 A ® o T e @ At Ao fe a stfushentor st = e e
m%mﬁp?ﬁ r, s a4l tﬁﬁ'@ﬁ@ﬁaﬁ{m%,aﬁ
r: ABC T = e €, fad £ ¢ =i 2
s : ABC U atfushanior gt 8, forqd 2 C stferpamion 21
t: ABC T gushiv fryqst 2, fed £ C aoahion 2
3d: TH WeA i SuE i Gurest & fau stem-eem fag W €
9T (i) 5 L A, £ B, q £ C Al & Ao € (3mepfa Al.1)
gashv 19s ADB, g1

BD
E:cosB A
7M1 BD =AB cos B=ccos B
gashu st ADC §R0 . 5
@ _
AC—COS
ERIGY CD = AC cos C - ] ~
_b C D a D A
T Deos TTeRfd A1.1
Ad a=BD + CD

=ccos B+ bcosC .. (1)
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270 Tfora

9T (i) W1 £ C SAferehepiol € (3Mepfa A1.2)
gasu 951 ADB §N0
BD

_— = B
AB COS
A BD = AB cos B
=ccos B

D Z ACD
AC =cos

=cos (180 - C)
o eos C JTTeRfT A1.2
SRINY CD =-AC cos C
=—bcosC
3 a=BC=BD-CD
?ﬁﬁﬂ a=ccos B-(—-bcosC)
a=ccosB+bcosC .. 2)
<900 (iii) 919 £ C GHHI © (3Thfd A1.3) A
191 ACB, g1
BC
E:cosB . ,
?ﬂﬁﬁﬂ BC=AB cos B
qan a = c cos B,
b cos C=bcos90°=0 u
aa: &9 for@ ged © a=0+ccosB B a C
=bcosC+ccosB TP A13 ... 3)

TR (1), (2) 92 (3) W B9 UM €, TR ferelt Brqe ABCH
a=bcosC+ccosB

TIM ()W = g THIE 2

TIM (i) ¥ 5 = ¢ T 2l

AT T (iii) ¥ 1 = ¢ T B

Ad: (r v s v t):qWﬁﬁ%&ﬂﬁp:qQﬂTﬁ’ﬁ%,
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AT Suuta: U T wied i el ymifog & o6 A °, g9 3Ueh 9uqed
ot wren 1 fag hich, Yo WIeA i THITUE $id @
(i) Tetrenfem grT SUUta (Reductio Ad Absurdum):

Tl B9 3@ Al W YR Hid ® T qeheq T © qen kY 3eed €1 deh o

ol o @ gR e 3 ek W ugeEd € TR Uk o W he, oA B, S U

feieiferd 21 o7d: Yo oM T © 39 Tl & Tk IS g HHE B
SETET0T 5 W AURT @A 1 W==g Ui (Infinite) BlT €1
7o 4 eifey for w05 s1asy gemsh (Prime Numbers) b1 ¥Y=ad P S eraffaa
21 81 39 A ok 98 (Negation) 3, S1id THEd 19T SEAIS o1 == TaR{d
T %, I A o €, ereiiq g 1 Seet s aeeE uiihd 21 el g whE
A TEnsH H YAEE H Thd §| AF ST fF P, P, P,,..., P, HEE 1WA
Teet &1 g T o °E e

N= (P, P,P..P) +1 o (D)

e ® fF N ot gemsti &1 gt o 6 8, Fife I g & fmE off wen
g sfus 2
N =1 @ A9 S& © A1 HIH He ©l

I N 19 W& 8 @ (1) § oI el @ foh b el 31w W o1 stfe
g, S gt o T R

TE @, 9% N U G G 2, ol 391 %H 9 HH Th 1969 9ot (Divisor)
B =few) Wy gt 1 g off Hem N fawfea (qofen @) 7 o gandt €, wife
I 9 fret & g N &l s s W 99%a ged | a=d 21 37d: N 61 954
ISTeh e o S i o GE €l

g I8, 38 ®oF &1 T T Tt o1 et w1 g o ot 7, fadeifa @1
T YR TR YURN 5 Geft 1R Semet 1 gqeaa uikftd @, o R
q: Gt A9 WS 1 W= Ui e 2|

| femott | (o dife o s swafa 7 fafe=r <enell # forgvea g st
1 fare %1 STET 7))

(ii) WS HAT A UlaeMTH ( contrapositive ) HIT oF WANT gRT SUUTH:
T8l Fufadsr HeH p = ¢ %1 g W & TUH W g9 SUh Hqd A
~q = ~p g =@ T (faenedl gugesar = genfuq w2 gd €)1

foreht fRu g wufaesr wem o sk qen uRehea &1 fafva o3 374 9 J&is &

YA S W YS9 U 1 FiaeHHS HeH Sl 2
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SEETOT 6 Tag HINT fF £(x) = 2x + 5 §R IR He £: R = R Toheh! e 2

T e THH B, AR f(x) = f(x,) = x, = x,.
THHT JANT hich B THIO HEA & o 2+ 5=20 457" =%, =x, T p=q,h
Y HE, TET 20+ 5=2x,+5FUA p & A x, =x, HUT ¢ T 39 9@ Hl 87 IIE
2 ¥ “yew fafy” grn fag =R 9% R

B9 30 TS O o GiauHcHe e o FANT g i JHIE Y Fehd g1 Ty g
FUT FT AAEAAF FH ~ g = ~ p 8, FAfq AR f(x) =f(x) Tx =x"F
TfauAeTR § <A x#x, W) £ S(x)”

A X, #X,

= 2x, # 2x,

= 2x+5#2x,+5
= Flx) #f(x,).

iR “~ g = ~ p”, AR “p = ¢” UG §, TH YR SqUM gl 2|
SEEI0T 7 YHEIUIG ifeg fh “afg 3gg A, Invertible % qr A, Non-singular %"
T STYH FHUT HI Fdishiedh 9 § foad W p = ¢ &l p FHUF “3TE A, invertible
@ e q YT “A, non-singular 2P

T e 1 YA S o Tosl | g9 6ok AU FF i THIO A E,
31 9 A TF non-singular T8 &l g, 3ME A invertible &l ]
I AT non-singular 38 &l 2 o TRt e g3 1Al =02

“lﬁf 1 i 78 €, FFIAI=0

Ad: A, Invertible qg“f%|
WWWWWWW%?&'A@Fnon—singulm Wﬁ%ﬁA,
invertible & 2| FA ~q = ~p.
d: Ak T 31T A invertible % ar A non-singular %I
(iii) WISEIUT (counter example) gRT Squ:
o o sfder | W e ot o €, 59 fRdt aRefoud ARt w1 aY
STUT TG F F G T FHEA B S § SR AR IR o G HI
arffyeraar eifoffa s @t 2|
U feofa & 97 onvus © R, e @i o fag % % foy, BH T Sam
%3 Toh| el e i 3T T o1l SSTER0T YogSTERol HEeldl

Ad Al =
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Fifeh WA p = ¢ 1 TeA, A ~ (p = ¢) FI heldl AH Teh ITUR eral B 7
T ot sudfa 1w fafy 2

SATEI0T 8 HeH: Y% ne No foag, (H2' +1) Th AT FE&A 2l

78 ®oA FefafEad Jeon o YR W Th 99T T THST T ol
S+ 1=224 1=55 % T% 19T Hem 2
2+ 1=204+1=17 & a7 wem 2
27+ 1=2841=257 5 & & 77 21
Tafy, vem gfe ¥ 9% sATIHIH TE U g 21 sfadiTen g8 gfauwfea
fom T fF 2% 4 1= 22 + 1 = 4294967297 TH AN HEm W& 2 wfE
4294967297 = 641 x 6700417 €1 STl < H&AA 1 OAES € (1 q0 g & Afafiem)
70 YHR I8 SATTHIH T “Tdd noh T 22 + | T 9T §&N 8 Ve N+
ITEA 2
TS Shelel I€ Teh SaTET0 foh 22 + 1 319 &l €, ol SEIe0] SAIsh shul i Gied
FW & fau v 2
;g fag =R 5 fF %o “9@% ne N& fau, 22" + 1 T& 3199 G&T
2w T 2
SETETOT 9 HYUT “YAF Had HoH R Bid 21" W foem wifsw
suufa: gn fefafad wer ® foer o €
O f=x
i) g =e
(i) & (x) =sinx
I gl o x o Wl AE o Ty Haa €1 A e ersherad W foEr w3
x o el AEl o fog sraeRer €1 98 B 39 favard & fau uf@ e @ fF e
“Yeieh Had wer SfesherE Bl €7 Wed Bl fohg Ak ®H Wwer “o(x) = [xI” W
HeThEATIAl 1 e Y, S fh Had €, @ eH 2@d € o T8 x= 0 W Aerherg Tel
21 3He Ac9d T g3 o e “acieh Had Wo Sfesheria gl €7 3TEed €1 el
“O(x) = |xI” 1 herel T8 Teh SETEL0N, ST [ehT0] 1 TeA i o foly qafe 81 31a:
T “0(x) = lxI” 1 T T wer e, “Yeid Had o S gl 217 ok
T HT T FEd T
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