11078CHOS5

aftryr H&d A fgamdte aentor

(Complex Numbers and Quadratic Equations)

*» Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. - GAUSS %*

5.1 yfuerr (Introduction)

fyelt shensti § gae Wb 31X T =X 1 Teh =eE gt
1 A Tk =R HI TG THIRON 1 e fRa B
T 2 ¢ foh TRl 22+ 1 = 0 1 IS ardferh g el
T HF 2+1=00 80 2= | @ 811 ¢ 3K T+
AT &A1 1 a7 S0 eIl € 3Efey ardfash e
FUITEA! <h! < YOTTell oh &9 H agM 1 Segdehdl 8 Tored
o 9 TR0 x2=— 1 I 5 U< Y Toh | Ial H, &A
IEYT FHHEW ax + bx + ¢ =0 1 A UK LT ©, Sl
D = b’ — dac<0®, Sif orfos Gensl & gomet H
el T g W. R. Hamilton

5.2 wfmst @@ (Complex Numbers) (1805-1865 A.D.)

TH Heq e R 2] Hehad i § TTEId 1 79 7 i =—1 9T B 21 Tkt arced
2 fF i, Gl 2+ 1 =0 1 TF B 2

a+ib % UEY &I Tk H&H &l q 3R b ardfod @AW ®, Th 9y e

_1 .

R wd T ST R A, 2+03, (- D+ i3, 4+i(HJq&qaﬂ'@qﬁ%|

Y W& z=a + ib o ToIU, o ARATaR AT Heal © 991 Rez g0 &fud
o STl © 31X b SHTeuteh W heeldl @ qe Imz 510 Fefua fohan St 21 3o
% o, Af€ =2 +i5, T Rez =2 3R Imz =53 Wfwy W& 7, =a +ib T z,=
¢+ id A g Afg a=c3ﬁ'{b=d.
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SEETOT 1 AR 4x+iBx—y) =3 +i (= 6), 5l x 3R y Sfaeh G@ad 8, ad x 3R y
1 it
T TW fan ®
dx+i(Bx-y)=3+i(-6) . (1)
T TR o arEdfas qe1 HTeudh 9 i THE d g, %ﬁW%ﬁT%
4x=3,3x—-y=-06,
3 33

9= g7 7 FH ), x=7 #R y=

5.3 wftmst Gt =t sierTiura (Algebra of Complex Numbers)
39 AW H, B9 Wiy S & e o1 faem w

5.3.1 T @lmer, WEmen’ &1 IRT (Addition of two complex numbers) AfR
z1=a+ib3ﬁ'(z2=c+id3|ﬁ'§ﬁﬂ'ﬁ:qﬁﬂ;@ﬁ%lﬂazl+z2av‘ﬁflﬁﬁ'ﬁrfﬂf@ﬁ@
Y gitwfea feren man €:
7 +5,=(@+0)+i(b+d), s f& : ©F wfmy gen 2
IO o fAT, 2+i3) +(-6+i5)=Q2-6)+i(3+5)=—-4+i8
iy wemsti o @ Frefafaa Won s §qe W 2
() Haves frag < ity gensi &1 Ahel U 9y §en gl 2, s
TR wfmy wemst ¢ a9 2, & fAu, ¢, + 2, TF Wy wEn g
() @7 fafqaa frgg fe=l <t wfwy gemst ¢, dwn g, & fag
2, +2,=2,+7
(i) @Ewrd fram fe=l o7 wfmg "@emen ¢, z, o1 ¢z, & fag
(z,+2,)+z,=2,+ (g, + 2.
(iv) G dcaHes T R TiHs G& 0+ 70 (0 o gRI < Sl €),
FANIcHeh qeWeh 1el Y WA GeA Heam ¢ (e 6 o afmy
T 7, z+0=2
(v) Ik Tlaei® o7 e 9&& iy 9= 7= a + ib, & faq g4
TS G — a + i(— b) (— 2 N <A ST ) I =it €, Sifer armeres
Uide® Steqel z 1 RO hEanl @1 g9 Uk #d € R 2+ () =0
(FNTICHe: TTHF) |
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5.3.2 g Wimsr &3t &1 37av (Difference of two complex numbers) Tt & 2
qftgy gemst zl?:ﬁ'( z, I HR zl—zzﬁ'ﬁl bR © it feen Siar 8:
2, -2, = 2, + (—z,) S (6 +30) — 2 —i) = (6 +3 i)+ (2 +i) 3R
2-D+(-6-3)=-4-4i

5.3.3 @i g&meit &1 T (Multiplication of two complex numbers) | Tt
z,=a+ib T z = c + id & T WY T@ | 7@ PHPA .z, FfAEd &9
Y gitwfea femen man €:

z, 2, = (ac — bd) + i(ad + bc)

IR ok fAT, 3+i5) Q+i6) =(3%x2-5X6)+i(3x6+5x2)=—24 + 28

aftny gene o UM 1 wiwa § FEtdtEd W B e

() Hower Toraw < witay wemstl &1 UHwE, TH 9y g8 e @, 9
qfmy wemst ¢z, 9o z, o o, PR 2, z, Th AEHF Fe B 2

(i) A Tafoa fram fo=i <1 afms gemet ¢, qen ¢, o fag,

2,2,=2,2,

(1ii) Wﬁﬂﬂﬁlﬁ?ﬂﬁ?ﬂﬁqﬁmﬁzl,zzﬁmgéﬁm

(z,2,) 2372, (2, 29)

(iv) T(UTIoHeR AeaWeh ST ST WS §@ 1 +70 (1 o gRI S9a Sl ®),
T AH 3121 Uehel WIHAST WA Fgell ¢ oo o yis wfmy
H@Tza?mzl:z

(v) TuTieTeR Ufaelm ot i T YW Wiy W z=a + ib

. . . 1
(a#0,b=0) o fau, a6 9y & 5 +i—5——5 (=A@
a +b a +b Z

Z! o B ST S ©) Wi gt €, 2 Rl oS Hfaet™ seend © forad

ED z%=1 (TOTcHeh eeHeh)
(vi) sew Traw f=dl di wfmy gemsti ¢, 2, z, o T

@ z,(z,+2)=22,+2,2
d) (z,+z)z,=2,2,+2,2
5.3.4 & Wftqsr W& &1 YRTES (Division of two complex numbers) Tt

< g2 WAy wensl ;a9 ¢, % fau, SR g, = 0, A j—;ﬁtﬂ%rfaawﬁ
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S j—;=zlzi

2

IR o faw, 9 fed s, =64 3i R g, =2
7 N . 2 - ==
Z_(6+31)X2_—J = (6+3l) (22_’_(_1)2 +122+(_1)2J
NEN
= (6+3l)[Tj

= %[12—3+i(6+6):| =%(9+12i)

5.3.5 i et Tq (Power of i) A €

P=ii=(-1)i=—i, i4:(i2)2:(—1)2:1

M &9 @, Tt Tﬁq; k ok f?m, P B LR G LS P R
5.3.6 T B/UT arfdes Q& & aqu;r (The square roots of a negative

real number)

[ 2 P2=-13R (—iP=p=—1 38T — 1 & oiiqal | AR —i 2
Tafu fag  JC7, @1 & AR foQ shee i B

39 TH W TWehd © b 3R —i <Al TN 2+ 1 = 0 31l x> =—1 o BA Bl

= TR, (\Bi)2=(\6)2 2=3(1)=-3
R (—\Bi)2 - (—\E)2 P=_3
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ZHfT ~3% YA 3 i SR -3 %

fe & Fe 30 91 <0 R A whE S5 WA R S 3, s
V=3 = 3i.

TG AfE o Th e aTafas 9@l €, 9@ J—a = Ja -1 = Ja i
B WA § T Gt emrenss aredfae ®emsti o 3R b % T JuxJb=Jab TE
Roms q9 ot H& B, Sd a>0,b<0FAa<0,b>0.

MM 2 AR a<0,b<0, €7 THH! S HW ©
Fe FITC foF 2= V=1 V=1 = J(=D(=1) =1 =1 Sk 30 o1 1 fataaE ©

=1
AT, Jaxb#Jab IR a 3R b IH FO IRAfaH T B
AN A g SR b I H F FE f I 7, 79 e T H Jaxb=vab =0
5.3.7 aw@das (Identities) B9 TiefeEd aoame & fog ®d 2:
foredl Wit wemadl - @R 2, % forg
(z,+7,)0= 72+ + 22z,
Suufe &5 WS B R, (7,42, =(z,+2,) (7 +2,)
(z,+2) 2+ (&, +2) 2, (= Fm)

2 2 r ﬁ-q-q
=Z1+Z2Z1+Z1Z2+Z2 (EE )

= ity +l (T @ % Tt fe)

Z +2%2,+ %
Tt wifg en Frefafed damen! 1 fag & g9 o

. 2 2 2
D (z1—2) =7 -272+7

@) (z42) =2 +3272, +3023 + 25

(i) (z,—2) =z —3272, +3222 — 25

V) z-z=(z+2)(z-2)

e o 9gd ¥ T qe@Hb] Rl Sifer qeft St gemet & foy g €, g
Tty gemstt +1 9o & fo fag fvan s g 2
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sarEter 2 fafafed & a+ b & ®9 ° e B

o (=50) Ly i i) (2i L 3
(i) S @ (=) (20) | 3
(1Y -5, -5 55
1 _5 - :—'2:—— = —= — ]
@ () ( Z)[glj 8l 8( 1) ] 8+zO
(LY R A
Ol l)(zl)( 81) = 2eaa™ =t ) g

SEETUT 3 (5-30)° Hl g+ bish ®9 H Fad

g %ﬁFIT‘H%,(S—%P =5 -3x5x(3i)+3x5@3i)?- @30
=125- 225i—- 135+ 27i =-10- 198i

sareror 4 (—3+3-2)(2V3-i) ® a+ibF TY F =R H
wor wd ¥ (3 4v2) (2V3-i) = (B3 +V2i) (23 -)

= 6+3i+26i 2% = (-6+v2)+VB(1+242)i

5.4 wfts G T UMdieh 3T I (The Modulus and the Conjugate
of a Complex Number)

A Y 2 = g + ib Tk FHY T&N 21 q 7 %1 ek, S | z | gRI <A1 ST ©,
O ST W@ |[,2 28R afenfua e s @ seq 1z1= 2,2 R
L T, S 7 BN S S ®, Wiy WO q—ib el ©, $9id 7 =a—ib
TR % T, 347 | =3 412 =410, | 2-5i | =422 +(=5) =429,

3R 3t4i=3—i» 2=5i=2+45i, 3j—5=3i-5

20 Uferd i € Toh RO WS @A 2 = q + ib 1 [0S Fidam

_ — i Z
{ 1 a b a—ib 2@?“%

T a+ib az+bz+laz+b2 VR S |Z|
i 2z7=|z[

aud: Tl <1 wfwy gemst ¢ @ ¢, fou fefafed fes s g 9 =ga=
foha =T Wehell B:
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. . _|Z1|

@ |Z1Z2|:|Z1||Zz| (i) Z _H,qﬁ|zz|¢0
(i) zz,=21, (V) 7 ¥z,=5%2,

) (i—;};—;aﬁ: 2, %0,

SEETOT 5 2 — 3 1 TUNCHS A J1d it
7 HH fen z=2-3i

Tz =2+3i 8 | [ =224+ (-3)’ =13
TAfAT, 2 - 3i T OIS Ffda®

7 2+3 2 3.
= =—+—iyd [
|2 13 13 13 B

SR T T 9} ga frefafad €1 9 o f@rn s g 2
1 243 243 243 2 3.

-1 _ —

T 2.3 (2-3)(2+3)  22-(Gi) 13 13 13

2N

Z

SaEI0T 6 F=Afafad &l a + ib & ®9 § Had

5442 N
(1) 1_\/51. (i) i

542 54420 14V2i 54520402
Y - PR T PR TN i - (V2i)

_ 3+632i _ 3(1+22i) 14205
1+2 3
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| wo=merett 5.1 |
YT 1 § 10 Tk hi Ay GeAel | Ydsh ol a + ib o ®Y U Fad hifed|

(5i)[—§ij

.9 .19 .—39
1 +1 3. 1

[
[3°]

4. 3(7+ihH+i(7+i7) 5. (1= —-(-1+i6)
6. [l+izj—[4+i§j 7. Hl+izj+(4+ilﬂ—(—i+ij
5 5 2 3 3 3 3
3 3
8. (1-10¢ 9. G+3ij 10. (—2—%)

T 11 ¥ 13 1 9wy gemet ¥ yod &1 [OnHE Yideld A it
11. 4- 3 12. [543 13. -
14. frAfafed 5% &1 a + ib & ¥4 H S RIS
(3+i/5) (3-iv5)

(V3+2i)-(V3-i2)
5.5 3mis aat 3 ‘%T:ﬁﬁ =T (Argand Plane and Polar Representation)
St for B9 Ted W € S € TR arsdfaen Semet (x, y) o Yoieh shidd T o §T,
e XY a1 ® g uReulie o e o v
el H 9% x— 2787 y— 3187 G 51 ST
2, T fgd fog o e 21 sveffq
qitayg &A1 x + iy H1 S HiFd FH
(x,y)év‘@ﬁ%,ﬂﬁﬁ@o‘@l@?ﬂ'qﬁg
(x, y) o &9 H S feqer fe=n s

Hehdl 21 I8 HoA fadimd: g 2
FB Wmy e ¥ 2 + 4,

Xl

2430, 0+ 14,2 + 0i, =5 —2i 3T 1-2i SEES-D) *F1,-2)
Sfeh shffd i (2, 4), (=2,3), (0,1), (2,0),

(=5,-2) 1T (1, —2) @5 97T4d ¥,

arfa 5.1 ® fageni A, B,C,D,E3iR F Y

BRI ST e foman T B aTTeRfd 5.1
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o, fored v feig o1 we aftms }\
e gr s foran wn €, wimy oo 3 P(x, )
T e qel el 2l {xﬂ
Mg 9 | Wiy &AM (x + iy) A s
Ak 63 P(y,y) ® 7 fag 0(0,0) &
i w1 3@ g grw war @ X € 0 >X
(3TFfa 5.2)1 (0,0)
x-3 R fag, wftgy dens
a +i0 &Y o HIG B 7 S y-37e W
fog, wfmg 9emst 0 + ib §9 o ¥ v
T 1 omie qa § ot R y_ota Y
FHHY: AR 3l SR Hreurih e SR 5.2
HEd B

Wﬁwﬁqﬁﬂ%mz=x+iy3ﬁ?'ﬁaﬁw Z=x—iy = fagew
P(x, y) 3T Q(x, —y) o gm faefud fear mn 81 snfadia wmon &, fag
(x, —y) dTEifersh @181 o Ger f6g (v, y) 1 401 Widfse sheaar € (STehfd 5.3) |

Y
A\ P(x,y)
X € 5 > X
\{ Q(x,_y)
Y
3TTeR{ 5.3

5.5.1 U& @A Q& &1 ga?‘q 7@t (Polar representation of a complex
number) A T T4 P. HoRR A8 G@ 2= x + iy 1 Fewor &z 21 9 fo fie
T@rEE OP &1 @ r 8 31 0 9% &0 & S OP, x—3181 i ¥k 39 o |
ERini
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'Y oM < & P ardfas geet & Y
Fd W (1, 0) @ sifgda wy @ P (NS
e S 1 (1, 0) foig P ok ydta fadena >
Fean ¢ egfd 5.4 fEu 0
T T fg B g eyt A e fem X € 0 >X
%1 YR Y@ 7 g

2I%Sfx=rc0s9,y=rsin9 @TW
z=r(cos O +isin0), H&H%TE'@TWW ;{,

WWT%W r=1/x2+y2 =|z| aﬁz

1 Wik HEd © AR 0, Wy wEeA &

THITTiR a1 AT HEA & 9 sk ; ¥ fefua e 2
forddt Aty 9= 220, 020 <21 § 0 1 Shadd AF G7d 71 f5R oFf, 21 1

o o fRdt W, e & AU, ST F R W -n< H< 1 39 FFR F TH

A & Tohdl ©1 T9 0 1 T AE, 0 F1 —n< 0< 71, 2 T Y&A I FHEa

2 @R arg ; § Trefa e s €1 eeRfa 5.5 @R 5.6 3fEw

3TTeRfa 5.4

Y

Y " Y, Y/ Y/
@) (ii) (iii) (iv)

IR 5.6 (- <O<T)
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SETETOT 7 WiEE e =143 # e w9 § frefim it

TA 1=|'|'F|T1=rcos9,\/§=rsin9
A W HT o e R Sed W EH W w,

r? (cos2 0 + sin> 9) =4

Y p,43)
a7t r=4=2 ftest &1 9, r>0)
Tgfae cos@zé,sinezg X O X
R 9T A E 0= Y
JTTeRTT 5.7
e sTuferd yata &9 z=2(cos§+ising)
ity & SeN %1 et 5.7 | < T R
. —-16 L
SaE0T 8 Wiy wEem Hi\gﬁgahwﬁwrmﬁﬁaﬁm|
6 16 _1-i3 Pe44B) A
T 0 & W e 1+i3 ~ 1413 1-i3 0
X' 5 X
~16(1-iv3)  —16(1-i/3)
= (i3) 3 v
3TTeR{d 5.8

= ~4(1-i3)=—4+i43 (st 5.8)
o ~4=rcos b, 43 =rsin 6
I 3R o ek SR et W H W B @ 16 + 48 = 17 (cos’0 + sin’0)
e e o B ®, 2= 64, i r=8

1 J3 T 2n

= i =— O0=n-—=—
zgqfeTu, cos o sin 0 ) 373

2021-22



116 T

27 27
— 8| cos—+isin—
AT, STEwdsh Ydida §9 [ 3 3j

| woTaeht 5.2 |
e 1 9 2 d% Wity Hene § g o Hidie SR RI0E 0 IS

1. z=—-1-i3 2. z=- 3 +i

YT 3 9 § O Ay WEAel ¥ Uoieh hi Y 9 H ®UARA HITSC:
3.01-i 4. —1+i 5. —1—i

6. -3 7. 3 +i 8. i

5.6 Tgardia 9HIeRTOT (Quadratic Equations)

&0 wect & fgemda Tl & 9R H WM ® R BEH 3! arkdfas: g o
Tead | 39 fearfal o gt fopen © Sl fafaesmes > 0 21 o w9 freafafad fgerde
TR & aR H foER w €
ax2+bx+c=0ﬁﬂﬁa,b,cwﬁ$wg3ﬁ'{a¢0

A &fifse f& 5% —4ac < 0

B 9 € T en aftny genetl & ggsua o wmunches darfas qenel o g
fehTel Wehd B THiCY SWis TR0l o Bl WiHY Wemsl o wy=ed § ¢ S

x:—bi\/b2—4ac :—bi\/4ac—b2 i

2a 2a

@ fewult | T8 W, %9 o 98 S o T Sege e, T ferdht gefieeor § feRan
o1 g2 39 gl o, fFrefafad w99 1 Seo (fomr suafa) o e mn @ o
‘sfiemTioT 1 gol wHE' oh &9 H S S @)
“Ueh SEUE THIHIUT T HH H K Th gl Bl 2
30 WY o hoRaed gd Fefafed Hewgel aiom | v 2
“n ¥ 1 TH aEUE GHIH | p g e 21
FERIOT 9 X2+ 2=0 Tl A HIAQ
e BH R ® 2 4+2=0
qAoNr=-2

dqAiq x= +/2 = £2

N U B ©
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FEAEIOT 10 2+ x+ 1=0 & & HifQ|

A Tl B —dac=1"—4x1x1=1-4=-3

—1J_r\/—_3=—1irﬁi%.

2x1 2
TEAEIOT 11 562 4+ x++/5=0 Tl A KIS
T TR, ROl T At 2 —4xSx/5 =1- 20=—19 %

~1£J-19 _ -1£19i
W%ﬂ 2\/5 = 2\/5 %|

AT, 9 B x =

| yoTeedt 5.3)
frafafeq Tl 5 9 Y% & 8 S
1. x¥*+3=0 2. 2% +x+1=0 3. X*+3x+9=0
4., - x*+x-2=0 5. X*+3x+5=0 6. X>—-x+2=0

7. 2x2+x+/2=0 8. 3x2—2x+3/3=0

2 1 2 X
X +x+—=0 X +—=+1=0
9. B 10. B

(3-20)(2+3i) )
SR 12 o2 T A HIfSQ

(3-2i)(2+3i)  6+9i—4i+6 12+5ix4—3i
(A+20)(2=i) = 2-i+4i+2 = 4+3i 4-3i

&l Tl

_ 48-36i+20i+15_63-16i _ 63 16
- 16+9 25 25 25

G-20Q+3) _ 63 16,
T o2y 1 SFL 55 75!
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saretor 13 frAfafed afmy gemst &1 adis Td Sive [Ad Shifsu|

1+ |
@ 1—i @ 1+i
. I+i 140 1+i 1-1+2i

TR W, = L i=0+i

1=i~ 1-i 1+i  1+1
SER O=rcosB, 1=rsin®
Al 3R ot Yok Sied gU BH W B ®, 2= 1 37Afq r= 170

cos0=0, sinB=1

1+ . . T
wwraﬂwﬁaﬁmma Rl
—1
1 1—i =i _1 i

@ 15 A+hd=i) 1+1 2 2

1 1
A ey 5=rcose,—5=rsin9

I (i) T qE BH IS H

1 1 _ 1
r=ﬁ,0056=5, sin 6 = \/E

1 . 1 . -
T P awaﬁﬂw4%|

1+i

a+ib

ITEUT 14aﬁx+iy=m%ai,fagﬁﬁqﬁﬁx2+y2=1

(a+ib)(a+ib)  a*—b>+2abi  a*-b>  2ab

\q - — — +
W%ﬁ‘;ﬂﬁ%, X+1y= (a—ib)(a+ib) = 2 +b2 = 22 a2+bzl

2021-22



qftny ged R fearda wfemor 119

gq%fq v = - i
CETE 200 a2 bR

- o . o (az—b2)2+ 4a2b>
R X+y =@x+iy) (x—iy) = (az+b2)2 (a2+b2)2

(a* +b*)?
T (@+b)? T
IETET0T 15 0 o1 IRfdesh HM ST, Sfaish

3+2isin0
1-2isin6

o arEfas 2l

) 5 3+2isinf  (3+2isin0) (1+ 2isinH)
FOBHWNE, 0= (1—2isin0) (1 + 2isin)

3+6isin0+2isin0 —4sin’0
1+4sin’0

3—4sin’0  8i sind
= .2 + .2
1+4sin“0 1+ 4sin“0

fean gen @ f wfmy den arafas 2
8sin0 _
ERSIIGIY 1+ 4sin20 =0 3194’??[ sin® =0
d 0 = nn,ne Z.

S 16 W e c=——— ——— T g e & e Fi

COS — +1isin —
3 3

. i-1
3yl %ﬁw%,z 1 \/g
|
2 2
B 2(i—1)xl—\/§i_2(i+\/§_l+\/§i) B \/5_1 N \/§+1 ;
143 1-+/3i 1+3 2 2
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= efifse

J3-1

=rsind

=rcosH,

A 3R A e, Sied gU BH Wi e €,

el

2

(S (2] AT

4 4

a7eq, V2 [cos£+i sin?—;j g &9 2l

. AR x—iy=
. Trafafea &t ydm w1 ¥ afafda st

g 5 gy fafaer goaraet

R OEE——

1

. Tt < wfms demst ¢, ok ¢, & fau, fag #ifm:

Re (z, z,) = Rez, Rez, — Imz, Imz,;

1 2 \(3-4i .
[1_41,—1”)[5”) ! O ®9 4 ufEfdg sife)

. 2 2
a7 fag w4yt =L th

c—id ct+d?

1+7i 1+3i
@) (2—i)2 (i) 2

Y9 6 9 9 H U U Y& THIRIOT Rl €A hiTSC:

3
3x2—4x+2—30=0 7. x2—2x+5=0
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8.

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

iy werd R fgerda w121

273 =10x+1=0 9. 21x* —=28x+10=0
. . Z+z,+1

Zlﬁzl=2—z,z2=l+l, 22, ti T HH G hifed|
(x+i) (x*+1)°

A€ a+ib = fag =St &, @2+ b2 =

232 +1° (2x2 +1)2

Az =20, z,=-2+i, = %1 91 fFerifer)

() Re [Zl_ﬁj (i Im[i_j
7 214

142i

1-3i
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