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@mw Integrals)

o Just as a mountaineer climbs a mountain — because it is there, so

a good mathematics student studies new material because

it is there. — JAMES B. BRISTOL <+

7.1 94;&55[ (Introduction)
el TV 3fefehers! 1 HehoUdl T Shigd &1 el o
@l o fau wel @t aRaifig 3 ) J9en e 39
YR I @RI T JAUT T TRbT HAl ATharst oh
feTT Tet SITHURYT | FHTeher TG, Tei oh ofierd | R
& o &Fhd i RN HH TS TEh &Rl H
Reher T 1 THE ¥ Ui 2

Ifz % o £ R AU 1T steshera § stefq
I & Yoo fag W ®er o STashas £ o sk 8, ad
Tk @ifas 99 Sl @ T A 1%y g W £
feam gam © o 9 &H e £ A1 Y Gohd 82 9 Tt o
S8 B U el Sk STaehers! o ®9 H Wi g €, 39
Hel o FfqeTeshers (TET) wEed §1 STd: 9% I e

G .W. Leibnitz
(1646-1716)

3 gl yfasterhers! WIw Bid §, el 1 SAIYed THeher Shedrd ¢ 3R gfdetaeherst
T FE FT TS THH GHHAT FE FEdl 2l 39 YHN 1 I 3 eI
wffeerfal o et €1 Sere: At e fRet o w fereht g 1 arcerfoies o T ®,
A Tfas U9 Ig 3ol ¢ T o Bw et e W 3w o 1 frefa 9@ e g
27 T8 YN 1 3 SAERINS Tol Hglfass qrfeefaal st &, S8l qeher 1 |
fHfed el 81 gHeRer o 1 TR Ffeiad YehR 1 THES o g S o

Y T Ufawa 7

(a) IR TH e &1 AdFeS A &, A 3T HeA i A A i GHET,
(b) Tafe=a ufasen o raTia o o i@ @ R &5 &1 &15%a A1 &

HT G
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IUE S T SR o < Tl i 3R YR el €, eAfivea aHeher we
= FHEReHl 39 <Ml 1 Sifed ®9 Heher T HEel B

AT THRer e T THRe o W Th T 7 S e T SR
TG o ®Y H SIAT S 2 98 GHE iy gureher & fomm we sAfvEitent & ferg
T eIk NS o &9 § J9) Hidl | stefores, fo ud wifeehar 9 fafa= &=
H 3% YR Dl Traeht ST &l T HE o foau off Ffvea adeed &1 39m
ERIRS IR

39 1A |, B9 3T MUk A= wd (= IHehel 1@ THehed &l §9
fafue wfed 37er IRfaw Tuidl o steed 9@ Hifaa @l

7.2 HHIRe ohl TAhe o ehd Wehd o ®Y H ( Integration as the
Inverse Process of Differentiation )

IR E o Skt WohH hi THThEH h8d &1 Thdl He 1 Sfershel T i o T
T TH T T Tkl A 3T € IR THeRT YaT Sreiq IRdfaeh hel A w &
AU el T B1 98 YHH GHE S1El Ui -t HEel 8

afrze frfafead Seeen ) fomamr Y,
B9 S © T %(sin X) = cos x . (D)
i(ﬁ) —_ 42 2
e\ 3 =Xx .. (2)
3R i(e)‘) = e .. (3
dx

29 Uferd i § foF 9HieRToT (1) § ®e cos x Bl sin x 1 Sfaehalsl 81 39 &H
9 YRt Fed B foF cos x 1 UfdsTashers! (31¥@l THREH) sin x 21 TH THR (2)

3
Qﬁf(s)ﬁxzaﬁiexa%qﬁraawa(awww)mz%aﬁw e B T

e Fd € R ot oft arafas e ¢, 98 =R wer 9 S 2, 1 STk 9
2, 3R 3@l &1 (1), (2) 3R (3) = frafafes &9 ¥ faw w2

3
d
4 sinx+C) =cosx, L (10 =28 L (" +C)=¢"
dx dx 3 dx

TH THR B9 2Wd § Toh SUga worl o Yideraeshers SUdl SHishe Sitgdid
TET €| a%A: 3 Herl W ¥ odh el oh STIid gldetaeshest 8, TR g9 et
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TENe & =T ¥ W3 3T C hl HIE TH TIH Hich I H Gohd &1 T&T HROT
2 fF C ol YUER W= =R %ed 8| a&qd: C U% W=l 2, ek 7 1 uftafdd
F%eh g9 XU g wer o faf= gfdstashersil o1 Gurehol shi 9 hid €1 SATeha: A

T Hor Fua @ fh %F(x)=f(x),vxel(wma@13ﬁaﬂm)aﬁm

Wew FR C, % Fu %[F(X)+C]=f(x),xel

T TR {F+ C, C € R}, f o Wfdemeehersii o INER i =5e &idl €, S&l C
G 1 =R Heddl 2|

Uit SHM STaeherst ofdl HelFl § Tk 3T9R 1 3% Bidl 21 SH! Ui o forg, 9
oL g 3R AT S Wer & Tk eraehels ofauet 18 9aM €

fxX)=gx) —h (), vxe Ig7 IRAMA el f =g - h W fa=R *ifSC
ar %:f’:g’—h’ Y =g x)-Hh(x) yxe 9@ =
AAYA f'(x) = 0, Vx e I (aRSFew 9)
A 1 H xoh WU& f o TNeRA i R I T R AT £ TH TR 2

Iudert oot o erqER =8 fepd feptern =maETd @ ff 9Rer {(F+C, Ce R},
f o |t wfasEehers ®1 YSH e 2l

379 T9 Teh ¢ Fefteh ¥ IR 81 2 S foh wfaerashert o QU UReR 1 frefud s

78 Tl [ f(x) dx ¥, T8 xF W f B S RO % ®Y H g W € |
1;I'c|'17=b_cf:%":I_l‘f(x)dx=F(x)+Cf?i’@@f%l

Heraw feam gen € & %=f(X),a“r%qy=ff(x)dx1%@ﬁ%l
gfawn & fau gn fAfafea gdienl/agi/amemen & 39eh 31eff dfed WRof 7.1 |
Ieelfad L 8

w71
Yeiieh /US /STeRITIT atel

jf(x)dx f 1 x % WO FHERAA

[f@ax & £ AR
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ff(x)dxﬁ‘x AR 1 =
HHTh T <h Tl HHTeheld ATd <h Il
o1 HHIHE T o F fSges fag
F(x) =f(x)
THIReA Hisha IR 10 hYH 1 YhH
A h1 TR HE off aEdfas gen o9 sTeR
T HEd 2l

&0 Tedl 4 & 9gd ¥ 4@ el o STdehetsl oh g S 21 3 Gl o W &H
THIHTA & IO Gol 1 7 foae gehd €1 5 g g 7 e fefated €
a1 I9ART 89 TR Forl oh HeReHl i I e H R

3TdehTST Derivatives HHTeh (u’ﬁfm\_ﬂ)
Integrals (Antiderivatives)
d xn+1 X n+1
= =" tax=2 4 C. ne-l
® dx(n+lJ . _[x g n+1 "
fafyre €9 § g9 @d €
d
—- (=1 [dx=x+C
(i) — (sin x)=cos x Icosxdxzsin x+C
dx
L. d : .
(iii)y — (~cos x)=sin x Is1nxdx=—cosx+C
dx
.. d 2 >
(iv) — (tan x)=sec’x _[sec x dx=tan x+ C
dx
d 2 )
(v) — (= cot x)=cosec”x _[cosec xdx=—-cotx+C
dx
(vi) o (sec x)=sec x tan x _[sec xtanx dx=sec x+C
x
.. d
(vii) o (- cosec x) =cosec x cot x jcosec x cot x dx =— cosec x +C
x
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(i) E(sin_lx): 1ix2 [ fxz = sin”! x+C

) o (—cos”x)= 11 | fxz:_cos—lﬁc
) %(tan_l x):1+1x2 .[lfzz =tan"' x+C

(xi) ix(—cot“x)zHIX2 jlf);z =—cot”' x+C

- di():h jx%:sec—lﬁc
i) di(Fh jx%:_mec—lﬁc
(xiv) %(ex)=ex jedeze"+c

(xv) %(log|x|)=i jidx=log|x|+C

(xvi) %(b‘ga}a* jaxczx=10“;a+c

T W B UM 9 a1 Tok el e foed fafee o
Rt & qenfa fereft oft faftre gva o ded o s i e | we =y

7.2.1 T¥erd WATHEAT kT AT F&9UT (Geometrical interpretation of
indefinite integral)
M ifee 6 f(x) =2 x A .[f(x)dx:xz +C e C ok fafs= 9 & fa g0 fafe=

gUeheE U 81 W SanadE gfe @ 3 g wHehed ®WH E1 T THKR
y=x>+C, &I C Th @es 3R 8, YA o Teh URaR ! fefud ot 81 C, &l
fafi=1 M 9eM e &0 URER o fafu= gee a5 € 37 Hesh dfferd &g
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AAfAfrad TR 81 T Yish GHIR O Teh Weetd ohi Fefud il © TorehT 3181
y—&%@aﬁﬁ\'ﬂ%l

Weqd C=0% fau 80 y= 2 I € Wl Tk TH e € fr@ent 3iid gor fog
WRIC=1% fACaF y=x2+ | AT y = x> ! TF IHTE y-378] & 37 oI faam
o TG i TR W il €1 C=— 1,7 foq, ah y=x2— | Waeld y=x> &l Th
THTE -318] o ST RO o § TMiaRd s W 9Id gl 21 368 9K C,
YAF YAHE A o fog, 9Rar
F T wer A y-sE X
¥FTeeh faen o 8 31X C o ol
Tl o fau e Weed &1 3
V-8 I HUTHe feen H ?1
e H ¥ FD hl T 7.1 H
<t T B

39 BH 3 WISl o Wl x=a
B Wi W =R i €1 3Tehfd 7.1

o g o> 0 foran 21 7 6 0 <0
%Wﬁw%lﬁi@x=a \
\

=

s, s, s,
N I
3 3 3
N N N
S S S
N N N

s/

TEH y=x% y=x2+1,y=x>+2,
y=x—1,y=x2-27% ®ue: fagai X S
P,P,P,P P 3% W ®ed € \
ﬁﬁﬂﬁﬁgﬁﬂ%aﬂﬂﬁ2a%l

Te fafde #xar ® for o7 geft fogent
W om w1 gyl @ g g
T UFR [2xdv=x"+C=F. (x)
(W fifSe) @ 9 e € f o TRt 7.1

y=F.(x),Ce R, @l x=aqa,sq

Hiresed fogetil W okl w1 w9l W@l THiR € Sl o e R oW@: Fefataa wem
[ f()dx=F @)+ C=y (7 ffsm) aei o wfam & frefoa s 21 C o fafam

Ml oF Hd 8 39 YRER o fafi= a8 9 g @ 3 39 9ee ° 4 B9 et uh
e o] T o TR TR hieh U Y Hehd 7| SATTYed Heher ol S
freqn =) 2

‘a, *u, s,

N N S
") N N
\.—5 N < N
~”~ -~ S

N 3 N

N S N

Lo

i \
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7.2.2 Affy=rad qureher o =352 Q'UTSTQC (Some properties of indefinite integrals)
T 37 Ufee] | 70 Affed aHIehed & 9 TUIEE Sl A S|

@

(1)

frefafad aRomd & oo H sadher Td GHEH % WA Tk S % oY €
L[5t ds=peo

3R [ /@) dx = f(x) + C. =T C Tt W 1o 2
syt A ST R F, £ % gfastasas € srefq

% F(x) =f(x)

ar [f@ de =F) +C
safere L[ feyds =L (Fw+0)
dx T odx

=%F(x)=f(x)
Tl YR B9 @4 © T

d
fx) = I f )

4R Fafery [rrod=fm+c

el C b = 37X ¢ 58 THeher =R &ed &l

Y T A= GHTeher fSeh 3Tahers! THM ® o5hi & Th & IHaR i Uid
T € SN 3T YhR A B

suuft A9 A T g UH J we B

s = [ ds

g | [rwa-[gwa]=o0
a7 [y dx—[g()dx=C &I C U ardfas G =1 (F#i?)
Y J-f(x)dx=_|-g(x)dx+C
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AT Fohl o6 IRER {jf(x)dx+C1,CleR}
o {[ee)dx+ ., e R} g
TR [ () de 3R [ g (x) dx TG

| feovit |3 wfemt {[ £ de+C,.C, e R} @ {[g0)dr+C,.C, eR} =

HAGEA B FATER [ f(x) dx = [ g(x) dx , feraeh = e € e wreet
Fuiq TE 2

i) [[fG)+g@]dr=]fx) de+[ g0 dx
st oed (i) 9

It rw e+ swia] =5+ g0 ()
e &6 9 € R
L[r@an fewa] = [ royar+< [swds = rw+ 50 .
9 JhR T (i) o "ol # (1) @R (2) ¥ W e © fw
[(F@)+g() dx=[ f(x)d+ [ g(x) dx

(iv) et arefers ek, & faw [k @) de=k [ £(x) dx

suuta qoEE (5) gR dijk f(x)dx=k f(x)
X

ix %[kjﬂx) dx]zk%ff(x) dr=k f(x)

Tl qorerd (if) %1 ST B g wH U € R [k f) de=k [ () d

(v) WO (iii) 3R (V) FT £, f,, ..., f, O BT A= Hen iR ardfas wemstik
ky, ...k % faq ot saoeiwn R ST g € Sw fe A9 fen mn @

[[kfi0)+ ks fy () + ...+ K, f, ()] dx
= k[ fiG) de+ k[ o () dx + .4k, [ f, () dx
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feu g e 1 UfdeTaherst T % o folt gn idaie o T Weld &1 @il i
& ToTEenT sraenersl 5o gt W €1 s el 1 36 YR &1 @is, S U g¢ e
o Jfq Tt A0 L o foIu &1 St €, 1 e R geeRe #ed 21 3 'h
FB T F T
sareror 1 fleo fafy 1 Iwam #d gu FH=fafaa weri o1 gfdeTeshas T it

1
(i) cos 2x () 3x% + 4x° (ii1) 2 F #0

&l
(i) &9 Th UH el i WIS HT FEd § TSEhT ekl cos 2x €

B S © T % (sin 2x) = 2 cos 2x

2 1d 2 i[lsianj
YAl cos 2x = > Ix (sin 2x) = AT

1.
3T cos 2x 1 Teh GfdeTerenelst Esm2x 2l

(i) &9 TH TH ®o i @i HET =8 & forent sfesherst 342 + 4x° Bl
d [ ; 4
3 — X +x7) = 3x2 3
dx( ) 3x* + 4x

AT 342 + 4® T fdeTaher™ O + * B
(i) &9 S @

4 tog =1, x>03 L [log (~ )] = (=) =L, x<0
dx dx - x

- -
o 3 ) e e T #(loghl) =120
SﬂﬁﬂlfidxﬂogIXI st fm iéwﬁraawa‘fﬁ@w%

sareor 2 fAfafeq aaeRed & 9 Hie

3_1 2 g 1
Q) [7dr () [ +nde G [0S +2e - <) dx
* X
3
_[x _ldx=.|‘xdx—.|‘x72dx (ToTErH v 9)

2
X
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1+1 -2+
2 -1
X X
_—+C-=—-C
7 1 _ 2
2
1
-1 4+240 -G,
2 x
2
X 1 <
=7+—+C,WC=C1—C2WWWW%I
X

mmmmﬁmwﬁﬁ,wwwﬁ@ﬁl

(i) ==l
j(xi +1)dx= jxi dx + jdx

2
‘41 5

3 =
+x+C = gx3+x+C

|
3

(iii) Zlﬁj(x;+2ex—i)dx=sz dx+_|.26xdx—_|.§dx

34

= L+2€x —10g|x|+C

E
2
7 3
g x2+2e" —10g|x|+C
saretul 3 frafafed gHRerl w1 [ i
(1) j(sinx+cos x) dx (i) Jcosecx(cosecx+cot x) dx
—s1nx
(i) J.cos x
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&
(i) =&
_[(sin x+cosx)dx= _[sin X dx + _[cos x dx

= —-cosx+sinx+C
(i) =T
j(cosec x (cosec x + cot x) dx = jcoseczx dx + jcosec x cot x dx

= —cotx—cosecx+C
i) el
o | )
J-l s1nxdx=J- i dx—jSIHde

2
COSZX COS X COS X

=Iseczx dx — jtan xsec x dx

=tan x —sec x+C

TAEAUT 4 f(x) = 4 — 6 5} URIoA e f 1 gfdetaswheast F 9 Sifsg sl
F(0)=3¢I

TA f(x) H TH G SRS o — 6x B

ET[E’F di(x4—6x) = 4x° — 6, TGfaQ qfastashas F,
X
F(x) =x' — 6x + C, 5 27 & &1 C 3= 2|
fem gan 2 F(0)=3
=Y I Bl 7 3=0-6x0+C
et c=3

aa: ervfise gfdetaese, F (x) = x* — 6x + 3 R0 aRwIfod Tk afgdia wed 2|
fewuit

() B9 2Ed © % afe £ o ufaerasherst F2 4 F+C,S& C & =R ¢, 0 f &1
Teh fdeTaehers 81 39 YR AE BH Her f ol U Hidetdeshes F 3 € df g
Fo &g off 3= Sigat £ o 37d fastases fo@ Hed & 5= F (x) +C,
Ce R &9 ¥ e feran <1 ekl €1 SWANT & Hom=rd: U Sifdaiea
Hicsel Bl T HEAT AT Bl © FTEE C o1 Teh fafyre 9 wrw e @ 3R
fraeh aftomreaey XU g B &1 U fgdia sfasasmhes W e 2|
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(i) - Fepl IRATH Feril S9 foh U, FIomeh i, =R Haieh!, Bepromfidia,
AR Wi Breporfidie, seanfs o ®9 § SifieTsr e STHwe gl 81 gHieny

[ £(x) dx 5 1 s @ ST @1 S e fafa @ [ody #1 9w
T ST B iR TR0 | B9 UE Bor T el Y Hehd TSTHeRT STaeherst
e R
(i) I THEHA 1 =R x, ok AN 31 HIE T A FHHEH o G IR TG
T forg o B 1 S<rewE:
441

4 Y 1 5
dy = +C=—y"+C
jy T 57

7.2.3 AR TF THIHAT HT der T (Comparision between differentiation and
integration)

1. <H Wl W Hfpard €

2. < ek o U w1 G w © e

d d d
() E[klf1<x>+k2f2<x)]=klEﬁ(xwkzafz(x)

@) [[k £ @ +k £ @]de=k [ f; W) dx+k, [ f, () dx
Tk, k, 3T T

3. B UEd @ & SMd § foh @l el sraehera el B B Sieh 6 Wehl weft
el AR o el BId ©1 B9 STaeherd 3 STEHeheIE herl o (v
T I=a Haedl | A |

4. % fordl wer o STashest @ A € dl 9 SAfgdia el @ W TRl wer
o GHhe o WY UHl el © qenfy o feedl Fs9 oteR ae Hiftd stfgda B
2 storfa et wo o 2 guTeherl | SHIN T ST=R SR 3R Bl 2l

5. 9% forell SEUE ®e P o1 STaeho TRl ST @ dl URoTHEeEy T UHl Sgug
forerar © TSkt =1d 9g9= P! 9Id § U ¥ Bl 21 S« fohdl sgag Her P
1 GEHEH R S @ d IRoTHEEE Y Uk UE Sgus U Bl @ fSoeR! s
9gUE P! A © Wh A el 2

6. BH dheisl %1 ==l Tk fog W Hd § W GRS 1 = U fag @ wed
&l Bl &H KU §Y o o Tl 1wl SH falel W i § e W
FHTehe IR B @ S| 89 uitess 7.7 | == i
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Teh el o 3Taehersl o1 STt 1ol off g € oW for f{u g ok o XU gu
fog W Taet @ &t yav, 3§ o5 W Fed o STedhas o "I o aXe Bl
21 T YRR U gT Wer 1 A THRe Tk TR o gHIdR e 9o %
IRER i Fefg s €, fSed gaeher & =) i (e & o 318 o
et @ & Gt Skl o wfiesed fagenl W eel Y@ geiR B 2

Fo wifde e Fq HE H STaHers F1 STAN el @ SeEvE: R w0 gr
et wmg (T w1 T 0 AR 9@ 2 @ Re T g 9 9 99 e o
Herhelsl e Bl 81 36 YehR fohel @he ¢ W AfE o o € qf ¥ 1Y g9
H 99 T 90 w6 o foT gHhe %1 ITER 2l 2

Herhels Ueh UET WohH © Tored |id s Wl geifed € Sieh SE WehN 1 Wi
TaeReE § off guifed © o ar o eq uftsse 7.7 § stemdd i

TR Td U & UshW Teh &L o chd & i@l for ufess 7.2.2 (i) H
<@t w1 S TR R

| woTereRt 7.1 |
frafafad sl o gfaetamas (FHeeas) e fafy g I s
1. sin2x 2. cos 3x 3. e¥
4. (ax + b)? 5. sin 2x — 4 &*
frafafaa TamereHl = Fd St
6. _[(4 e+ 1) dx H J.Xz(l—iz)dx 8. _[(ax2+bx+c) dx
X

9.

12.

15.

17.

19.

. 1Y 455 -4
[e+enax 10, | x/E—T dv 11 [
X

X

J-x +3x+4dx 13, J‘)C —x*+x- 1 14, _[(l—x)x/;dx

j\/}(sx +2x+3) dx 16. [(2x—3cos x+e") dx
j(2x2—3sinx+5x/;)dx 18. Isecx(secx+tanx)dx
2
sec” x
J : dx 20. J-2 3s1nxdx
cosec” x

COS X
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9 21 UE 22 H GEl SW T 9T HifTC:
1

21, | Vr+— | =1 e
Jx

I 2 21
(A) §x3+2x2+C (B) §x3+§x2+C

31 33 11
(C) =x*+2x2+C D) —x?+—x2+C
3 2 2

22. aﬁ%f@)ﬂf—%ﬁmﬁ Q) =0 f(x)T:
X

. 1 129 ;5 1 129

A) *+s-— (B) X+t
X 8 X 8

. 1 129 ;5 1 129

© gt (D) X +———
X 8 X 8

7.3 HHTehe okt fafem@t (Methods of Integration)

fuos =8t # T4 U9 wHhel & Td i off, S S Wol o STahersi 9
WA W T ST Tk &1 98 FRieor R anenfia fafy of, sod W& wod Fai
st 1 St € TSEeht Staeherst £ ® THE £ o Hh shi Wit gl @1 denfu freror
W SUE 98 fafer aeh weri shi feerfa o sgd st =&l €1 o7d: SHIeher! shi Wt
F AR B 2 S AW e s e e e
eIl 81 3 g fafeml frefafeaa w enarfa 2:

1. YfqeAT9 gRI HHTheH

2. oAiferes fa=i o foeism g whe

3. @S FHhAHA

7.3.1 GfawaraT gRT @arehet  (Integration by substitution)
39 37 st # oW wfaeered fafy g weehed W fouR S8 AT Roa & ¢ H

ftafiid F o I x = g () Tt B g R T wEEe [ £(x) dx F o=
wq § ufafda fean s g =1

1=jf(x)dxmﬁaﬂaﬁm
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dx
34 x = g(r) faeenfud sifw arfe Z=g'(t)
BH dx = g'(t) dt fTaaa 2l
W TR I= [f)de=rig)} g () dr
JiqeATI 5 HHhe o U 98 =R qRedd &l 3 TR I 3Tasd T Heegul
e 21 START GRRRITTE S €I SHeRT STAM ST 99 Heequl €1 |IE=id: 89 Teh

T o o fou yfqeeme wid & fSer stashorst Wt ooy § wftafod &, san fe
frefefea Sl grn e fohar o 2l

IEEI0T 5 FAfafEd w1 x o 98T GHeh Sifsg

4 2
tan” v x sec \/;

(i) sinmx (i) 2xsin (2 + 1) (iil)
Jx
. sin (tan~! x)
R
&l
() BF S & T mx 1 SThelsl m @1 3T: BH mx = ¢ WRAOH i &, i
mdx = dt
. 1. . 1 1
Tgfee J.smmxdx:—J.smtdt =——cost+C =——cosmx+C
m m m
(i) x>+ 1 T STerhersl 2x 81 3Td: BH X2+ | = ¢+ b FIARAT9T 1 STAIT Hid B dlfeh
2x dx = dt

sﬂﬁ'qj‘2xsin(x2+l)dx=.|‘sintdt = —cost+C =—cos(x*+ 1)+ C

1

5 1
—x 2= .
(i) 1 SRS 5 ¥ T == € e T

Jx =t % YfGEAA w1 STAN N 7 iR 2\1/7dx=dt 599 dr =2t dt
X
I el € |

) J-tan4 x sec? Jx dx—.[tan4t sec’t 2t dt

Jx t

= 2jtan4t sec’r dt
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@iv)

@

(1)

Tfora

R @ B0 SHU U tan 7= u Fd € M sec? 1 dr = du

5

Bl 2_|.tan4t sec’t dt=2_|.u4 du = 2%+C

2 .
=§tan5t+C (A u = tan 1)

l\.)

= tan’ x+C(<‘>|2ﬁ'|%Ft—x/_)

9}

tan* xsec2\/; 2
. dx==tan’ Jx +C
?ﬂﬁj \/; 5 an” \x

faereua: tan J}:tqﬁwm HIT

tan™'x T STEReTS! 2%I3Td T tan"! x =  UITEITTA 1 ST 3 & Ak
dx
1+ x? = dt

t
gF EIJSIH(an X) _[Slntdt =—cost+ C=-cos (tan"x) + C
1+ X

99 TH FP Headqul Ukl fod SreRivida werl sk Seh grHiTeR
TRl 1 ITAN fgeeme fafy § fen e 8, ) == w9 ol

jtan X dx=10g|sec x| +C

in x

T U %]%than xdx= -[cos . dx

cos x = 1, FeEefird HIFTY R sin x dx = — di

T jtanxdx:-j%:-logm+c=—1og|cosx|+c
s [tan x dx =log[sec x + C

[ cot x dx=log|sin x|+C

S dx

gqqﬁ%ﬁg_l.cotxdx _[

sin x
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@iv)

sin x = 7 gfaeenfua ST aIf cos x dx = dt
dt
qd J.cotxdx—J.T
= 10g|t|+C
= 10g|sin x|+C
jsecxdx=10g|sec X+ tan x|+C

sec x (sec x + tan x) dx

= 9 %ﬁ’jsecxdxzj‘
sec x + tan x = ¢ Ffawnfud & W sec x (tan x + sec x) dx = dt

Sec x + tan x

zgfeTy J.secxdx:J.%zlog|t|+C=10g|secx+tan a+C

jcosec xdx =log |cosec x —cot x| +C

cosec x(cosec x + cot x) d
X

: cosec x dx=
TH U %1%5, .[ -[ (cosec x + cot x)
cosec x + cot x = ¢ Ffaefya wifsT

difeh— cosec x (cot x + cosec x) dx = dt

i Jcosecxdxz—J‘ﬂ:—logItI=—log|cosecx+coth+C

t

|005602 )C—COt2 x|

= —log +C

| CcOSec x —cot x |

= log |cosec x —cot x| +C

IEE0T 6 TrHAfAfed GaeRel &1 J1d SIS

@) jsm xcos” xdx ) J§in (x+a) (iif) -[1+ tan x
&l
0) P jsin3 xcos’x dx = jsinz x cos’x (sin x) dx

= j(l - coszx) cos’x (sin x) dx
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t = cos x Ufaeenfua sifs@ arfer dr = — sin x dx
i Isinzx cos’x (sin x) dx = —I(l - dr

5
_J‘(t2 —t4)dt=—[%—%J+C

1
——cos3x+lcossx+C
3 5

(i) x+a=¢9faenfud FH W dx = dr

I sin x J‘sm (t-
RHICTq sin (x+a) sin ¢
sint cosa —cost sin a
- [ . di
sin ¢t
= cosa.[dt—sinajcottdt
= (cosa)t—(sina) [10g|sin t|+C1]
= (cos a) (x + a) — (sin a) [log |sin (x + a)| + Cl]
= xcosa+acosa—(sina) 10g|sin (x+a)| —C, sina
sin x )
3d: '[sm(x+a) = x cos a — sin a log|sin (x + a)| + C
Eid] C=-C, sina+acosa, TH 37 W TR 2
cos x dx
(il -[l+tan '[cosx+sinx

(cos x + sin x + cos x — sin x) dx

-2 COS X + sin x

1 1 fcos x—sin x
_ g Lpcososing
COS x + sin x

ICOSA?—SH]X

(D)

COS X +SIn X
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I I= ICOSX Smxd R faaR FfT |

€oS X +sin x

SCl cos X + sin x = ¢ Ffaeenfud IS ik (—sin x + cos x) dx = dr

I I=J‘%=log|t|+C2= log|cosx+sinx|+C2
1! (1) & @ W89 U4 €

dx x C 1 - G,
J'—=_+_+—log|cosx+s1nx|+—
l+tanx 2 2 2 2
G,
2

x 1 C,
= —0g|cosx+smx|+—+
2 2 2

1 ) C, C
- f+—10g|cosx+smx|+C, C=—"+=2
2 2 2 2

| woTaeht 7.2
1 937 9% o 99 § Y% B ol THhET FA1d hifeg|
2x (log x)° 1
1. > 2, ==X 3.
1+ x O x+ xlog x
4. sin x sin (cos x) 5. sin (ax+ b) cos (ax +b)
6. Jax+b 7. x4 x+2 8. x./1+2x?
1 X
9. Ux+2D+/x2+x+1 10. 11. , x>0
(2 x—x iia
l x2 1
12 (2 -1)3 % 13. —— >3 14. x>0,m#1
(2+3X ) X(lOg X)
X X
2x+3 >
15. 0_ 4.2 16. p2x+ 17. o
etan’]x eZX 1 er —e 2x
18. 1+ x2 19. e +1 20. PP
sin” ' x
21. tan®> (2x - 3) 22. sec? (7 — 4x) 23. 5
1-x

2021-22



322 T

2cos x —3sin x 1 cos /x
24, =222 5, — = 26.
6cos x+ 4sin x cos“x (1 - tan x) Jx
COS X
27. \/sin 2x cos 2x 28. m 29. cotxlog sin x
i sin 1
30, —2% 31, ——— 32.
1+cos x (14 cos x) 1+ cot x
2
1 /tan 1+1log x
33. 34, AL 35, (tlogx)
1—tan x sin x cos X X
6. (x+1) (x+log x)2 - x3sin(tan’1x4)
X 1+

Y9 38 TH 39 H HEl W Rl 99 hio0:

9 x 10
38. J-IOx +10" log, dx e %:
x'’ +10"
(A) 105=x"+C B) 10°+x°+C
(C) (0F=x1'+C (D) log (10" + x'%) + C

dx
——— A %:
39. J-siancos2x

(A) tanx+cotx+C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx-—cot2x+ C

7.3.2 fCriorfudts ad-wfyewreil’ & SUGNT §RT QHIHET (Integration using

trigonometric identities)
<& gHRed W F9 Banviiada wer ffed e §, 9 g9 gueher 9 # & fau g9
M TR 1 U i § S o et Seewon o g wHeEn w4 2l

sargtor 7 fAfafaa 1 3@ wifew

(i) Icoszx dx (ii) Isin 2xcos 3x dx (iii) J‘sin3 xdx
&

(i) TGS cos 2x =2 cos? x — 1 i TROT hifew fad

2 1+cos2x

cosx=TW%ﬁT%I
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i J.coszxdx:%J.(1+c0s2x)dx= %J.dx+%jcos 2x dx

f+ sin2x+C
2

S N

1
(i) FIEfFFT sin x cos y = 5 [sin (x+y) +sin (x = y)] , 1 TR Hifeg

ad Jsin 2x cos 3xdx = % Usin 5x dx fJ.sin X dx]
= l[—lcos5x+cos x}+C
21 5

1 1
= ——cosSx+—cosx+C
10 2

(iii) FeH(HeRT sin 3x =3 sinx — 4 sin’x ¥ 89 U © &

. 3 3sin x—sin 3x
sinx=——-——""
4

.3 3. 1¢.
i J.sm xdx—ZJ.smxdx—ZJ.sm 3x dx
1
=—§cosx+—cos3x+C
4 12

IEETRGH jsin3x dxzjsinzx sin x dx = j(l—coszx) sin x dx
cos x = ¢ W@ W —sin x dx = dt

s [sin’xdx=-[(1-1")ar

3

—Jdt+.[t2 dt=—t+%+C

1
—cosx+§c0s3x+C

et Srentadia gd-afqente s STa wid gC I8 <A1 1 Fehal © o <Al SW
e €

| woTEeR 7.3 |
1 922 O o U9 H JH e 1 FHIGEA Ad Shifad)
1. sin® 2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin® 2x + 1) 5. sin® x cos® x 6. sin x sin 2x sin 3x
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) _ 1—-cosx COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
) sin? x
10. sin*x 11. cos* 2x 12. /—/———
1+ cosx
cos 2x — cos 2a Cos X —sin x
13. — 14. Itsinox 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. —= > — 18, ——————
sin” x cos” x cos” x
1 cos 2x
. T 3 . . 2 . sin !
19 Sin xcosx 20 (cos x +sin x) 21. sin " (cos x)
1
22.

cos (x —a) cos (x —b)

Y9 23 T 24 H &l SW 1 FI9 Hifeg)

sin“ x —cos” x
23. j—2d ERE
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx + C
1
2. [ ( ) e 3
cos?(e"x)
(A) —cot (ex®) + C (B) tan (xe) + C
(C) tan () + C (D) cot(e) +C

74 39 fafore weril oF wHTRe (Integrals of Some Particular Functions)

79 uf=ss | en frefafed qecqul gumkher gHf 1 e H 3R 9gd 4 @

Haftd WHAIfUTeh ARl Rl A hd H SHRT FAN H30|

a+C ) j 2d ilog
a

—x* 2a

at+x

+C

a—x

X+ V.Xz—az

+C

dx | dx  _
L Xic &g
3) J‘xz+a2 a o a @) J.«/xz —a’
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=sin 1—+C =log|x+vx*+a*|+C

d.
¢ == F (©) J—sziiaz

19 &q Sudad afomel i fag w €l

1 1
(1) 89 SFd eff —5—— =

X" —a _(x—a)(x+a)
1 ]1G+a)-(x-a) _i{ 1 B 1 }
2a| (x—a)(x+a) " 2a|lx—a x+a
& dx 1 dx
J.xz—az 2_a{'|.x a_J.x+a}

=Z[log|(x— a)|—log|(x+a)|]+C

= 110
" 2a gx+a

(2) Swe (1) oF ER g9 9 ® fh
I _1i@tn+t@-x| 1[ 1 1
a’-x" 2a| (a+x)(a—x) =2_a{a—x+a+x}

- J-azdx ZLU dx +J- dx }

—x* 2al|lla-x a+x

a+C

L [“log|a — x|+ log|a + 2]+ C

at+x

o

1
- —1lo +C
a g

a—x

(1) ¥ 37 =t T fafy #t =wen ufws 7.5 § % S

(3) x=atan 0T W dx =asec’ 0 do
dx asec® 0 do
w5 =]

x> +a’ a® tan’0 + a?

1
=—J.d6=—6+C=—tan’1£+C
a a a a
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(4) HH AfSTE x = a secO T dx = a sec O tan 0 dO

J- dx =J-asecetan6d6
\/x2 -a’ \/a2 sec’0 —a?

= Isece do =log |sece + tand |+C,

2

_ log ﬁ+‘/x—2—1
a a

= log| x++x*-da* —10g|a|+C1

= log| x+x* —a’|+C, W@ C = C, - log|q|

+C,

(5) A TS fF x=asin® 9 dx = a cos 6 d6
acos0do

dx .1 X
TgfemT = = 1d0=0+C=sin" —+C
j\/az—xz '[\/aza2 sin’0 J. a
(6) AH <ifST ff x=atan 6 9 dx = a sec®® dO

a sec’0 do

a’ tan’0 +a*

whm [ =l

= JsecG d0 = log|(secO + tan 0)| + C,

2
= log ﬁ+,/x—2+1 +C,
a a
= log|x +x* +d* —10g|a|+C1

= log [x +Vx* +a*

T WA G o A W 79 BW o 3R g W hid @ S STuA w1 gfe
T I € SR TR HEhEH! 1 WA A F o U SR e ya fher s
Tehal 21

+C, S C = C, - log|dl
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dx
ax’ +bx+c

2 2
ax*+ bx + ¢ = a{x2+2x+£}=c{(x+£J +(£—b_zﬂﬁﬂ§lﬁ &
a a 2a a 4a

7 LT W odemdrwd S— =k faed gu e " ? R

2a a 4da 2

(7)111416!»—«1?] , G & o few &H

b2
(5——J$ﬁgmﬁ%ﬁaﬂﬁ§qa€ww j o &9 4 gfefdd

a 4 2+k2

B S © 3R TH YR SHH] UM F6 A ST Gl 7
dx .
8) Im,éﬁwéﬁwaﬁaﬁaﬂﬁéﬁm(ﬂaﬁﬂﬁaﬁa@

TU WHIT0Th Gl 1 STAN ich HHIeher 1 fehanl S ehell 21

@) '[ax +bx+c

79 Ut 3 ardfas et A9 B 9@ S § ik

dx S p,q,a,b,c 3R E, 3 FHR % THH T HH & U

px+q=Adi(ax2 +bx+c)+B=A (2ax+b)+B
X

AT B, 910 3 o fIT en ST Uail @ x o Ul T R 1 GAM I B
AT B 96 8 SH W HHEhe A WHIUeR w9 W uRefdd 8 S 2l

(10) jm,éwaswwwmmw%m%ﬂ@)aﬁﬂﬁ

Nax® +bx+c
AT gd © 3R THIHCH &I 71 g ®6 o IRafdd w2

ET Sue fafeal ol o SRl %1 HeEdl § §HE
sareror 8 frefafed gaererl i 9 it

. J‘ dx . j dx
W [=p i [
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&
. of dx dx _l x—-4
() ==t 2_16_jx2_42 = glog—+C [7.4 (1) 9]
dx
(i1) =
j2x X j./l_(x_l)2
x—1=tTa Wdx =dt
d d
—— IJz * =I\/l ttz = sin”' (N +C 7.4 (5) ]
X—X -
=sin"' (x-1)+C

STt 9 frefafEd gameRerl i T St

O Jomey @ [—&% — @ [—=—
! —6x+13 W32 113510 -3 [sx2 —ox
T

@ aﬁx2—6x+13=x2—6x+32—32+13=(x—3)2+4
1

Tgfae dx
j —6x+13 j(x_g,)erzZ
ﬂﬁﬁi\an 3=tdd dx=dt
1 It
Tgfae = =—tan —+C
I —-6x+13 jz 2427 2 2 (74 (3)
1 1 x—3

+C

(i) T €30 HHEher 7.4(7) o ®9 1 8| BH GHhTd o 8L i [feEd FhR
g foaed &
13x 10

3x2+13x—10=3[x2+T——j

= —tan

3
:3[[x+%j2—[%j2] (gt & I W)
1 dx

3 +13x—10 3 13V (17Y
x+— | —| —
6 6
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1
a7 x+€3=t T W

dx =dt

dt

J‘ dx 1

3 +13x—10 3 zz—[” )2

17 x+5

1
7 x—§=tr@ﬁ1ﬂ dx = dt

dx _
ey IVsz—Zx_\/g'[

dt
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X 6 1

= —1
17 +C, = 17 og

1 1
+C, +—log—
177 983

1 1
+C where C = C1+ﬁ10g—

329

[7.4 (i) 9]

6x—4
6x+30

+C

3

1
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2
=%logt+4/t2—[%j +C [7.4 (4) 9]
1 1 [, 2x

=Elog x—§+ x —? +C

ST 10 frAfafad TeReAl &1 Jd HIfSY

j x+2 B I x+3
O ) eres N
&l

(i) T 7.4(9) 1 SYAN HId TY EH AT9TH H ©
x+2= Aj (247 +6x+5)+B = A(4x+6)+B

T gell | x o TUTeh] We 3TERI i HHHM {1 W BH UM :

1 1
AA=1TqAM6A+B =2 3@l A:ZaﬁIB=5

x+2 1 4x+6 1 dx
TaferT el dxt—[——
j2x2+6x+5 4j2x2+6x+5 2-|.2x2+6x+5
1.1
=le+512 (AT <ifem) (D)
LH, 20 +6x+5=1,T@ W (4x +6) dx=dt
dt )
Tafery II=j7=10g|t|+C1=log|2x +6x+51+C, e
dx 1 dx 1 dx
R h=J22+6 +5=E 5 =EI 3Y (1)
A+ Ox x> 43x+> o |+l
2 2 2

S E| x+%=t,?@ﬁﬂdx=d¢,%ﬂqﬁ%
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1
I, =— j - tan"'2r+C, (7.4 (3) 9]

= tanIZ[x+%j+ C, = tan’l(2x+3)+C2 .. (3

(2) 3R (3) 13997 (1) § & WeH 94 ©

J‘ x+2

1
2—dx=llog‘2x2 +6x+5]+— tan~' (2x+3)+C,
2x"+6x+5 4 2

o C G,
C=—1+—2
STel )

IE GHRe 7.4 (10) oF &9 H 8] 3T 443 i (A=fariead 9 H Al
F B
x+3=Adi(5—4x—x2)+B —A(-4-20)+B

X
< vl W xoh O] Wel ST ol WA S T EH U B
~2A=13R-4A+B=3,
U =—% B =1

J- x+3 3 J- -4 - 2x dx J-
il V5—4x—x? \/5 4x—x* \/5 4x—x*

1
= -5 L+1, (D)

[,H5-dx-x*=1,T@ W(-4-2x)dx=dt

safer I_J- 42xdx J-dt_2\[+C

NS—4x—x*
= 2J5-4x—x" +C, - (2)
x dx
39 I, = = qﬂ-rg.rq
’ J.\/5—4x—x2 I\/9—(x+2)2

Xx+2=tT@ W dx=dt
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.ot
=sin 1§+C2

[7.4 (5) 9]

di
_ sinle-'-z+C2 - (3)
TR (2) TE (3) & (1) ¥ gfaeenfad & | &4

J.L?):—«/S—%c—xz wsin 224 0w w5 c=c, O
V5 —dx—x? 3 2
| vttt 7.4 |
Y99 1 T 23 T oF ol ol THRAT hiTST)
3x? 1 !
2. 3. 2
X+l Vi+4x? (2-x) +1
4 —— s 6. =~
T 92552 1+2x* T 1=x°
x—1 X2 sec’x
7 8 9, T/
-1 X +a° 4/ tan’x+4
1 1 1
10. 5 —— 1. — 12. T
Vx T +2x+2 9x“ +6x+5 VT —-6x—x
1 1 1
B Je-ne=-2) M Brse- 15 Jr—a)(x-b)
4x+1 x+2 5x—2
10 o x-3 AN 18 i eas
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) 4x — x* Nl +2x+3
x+3 5x+3
22. 23.
x*—2x-5 Vx? +4x+10
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YT 24 TE 25 H TEl W h1 997 HI90:

24. -
Ix2 +2x+42

(A) xtan' (x+ 1)+ C B) tan' (x+1)+C
C) (x+Dtan'x +C (D) tan"'x + C
25. j aJ—— 2
9x —4x*
(A) lsin_1[9X_8j+C (B) lsin_ltgx_9j+c
9 8 2 9
1. i(9x-8 1sin_1[9x—8j+c
©) gsm [ g j+C (D) ) 9

7.5 3R Tl gRT WHTeRe (Integration by Partial Fractions)

WW%EWWQ() q SgURl o A o ®9 § gRenfya fomen s

2 el P(x) T Q(x), x ¥ g8 © @€ Q(x) # 0. A P(x) 1 H@ Q(x) ! =M ¥ A
2, @ 9T e 3fad Ui wor Fed @ e favy aRig e weard ) fomm
g el i ot 97 fafy g sfaa 9fda wer o w9 9 ufafda fean s wewar

31w vaR Ak 2 faw wfem wer 3 @ L) T(x)+w,aﬁ T(x) x|
Qx) Qx) Q)

WW%SﬁTQ()

&Y forar Sar 7, ord: fedt ot ofa wor 1 guee fordt sfaa ofids %o o
U 1 9 o &Y | qRafdd 8 S 21 T8 W ' 57 IRET el o SHieher
W foaR F31, 9 W fas IR o Rt § faufed a9 ot &)

oM ofifse fo j()danﬁaﬁmaﬁﬁ% t P T 3fad afEmg

wed 71 T fafy, ﬁ@mfﬂ#ﬁﬁﬁméﬂmﬁww% 1 erFd ¥ fiu
T T i HHRO RHF Herl o AN o &9 § foal S g9 81 $6eh UvEn
od o fafal &) weEd 9 guhed Wodiqds fRar ST ogeRar @1 frefated
aroft 7.2 e w5t 7, for fafu= gvR & 9 werl & @i 9 9aR & WA
aifers =i 1 Heg fHan 1 wha 2
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|rui 7.2
Ik | T e o w0 YR Pt &1 ®a
L] P sy A LB
@—a)@—b)’ x—a x-b
. pxtq A, B
' (x—a)’ x—a (x-a)
3 pxTHgx+r A N B N C
’ (x—a)(x—->b)(x—c) x—a x-b x-c
4 px*+qx+r A + B + C
: (x—a)z(x—b) x—a (x—a) x-b
< px’ +gx+r A, Bx+C
(x —a) (x> +bx +c) x—a xX*4+bx+c
SRl X2 + bx + ¢ 1 3R W rEE & fHa S gk

Sudad Gt § A, B TS C arafas e € et sfaa fafa @ 3@ o 2

ISEIT 11 &1 O G i)

J‘ dx
x+D)(x+2)

7o T gan "athed Uk Sfud udd wed ¢ sHfon ofifyrs o= o &g
[ETRUT 7.2 (i)], T SUART & U, BH

L A B fmee# e (1)
x+D)(x+2) x+1 x+2
el A 3B arsfass Gead & el ed Sfad fafy 9 o & 21 89 U
1=Ax+2)+Bx+1)

x ok T[OThT TS 3TeR Ul I WHH i W EH UM §

A+B=0
G| 2A+B=1
T GHIHION ol B i W EH A=13R B=—1 W< 8l 2l

1 1 N -1
x+D(x+2)  x+1 x+2

T YR HHE fEfatEd 9 § 9T e ©
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dx dx dx
s J-(x+1)(x+2) -
x+1
= log|x +1|-log|x+2|+C = log | tC

femuft ST Gt (1) Ueh Gaaiieht € STufq Tk TH e S x o qeft wienm
et A o oIy 91 81 P W@ Hobd =1 IUAIN F8 <M o Ty hed ® fom feam
T HoF T TAEEET 3 3R Tohd = 1 ST I8 9 % fau w € fF R gen
FUA Tk GHIH T 2720 78 < o fau fom fsan gen som x & fafv=a oml o fo
T 2l

2

+1

TR 12 [ dx T WA FW F
x> —5x+6

2 +1

75216 +6WWWWHﬁ%W%ﬂx+IEﬁ
X —5x+6Y 9M W T 3R 9 UQ ©

x*+1 5x-5 5x-5
> =l+— =1+
x°=5x+6 x°=5x+6 x-2)(x-3)

T TR GHH

5x-5 x A N B
"R A o 3 T2 13

GIED 5x-5=A(x-3)+Bx-2)

T qell © x ok Okl e TR US] hl HHH i W EH U 8§ A+ B =5 3R
3A + 2B =5.
T HIFHWON I g HH W eH
A=-5 3R B=109< & 2

x2+1 5 10

: =1- +
x"—=5x+6 x—-2 x-3

j 7 _sxt6
=x—510g‘x—2|+ 1010g‘x—3|+C
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IETET 13 jidxaﬁrmaﬁaﬁm|
(x+D)*(x+3)

T e g3n wuehed WOl 7.2(4) H fEU gU WA o ®U 1 B o7 &H

3x-2 A B
= + +
(c+D*(x+3) x+1 (x+D? x+3

fere &

afh 3x-2=Ax+ D x+3)+Bx+3)+C (x+ 1)

=A@+4x+3)+BEx+3)+C (P +2x+1)
Tl gell W x> TN, x O T[OTh! Tel =R TSI HI qO I W U € T
A+C=0,4A+B +2C =33 3A + 3B + C =— 2 31 GHI0 ! 87 HH T &H

A=l B_iﬁczﬂm%lwwwmwﬁwm%
4

4
3x-2 115 1l
G+D2(x+3)  4@x+D) 2+ 4(x+3)
. 3x-2 11 dx
J.(x+1)2(x+3) 4J.x+l J‘(x+1) _Z x+3
11 5 11
=Zlog|x+1|+2(x+1)—210g|x+3|+C
E x+1 N 5 +C
T4 x+3| 2(x+1)
2
J‘(x +1)(x +4) A S !
2
X
T e T R =y e
x2 _ y
a CHD) 2 +4) +DG+4)
y 3 A
O+DG+4) y+1+y+4 o ¥ H et
GlED y=AGyY+4)+B@y+1)
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T qel Wy ok TN Te TR U i ol i W BH UM 8 A+ B =123
4A +B =0, f5a9 9 BT

A:—% 3ﬁ-{ ]3=i

3
- x* I S
’ CEH+D P +4) 303+ 3G +4)
x2dx 1
T J.()C2+1)(x2+4)= _§Ix +1 _Jx +4

1 4 1
= ——tan 'x+—-—tan ' Z+C
32 2

1 2
= ——tan’1x+—tan’1f+C
3 3 2

ST 33T H haa AT 9 a1t 9 oF faw gfaeeras foeen o on 9 f
FHTHEH a9 o T o7e B9 Uk UH ISl i o=l hid § TSEH WHhe o
foru wfqeemes fafy o enfers = fafa <9 1 90 &9 @ wgsa ffan w0 2

(3sin ¢ —2)cos ¢
5—cos’¢—4sin

ISR 15 J do 1 9 A Hifeu)

&1 A WIS y = sing
qd dy =cosd do

(3sino — 2)cos¢ ,[ Gy - 2) dy
5—cosz¢—4sinq) 5-(1-y*) -4y

safeg |

L =jiy‘i=1 (s ifor)

v —4y+4 (y-2)
3y-2 A
forad TR 7.2 (2) §
o9 B9 (y—2) = 2 oo 2) g [ (2) H]
By 3y-2=A(y-2)+B

Al uel Wy ONE TS SR TRl K1 gl H W T UM T, A=3Td
B-2A=-2, T8 84 A=3Td B =49 g 2l
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zafan e gaERer frefafed 9 8 9 g 2

y_3j dy+ j

O- 2)

4
2 —sin ¢

310g|y—2|+4(—;2J+C=310g|sinq)—2|+ +C
y—

+C (i 2 — sin ¢ THRM HFI )

4
3log (2—sin ¢) +
el » 2—sin ¢

I X2+ x+1dx

mwmaﬁﬁﬁm

3IEUT 16

o1 T gen wHmhed wh Sfud ufem wed B uiEd wed &l ey faer o
fasfeq & € [AROMt 2.2(5)]1

2+ x+1 N\ A +Bx+C
WCH+Dx+2) x+2 (P +1D)
gqfeTy X+x+1=AX+1D)+Bx+C) (x+2)

T qell | x2S TR, x oF OThI TS 3TER TSI i o I W EH A+ B =1,
2B+C=13RA+2C=19% & 2l

EWWaﬁwaﬂﬁm%ﬂAzg,Bzz,czéqﬁ%l

5
T YHR THEH FefafEd &9 § e 2
2x+1
) st
x +x+1 _ 3 +5 5 _ 3 +l(2§+lj
C+D(x+2)  S5x+2) x¥*+1 S5(x+2) 5\x*+1
2
x“+x+1 1
I(x2+1)(x+2) Ix+2 54211 5Ix2+1

[98)

glog|x+2|+ log‘x +1‘+—tan x+C
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1 921 9 o Y9 § 9RET Hal 1 GHEREH hifed|

1 X 5 1 5 3x—1
T+ (x+2) "X’ -9 =D (x-2)(x-3)
X 2x
4. 5. 54—
(x=1)(x=2)(x=3) X +3x+2
6 1-x" P — g, ————
©ox(1-2x) T+ -1 T (=D (x+2)
3x+5 2x-3 S5x
o X -xt—x+1 10. * =1 (2x+3) 1 x+1D) (2 -4)
X +x+1 2 3x-1
12. = 13. Y 14. G12)
15 ! 16 !
Xt T ox(x"+1)
X' =t @ ]
CoS x . )
17. (1—sin x) (2 —sin x) [ﬂﬁﬁl:smx-ﬂf@"{]
i) (2 +2 2 1
18, LD +2) 2 —
x"+3)(x"+4) xX+D) " +3) x(x" =1
21. [Tehd: ¢ = ¢ Y]
(e" =1

Y9 22 T 23 H Gl S 1 FI9 Hifeu)

2. [— 2 s

(x=1)(x=2)
(A) log +C (B) log +C
x—1 :
(C) log [Ej +C (D) log|(x-1) (x—2)|+C
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23 J‘ dx
Sy (x2 +1)

1 1
(A) 10g|x|—510g(x2+1)+C (B) 10g|x|+510g(x2+1)+C

1
(C) —log |x|+%log (x*+1)+C (D) 510g|x|+log @+ +C

7.6 @SIT: AT (Integration by Parts)
79 I=s% | T0 G &1 U SR fafy &1 ==t w0 S 7 S werl o oEka
1 G I W 9gd STEn 2

% Thel =X x (A AT H 4 3R v STThe1a Held € Al Tk o UH%ha
oM o @R &n U ® f

T vE 1 GEROd 3 W B U@ § T

uv=juﬂdx+jvﬂdx
dx dx
dv du
SPEI —dx=uv-|v—d (1
judx x=uv jvdx x (D)

qE Sife fF w=f(x) 3R —=g (x) 7

dv
dx
du
d—:f’ (x) SR v = _[g(x)dx
X
THferT TRt (1) @ frefeafaa &9 o forar <1 gehar €
[Fo g @dx=f@ [g ) de-[[]g ) dx ()1 dx
et [F0g@yde=f) [g ) de—[[£ (0 [gx) dxldx
If% B0 f I UUH Held 3R g Hl THU e I o @1 39 g HI FEfafed w9
¥ o foman S Gehen 21

“TN el oh UM% T FHHREA = (Y9 o) x (fgdfia wed 1 Tmeher) —
[(Y2M Hed 1 STdshad o) x (Tgda e &1 Heher)| 1 FHehed
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ISTEIT 17 jxcosxdx T HH Jd SIS

T £(x) = x (I99 HeM) 3R g (x) = cos x (5@ ®er) Waw) q9 @eu: gqmwe §
W et € TR

Ixcos X dx:xj.cos xdx— J.[%(x) Icos x dx]dx

= xsinx—jsinxdx =xsinx+cosx +C

UM ST o 89 f(x) =cosx T g (x) =x&d € qd

d
J.xcosxdx:cosxj.xdx—J.[E(cosx)jxdx]dx
x2 . x2
= (cos x)7+J-s1nx?dx
T %R 89 @4 € fF gHmemer jxcosxdx,@?l‘lmi‘ﬁ?@xaﬁafww
At SAfereh Rfcd THERer o uftafdd B S @1 safeT yum %o e fgde her @
3fed =g Aoyt 7
feugoit
1. =& 9o €, fF @ev: gamed < hoerl & [Mhd @t g fefaa o g
T 2, s [V sin xdx 5 feerfa § = fofar s T w31 gww=

HR0 e ® T UE hIE Hor sifide o € @l € e stasmest/y sin x B

2. oF e o fgdta ®em o1 99ehed A1 S T9T 899 iz T 3TeR
Tl et ol Al g1 5™ wer cos x o GUIHREH &l sinx +k, % &9 H forad
&, ST kg o1 2, 79

jxcosxdx:x(sinx+k)—j(sinx+k) dx

= x(sinx+k)—jsinxdx—jkdx

= x(sin x+k) +cos x—kx+C = xsin x+cos x+C
e Tl € o Gew: waeher fafy o v @ sifaw afom s s & fag
fgda wo & THRe | SR &1 S e T

3. WHA: AE I Her x b1 o1 o ®9 H ¢ el x ol 9898 € df 89 3H yUH
e o ®Y 0 o &1 qenfy tE feafa A Sef ga0 wor gfaeim frekmifada wer
AU TSI e B, A 80 SRl UUH Hed & &9 H ofd 2l
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STETOT 18 [log x dx W HIFC

T UREH A o Ty 89 U9 ®el 1 IHH oiH | el  fereent sraehers
log x 81 B9 log x ! Y& el Td 1o el | &1 f5dia %o ofd 81 R ®ed &1
TR x B

d
: logx-1)dx = 1 ldx— [[—( ldx]d
31d j(ogx ) dx ong x j[dx(ogx)j Ix] dx
1
=10gx.x—J.—xdx:xlogx—x+C
x

ST 19 [xe'dx W@ I

T x 9T e UG o 1 f5dia wed o ®9 § i
T W 1 FHHRET = e
BRI Ixexdx=xex—jl.exdx =xe'— e + C

xsin~

1
IETET 20 j\/ﬁdxamaﬁﬁm

X

T HH ST YoM HeM = sin - lx, 3R fgd wed =
1.088 mm
o &9 T wer 1 e 96 w9 € e | X e E

Vi—x?
t =1-x Eu

GE] dt = - 2x dx

1-x*

x dx 1 ¢ dt N
S e ] R

xsin~'x . 2 1 / 2
Ad: dx =sin x(fxll—x )— (=V1I—=x")dx
V1=x? ! '[ 1—x?

= —I-x*sin"'x+x+C = x—+1-x*sin"x+C
farereua: sin'x = 0 Wfaeerfud w1 W iR 7 We: ST HT ST Hd Y
it 30 GRS 1 B fRA ST Ghdl 2
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SEETOT 21 [ sin xdx FW HCY
T ¢ hl YUYW Tl TG sin x ! fGdT ®eH o ®9 | iU d9 TSIT: GHhA 9
9 UM © TR

1= J.ex sinxdx=ex(—cosx)+_'.e"cosxdx

=—e‘cos x + I, (WH i) (D)
I, " T cosx I FHAN: W TH f5ia werd AMG g¢ BW U € fR

I= e’ sin x—Jexsinxdx
I, 79 (1) ¥ W | e9 99 €

I[= —¢" cos x+e'sin x — 13761 21 = ¢* (sin x — cos x)

X

3d: I= J‘e" sinxdxz%(sinx—cosx)-FC

foheud: sin x Tl YoH T Td ¢ 1 5 wed o W o STda FHehad &l
A feman ST Hehan 21

7.6.1 .[ex [ f&)+ f ()] dx & YR T WHIHT
& 9§ I= [ [ /() + f/@)]dx = [¢"f @) d+ [e"f () dx
= 1+ [e £/ dx, 5@t 1= [ f(x) dx (D)
LH f(x) T e 1 HAR1: YoH o gl et ofd BT T @ev: kel gl 88
I ® I =f(x)e-— Jf'(x) e*dx+C
1, %1 (1) ¥ wfaeenfod & ™ &9 9 ¥
I= /@)= @ ede+[e f/(x)dx+C = ¢ f(x)+ C

ama: [e"(f@) + £/ (0)dx = e f(x)+C
IETETUT 22 |G ST
. X 1 1 .. (x2 +1) ex
@) [e*(tan x5 ) (i) T dx

'

o 1
(i) =s1 Iz.[ex(tan’lx+—2) dx
1+x

34 £ (%) = tan” 'x, TEE, @6 f(x) =

1+x°
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aa: o gom WHed o [f(x) +f/(x)] % B9 | B

. N 1
Tafere I= J.e (tan 1x+m)a'x =e' tan 'x + C

2
(i) #F ofee fw I(x H)e dx_J [—_Hl;l)]dx
x+1

. x2—1 x—1 2
= Je [(x+1) (+1)2] I [m+<x+1)z]dx

ﬂﬁ?ﬁﬁmﬁﬁf(x)——aﬁlf )—( e
aa.ﬁmgaﬂww eX[f(x)+f(x)]=%‘“@—qﬁ%|
x“+1 o d x—=1 ,
FeeTe I(x+1) h="¢ e
| weTerett 7.6 |
1 922 9% oh U1 o ol ol GHREA Shitad|

1. xsinx 2. xsin 3x 3. x2e 4. xlogx
5. xlog2x 6. x*logx 7. xsin'x 8. xtan' x

-1
9. xcos' x 10. (sin-'x)? n =% 12. x sec’x
\/1—)62

13. tan'x 14. x (log x)* 15. 2+ 1)log x

. xe e 1+sin x
16. e* (sinx + cosx) 17. 1+ 1)? 18. 1+ cos x

. ¥ xz . (x_1)3 . e~ simx

22. sinl[ %ZJ
1+x

Y9 23 T 24 H &l SW 1 FI9 Hifeg)
23. J.xzexgdx TR T

2
X

1 s 1
A) e B) —¢" +C
(A) 3¢ +C B) 3

1 1 @
—e +C D) —e' +C
©) e (D) e
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24. Iex sec x (1+ tan x) dx SR 2

(A) e‘cosx+C (B) e*secx+C
(C) e'sinx+C (D) e‘tanx +C

7.6.2 5 3T Ueh & GHTHE (Integrals of some more types)
75l &1 WevT: TN fafy W e o faftre R & g womhert st ==t

H| 59 T

(1) I\/xz—az dx (i1) IVx2+a2 dx (iit) IVaz—xz dx

() Hﬁ?ﬂﬁmﬁﬁlzj X —d® dx
WWIHﬁWWW@ﬁT@W:WWWW%

[= xvx?— J. \/7

= x\Jx’-a’ - x—xVX J.x —aitad

[
x\/xz—a2 —J‘\/x2 —a? dx-a®

j dx
\]xz _az

2 2 2
—xvVx —a -I-a

YAl A= xVx*-a* -d°

J‘ dx

J‘ dx
Vxt —d?
SREI 1= J.\/xz—az dngxlxz—az—élog‘x+\/x2—a2

T YR TR I FHGRCH H SR WA | i f5dd wed Rl T G
TaTReH faf gR &w I ®

+C

2

(i) J x2+azdx:%x\1x2+az +%log
1 2
(iii) J\/az—xzdxzax\]az—xz +%sin71£+C
a

forepead: TEMRel (i), (i) & (i) § ®9: x = a sech, x = a tan® AR
x = q sin®, TR & E W oft =7 GHReHl &1 Ad R S HRdT

+C

x+vx> +a’
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IEITT 23 J.«/x2+2x+5 dx T RIS
Tol &F difee o J‘\/x2+2x+5 dxz".\/(x+l)2+4 dx

SiE) x+1=yT@H W dx=dy, @@

J‘\/xz +2x+5dx = J‘\/yz +2% dy

1 2 4
== +4+—1Io
2)’ y > g

y+ Y +4 ‘+C [7.6.2 (i) S=RT 9]

(x+D Vx> +2x+5+21log x+1+\/x2+2x+5‘+C

1
2
IETET 24 I\/3—2x—x2 dx d i

For o A [V3-2x— 27 die= [4-(r+1) dx
3 x+1=yT@H W dy=dy
TIBR  [3-2x-xdx = [4-)  dy

1 4
= S y\4=y’ +osin 1%+C [7.6.2 (iii)% ST 9]

_ %(x+1)\/3—2x—x2 +2sin1[x7+1j+c

| gyTereRt 7.7 |
1 99 d% o Y3l o el bl GHREH ohifeTd|
Lo Ja_y? 2. Ji-4x? 3. P rdxtre
4. X +4x+1 S J1-4x—x? 6. \/m
x2
7o J14+3x—x7 8. Nx?+3x 9. 1+3
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YT 10 TF 11 | Gl S 1 II9 i)

10. I\/1+x2 dx TR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+c (B) E(1+x2)2+c
3 2
(&) §X(1+x2)2+c (D) %\/1+x2+%x210g x+1+ 22 |+C

11. J-\/xz—8x+7dx6|'{'lﬁ|'{%
1
(A) 5(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

1
(B) 5(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
1
(©) 5(x—4)\/x2—8x+7—3x/510g x—4+\/x2—8x+7‘+C
1
(D) 5(x—4)\/x2—8x+7—%log x—4+\/x2—8x+7‘+C

7.7 TAfv=a @atehe™ (Definite Integral)

st afteael o e eiffyea quherl o a1 o s1eee e @ oIk oo fafdre ol
o GHRCH! dfed AfHYeq GHReH w1 T w3 w1 Fo fafesl w =t w2 s
Ii=s] | & fhdt wem o fftad aamere &1 teaq &t v auehes &1 U

rfgdta o e 81 W TAfvea wumeher jjf(x)dx,@ﬁﬁﬁzﬁwam%aﬁ

b, GHIRH 1 =9 HIHI 991 ¢, GHRH 1 7 1 st | Fiv=a gaehed 1
Gf=E, o1 AN T HE o w9 H S Sl @ SAUEl A A [a, b] W THH hIE
yfdstesherst Fe df ffv=a gk &1 7 offaq fogeil W Foh AFl & ofat erefq
F(b) - F(a) o a0 81 €, o &9 H ${d sl 2| Fiy=a goehed o 39 <6 &di
I BY STTT-3TeN ==l |

7.7.1 TRTRE T WHAT @ WY G [fyerd GaraherT (Definite integral as the limit
of a sum)

M ST foh T &S A [a, b] W Th Gad ®ed f IReifE g1 7 s fa
el o Gl W HURR € SOl wer 1 Ieid x-37e ¥ SR Th 9% ¢
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TE y=f(x), x=a,x=bTdx-AT ¥ R & =1 gwa & Ff=ad womre

j:f(x)dx 21 TH &% B A HE oh (o0, 3H 9k, -8 TH HifeA x = q T

x=b% o= R & PRSQP i ofifsw (smepfa 7.2 3f@m)|
AT [a, b] ED [x, x 1, [x, x,] 50 [x x], . [x, o xl, ¥ e n w9

r—1>"r

IyAquen | fawfsa wifsg Gl%:fx0=a,x1=a+h,x2=a+2h,...,xr=a+rh?f?ﬂ

x =b=a+nh &g n= & AT A n —> ool h— 0

=f<id &5 PRSQP, n U 1 A1 € &1 Jeeh 3ue Sustavedt [x_,x],r=1,
2,3, ..., n T aRwfd 2l

aepfa 7.2 @ & W ® T
3Td (ABLC) &1 &% < &3 (ABDCA) 1 &% < 3Td (ABDM) &1 &% ... (1)

b—a

S

3TTeRTd 7.2

T AR x —x | — 03U~ —> 0, T FHHT (1) § I T A - S
T TW o T FUE S 21 o gH frefafad dmeat & i wd §

n—1
s =h[f) + ..+ fix, )] = () o)
r=0
o S = MG+ S00) oot F)I=hY f () e

Tel s T S IUSHME [x_,x]r=1,2,3,...,n, R T HRI: 777 @ v 3=
Al o &Shel o AN ol e wdr B erEfeRt (1) @& Hed H fre @ S
HAITA [x xr]émﬁqqﬁ%ﬁﬁ

s, < & PRSQP =l &5%dl < S )

1°
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I 5 — oo, l T HehIOT § Fantol Bt welt S B SR 7w e foran s €
& (2) 3R (3) o Hifqd 99 T G9FE @ qo1 39ETS Eifqd |/ 8 9% o 3T
Fefie & 2
Hrehfaer w H &9 30 frefafed yer faed ©

limS, = lims, = &% PRSQP &1 &A% = j:f(x)dx . (®

n—oo n—oo

TEY T8 Tl Hordl € o el ehel ah o Hid o 3Mdl U 9% o SW
A o o= o fRdl &erhel s Wi W off 2?1 gleren o fou en g Susiata
o 99 fRFR W g w1 STE o SUe S a1t Al i A1 STd: B9 (5) I AN
freferfaa &9 § foaed 2

jjf(x)dx = imh[f(@)+ fa+h)+..+ fa+(n=1)h]

37 j:f(x)dx = (b—a)%ﬂ%[f(a)+f(a+h)+...+f(a+(n—1)h] ... (6)

. b-a

S h= S0T[] n—o o

n

Sua ASH (6) ATESA w1 A & w9 H HfyEa gHehed # i wedr 2l

femuit et faftte e | T e o Y= THeed &1 99 Bed U9 3iaid
W et i @ WY gHEhe % SE =R W TEl SRt wEA gq wds W i i
FE o faw W 21 A€ x % TIF W EAd 9 H) ¢ ¥l ¢ 9 Hiew fomen S 2

T BH GHIRA fjf(X)dxao‘wmémaW jbf(t)dz 319«131_[:f(u)du
forgd €1 era: fAfv=a Taee o fau guehed =R T 9% =X FEdd T

Wzsaﬁwﬁ@m%wﬁji(ﬁ+l)dxwmaﬁaﬁm|
ol RYTET & $TER
["r@dr = -a) lim [ f(a)+ f(a+h)+..+ f(a+n—1)h]
a n—o n

) b-a
et h=

n

. 2-0
TWIREWH  a=0,b=2,f(x)=x2+1, h= =

n

IS |
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2(n D)

BRI j (x* +1)dx=211m—[f(0)+f(—)+f(—)+ T+ S

2 2 2
- 211m1[1+(2—+1)+(4—+1)+ (M+1JJ

n—e n n2

_211m—[(1+1+ +1)+ ! S (27 +47 +..+(2n-2)°]

n—e i n 9

1 22 2 2 2
=2lim—[n+—1"+2"+..+(n-1)7]

n—eo p n’
= 2hm—[ +i—(n DnQ@n-1)
n—eo p n’ 6
= 2 lim Lpp 4 212D @r-D),
n—e p 3 n
4 14
= 2 lim [1+ (l——) (2——)] =2 [1+3] = ?

mzeaﬁwﬁﬁm%mﬁjoew}c 1 AE T RIS
ol TR & 3TAR

1 2 4 2n-2
j dx = 2-0)lim—| e +em +et .. 4e

n—e 1

2
TOIRR 907t o ;U] o ANTRel o g 1 SUANT R0 B Sl a=1, r=e" W UW
g

2
jzex dx= 2 lim Le I 62—1
0 n—o p i n—eo p =z
e'—1 e'—1
2(e* -1 h_
2@ o im D sy
2 h—0
e'—1
lim 2 2
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| woTerett 7.8 |
AT Rt 1 oh w9 | fefafea e sHehed 1 79 A St
1. jjxdx 2, jos(x+1) A 3. j;xz dx
4. j14(x2—x) dx 5. J-_llex dx 6. J-:(x+ezx)dx

7.8 e @t 3NURYA WHA (Fundamental Theorem of Calculus)

7.8.1 &THA TerT (Area function)
Y —
T [ fde By =f@o. e, W} A
FIfeA x=a M x=bh ¥ R &7 & &A% &
®Y 4 Rt feran €1 9M ST [a, b] §x

fog g @@ [ " o) dx 5T 7.3 ¥ e Bt

&9 F &9 HI FTEfd w1 T (TR 98 e A8
fomn ™0 € fF xe [0, b] & T f0)>081 X
freAfeifiad e WH=E: o7 Fer % fog o] 4 X X
w%wmﬁm%wmxé&mm Y srhirs

fasfz 21

TR VIR | 79 Sifehd & 1 &hel x T Tk Hel g1 H x o 39 Held Fl A(x)
@ﬁﬁ%wﬁ%ww&@aﬁn&i&wwnﬁ%aﬁ?%%ﬁﬁmﬁﬁ@ﬁ@
U 9 gl 2

Ax) = j:f(x)dx (D

T IR W AIRd < SR Joa € et g0 el W chddl T SAReAT
Hifeh ST ST TH UIGAYEIH i HH o ST B

7.8.2 WA 1 GHIGET MO &t TIH HTIRYT 4T (First fundamental theorem

of integral calculus)
M ST foh &% el [q, b] W £ Th Had B € 3R A (x) 8% %o 81 ad
gft x € [a, b] F TATA’(x) = f (x)

7.8.3 GHIEHET TUTT & fgara ST AT (Second fundamental theorem of

integral calculus)

B0 9 T U eyl T 1 e S @ el geEdl ° g9 giastadhast @
ST T gU e qeeherl s AF A R )
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Tfora

U 2 0 A R 6 HA [a, b] W f Th Gad ®er € 3R £ 1 gideraeshers

b
F21 7@ [ f(x)de = [F(x)]’= F () - F(a)
fewuit

1.

2.

@)

(1)

@)

Wﬁ%ﬂqﬁazaﬁwwmaﬂﬁ%ﬁﬁjjf@)dugaﬁqﬁf&mﬁ
F ol 3=d |1 b W °M) — (39 9fd 3@has &1 = 91 ¢ W 799)|

IE YUY A ST © iR g8 BH Ak I HH T TR famn ffvem
TR 1 A F FI T Oy YEH w2

T T gHeher 9 w0 o Sifee |ishan T UH Her o1 9T i @ fSTEeht
RS T T WHRCA ¢ I8 STaehor 3 HHRGH o did HaY i 31T

T Tl B
j:f(x)dxﬁ‘, [a, b] T el £ o1 YU T Fod el 3Teveeh | SEeiund:

1
ﬁﬁaﬁwwjlx(xz—l)idx 1 == e ifaqers € Hifew o sfaud
1

[-2,3] % 9 -~ 1<x<1 @ faQ f(x) = x(x* 1) g ek ®or f
Rt & R ij(x) dx A &L o =01 (Steps for calculating I:f(x)dx)

st TaEeH jf(x)dx 1A HITT A AT T8 Fx) 81 THRT 3T
C & oF & 3Tevashal 78l © HifF afs 89 F(x) % &M WF(x) + C R foar
F AU e e

j” f(x)dx=[F (x)+C]” =[F(b) + C] - [F(a) + C]=F(b) - F(a)

T YR Y= GHeRe &1 91 9 i W Wes o fagw @l S 2l
[F ()] = F(b) - F(a) 917 FfoT, S fow jjf(x)dx 1 A B

59 T FT I W AR FW T
Saretor 28 FrEfdfad arheRl w1 7H T Hife
5 ) 9 \/; 2 d.
[ dx i [, T i) Lm
(30— x2)?
J‘OZSin32t0032tdt

@iv)
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(1)

(ii)
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m;ﬁmhj;xz dx 31 HfE |5 dx=%3=F(x)
Ty, fgdtar eneRyd 799 9 &9 9 € T

I=F(3)—F(2)=2—37—§=§
HM A o I:jj \/;3 dx TS TH AT 1 HSTaehers 6 e ¢ |
(30-x2)

3

2 2
30-x2 =tT@ﬁW—%\/§dx=dt 3teraT \/;dx=—§dt

VJx 2pdr 2[17 20 1 |
T TR j—3dx=—§jt—2=§; o —[=F (0

(30— x2)? (30— x2)

Tl e w5l STURYd w9 § 79 U9 €

9
I=F(9)—F(4)=§ L =E[ b1 }
Go-xn | 3LG0-27) 30-8

nﬁ?ﬁfwzlzjz i

2L
303 22] 99

Fx+D) (x+2)
AT =1 1 9T Y g B9 U ® T
X -1 2

= +
x+D)(x+2) x+1 x+2

xdx
Tgfe - =1 1]+21 2|=F
S Gy~ logl w4 2o x 2 =Fo

3Td: ko i fgdia STURYd 799 © &9 W € fF
I=F2)-F(1)=[-1log3 + 2 log4] — [- log2 + 2 log3]

32
=-31log3 +log2 + 2 log4 = log >
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T
(iv) = ef, 1=j04sin32tcos2tdt. 3 [sin’ 21 cos2 1 di W fom HiC
) 1
sin 2¢ = u W@ W 2 cos 2t dt = du 31U cos 2t dt = E du
1
.3 _Ltros
31d: J.sm 2tcos2tdt—2j.u du

%[ ]=%s1n 2t = F () A @ittsig
3Ot e i 5 sTuRyd = 9

T 1 . ,= . 4
I=F(—)-F(@0)=—[sin"——-sin" 0] =—
(4) 0) 8[ 2 ]

| woaTaet 7.9 |
1 ¥ 20 I o g o fAfy=a gumerad 1 9 Jd Sifs)
1 2
Lo a2 [T 3.0 [ @x' -527 +6x+9) dx
- X
T n 5 n
4. I;siandx 5. _I.Ozcos2xdx 6. _[4€de 7. jgtanxdx
8 chosecxdx 9 j 10 jl—dx 11. .[3 x
. g ) ’ 0]+ x2
z 3 xdx 12x+3 1 y
2 X
12. [ 2cosxdx  13. sz2+1 '[05x2+1 15. [ xedx

T

2 5x° 2 2 3
16. —  17. | *@2sec’x+x" +2)dx
Il X2 +4x+3 IO

To.oX 2 X 6x+3
18. J.O (sin E—COS E)dx 19. '[Ox +4

1 . . Tx
20. Io(xe +s1nT)dx

2021-22



HHTh T 355

Y9 21 T 22 | &l ST ] 994 HifoQ]

21. jﬁdxzw%z
I 1+x
R 5 2 o * o
(A) 3 B) © - D)
2 dx
3 .

22. j04+9x2w%.
A) = B) — C) — D) =
(a) < B) © o D)

7.9 yfaeemus grr fHfvera wateRei &t 9 A1 SR (Evaluation of Definite
Integrals by Substitution)

fuse afesel § a9 A= GHehe I S 1 e fafedl w1 == %l 2
Affyerd e T S w1 Heequl fafiel § ue fafu gfaeerm fafy 2

qﬁwmﬁfa@j:f(x)dx,wmamaﬂﬁésmwwﬁwﬁf@a%:

1. "o o aR § HiHet o fo fomEr e 3R y = £(x) SUEn x = g ()
yieeenfya wifsre @fs fen gsnm oo U A &9 § ufafda & s

2. GUTHA STER &t RN fRU famn qu guehed #1 AU =R % W e
FHifs)

3. AT =R o WH W YA U $IT $fR SW $ g W ok w9 H fafgu)

4, =ROT(3) W U IR HT qHhOH HT < gE HHST W AE T1d FIfC 3R =
o ot 99§ e i aret T T ST J| i)

=9 fafyr =i Fom a7 o o a0 Frefafed JeR o 9 T g
RO (1) WS (2) I HE o o€ RO (3) i B 1 AR Tl S| T8I
YA i T =R o &G H @I Sl & 3R THEH 1 HIH18T i T = o THaR
uRafdd 2 od & @ifer &0 e eifom =Ror 1 fepan e Tk
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3BT 8 B SRl § THed B

IETETTT 29 j_l15x4\/x5 +1 dx &1 99 T4 Fife@

TAr=x"+ 1, W W dt = 5% dx

3

22 2
T [5x* x+-a_jfm—§2 ELxHV
Ad: j15x4 xs+ldx=g_(x5+l)z}1
4 3| .
_2 _(15 +1)% ~(1 +1)§]
3_
=§ ‘0;]=§(2‘5)=M

oo TIYe € THEER 1 TR0 FE § 3R 99 Ui Tuhe & T

Grieti & SFTER 1 T H
T oifee

SE

t=x+1.99 dt =5 x* dx e HifsC &
x=—1At=03A S x=1dr=2

3d: S-S x, — 1 ¥ 1 9% gRafdd 8iar @ 99-99 ¢, 0 ¥ 2 de Yiafdd gl 2l

372 33
22| 202
GEEEme

ELSitaly j_115x4 X +1ldx = IOZ\/;dI
2
=3

IEET 30 jltan xdxaﬂmaﬁraﬁm|

T HH AT £=tan ~'x, d9 dt=1+
X

T
= dx e x=0?ﬁt=03ﬁ'{5|3lx=1Fﬁl=Z

m:éﬁ—é@x,oﬁlwqﬁaﬁﬁm%é@—é@w@gwqﬁaﬁaém%

1 tan~ x
0 14 x2

BRI

[ d-jtd{

2

2 2

T
16

TCZ

[t
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| gg=Taedt 7.10)
1 ¥ 8 % o U¥Al HHIGRGH! o1 A YIqEATIS 1 STAN Hid §U G hitera|
I X z L, 2x
2 [ 5 d
1. j0x2+1dx 2. [2\singcos’9do 3. [ sin [szj x
2 LA
4. [ xVx+2dx (x4 2 = pfaEm) s [ 2R
0 1+4cos” x
2 dx 1 dx 2( 1 1 2
6. 7. —_— 8. ———— |e7dx
'[0 x+4-x '[‘lx2+2x+5 J.l[x 2x2j
¥ 9 T 10 H W&l SW H T HifSq
1
P (x=x)3
9. WAFEH [, S dv M
3 X
3
(A) 6 (B) 0 ©) 3 (D) 4
10. 3 f(x) = ontsintdt,?ﬁ[ F(x) B
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx+ xcosx

7.10 Tifyera wHERe & &9 TUTEM (Some Properties of Definite Integrals)
e gl o $9 Hewqol UrE! w1 g9 A geEeg B 213 o o fafve

TR 1 AF ST | A F o START gl
P [ fde=["f@)di

P : j:f(x)dxz—j:f(x)dx,w%rmw [“fdx=0
P,: [ rode=[" fde+ [’ () dx, a,b,c T e #

P,: [ fde=["fa+b-x)dx

P [ fde=[ f@yder [ f2a-x)dx
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P: [ rac=2frdx R f2a-x= 1)
=0,7 fa-x)=-f(x)
P: () [ f@de=2]"f(dx afRf T wH e § el Al f-x) =0

7

(ii) j_“af(x)dx=0,m°<f T faum wer ® el A f(—x) = - (x)

Teh-Ueh H%eh 80 T TUET ki Y9 w &
P, St TR x = ¢ Ffeed T W He W B
P, @t SUUfH A ST & £ 1 Ufdetesherst F 21 09 e & {5 sTeRyg

T Y e T F j:f(x)dx=F(b)—F(a)=—[F(a)—F(b)]=—j:f(x)dx,

7l &n Sew @ E 6 AR a=b7@ [ F(0)dr=0
P, SUufy 7F e % f 1 Sfderashas F g, 7@

[*reodx =) - F (1)
jf (x)dx =F(c) — F(a) )
&R [ " £ G dr = Fep) - Fio . 3)

(2) 3R (3) = Sed W eH R © f®

c b b
[ rdc+ [ f)de =Fp) - Fa) = [ f(x)dx

o9 e P, fag i 2
P33ﬁ‘@ﬂﬁ‘qﬁﬁﬁ|‘q% t=a+b—x.dq9 dt =— dx. Sd x=aﬁﬁl,t=b3ﬁ'{
S x = b dd t = q. T

[Pryde = [ fla+b-nar
- j:f(a+b—t)dt (P, ¥)

= ["r@+b-x ax @, ®)

P, &t U r=a - x MET X P,H e M AU I dr = — dx,
Sdx=a,t=0
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Pt IUUT P, %1 STAM Y T &9 A € R

fozaf W dr = [ f(x) dx+jj” f(x)dx

TE qT oF TR GHMRSH B 1 = 2q — x Uawenfud ST, 99 dr = — dx 3R &
x=a,?|79[t=a3ﬁ'{mx=2a, Wt=03ﬁ'{x=2a—t9ﬂ‘;|m%ﬁm%|
T TE qHReH

[ rear = ["rea-na

- j:f(za—t)dt - j:f(Za—x)dx W BT 2

a: [ rwde= [ feder [ f@a-x) dx

P S IUUT P_, T STANT i T BH UM € R
jozaf(x) dr = [ f(0)dv+]] fRa=x)dv (D

39 Ak fQa—x)=f),q (1) Fefafad w9 § aiafdd & s e
jozaf(x)dxz [oreodee] roodx=2] " r(x)dx

R A fQa-x)=—f(x),d@ (1) Frafafad 9 4 wRafdq 8 s
jozaf(x) de= [ foydv=[ | f(x)dx=0

P, st Suufe

P, T W g EH WA F [ fode= [ f@de+] fde

T U o YUH THGhO H £ = — x W@ T
di=—dx¥d x=—qdd t=a I 5 x=0,d9 =0 3R x=—¢ 9§ I BT B

whw [ fwde= [ f@des] ] f@dr

=j:f(—x)dx+j:f(x)dx (P, ®) (D)
() 9 9f% f T G Ted & 99 f(—x) =f () @ (1) ¥ 9 g ¢ fw

j_aaf(x)dx=.[:f(x)dx+j:f(x)dx=2j:f(x)dx
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i) % f o W § W@ = f() @ (D) F I
[° reoac==[ redx+ [ r0ax=0
SATEIT 31 _[_zl‘x3—x‘dxaﬂqﬁ§|maﬂﬁrq|

T BH @I R R [—1,0] W P —x>03W[0, WA —x<03W[1,2] W x*-x>0
9 &9 forg 9ed © T

’ X —x|dx = 0(363—)c)a7x+ 1—(363—)c)dx+ 2(363—)c)dx P9
Jol @ -xlar =] J, J (®, %

=[P [ -ty des [P0 - dx
|:x4 x2i|° |:x2 x4i|1 |:x4 x2i|2
| == =] e

4 2| |2 4] |4 2]
_ _[l_lj+[l_lj+(4_2)_[l_lj

4 2) (2 4 4 2
1
—+
4
SETETOT 32 [ ¢ sinxdx F AR 9

4

T &H Ufed X © R sin? x T WH Fed 2

T

Tgfae Ii sin x dx = 2J-02sin2xdx [P, (1)¥]

IS

'
_ 2J-Z(l—cos2x)
0 2

[ Je(m_1m) ,_m 1
—[x—5s1n2x} D > 1 9

0

dx = jf(l—cos 2x)dx
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e 33 [ XSINX e w wE o R
0 1+cos’ x
T xsinx (m—x)sin (T—x) dx
o= oifse f& 1= = P9
e '[01+cos X I 1+ cos?(m—x) (P, )
n (T—x) sin x dx sin x d.
omsnxds p[TIREL |
0 1+cos™ x 01+cos“x
)l J-n sin x dx
S - 0 1+cos’ x
— __J‘n sin x dx
0 1+cos’ x

cosx= W@ W —sinxdx =dt
S x=0qd t=13R & x=ndd¢=— | I SHC &9 U & T

-7 -l odt
=— == P
2 91 1477 j—11+t ¥
Lodt . !
o4 142 T (P, ®)

tan"'¢] =nftan '1-tan" 0] =7 | = 0—Jt2

ﬂ:[an t]o—n[an —tan ]_11: Z— _T
1

3QTEYUT 34 I_l sin® x cos* x dx 1 A @ HIFST

1
Fol O ofifee ff 1= j_lsinsxcos4xdx AR £(x) = sin’ x cos* x

dd f(—x) = sin® (— x) cos* (- x) = — sin’ x cos* x = — f (x), 3:[941%1 JAED 99w
? safa 1=0 [P, (i) ¥

4
sin” x
— dx 1 WM M6 T
0 gin* x+cos* x

Wssj

T

. 4
7 A et B 1= | LR (D

0 gin* x+cos* x
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n sin’ (g —X)
LiE| 1= |’ dx (P, )
° sin* (E— x) + cos” (E— X) )
2 2
. cos”
5 x
= | —dx .. (2
IO cos* x+sin* x @

(1) 3R (2) &I St | &0 10 & &

T
_[2 sin* x+ cos* xd szx [x] _z
sin* x+ cos* x 2
Ad: I=E
4
T
IITEIUT 36 1 W AG hifea)
J" 1+«/tanx
T
cos x dx
.. (1)

Tl AF olifeg fh [ = =
j1+x/tanx J x/cosx+\/sinx
T cos E+E—x dx
_J-g 3 6
z T T N
6 fcos| —+——x |+, sin| —+——X
| [3 o) (3 )

j Jsinx Y . (2)

\/ sin x ++/cos x

(1) @it (2) # St wam wh E for= [ Jde=[x])=T-2=2

6 6

(P, ®)

Ad: I=—
12

3&T80T 37 J.()Elogsinxdx T O G hifsg|

Tl HH ofiftee fom I:J.flogsinxdx

T I= J'OE 10gSin[g—xjdxzj-ozlogcosxdx (P4@)
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I, 3 <l HH S Sied W EH I ©

20 = J‘Og(log sin x + log cos x) dx

=1

= J‘Oalog sin 2x dx—J‘OElOgZ dx (F?)

[SAE]

(log sin x cos x+log2—1log2) dx (log2 SieA T e W)

. T
TH HHROA H 2x =@ W 2dx=dt S8 x= 07 t=0 3 5« x=§?ﬁz=n
1¢n ) T
HfeTU 2I=EJ.010gs1ntdt—Elog2
—E.[Elogsintdt—flog2 [P. & Hifw si 7) =sin 1)
=50 > s sin (T — t) = sin
> T
= Lflogsh])jdx—nilggzz(Ep:taﬁ Xfﬁ Qfﬁﬁﬁﬁ'zﬁtﬁ'qﬁ
T
:I——lO 2
> g

T

2 . —TC
d: IO log sin x dx = 710g2

[woaraett 7.11]

fAfea TRl o TOTHET 1 START ¥ g 1 | 19 T o YA H FHRCH! 1AM
1A il

3

T .
n ~/sin x 5 sin? xdx
1. jzcos x dx 2. J. T ——dx 3 .[o 3 3
sinx ++/cosx > S

sin? x+cos? x

2 cos’ xdx 5 8
4. '[02 sin® x +cos’ x 5. J.75|x+2|dx 6. j2|x—5|dx
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T

1 n — 2

7. jox(l—x) dx 8. j0410g(1+tanx)dx 9. joxx/Z—xdx
n r

10. I02(210gsinx—logsin2x)dx 11. ansinzxdx
2
d d 2n

12, [T 13. [ 2 sin xdx 14. [ “cos xdx
01+sinx -n 0

2

N

T .
5 SINX—COSX T “ X d
[2 SIS g g6, [ Mlog (1+cosxydx 17, j°&+ —

15. -
0 1+sinxcosx

18, [ x=1ldx

19, <t & (0 de=2["f(xdr.aR f S g H f(x) = f(a—x) T
g(x)+g(a—x)=4$ w9 § uRvfa feen R
Y99 20 TH 21 H HE IW HT =99 Hiforu|

T
20. an(x3+xcosx+tan5x+l) dx 1 HH B:

2

(A) O B) 2 (O’ (D) 1
21. .[510 (dex 1 HH
0 4+3cosx
3
(A) 2 (B) 1 (ONY (D) -2
fafaer 3qrgvor

ISTEIUT 38 _[cos 6x y/1+sin 6x dx Fd HifST
T =1 + sin 6x, T W dr = 6 cos 6x dx

1
g‘g‘fa‘q Jcos 6x+/1+sin 6x dx = %J-tzdt

3 3

= —-X—()2+C=—-(1+sin 6x)2 +
=< 3() (3-9( sin 6x)2 +C
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1

IATE 39 I(X4 —9* 4y s

X

. =Ly
W%ﬂmmﬁ%ﬁj(x —5x)4dx=j JE i
X

4

X
1 -3 3
o l-—=1-x" =1, WH W—dx=dt
X X
1 . |
W ( 4 _ )4 B 1
jx xsx dx —g_[ﬂ dt
5 5
:—X—l‘4+C=i(1_i3J4+C
3 150 «x
J‘ x* dx
SR A0 (x=1) (x> +1) A HIfST
x* |
T B9 W H & m—(x+ )+x3—x2+x_1
_ Dt -
= (x+ )+(x—1) o +1) (D
1 A Bx+C ) .
- (x—l)(x2+1)_(x—1)+(x2+1) o &Y ¥ ffiere i @ .. (2
FHICTY I=A@+1)+Bx+0C) x-1)

=A+B)x*+(C-B)x+A-C
T el o Ol I gl i W EH U € T A+B=0,C-B =02
A—c=1,ﬁﬂ@wgﬁm%ﬁsA:%,B:cz_%

A,BTE Co A (2) | yfgeenfyd & o g9 U ¢ T

1 _ 1 x0T
=D+ 2x=1) 2 (x2+1) 2(x>+1) . (3)
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(3) &I (1) § gfaeenfud 9 W 89 94 © &

x* 1 1 x 1
5 =(x+1)+ — 573 -—
x-Dx"+x+1 2(x=1) 2 (x"+1) 2(x"+D
4 2
1 1 1
[ al dx="—+x+=log| x—1|-=log (x* +1) == tan"' x+C
x-Dx"+x+1) 2 2 4 2

gx)2:|dx A aﬁ'ﬁﬁq

SETEIUT 41 J[log (logx) + (101

1
T HM ey I—_[ {log (logx)+ (log)’ } dx

— jlog (log x) dx+.[

X)

w,gmmwﬁlﬁﬁﬂwéawﬁéﬁ%lwm:ww@%ﬂ
Id € T

! xdx+J dx2
ogx (logx)

J‘ dx
(logx)* . (1)

I= xlog (logx)—-[x1

— xlog (logx)— -[logx

d
T Ilogx,mﬁwﬁm,laﬁ%ﬁawézmﬁaﬂmaﬁI@fw:

fafy g guehed FIWT, 30 YHR 79 U9 € &

dx X 1 1
jlogx - [logx_Jx{_(logx)Z (;]}dx} .. 2)
@) (1), % T WeH IR §

dx dx
I= xlog (logx)— +
g (logx) logx '[(logx)z J‘(logx)z

= xlog (log x) -* 4c
log x
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ISTEITT 42 _[[\/cotx+ tanx]dxsn-cr Ealiiy

Tl B9 UM © TR I=J[Vcotx+ tanx}dx=I\/tanx(1+cotx)dx

Aq tan x = 22, W W sec?x dx = 27 dt
2t dt
YAl dx = 1
1+1¢
1 2t
dd = |t|1+— dt
I( t2)(1+t4)

1
1+ |dt
:2J. t4+l)dt:2-|‘ ! :2J.
' +1 (t2+1)
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