Class 12t
Relations & Functions

Q.1) * :P(x) X P(x) = P(x)definedbyA * B = (A- B)U(B- A)forallA,B € P(x)
Show that ¢ in the identity element and all the elements of P(x) are invertible with A= = A.

Sol.1)  We have,
A*B =A-B)U(B-4)
(1) To show ¢ is the identity elements , we have to show
Ax@ =Aand o x A = A

consider, A * ¢ consider, @ * A
= [A-9)U(p-4) = (p-AUMA-9)
=AU =¢pUA
=A =A

clearly & is the identity element

2) A* B =E

>A-B)UB-4) = ¢
this is possible only when B = A
since, (A- A)U(A-A4) =pUp=¢p=E
.. all element of P(x) are invertible withA = Aie B = A ans.

Q.2) Consider the binary operation * :R X R - R and 0: R X R - Rdefinedbya * b = |a — b| and
aob = a
(.) Show that * is commutative but not Associative
(.) Show that o is associative but not commutative
(.)Showthata * (b0Oc) = (a * b)0(a * c)
(.) Does O distributes over * ?
Sol.l2) a*b =la—blandaob = a

(.) considera * b = |a — b|
commutative a * b = |a — b

bxa =|b—al
= |la — bl
= a=xbhb

.. * is commutative on R
Associative (a * b) * ¢ =la—bl* c

= |la — bl — c|

ax(b=*c)= a=|b—cl
=la—1b—cl|
# (a *b) xc

e.g (1 *2) =11-2]%3

=1=%*3
=11-3]=2

1+ (2%*3)=1=x|2-3]
=1=%*1
=11-1]
=0

clearly * is not Associate on R

(.) Consider aob = a

Commutative: aob = a
boa =b
aob = boa



e.g. lo2 =1
201 =2
clearly o is not commutative on R
Associative :
(aob)oc = aoc =a
ao(boc) =aob =a
clearly (aob)oc = ao(boc)
. 0 is Associative on R
(JToprovea * (boc) = (a * b)o (a * c)
LHS a = (boc)
=a=xbh
= la — bl
RHS (a * b) o(a * c)
= |la — blola — c|
= la— bl
clearly LHS = RHS
(.) o distributes over when,
ao(b *c) =(aob) * (aoc)
LHS ao (b * ¢)
=aoaolb—cl|
=a
RHS (ao b) (aoc)
=aa
=la—al
=0
clearly LHS #RHS
. 0 does not distributes over ans.

Q.3) Let * be a binary operation on set z (integers) definedbya * b = 2a + b- 3.Find

(i)(3*4)*2 (i)(2*3)*4
Sol.3) Wehavea*b=2a+b-3
(i) 3*4)*2
=(6+4-3)*2
=7%*2
=14+2-3
=13 ans.
(i) (2*3)*4
=(4+3-3)*4
=4 %4
=8+4-3
=9 ans.

Q.4) Let * be a binary operation on set A where A ={1,2,3,4}
(i) write the total number of binary operations
(i) If a * b = HCF of a & b construct the operation table.
Sol.4) A={1,2,3,4}
(i) we know that no. of binary operation = n’
herex = 4
. no. of binary operations = 44* = 416 ans.



(iJa*b=HCFofa&b
operation table :

b
*111213|4
1111111
al2(1]2|1]2
311113 |1
4111214
Q.5) Show that the number of binary operations on {1, 2} having 1 as identity element and having 2 as

inverse of 2 is exactly one

Sol.5) We know that a binary operation on set S is a function from S X S to S.
so a binary operation on set s : {1, 2}is a function from {(1,1), (1,2), (2,1), (2, 2)} to {1,2}
let * be the required binary operation

If 1is the identity element and 2 is the inverse of 2, then
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a*xe =aande *xa = a
heree = 1,a = 1&2

*

N R e
*
=N e
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and2*2=1 a*b=e
herea=2;b=28&e=1
(2 is the inverse of 2 given)

Clearly * can be defined in a unique way
.. Hence no. of required binary operations is 1 ans.

Q.6) Define a binary operation * on the set {0,1,2,3,4,5} as
a*b{a+b if a+b<6}
fa+b—-6if a+b>6}
show that zero is the identity for thus operation and each element a # 0 of the set is invertible with 6
—a being the inverse of a.

Sol.6) Identity element :
Consider a*b=a+b

a*e=a e*a=a
at+te=a e+a=a
e=0€A e=0€A

.. Ois the identity element

Consider, a * b = a + b-6
a*xe=a e*xa=a
a+e-6=a e+ a-6 =a




=6¢A e=6¢A

. Ois the identity element ans.
Inverse

Considera*b=a+b

axhb=ce

a+ b=

b=-a¢A

Consider,

a*b=a+b-6

axb =

a+b-6 =0
b=6-a¢€ A;(a =+ 0)
. 6 - aistheinverse of a. ans.

Q.7) Show that zero is the identity element for addition on R (real no's) and 1 is the identity element for
multiplication on R but there is no identity element for subtraction on R and division on R —{0}.

Sol.7) ()*:RXR->R
a*b=a+b
a+ e e*xa=a
=0c¢€ R e=0¢€R
) O is the identity element for addition on R

(i)*:RXR—->R

a*b=ab
a*xe=a e*xa=a
ae = a ea = a
=1€R e =1¢€R

. 1is the identity element for multiplication on R

(i) *:RXR >R
axb = a-»>b
a*xe=a e*xa=a
a-e =a e-a=a
-e =0 e = 2a
e=0¢€R but e can not be in terms of a or variable

", identity element does not exist

(iv) *:R — {O}XR {0} - R - {0}

a*b=—
b
a*xe = a e *xa=a
a e
-=a -=a
e a
e =1¢€ R- {0} e = a®
but e cannot be a variable

. identity element does not exist. ans.

Topic : Functions

Q.8) Letf:R = { } — Rdefined as f(x) = 3X+4.
Show that f is invertible and find its inverse.




Sol.8) We have

fiR= {5}~
and f(x) = 3;‘_’; ........ (1)
ONE-ONE :-

let xq,x, ER— {?}(domain)

and  f(x1) = f(x2)
=

4x4q _ 4x,

3x,+4 _-5;212

12x1x5 + 16x; = 12x1x, + 16x,
16x; = 16x,

X1 = X2

.. fis one-one function

LU

U
I

3xy + 4y = 4x
x(3y —4) — 4y
-4y

LI}

T 3y-4
for eachyR (co-domain), there exists an element x in domain such that

fo0 =f(=2)

3y—4
4=
f(x) = % ........ {from eq. (1)}

3y—4

—16y

_ 3y—4

~ T1zy+i2y-16
3y—4

_—1l6y _

-16

L fx) =y

.. fis on-to function

.. fis bijective function
. fisinvertible function

— —4
and f 1=3y—_y4

and f71(x) =

—ax
ans.
3x—4
Q.9) Considerf: R, — [4, ®]given by f(x) = x? + 4. Show that f is bijective.
Also find the inverse.

Sol.9) We have
f: R+ - [45 OO]
and f(x) =x*+4

One-One:
letx,, x, €ER,
and f(x1) = f(x2)
> xi+4=x5+4
= x? =x3
= X = Ix,
butx; #x, ..{ .x;,x; ER}



= xl = x2
.. fis one-one function

ON-TO:
lety = f(x)
> y=x2+4
> x2=y—4
=> x=,y—4

for each y € [4, ], there exists an element x in R, such that
f=fy—4)
=y—4)?+4
zy—4+4
fx) =y
.. f is on-to function
. f is bijective
.. fisinvertible
and fl=y—4

and f71(x) =vx—4 ans.

Q.10) Letf:N =S, where Sis the range of f. f(x) = 4x? + 12x + 15. Show f is invertible and find its
inverse.

Sol.10) We have,

f:N-=>S
f(x) =4x?+12x + 15
One-One :-
let x1,x2€ N (domain)
and f(x1) = f(x2)
= 4x? + 12x; + 15 = 4x% + 12x, + 15
>4x2 —4x2 +12x; —12x%2 =0
S4(x2 —x2) +12(x; —x,) =0
24(x +x3)(x1 —x3) +12(x1 —x3) =0
= (x1 —x5)[4x1 +4x, +12] =0
=2x; — Xy =0and4x; +4x, +12=0
2x; =xybutdx; +4x, +12#0 ... { .x1,x, €EN}

.. fis one-one function
On-To

lety = f(x)
=y =4x%+12x+ 15
= 4x% + 12x + (15 — y) = 0 {quadratic equation}
herea = 4,b = 12and ¢ = 15-y
by quadratic formula,
_ —124,/144-4(4)(15-y)

8
-124,/144-240+16y

x =
8
—12+./16y—96
x = 2TV oVTE0
8
‘= —12+4./y—6
- 8
‘= —12+.,/144—4(4)(15—y)
- 8
x = -3+/y-6
- 2



L= T3 —3-/576

— butx # e foxeN}
2 2

foreachy € S (co-domain), there exists
on element x in N (domain) such that

F) = £ (F2)
= 4[%]2 +12 ['”TW] +15

~ 9+y—6—6,/y—6 B —

= 4(—4 )+6( 3+, y—6)+15

= 34+y—6y—6—-18+6,/6 —y+15
fx)=y

.. f is on-to function

.. f s bijective

.. flisinvertible
and 1= 3yyme

2

—3Vx—6
2

and f1(x) = ans.





