or

[=]
2E . m

1o

T 31 3TdhetsT

(Limits and Derivatives)

s With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD +®

13.1 wfHwert (Introduction)

Tg A He Hi Tk GfHHT T Ferd T w1 98 e
2 e gera: wia o fogefi o aRada 9§ wer o oF o e
At UReRd T e o S @1 ee €9 STl i
(Irfoek ®9 | R foRe fomT) Hesgyd @ (Intuitive
idea) YA 1 AT TH HIHT hT TE GRAT 7 AR A
o SISO oh1 S LI T TR 915 TH STahars i
TR S o T oo ST 1R STeehers! o SIS b
FS I BN FH F© AR AME Forl o Tahas |
T |

Sir Issac Newton

132 STaeheTsit T WEwHd &t (1642-1727A.D.)

(Intuitive Idea of Derivatives)
iferer FET A erHifEa T @ o6 fie ww wEi/es weer 9 vt ¢ Tehel § 4.92
X 0 77 F1 & AUl fie g HeX § 99 1 T g () Hehel H AY T IHI (1)
o Tk ol oh B W s=4.92F & T )

G AR 13.1 | Uk @Sl 9eq ¥ iR T uw fie o Sehel | fafa=
T (1) WHR T 99 H gl (5) T 2

T Mgl W THA 1 =2 Wehg R YT 1 o7 A1 HEA1 €1 32T €1 3@ qHE
TEoH o fAU 1= 2 Uehe W TANA B oo fafay Traiauel ™ med 97 Ad wE Th
T ® IR YN H € TR W 1= 2 Wohg W AN ok SR H D YR TS
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t=1, 3 t=1,% o= AA A 1=1, s =1, GHe RO 13.1
& o9 T HT T T B (1,—1,) W T A W B ” 5
1 T o 2 Tehel H HeA oM 0 0
1 4.9
_ 1, =03 1, =2 S dAH TR 5 L
FEATITA (1, = 1)) 18 15.876
1.9 17.689
19.6—
= m:%ﬁr/@r 1.95 18.63225
(2-0) 2 19.6
T GRR, =13 =27 &= HqLF o1 2.05 20.59225
19.6 - 4.0\ 2.1 21.609
25 30.625
T R fafae o ffur =1 3R =2 = & 3 4.1
e o o1 GRehe Hd ol fEfafiEd |rol 13.2, 4 78.4
t=1 TFE IR =2 Fohel & " WX I ohe
o meg At (v) =t 2
WROT 13.2
t 0 1 1.5 1.8 1.9 1.95 1.99

1

v 9.8 14.7 17.15 | 18.62 19.11 19.355 19.551

TH GRON Y B9 STdelih i § foh e an -+ 9g @1 @1 SH-sg r=2
W T I ATl THadcieh] SRR S S € 86 SEd € o /= 2 W 8H a7 1 TH
g 3= Al KT U B | SR 6 © Toh 1.99 Wehg 3R 2 Uehs o o™ o AT
T A e @ gH T fepterd € TR 1= 2 Webs W wieA 9 19.55 W@ 9 g sty
* 2l

79 frend i Freafafaa sl & wq=ea 9 fofad oo e 81r=2 9es
Y YRY I g fafaer THaiaetl W A1 o 1 giehe Sifu) gd i 9ifd 1= 2 Sohe
SR 1 = 1, Wohe o o= WA A (v)

_2%Fs SR, T w da T F
B t, =2
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LL,HHSH T H T — 2¥EHSH T & U
t, =2
_ L, UelH T H gl - 196
- t,—2
frfafeaa ot 13.3, 1= 2 Fohel 3R 1, Hohe o i wiex ufd Tehe § A A
Vﬁ%:

H|RUT13.3
t 4 3 25 22 | 21 2.05 2.01

2

v 294 | 245 | 22.05| 20.58 [ 20.09| 19.845 | 19.649

TEl H: B &AM 3d € o A% eH =2, § URY hid gY T HAmel| i ofd
S B @ BH r=2 W AT T 3Afueh Tesl |iY el 2l

SIfeherl o 9UH T=ad | &1 (=2 R 9 8 Tl 9¢d FHARal § "I
A A foran 7 SR 99 omen I ® fR r=2 ¥ fwfad gd w9 Swenfea s | =
STfehel oF Tt F=ad H +=2 W 31d 81 a1 Hed FHAaae | 71 a7 F1d fohan
2 3R a9 omen 1 ® fF r=2 & fofaa o8 %z SyenfeE e 7 w2 fags w9 9
et SR T We o o A A 3T Th THMF T W T =1fee g9 fHfvea
w9 ¥ frerd frehred € 76 1= 2 R fie %1 97 19.551 Hi/A 3R 19.649 H/d & =
21 TR ®Y ¥ BH HE Thd B
foF =2 W dwfa®s am 19551 A s249¢°
oA IR 19.649 /A, & T Bl feemmmma e /B
S o el PR W § o am -
% IREdT ®T R T o BEA S
fromfea  foren, o8 feferf@a 2 % ------------- /0
“fafay o T gl | aRemd &t T ﬁ-?é :
1 A oIl 81 8 whed § T

W e s =49°H =2 W faeena et ---iC,

FaHAS 19.551 3R 19.649 % o= X A

. of L L " >t
H 2l o / 2 2+t 2+1, HAI-3T

TE W Ht Ul H TH
o Fafer TR 13,1 e FTFTA 13.1

2021-22



i R ST 301

B T8 oid WA (1) IR =M o R 9 fie &1 T (5) * oo 71 SE-sd
I o STFH by, b, ..., BT T Y FT AT ST FA 2 O & AT A <k
ST B HT T G et € S

ClBl C2B2 C3B3

AC,  AC, AC,
% TG S STTHA FI B T, Sl CB,=s, -5, T T T S fie wHrwa
h,=AC,H T %I €, T TP 13.19 = freehd frsper gifeea 8 &6 o I
1 A oIk o 65 A R TaIRa@ o @Tel 1 AR S et 81 g vesl H, 1=2
T W fYE 1 dichifeln 97 9% s=4.92 % (=2 T W9 & @A o THH 2

13.3 9T (Limits)
IRt oo 30 qed 1 IR wyeeqan ffde e @ for ed diw & ufean @ik
Afush T &9 ¥ GHZH 1 STEvThdl ¢ §H Gl S Heheud § gRifad g9 & fog
@'T)’%‘Q‘I?ﬁ (illustrations) hT PR W B
F ) = R fTER FSW st FiET F S9-S" xH I h
e Fehe M =4 €, fx) 1 A9 ot 0 1 SR SWEL a1 Sl €1 (3@ SR 2.10
st 2)H wed ¢ lim f(x)=0
(FH f(x) ! o YA T, 59 x Y H1 AR SE SN B, TG W1 ) f(x) H1 H,
e x I T A SHIEE Bl €, ol UH G ST S¥ x = 0 R f(x) H1 AF g =1fgu
Uk TG W S x —> a, £(x) — [, T [l T f£(x) 1 GH HEl ST € 3R

T T8 YR foran s g lim f (x) =1,

Tl g(x) = Ixl, x +0 R fo=ar =ifsu) WWWg(O)W&W‘!ﬁ%IX@
0 o T fehe AMl o T g(x) oF A o1 Ueheld i o foq 8d 2Ed @
g(x) T AM 0 FT SR SR I 21 3@ M o) = 0.x 20 faw y=1d
ACE ¥ 98 TEsidl ¥ T B0 ¢ (S MBI 2.13 1A 2)

2_
frefafad wem W fER F: A(x)=> 24,x¢2.
o

x % 2 o Ay ke Ol (SfRA 2 &Y) o fau A(x) o AF 1 afeem
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HIFST| 3T =T ! WIhR HUzq foF T 71
4 % e &) 7T (i 13.2) ¥ KU wew

y=h(x) % 3@ R fo=aR 3 9 9! fFfea (0,4)
el firern 21

T 9eft SwIdl | T W A x = ¢ R Hed
o Sl HH YU H A AT o ard H 39 W 0,2)

SMeTia &Y § o x ol @ 1 3 ST B 2
& ST T x oF W& g 1 AR 3R B
% o = @ 9 SR W < AR R, S aF g
e gfi A T A A FH S FHRd © T ¥ (20) O (2,0)
ek 81 Tohd &1 399 @i ®9 9 < g \;',
- 9T¢ gey K1 G 3R I ey k1 HE 9iE Bt
21 Wer £ o T el 1 S Ax) 1 9 WA © FId 13.2
S f(x) o HM W SRR e € S x, ¢ o <2 SR SWER eIl 81 SH Yeh ad uey i
o1l 3Heh wid o folu, e W faer sifse
1, x<0
f(x)z{z, x>0 y=fx)

0,2)

AP 13.3 W 30 o 61 Aed <M T § T8
T 0 W fH I x<0% fa@ f(x)eh 7@ 9 —2 (0,1
W AR wa ® SR 1 % wEE ® et 9 W ()

> =<

X' € >X
and war &t d m f(0=12) g2t ybw 0 W £ F A \/
x> 0 fau f(x) o 71 R 3R w7, 2 € eweiq o Y
% T vy B H im S () =2 21 g9 fefq F and ol 3MHfT 13.3

¢ & ki TN fa=-fo= ¥ SR o7 B9 %% Whd © R 99 1 Y T SR IR
B € q9 f(x) 1 G AR 21 (9l € wer 0 W aRefia 21)

arIST
g9 ®ed ¢ 6 }Lnal f(x), x=a ™ f(x) T R (expected) M &, fSe x oh

¢ AR Tehe wMi & fIq £(x) &1 AF KT 1 38 7F 1 0 W f(x) H ¢ 98
H G FEd B
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%‘?Wﬁ%%}gﬁ}f@), x=a W f(x)hl aruferd o © fSEd o ah <R

3R o fere Ol o T fx) o A KT &1 38 99 &l W £(x) HI Q987 BT
T wed 2

7fg g SR ¢ uey 1 Had GO 8 9 89 36 SHARTS WH &l x=a W f(x)
F1 WA Fed € o 38 Im gy | fref w3

ﬁﬁﬁ?ﬁq%ﬁwmqﬁﬁﬁﬁwW%T%Fx=aﬂf(x)
1 i iR 2

Fia 1 (Mustration 1) HEH fx) = x + 10 T TR FIT &7 x =5 R BT i o
1 T AR | STEY, TH 5 oF 3T (he x o HHI o faT £ oF A a1 IRea &
5 o 3fera Tiepe o1 3R & fag 4.9, 4.95, 4.994, 4.995... 3fE €1 3 faigati W fx)
% A 9 Rvfiag &1 36 URR, 5 % eTedd e ot T SR ardfas ge 5.001,
5.01, 5.1 ot &1 g7 fagefl W off B o 9= 9RO 13.4 ¥ Ky €

H|RUT 13.4
x 49 | 495 | 499 | 4.995 5.001 5.01 5.1
fx)| 149| 1495| 1499 | 14995 | 15.001| 15.01 15.1

Groft 13.4 9 &9 e sed & fF f(x) 31 76 14.995 ¥ §€1 @I- 15.001 9 B
2, 98 e H gU TR x = 4.995 3R 5.001 o ot o SHIT el sfed 7 8l
€ Heul HT qehdTd © o 5 o o 3R T GEAe o fy x = 5 W £(x) 1 AE

15 & a1eiq lim f (x)=15
Tl YHN, 59 x, 5 o S AR SFE AN T, £ H HA 15 B AET 2efiq
lim f (x)=15

37q: o€ H9eA ® TR £ oh ord et w1 WA SR ¢ qet et EEn, <A 15 o s
g1 W TR

lim f(x)= 1in;f(x)=lin}f()€)=15

x—5"

AT 15 o 9UeR BH oF R | I8 (TRY Ho o STerd S 3Tehid 2.9(ii) STeA 2
o fen ®, o1 St fohfad oct a1 €1 36 3epfd o &9 o4 3d © foh S99 x, S
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o A1 Al TR AR A AE 3R ST &I, He f(x) =x+ 10 H1 3@ &g (5, 15) i
N S BIaT Sl 81 89 SEd © TR x=5 W i Wed & WA 15 o e
Bl 2

TR 2 HE f(x) = x* T =R FISU ST H x = 1 N 36 G &1 GH I0 HH
1 JA | et 1efd i T 9d gU 9 xoh 1 o fehe HHI oh faT f(x) o AN
%! UG Hd B 39 Rl 13.5 | T e

RO 13.5

X 0.9 0.99 0.999 1.001 1.01 1.1

fx) | 0729 0.970299 | 0.997002999 ( 1.003003001 | 1.030301 | 1.331

79 9RO G B A i € 6 x= 1 T £ 1 9 0.997002999 ¥ St 3R
1.003003001 ¥ %7 &, 98 Heddl & gC & x = 0.999 3R 1.001. & &9 Fo
Y T Tfed 7 81| 98 |1 Geh@Ta @ foh x=1 1AM | o a8 IR 1 Gemsii
W AR w7 ereriq

lim f (x)=1,
TH YFR, 5 x, 1 % TE AR W TN T, A £ BT WA | T AME i
lim f (x)=1.

Iq:, I8 W9 © T ad ver ot Wi SR <d et Y Wiw gl 1 o SeR B

9 Uh X

lim £ (x) = lim £ (x) =lim f (x) =1
AT 1 o SR BF &1 I8 ht He oF ofeh@ il 3Tehid 2.11, 3= 2 ° fan
2, %! TEet fopfad oot a1 €1 39 SMhfd § 89 M d ¢ 1o SH-Si¥ x, | o =1 dl
TE AR AT AE AR SWER &, el f(x) = A>T Ae@ fag (1, 1) HT AR SR gral
S 2
B A: STEclihd Hd € o x=1 T % &1 A1 W 1 o e B

FEIA 3 T f(x) = 3x W =R FINC ABY, x =2 R 36 Hed Hi A A0 HH 61
Y | Frefafad gnol 13.6 Td: T S 2
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H|RUT13.6
x 1.9 1.95 199 1999 2001 201 2.1
f(x) 5.7 5.85 597 5997 6.003] 6.03 6.3

Tefad gH STaclihd i € b x a1 d &g A S 2wy SR SR B ¥, f(x)
FT A 6 1 AR SR Bl g Tid &Il 21 eH 39, 39 YR AfeifEd & dehd

g fm Y
lim £ 2)= i ()=l (3)=6 0.0
STRTd 13.4 § USRI SHHT i@ 9 a4 &l
ERRCRS
7 T: T 2 W E fFx=2 W e HAH
x=2 W HT F GO B o/ @0

TEIA 4 3R B f(x) = 3 W fo=R HINT A=Y &r
x =2 T ST W Jd FE H TG FL TE HeH
X B B % IO 9od Uk & aF (39 frefg \%
H 3) 9 Fl & 2eiiq 2 ok Fedd Feke feigeti & ShY 13.4
T 9T HE 3§ o7:
lim f (x) = lim_f (x)=lim f (x)=3
fx) =31 AeE BB § (0, 3) ¥ WM dell x-378 oF GHia 3@l 3R
3Mrepfar 2.9, 3teamg 2 | <wiian T €1 59 TE ot T € foh ereiie Wiwn 3 © qema: W

AN ¥ TeliRd e € foF et amafas W@ o % o lim f(x)=3

TR 5HE fly) = + x R R wifvw &9 lim f () q@ w1 =wed € w=
x =17 e fx) o AF GROT 13.7 ® GROfteg i 2

WO 13.7
X 09 |[099 [ 0999 1.01 1.1 1.2

f(x) 1.71 | 1.9701 | 1.997001 2.0301 2.31 2.64
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399 I qehdTd T g © R /Y\
lim / (x)= lim f (x) =lim f (x) =2 4
3Tepfd 13.5 ® T Alx) = x> +x o 3
aerg ¥ 9E T © R S-S x, | A
AN TR BT, M@ (1, 2) I AR :
ST BIA STl €1 1/
aazgﬂ‘aﬁzﬁwmﬁ%ﬁs XX
i fm=ra M
ord, frefafaa @ qeai i e
’ ) 3R 13.5
=T F WHR HAY
lin}xzzl, nn}leaﬁ{nn}xﬂzz
i lim x? + limx=l+l=2=hm[x2+x]_
x—l x—l x—l
qm lim x. £iirll(x+l)=l.2=2=£iir}[x(x+l):|=£ig}[x2 +x].

T 6 HeM f(x) = sin x W faR FIw) gart lim sin x F wfa ¢ ST w0 feom §
x—>§

ww%mﬁ,%ﬁ%%ﬁmﬂ@%ﬁ(ﬁw)aﬁmm%
| 13.8

. T o1 | Zooor | Zvoo1| Zrou
2 2 2 2

Sf(x) 0.9950 0.9999 0.9999 0.9950

lim f(x)= lim f(x)=lim f(x)=1

1
x~>5 x—= -

o9 ga e Y gehd € TR
2
Tqer SAfAfeR, T@ f(x) = sin x & @ ¥ T el € S A 3.8 JeAH 3

TR m i femd=mm s fd lim sinx= 1.

x>
2
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TR 7 He f(x) = x + cos x W fo=R Hifsw) &w lim f (x) S T ed B

Tel B 0 & Fhe fix) & A (Frehean) wrviiag fvu 2 (@R 13.9).
| 13.9

x 0.1 | -001 [ —0.001 0.001 0.01 0.1

f(x) 0.9850 | 0.98995 | 0.9989995 | 1.0009995 | 1.00995 1.0950

ol 13.9, 9 &9 e & g © T
lim £ (x)= lim f (x)=lim f (x)=1
7o feorfq o off &0 deror e € TR lim £ (x) = £ (0) = 1.

376, 1 3T W9 &) TEHR & Ghd ¢ 6

lim[x+ cos x] = lim x + lim cos x greger o T 22
x—0

x—0 x—0

TR 8 x>0 o U, Hed f(x)=%m foar #ife) & limf () @ AT
e &

71, B9 SFaclieh i € foh o o1 Uia G s artas e €1 er:
6 B9 f(x) % W GRONEG B €, x Y o 91 AR SIS Bl €, 1 ke o1 e
21 = 89 0 o b x & YRS Al o ol Wl & HHI ] GRUEg 4 B (39
arolt § 5 fohelt oF quifer ot fefud s 2

F= & 7 |l 13.10 9, 89 @A © TR S x, 0 1 SR SR B 2, fx) e
3R w1 B a1 81 T8l sqent 21ef ® b, fx) 1 wH fRel € wem 9 ot w=r femen
ST Gehell 2l

RO 13.10
x 1 0.1 0.01 10
f(x) 1 100 10000 102

Tt 1 G, 56 ke Tehd & lim f (x) =+
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&q feoofl oft #xd € & 50 wgasd W B9 3@ R &1 el a1 ==t T@l s
gwiaosn im f(x), g Fwn =wd €, st

x+2, x>0

Tl I HE B 0 o e x o fIT f{x) 1 WRON a6 €1 UeTOl hid € TR x
U HHI o Tt 89 x — 2 1 A Tohlon &1 STevaehdl © 3R x o HFeHs JH
% AU x + 2 1 °4F Frrrem 1 TEvaehar 2idl 2

QRO 13.11
x -0.1 - 0.01 —0.001 0.001 0.01 0.1
f(x) -2.1 -2.01 ~2.001 2.001 2.01 2.1

RO 13.11 1 92 o gfafted 9, g9 e o3 € T Bed &1 71 2 9%
E @I ® AR

1inol_f(x)=—2
gt k1 eifam = wfaftes 9, 79 fma w@ € R
Y

e W UM 2 T 96 1§ 3R 3d:
lim f (x)=2 , 2)}/

e e e e S 0 -
TH el Wl 3o SRt 13.6 W fean @ wel, 'm 0,-2)

fouqult &hed & o x = 0 W Hel &1 9 goid: IRefod €

R, ard |, 0 % SR 2, WG x = 0 W He &1 dr Y’

wRefea off 72 2 3NTeR e 13.6

Fwid 10 T i geid o w9 d, g imf(x), 30w § @t

f(x):{“z x#1

0 x=1
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H|IOT 13.12
x 0.9 0.99 0.999 1.001 1.01 |1.1
f(x) 29 2.99 2.999 3.001 3.01 (3.1

gl Wi WE, 1 & e x o oI 89 f(x) o Wi ! GROMEg L &1 1 9§ w0
x o T ) ® AE W, T wdid g € TR x = 1 W e 1 6 3 e ey st

linll_f(x):3
T YPR, 1 W 9L x o fAU flx) F A ¥ SRR fx) FT T 3 A1 AR,
A Y

linll+f(x):3_ 0.3)
i o I iR e g g ¥ o ’
3d:

>

0,2)

lim f (x) = lim f (x)=lim f (x) =3
MM 13.7 § ®ed o1 ofcriE e o aR § X
AR A & 9 <1 €1 FE, 79 o <1 € R

I &9 °, T G g T Fe H1 0 SR sHT Y
e fg=- =1 21 Ihd © (el &) < aRenfea ) AMeRfa 13.7

13.3.1 @imreit @1 SrTiord (Algebra of limits) 393 TRl W, 89 3Tacihd &
I & fF i ufsean @, Srerer, O SR 9N % UM Sd @ S| 9 T
foamefia o iR Hand guikenfad &1 e T =21 @1 arad o, gq gkt form suufa
% T o w9 H siveifie w5y & 2
Wlmﬁﬁ@%fﬁ?gﬁwﬂ'@%ﬁ}cig;f(x)aﬁT}cig;g(x)ﬁ # A
HIE]

(i) & werl o AN B HH Her w1 Ssh w9 g 8, e

lim [f(x) + ¢ ()] = im fix) + im - g(x).

N

2,0 O @0 ~
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(i) < Hor o AT h HH Wl i WS w1 HAR Bl 8, i
lim [fix) - gl = lim flo) — lim o).

(iii) = weE o UM K1 HH Her w1 HHSA w1 [UH g €, g
lim [fx) . (0] = lim fio). lim g(x)

(iv) & Wl o AR 1 EHH Herl B HES w1 A g €, (et 8 IR
BT 7)), 3

f(x) lim f (x)

_ Xx—>a

lim =
ag(x) limg(x)

feouit fasia w9 9 fearfa (i) 1 o fafyre feufa & s/ g(x) T TH1 3=~ %ol ©
for forelt arcafess @@ 4 & Qg0 = 4 9 9 @

lim[ (A.f) (x)]=Adim f (x) .
3T X TRl §, B9 TId 31 foh 59 R Wi fafere YRR o6 werml i Hmed
o T W W ol WA TR ST 2

13.3.2 5@0&?’ 3 URET Fert @t ???'HTQY ( Limits of polynomials and rational
functions) n Fd 1 Tk HAT flx) TgIEE B e ?, 9 fX)=a,+ax+ax
+.. . +ax, S asTH STEfGE Gead € R R wehd Sem n o faw g, # 0

T WA ® T limx =g, omd:

xX—a

. 2 . . . 2
limx* =lim(x.x)=limx.limx=a.a=a
Xx—a x—a X—a x—a

n O SANTHA T T AYAH EHE] Fardl ¢ T
limx" =a"
X—a

Hqa, HHA AU f(x)=a, +ax+a,x* +...+a,x" Th FEILA el g1
Ay @y X, 0y X .. anx”WﬁWWéWﬁW@,ﬁﬁ%’%

lim £ (x) = lim[a0 +a,x+a,x* +...+anx”]
xX—a x—a
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. . . 2 .
= lima, +limag,x+lima,x" +...+lima,x"
xX—a x—a X—a xX—a

= a,+aq hmx+a2hmx +...+a, limx"
xX—a x—a

— 2 n
= day +ala+a2a +...+ana

= f(a)
(grfeea o o 3T Suded & ke =0T o Siifae gHg forn 21)

g(x)
Th He £ U GRHT el hedrdl € A8 Ax) = n(x) , STl g(x) 3R A(x) 1@
qETE € 5 h(x) 2 0. @

o g(x) lime(x) g(a)
lim £ () = lim h(x) limh(x) h(a)
Tafy, afk h(a) =0, 3 feafm@t € — (1) & g(a) £ 0 IR (i) & g(a) =0. 9 I
feorfq o &9 wed © fF o @1 sifa 72 21 9 &) fefg o &w
g0 = (x—a)g, (), ST& k gx) ® (x —a) HT HETH HW | TH THR

h(x) = (x—a) 'h, (x) FF h(a) = 0. 19, AT k> 1T T 2

lim g (x) lim(x—a)k g (x)

}Ci_fgf(x) = E}éh(x) - )ilvi__;ra;(x—a)l}h(x)
}ci_rg(x—a)(k_l) & (%) 0 (a) -0
= }E};hl(x) h(a)
Ak k< [, e afenfy T8 R
SR 1 A F B
(i lim[x'—x +1] @ I xx+)]

i) lim [T+ o+ x” ]

x——1
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zol orfee gl HiaTd s Tgu< el i WM 71 37 Hiemd gea faget W ke
o A §1 79 U §

@ Impe-v+]=1P-1+1=1

Giy lim[x(x+1)]=3(3+1)=3(4)=12

x—3

Giiy lim [l+x+ x? +...+x10] =1+ (D) + (=124 o+ (=D)©

x——1

=1-1+1+...+1=1.

TETET0T 2 WA I RIS
_ lim_ x*+1 - hm_x3—4x2+4x
@ | x+100 @) 15 I -4
o[ N
5 _x3 —4x* +4x @) x—>2_x2 -5x+6
lim| 72 ! }
v 25 L x*—x X =3x%+2x]

g gl foamfia wer afdg e €)1 °m:, B9 Ted Yew fagel W 3 werl o AM

Waﬂﬁ%lw&%%,%maﬂ%,%ﬂrﬂwﬁﬁiﬂmﬁ %wwﬁﬁaﬂw
2, &l T T gU worl i I forad )

2 2
. x“+1 17 +1 2
i) B9 U % lim = =—
® “Slx+100 14100 101

(i) 2 W e H HH U FE W EH 39 %aﬂmﬁ’mﬁ%l aa:

3 2 _n)\? -2
P aledax o ox(r-2) o x(x-2)

x—2 x2_4 x—)2(x+2)(x—2) = 2 (x+2)

Fifeh x #2

_2(2—2)_9_0
T o242 4
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(i) 2 T T FH A U FE W, B I %éﬁ“@—qﬁ’mﬁ%,aﬁ:

2)(x—=2
b 26=2)
=2 ) —4xt+4x - 7P x(x-2)
(x+2) 242

lim = _4
T oe-o2x(x-2) 2(2-2) 0

ifer aftenfoa =& 21

(iv) 2 T HeH &1 °E UE 3 W, 9 39 %a%mﬁqﬁél 3

3 2 2(x=2
limﬂ— limL

=232 —5x+6 2 (x—2)(x—3)

— hm * = :—:—4.

(v) U8 BH e whi UREE %o S| qh: foaed g

x—2 1 x-2 1
{xz—x_x3—3x2+2x}= x(x—1) x(x2—3x+2)

i x=2 1 }
=_X(x—1) x(x—l)(x—Z)

_x2—4x+4—1:|
- _x(x—l)(x—2)

x> —4x+3
- x(x—l)(x—Z)
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0 .
1 W HeH &1 79 91| ® W 89 Ewwmﬁ% a1:

lim x2—2_ 1 ; X2 —4x+3
=l ko x =32 42x | T ol X(x—l)(x—2)
—3)(x-1

i 373) (1)

&0 feuqult #ed @ fop Swert o W e W A U (x— 1) i R fopan mifeh yo 1.

T Hequl ST 1 7 9 3, it foh 31 afkom | yge g, i s we
% B9 H T 2
o 2 fRet o o n ok faw,

n n
X —d n—1
=na .

lim
x—a xX—a
femult Suds wia | dw Rq <A G © el n hE uREE genm € iR
a YT B
Wﬁ'(x"—a")ﬁ(x—a),@Wﬁm,%’q%@ﬁ%ﬁﬁ

X'—a'= (x—a) X'+ xZa+x3a*+ ... +xa?+ ah)

n n

.ox' = .
3H JehX lim =lim Q'+ x2a+x2ad>+ ... +xa?+ ah)
x—=a X—a x—a

=a'+aa?+. .. +a?(a) +a!
- an—l + an—l +.. +an—l + an—l (n ‘q—c'\')

= l’l(lnil

IETEI0T 3 A JE hifST

15
! N
(i) lim=— (iiy lim Y1
-l x o —1 x—=0 X
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& () TR 79 @
T X m xls—l;xm—l
el R p
. xls—l . xlo—]
— lim +lim
x=1| x—1 -l x—1

15 ()" = 10(1)° (3w 799 9)

15 10_3
' 2

J+x— -1
fim MFX L g N
x—0 X y—l y_l

1

2 _12

— fim2_ 1

y—>1 y_l

1
5~ 1
Loy v feomi 3 =

315

13.4. Treuifadts wesi it 'FﬁTITQV (Limits of Trigonometric Functions)

e &Y H, el o 9 | FEfeied 2 (Y9 o 9 5 % ) Fo
Tl 1 HeT 1 Iiehed T H gad @l
SR

Ui 3 WA ofife WEE wid 9 @ e
T WeR £ SR ¢ U & fF aRem & wia &
Teft x % A £ () < g x) TRElt @ % fo Az

A

[EEIRIEIR]

im ) g im g0 @ &1 sfea § ! y=f(x)\X
: . 0 a 7
lim gy < im o) 58 ot 1389 fort @

T fHan T 2 TR 13.8
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T 4 Hefasr uia (Sandwich Theorem) AF oY, f, g3ﬁ'{ h IRt JHE wed
g & fop aftarn o geifs widl o 9ot x
o fau £ (x) < g( x) < h(x). Tordt arfaes

gE o fag afe Im gy =

= lim 5 4 lim g(x) = 1 =4

xX—a

amepfa 13.9 9 fost o oy foran o B

et %ol ¥ Gefia fFefafad
e sl ® TE R S
Wﬁf’ﬁ%{‘ﬁﬂ?ﬁ%:

0<|x|<% % fou cosx< X g (*)
X

SUUfd 89 Sd © T sin (- x) = — sin x 3 cos( — x) = cos x. 37 O<x<% & fog

srEfent 1 fog w6 o fou 78 99w 2| B
Sepfd 13.10, § TH $HE g9 H % O Bl F AOC,

(
xirl“@mam%aﬁtkmgﬁ@mBAaﬁICD,OA%m AN

2| THer rfafied AC =1 fiemn = 21 @
AOAC &1 &F%Fd < Ja@E QAC &TFA < AOAB &1 &%a

TTeRfT 13.10
s ~OACD<— 1(0A) <-OAAB.
2 2n 2
A CD<x.0A<AB. AOCD¥H

CD .
sin x = a({ﬁﬁOC:OA)aﬁ'{ 31d: CD = OA sin x. 39 2ifafiem

AB
tanx:aﬁ'{ 3Ad: AB = OA tan x. 39 T

OA sin x < OA x < OA. tan x.
Fiifh T OA ¥ ¢, 89 U ©

sin x < x < tan x.
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aaﬁﬁs0<x<g,sinxa=|m%ﬁtwumr{sinx,@wﬂﬁ qAT 3 W, TH U B

X 1
—<
sinx cosx

gl &1 kT FH W, T U B

1<

cosx<w<lwﬁﬁ[ﬂf§§l
X
Ui 5 frefafed < Aeequl HE 2
. L
@ lim>t=] (i) lim——r =0
x=0 X x—=0 X

sin x

suutd (i) (%) § et (Inequality) o STER Held , el cos x 3T 3=’ el

e o 1 & Sa1 @, % = o fed 2

Mﬂﬁ'ﬁﬂﬁﬁﬁ£ﬂcosx=l,%ﬂ%@ﬁ%ﬁm$(i)aﬁm@?ﬁﬁ
g @ gof ]

X

(i) =1 fag wW o o, ga Srepiuifafa gedafaes 1—cosx=2sin2(§jwmaﬂﬁ

1= cosx 2sin? (;j sin (;j
%’, qd lim——— = lim————~< =lim———<sin (ﬁj
x—0 X x—0 X x—0 2

X
2

(3]
sin 5
= lim—.limsin(gj =1.0=0

x—0 i x—0
2
Wﬁﬁqﬁﬁ@ﬁwmﬁwawaﬂwm%%x%oéﬁoéﬁ

@W%I‘s{ﬂﬂﬁy:%?@ﬂv_{wmww%l
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. sindx . tanx
SETETUT 4 WA 96 HIC (§) lim = (ii) lim
x—08Iin 2x =0 x
) T sin4x lim sindx 2x )
&l (1) meO sin 2x T x>0 4x ' sin2x '

. | sindx sin 2x
— 2.lim +
x=0|  4x 2x

_ 2 1im {s1n4x}+ lim {s1n2x}

4x—0 4x 2x—0 2x

=211=2Gdx = 0,4x —- 07 2x — 0)

X ) sin x . sinx . 1
— lim — lim .lim

tan
X x—0 x CoS x -0 x x—0 COS X

TR U9 ® (ii) lim =1.1=1

T g 1, fogent dimet 1 99 Hohed 999 e | WA it e dehd
2, frefafea 2:

e R e lim fzi;Warmw%ﬁTﬁwmﬂﬁWﬂﬁﬁ%lw

X—a g

T f(a) 3R g(a) T TH 1 S AR A = €, @ &9 dEd € Al g 39 e
F Y HFI GHd T S U GEHTE B HI RO 2, g W AR ww
f0) = f, () f() Tor@ = S8 f, (@) = 0 3R £, (@) # 0 | 6 FHR g(x) = g, (v)
g,(0).frEd ¥ S/l g,(a) =0 3R g,(a) % 0. flx) IR g(x) § ¥ 37T oG (IR
Ha 8) @ e 1 23 ® e

28 =%,aﬁq(x)¢o faed €

G I
¥, wag(x)  q(a)
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gyaTaet 13.1
9T 1 9 22 9% frAfafea dweti o 9 o S

. 22 .
1. limx+3 z.hm(x———j 3. limnr?
x—3 X—T 7 r—l
_ 4x+3 1045 +1) -1
4. lim>~ 5. fim X *L 6. tim W) 71
x—=4 x—=2 x— -1 x—1 x—0 X
2 4
. 3x—x-10 . x —8l1 . ax+b
7. 11m2— 8. 11m2— 9. lim
=2 x*—4 =3 2x" —=5x-3 =0 cx+1
1
. z2 -1 . ax’+bx+c
10. Eﬂ 11_%3—3—77——3a+b+c¢0
261 cx“+bx+a
120 fi £ 2 13, lim 22 14, 1im 22 4 p#0
‘>2 X472 x=0  bx x—=0 sin bx
) ﬁn(n——x) COoS X cos2x—1
15, lm ———— 16. lim 17. im————
> (m=x) x>0 T —x x>0 cosx—1
18, lim 2t rcosx 19. lim xsecx
x>0 bsinx XL
20. Mniggiié£¢uha+b¢0,
x=0 ax+ sinbx
; tan 2x
21. lim (cosec x—cotx) 9295 .7 T
© x50 : 2 x‘“g

2x+3, x<0

23. lim f(x) i lim f (x), sm <ifere, wref f(x)z{s(xﬂ),
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) . x>=1, x<1
24. limf(x) g wifsw, &t f(x)={

| x|
. . =, 0
25. hmf(X),quWﬁm,aﬁf(xk{x x7

. x#0
26. lim f(x) 5 wifre, st f(x)={1x1’

x—0
0, x=0
27. lim £ (x) | 5 #ifsw, @t £ (x)=1x1-5

a+bx, x<l

28. ﬂﬁ?ﬁﬁﬂf(x)—{él, x=1

b—ax, x>1
AR =fg lim f (x) = £ (1) a A b o G AE M B2
29. 9 ANEY a, a,, ..., a FA FEAfIE GEAT € HR TH wAT

f(x)=(x-a) (x=ay).(x~a,) & wfwfi &1 lm f(x) 0 €2

fodl a#a,a, .. a,% faC £§I3f(x)wwﬁwqaﬁml

|{+1, x<0
30. =k f(x)=10, x=0
|x|—1, x>0

T o f AR % fom im g 1 st 22
f(x)=2

31, A FE flo), lim 5 =, WqE w1 g, @ mf(x) % 7w
-l x© — x>

Eaisiy
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32. T quiet m iR p % fag lim f(x) sl lim £ (x) S o1 sifer @, af

mx* +n, x<0
f(x)= nx+m, 0<x<1

nx3+m, x>1

13.5 3TdehctST (Derivatives)

B eR 13.2, W <@ ek § foh fafay wwaiauel w fie @t feafd o1 st 36
! FG w1 G9a ¢ T fis ot feaf ufefda e @ 1 wwa & fafay eof @
f4fera gt (parameter) =T ST SIR 39 X 1 1A T 61 Y9 w1 oo gad
IRede Bl @I ®, 3T oA & w1 fawa €| aredfaes Ssfte shi e feafaal eidt &
5 UE ufran wmEifea & &1 STavashd Bl B SIEU: Th Ihl % 1@-1E@d
T O AfH o T T9T & 3HE &0 I UM i TEUE S 98 ST AT
Bl ® ToF 1 ha Do o, fafae Soa @ ehe i SeE ST ehe SI=eh!
1 36 g AT o URehel Wi SYEvIshdl el € oHd SUUE 1 Uehe © HEOl
sTavTeh o1l faxia Geor i fodl faeiv W o odHE Hod ST 36k el |
e it Afeearolt SR STevas B T T IR U ete ot feufaat | @ S
arefise 2l © for weh ool o g fepedt it o et ufited foRe wehR B 272 qir
o Wid o Yed f6g W wer i STashes 36 (99T 61 e $E3 Bl

uftarrar 1 am <ifS f we arafass 9T word @ SR s9eT IR & Fid § U fag
a®l a W f 1 A

lim

h—0

Y gy € svd foh 59 € w1 i 81l @ W f(x) o1 Fhas [ (a) 9 Tt
Bl 2
AR BT o f/(a), a T x o Hiel qRead 1 IREmT sdqwr 2l

SETEIUT5 x =2 W Had  flx) = 3x 1 Ahersl A hifeld|

fla+h)-f(a)
h

3(2+h)-3(2)

T eI e f'(2) = G0 ur AT .

h—0 h h—0
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im0 i i3s3
h—0 h h—0 h h—0

3d: x=2 W HAT 3x H] AIHAS 3 2

SETETUT 6 x= —1 W e flx) = 262 + 3x — 5 1 Aasharsl 94 Hitol I8 d fag
HifsT & £7(0) + 3f"(-1)=0.
T B9 T8 x =03 x =1 T fx) 1 TEhels I1d Hd &1 8 Id & 1

f=1+m)-f(=1)

f'(=1) = lim .
[2(—1+h)2+3(—1+h)—5}—[2(—1)2+3(—1)—5}
= lim
h—0 h
= li 2hz_h—l' (2h=1)=2(0)-1=-1
= h V4% - a

, _f(0+h)-£(0)
R £'(0) = lim 4

h—0

2

\ lim[z(owz)z+3(0+h)—5}—[2(0) +3(0)—5}

h—0 h

N im(2h+3)=2(0)+3=3

h—0 h h—0

w1 £1(0)+3£'(~1)=0
femuit 2w frafa § s ST % & fog W staswas &1 98 W & ° @\ A
FH & fafqy fae &1 gt yam afwfad @1 fFefafed sge o #=a 2:
JEET0T7  x=0T sin x T 3TThaS A il

& HA ST fix)  =sinx. T

F(0)= %Lmof(OJrh]z_f(O) ~ lim sin(0+h)—sin(0) _ lim

h—0 h -0 h

in h
sinh _,
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SRS x =03 x=3 T He Ax) =3 1 heS 6 SIS

T iR TFhels Teld | Uiedd sl WOl 8, FeSEY ¥ I8 TR § T =R T
1 Y oI5 T STk I BF AR 39, SRdd |, Frefafad uieer @ o faem 2

7(0) = 1imf(0+h)_f(0)=lim 373 im0,
h—0 h -0 h h—0 h
, - f(B3+h)-f(3) . 3-3
W wER f(3) = lim e = = lim == =0,
39 g9 UH fog W wem & ){\
W a’ﬁ R"-ﬁ:‘?ﬂ—q WT W f(a +h) ------------- Q(a+hs f(a+h))

FW 2
HH AT y = f{x) TH Fe
2 R "Wm offST 38 wem &

P(a, fla
™ W P = (a, fla)) AT f(a)""'(']:('))l",'l":R
Q=(a+h fla+ h) I R y=fx) ' '
frre foig €1 emeRfa 13.11 o1 — i : >X
¥ AT €ITH S € T 0 ¢ ath
3TTeRTd 13.11

, . a+h)—fla
f(a)sz( 2f()

YT PQR, ¥ 78 T ¢ foh o orqua et dim &0 of © €, Jendar 9
tan (QPR) o SR € S b Sftam PQ o1 @Tel @1 Ha1 o 1 Siwan o, 5/ b, 0 1
3R SR B 2, foig Q, Pohl 3R TR eidl @ 3IR ¥9 UW € i

im 9= S(a) QR
h—0 h Q—-P PR

TE 39 q% o qod @ TR SieTPQ, 9% y = fix) o foig PR waefl &1 SR ew
Bt ?1 31a: f'(a)=tany .

T U e £ o foIg 80 qeieh feig W 3ferhersl 1 Y Tehd B | 9 ok fag
T SAehers o1 Ak @ A 98 Uh ¥ el bl URHNG Sidl ¢ T wer £

RS HEl Sl & SNI=1ieh ®9 ¥ §H Tk e oh Shers] sl (Hefeliad GhR
qfteif & 2
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uftarr 2 wE ofifSw o f weh arsafess A e ®,
f(x+h)=f(x)
h

lim
h—0
Y qRwfia wor, Sl wel HHr b1 eI §, i x W f 1 Sfeshers GRa feha
ST B 3 £(x) W FEia foman Sar 21 Sferhers! o1 39 G 1 Taehetst sl TIH

fagia «ff e s 2

= TR )= i (A= (1)

h—0 h

T f/(x) 1 IR 1 Hid 9@ € STel el Sudsd S 1 st 81 T

BelH oh STeshers oh (a4 Hehdd &1 - £1(x) i %(f(x)) g fefua fa

w%wﬁipf(x),aﬁg%@ﬁl&ﬁﬁﬁwwélsﬁymf(x)éawﬁaw
@ &9 H Seoifad o Sar 8 36 D (F(x) ) @ oft Frefua fman smar 2

d df af
Tk TR x = a W foF Taharst &l Ef(?é)‘f”a‘a m(dx)z q

et feran S 21
FETETUT 9 flx) = 10 x T AAheTS] A i)

T TRE () = kgn%f(x+h2_f(x) - 1im10(x+h2_10(x)

h—0

_ 1im 2% _ 1im (10)=10
=0 h h—0

FATETUT 10 f{x) = x> T STHeAS A HIST

e T f(x)z}g})f(x+h]z—f(x)

2 2
i ) =) i (4 2x) = 2
h—0 h h=0

2021-22



i R ST 325

SETET0T 11 Uoh 3TeR aidfash W& q o AU, 3=’ WM flx) = a 1 TS
Ad hifeg|

T %‘F[Tﬂﬁ% f(X)=}11LI(l)f(x+h]Z_f(X)

- 1im =4 =lim9=0 FifE p 20

=0 h h—=0 h

1
mlzﬂx)=;waqawaamﬁm|

T %'IZI‘TI?[% f(X)= }}E}I(l)f(x—i_hlz_f(X)

1 1

_ im R x
h—0 h

T 1 - i - 1
—_lm—|——— | — i1m - —
T -0 | x(x+h) | T 0 x(x+h) T2

13.5.1 BTl & 3TdeheisT kT SISHTIOIT (Algebra of derivative of functions) &
Sehers 1 e uRew ®§ dn freem @ W@ w9 9 wfmfad €, 0 eudes &
ool o Tehed @ i o ol o STTHA T TR hd 1 BH Sh! eterEd goa
o U ®:
THT 5 A ST £ 3R ¢ X TH Wer © fF 3R SwafTss wid H SR stasher
Reyfoa €, 7

() = weEl o AN 1 SRS 7 Fel o eSS BT AT B

LA+ ()] =L f+ g
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(i) T WOl oh A 1 SFThS 3T Herl oh oSl o A B

d d d
L @-g®)]=—f-——e

(i) < werl o UM 1 STFwerS AN o 9 (product rule) ¥ T
TI'QT%:

d d d
L) g()]=— g+ f) g

(iv) T el oh ANTHA i STaherS HEfdrad IR 98 (quotient rule)
T fgan T € (SRl wE W IEW T)

d d
i(f(x)szxf(X).g(X)_ f(X) ag(x)
dx (g’

! U HiHst 1 qed €9 YAl W AT d §Y W SO0 Hdl &1 eH 3%
T8l Toag &l 1| dimet 1 feerfd #1 T 98 q99 aqaa 2 o6 foey YR o et

o 3feshels s TRehfed Ty S &1 woa & oifan < el 1 frfafad €0 @ 1
el W Gohal ¢ (00 STk QIO e H o ¥ werEar firerd 2

HH SN u= f(x) R y=g (x) T

g(x)

(uv),=u'v+uv'
IE el oF UM o STeshad o A Leibnitz Fom a1 oM a4 IecifEa g
21 56 R, e frEm €

/ ’ ’
u uv—uyv
— | = -
1% 1%

3, U BH FS AHF Hel o Faherl hi ol Tg I WA ¢ R Her
£(x) = x 1 Aeshersl =L Feld | ¢ 98 ¢ i

f(x+h)=f(x) _ limx+h—x
h h—0 h

£ (0 = lim
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T U1 3R SYGH WHA BT FAN Ax) = 10x =x + x + ... + x (10 T%)
(SwH Y9 o (i) W) o STEhes o YR o i ©

o) d
- o (x+...+x) (10 9)

ix+ +ix 10 9
dc T dx ( )

1+..+1 (10 95) = 10.

T o9 < ® R 39 9o &1 A oE g9 o WA 9 off e e S gk 2
%qmﬁ%,f(x)=10x=uv,aﬁ'umﬁ%\_ﬂﬁuEIFQEFWIIHIOWWW
%ﬁ?v(x)=x.2|€?€q3ﬂ=|ﬁ%ﬁu?ﬂwo%w%wuﬁv(}c)=xaﬂ
Herhers | o SeN €1 39 YR UM EH 9, €W UM ©

f(x) = (IOx)’ = (uv)’ =uv+u'=0x+10.1=10

THl SMUN W Ax) = x> & STaHers] 1 UF U R ST Hehel €1 89 T ©
f(x)=x2=x.x3ﬁ'{ 3d:

df d d d

Z o —(xx)=—(x)x+x—

dx dx(xx) dx(x)x xdx(x)
= lx+x1=2x

Ffirer =9 &Y 9 8 EfeiEd 99 9 8
i 6 TR om quieh 1 o fAT fx) = x0 T SRS xR

SUUT 3ol Bl &1 IRE ¥, 89 U@ 7

R - f(x+h)—f(x)_ _ (x+h)n—x"
f'(x)=lim =lim ; .

h—0 h h—0

feus v et € fF (o4 hy = ("G )" +("C))xh+ L+ ("C, )8R

(x+h)"—x"=h(nx"""+..+ h"~") T JHR

df (x) lim(x+h)"—x” h(nx”_1+....+h”_1)

= lim

dx h—0 h h—0 h
— lim (nx”_1 +...+ h”_l) — ol
h—0 > T X
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ferercaa: &1 STh! n W A 3R oH g @ ot 7 R fag X g €
n=1 7 foIq 98 "o & v o veet fe@mn s g @

d , d .
L) o L)

(x).(x”_l)+x.i(x”_l) (T'H 93 ¥)

da
dx dx

=1x"" +x.((n—1)x"_2) (3T aRehe T &)

= x4 (n— I)x”_1 =nx""
femult ST 999 x, % qeft =l o forw ged @ erufq n i oft arafas e @
Tehdl 81 (Al 30 ot T8l fag & w30)
13.5.2 agqa? 31T FreplvTfirdts Wt & aekerst (Derivative of polynomials and

trigonometric functions) ¥R ARG THT | URY HT S FHRI IgILA Hel oh
TR Faed 2

uHE 7 W WS fix) = a,x" +a, X"+ . .+ax+a, T TR Fe 7 et as
Tt arEafas W@t € 3R ¢ » 0 79 STehelst o 39 YRR & S @

df (x)
dx
9 YUY &1 IYUTd T 5 SR YHT 6 o AN (i) Rl HE Y W@ 9 U 1 S
Hehdt 21
JEAEIUT 13 6x'% — 455 4 x o STThelS] bl Uehe hifeu|
g0 SUE YA &1 WUl YA Saarl @ % Suddd werd w1 eradho

600x”° —55x> +1 Bl

1

=nax"" +(n—1)a, X7 +.+ 2a,x+a,

FEEWUTI4 x=1 W fx)=1+x+x2+x>+.. +x° BT Adhels A it

T SUE UHA 6 1 Gl SgA Sdarl © fF STdE e %l sTadha
1+2x+32+...+500° 81 x=1 W H Bl &1 A1 1 +2(1) +3(1)2 + ... + 50(1)*

(50)(51)

=1+243+...+50="—"— = 1275 2l
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SETETT 15 f(x):xTH 1 SFIFAT T FIY

WWE»’W)C:O%ﬁﬁﬁﬁmﬁmqﬁmﬁﬁélﬂqﬁu=x+l3ﬁ?v=x
TR TR TEE o1 TN R R Sy = 1 3R v = | TEfeT

df(x):i[x+1j_i[£j_u’v—uv,_l(x)—(x+1)1 1
dx dx v

X

2 2 2
1% X X

Cdx
IEEIUT 16 sin x o STTheiS] sl IR Sl
A HH ST f(x) = sin x, 99

df (x) _ limf(x+h)—f(x)=hm sin(x+hlz—sin(x)

dx h—0 h h—0

2cos( hJsin[hJ ) )
= lim 2 2) (sinA—sin B o §F hT YA FHoh)

h—0 h

sin—

1imcos(x+—}.lim =cosx.l=cosx

= >0 2 ) h—0 ﬁ .
2

IATET0T 17 tanx o 3TThels] 1 URehed hifsTa]

T HE olfeg fix) =tan x, 99

df (x) _ limf(x+h)—f(x) ) tan(x+h)—tan(x)
h

=lim
dx h—0 h h—0

]|:Sin(x+h) B sinx:l

_ lim—
T h=0h cos(x+h) COS X

_ lim
~ h=0

sin(x+ h)cosx—cos(x+h)sinx
hcos(x+h)cosx

sin(x+h—x)

m
= >0 heos(x+h)cosx

(sin (A + B) & T &1 TN Fh)
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Ctim 32 i !

= o0 ko hs0 cos(x+h)cosx

2
=1 =sec” x

' 2
COS X

SEEIOT 18 f(x) = sin® x o kel hl TRehord o)

Tl B9 THHT UF UK 3 o AU Leibnitz T G &1 90 H 2
df(x) d

P a(sin X sin x)

x

= (sin x)" sin x + sin x (sin x)’
= (cos x) sin x + sin x (cos Xx)
= 2sin x cos x = sin 2x.

| wgeTereit 13.2 ]

x=10T x> — 2 H dhesl A hifaC]

x=1TR x FT TGRS A HIfoT

x =100 T 99x T 3TEheTs A il

o fogid 9 fafafed o o sdshas M hifod:

i) ¥ -27 (i) (x=1)(x-2)

X+l
(iir) 2 (iv) 1

B W N =

100 99 2

X
="+ —+.. . +—+x+1

100 99 2

& fou fag sifse f& £7(1)=100£7(0).
6. TRel seR afas® @&l a & U ¥ +ax" '+ a2 2+, 4+ d"  x+a" H

SAaHES AT HIfSTT
7. Wﬂﬂﬁa?ﬁ'{b,a’?m,

5. wed f(x)

@ (x-a)(x=b) (i) (ax®+b) i) ~—,
o 3feehelsl T Shifey|
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n

8. fadt 3R o fom xx_z" HT TR [ HIATY

9. fAfafad o stewas Fd Hifsa:

0 263 (i) (56 +3e-1) (x-1)
(i) x_3(5+3x) @iv) x5(3—6x_9)

_ ) 2 x?
v) x_4(3—4x5) (vi) P

10. 9| fagid 9 cos x 1 ATkl A0 iUl
11. fr=afafed woql o sesds Jd wifsul

(1) sinxcosx (i1) secx (iii)) Ssecx +4cosx
(iv) cosec x (v) 3cotx+5cosecx
(vi) Ssinx—6cosx+7 (vil) 2tanx—7secx

farferer Sergvor
IETET0T 19 W Tagid § f o1 STaehelSt o hifY S8l f 39 YR USH e
) 2x+3 . 1
O fx= () f)=x+—
x=2 X

T (i) S AT fF wer x = 2 W IR F@ @)1 fed, g9 ue @

2(x+h)+3 2x+3
£ () = tim LGRSO w2 xd

h—0 h h—0 h

. (2x+2h+3)(x—2)—(2x+3)(x+h—2)
_ lim
= >0 h(x—2)(x+h—2)

o (2x43)(x—2)+2h(x-2)—(2x+3)(x—2)—h(2x+3)
— lim
) h(x—2)(x+h—2)

lim il = !
=0 (x=2) (x+h=2)  (x-2)
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T: oF T & x=2 W wer 7 o aftfia 2 R
(i) x=07R Wer gRefd F& 21 <ifd, & T @

(o)
x+h+ —| x+—
x+h X

f(x+h)-f(x)

A L h
— hml h+ ! —l
h—=0 h x+h x

T PRt Gl U IO Y S S
T h0h x(x+h) h—0 J x(x+h)
. 1
= {*m}l v
T: o AR o x =0 R wer f7 aReifia T 2

SETET0T 20 YW Togid ¥ Her fx) 1 SEweS A HitST SEl Ax)

(1) sinx+ cosx (i1) xsinx

f(x+h)-f(x)
h

T ()®W U T, f(x) =

sin(x+h)+cos(x+h)—sinx—cosx

= lim
h—0 h

sin x cosh + cos x sin i+ cos xcosh —sin x sin 4 —sin x —cos x

= lim
h—0 h

sinh(cosx— sin x) +sin x(cosh — 1) + cosx(cosh — 1)

= lim
h—0 h
cosh—1 _
= lim Slnh(cosx—sinx)+lirnsinx—( ) +1imcosx—(COSh )
h—0 h h—0 h ho0

=CO0S X — sin x
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(x+h)sin(x+h)—xsinx

i f(x) = LA Gl G B

h—0 h h—0 h

(x+h)(sinx cosh+sinh cosx)—xsinx

= lim
h—0 h

xsinx(cosh—l)+xcosxsinh+h(sin xcosh+sinh cosx)

= hrn
h—0 h
) xsinx(cosh—l) . sinh . . .
= lim +1lim,_,, xcos x +1lim (sin xcos/ + sin &icos x)
h—0 h h—0

=X COS X + sin x

FaTET0T 21 (1) fix) = sin 2x (i1) g(x) =cotx
o Iahersl i URehe HiTTd|

et (i) FreRofafd ¥ sin 2x = 2 sin x cos x 31 IR0 ST 3H TR
df(x) d

= (2sinxcosx)=2i(sinxcosx)
dx dx dx

= 2[(sin x)

’

cos x +sin x(cos x),}

= 2[(cosx)cosx+sinx(—sinx)} = Z(Coszx—sin2 x)

(if) TR ¥, g(x) = cotxzzzf;c T SFTHS T H1 AT 59 T W O, @l Hel
e e 3 dg ) d (cotr)= d (C?ijz (cosx)'(sinx?—(czc)sx)(sinx)'
dx dx dx\ sinx (sin x)

(= sin x) (sin x)—(cos x) (cos x)

(sinx)?

.2 2

sin” x+cos” x ’

= ———— 5 ——=—cosec’x
sin” x
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1
Torehoua: STt &M < fob cotx = -
X

FT T F © TF tan x T STTHAS sec? x © S BHAY T 17 § 2@ 7 SR Y
& 3R Hed F STEdes (0 Bl 2l

ﬁ =i(cotx)=i[ ! j

_uRerfera foran s gehar 21 I8l B9 29 a2

dx dx dx \ tanx

(1) (tan x)— (1) (tan x)’

(tan x)*

B (0)(tan x)—(sec x)2

(tanx)2
2
—sec” x 2
= S—=—cosec’x
tan” x
5
.. X  —COosx .. X+cosx
SaEIur 22 (1) ————
sin x tan x

T TS A BITSTT|

5
T (i) UM i h(x):%ﬁﬁﬁﬂﬂagqﬁmﬁa%,%ﬂwwm
TS 128 &1 TFT |

(x° —cosx) sin x — (x° —cos x) (sin x)’

h'(x) =

(sinx)?
_ (5x4 +sin x)sinx—(x5 —COS X)COS X
A sin? x
—x°cos x+5x*sinx+1
(sin x)*
y X+cosx . ¢
(if) & HeR — T AR 2| BT WA 3 SR el off 7@ a2
X
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(x+cosx) tan x — (x +cos x) (tan x)
(tan x)2

W (x) =

(1—sin x)tan x — (x+ cos x)sec” x
B (tan x)2

EFTT 13 UT fafaer goaraet
1. v fogid 9 fafafed s &1 oS Fd sifs:

(i) —x (i) (~x)~' (i))sin(x+1)  (iv) cos (x - g)
TG el o STehels Hd HITST (I8 THe S 6 a, b, ¢, d, p, g, r 3R

s TAfe=a &M TR 7 R m qe o il F):
4 2
2. (x + a) 3.(px+q) | TS 4. (ax+b)(ex+d)
1
ax+b I+— 1
5. 6. — X 7. ———
cx+d 1_1 ax”“ +bx+c
X
ax+b 2
g, — g, PX_tgxtr 10. 22 4 cosx
px +gx+r ax+b X x
11. 4x-2 12. (ax+b)" 13. (ax+b)" (cx+d)"
) cosx
14. sin (x + a) 15. cosec x cot x 16. X
1+sinx
17 sin x +cos x 18 secx—1 19. .
" sinx—cosx " secx+1 osmex
a+bsinx sin(x+a) ‘e
20, ——— 21, ——— 22. x"(5sinx—3cosx)
c+dcosx CcoS X
23. (x2+1)cosx 24. (ax2+sinx)(p+qcosx)
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T
4x+5sinx xzcos(j
25. (x+cosx)(x—tanx) 26. ————— 27. 4
3x+7cosx X
sin x
X X

I+ tanx 29. (x+secx)(x—tanx) 30. sin x

HRTIT

¢ o &1 oTuferd A S Uk fag o o R o fagei W felk o ®, fog
W el o S0 U S AT (Left handed limit) =1 afefoe shear €156
TR ST¢ & skt AT (Right handed limit) |

¢ T fag W ke w1 HE ST get 3R ¢ el 1 el 9 g s9Es 9
g afe o Hurdt &)

¢ afx fordh fog W ad ver 3R I ger w1 A O | B @ T8 HEl S
2 fF 39 foig W wer #1 w1 i 77 2

¢ TF afaE W@ a SN UF W £ % fag Im gy s f (o) TR TR o
8 gahd (o ®, U URId & SR guw )

¢ T f3R g ok fou frefafad o B T

lim[ f(x)* g(x)]=lim f (x)£lim g(x)

}gg[f(X).g(X)]ﬂig;f(X).ign;g(X)

{f(x)} SR
g(x) ] lim g(x)

lim
X—a

¢ frafafad ¢ aFs @9 2

. x"—a _
lim =na"
X—a x—a

1

. sinx
lim =il

x>0 x
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. l—cosx
Iim

x—0 X

a W AT f Sl Adehels

=0

7@ =tin DTG 5 ot 7

Y% fog W Tahers, STahersl %ol

77 =LE g LEED T i i 2
Tl u 3ﬁ'{ ver fau fr=fafad Fﬂ"l%ﬁ?ﬂ 2
wxv)=u'+v

wv) =uv+uy’

’

(EJ il a9 et aftefig 2

1% V

frefefed o s sEwas 2

d n n—1
— (X )=nx
pn (x")

d .
—(sin x)=cos
pn (sin x) X

d .
—(cos x)=—-sin x
x

g gRyfr
T o 3fier W e o SR o 9 w1 9rier 29 & W Y@ ©

Issac Newton (1642 — 1727) 3R G.W. Leibnitz (1646 — 1717). edl ot o
T A WA Yok e T ST R e % S o 1% $HR STH
foehma ¥q o™ TfUraRT A AEE TR URYs Yeheus &1 g 99 He™ Tl
A.L.Cauchy, J.L.Lagrange 3 Karl Weier strass ! 9T €1 Cauchy = &e 1
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YR o fSraer! 319l 9 oAT9ehd: U1 &l § iR *Y g 21 Cauchy
D'Almbert &1 €T Fheddl o TAN o G STaharsl i qRAT | o ht

sin
a

IRAT ¥ URY & gL =07 fau

F S SIe fRu s=i

Ay _ fGa+d=f(x)

n l » fan 3R j 0,9 fo@ d@im w0 () o faw oy,

“function derive’e " I8 <=M

1900 @ qd =g G a1 o foh hei sl UgHT 9gd Hhia ¢, THfeT hor
Fa1et w1 TgT 9w off| Afera SR 1900 H $etE | John Perry TH 4 A T
foeIR o1 TER 1 IR foha for o 1 g fafvmi it arond e € 8k
el TR R« U S Tehdl €1 F.L. Griffin = el o 31&99 i g9 od o
IE W IR Feh g S fohan 39 i =@ aga gyl we e

31T 7 oheret TIoTa 3t fes o1 fawal S/ wifdent, T o, srefeme,
Sfafas & e w1 STEifian weeye 2|

4

@ —
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