Class IX Chapter 10 — Congruent Triangles Maths

Exercise -10.1

1.  InFig. 10.22, the sides BA and CA have been produced such that: BA = AD and CA = AE.
Prove that segment DE || BC.

Fig. 10.22
Sol:
Given that, the sides BA and CA have been produced such that BA= AD and CA = AE and

given to prove DE || BC
Consider triangle BAC and DAE,

We have

BA=ADand CA= AE [-.- given in the data]
And also ZBAC = ZDAE [-.- vertically opposite
angles]

So, by SAS congruence criterion, we have ABAC = ADAE
— BC =DE and Z/DEA= /BCA, ZEDA= ZCBA
[Corresponding parts of congruent triangles are equal]
Now, DE and BC are two lines intersected by a transversal DB such that /DEA = ZBCA,
i.e., alternate angles are equal

Therefore, DE || BC

2. InaAPQR,if PQ =QRand L, M and N are the mid-points of the sides PQ, QR and RP
respectively. Prove that: LN = MN.
Sol:
Given that, in APQR, PQ =QRand L,M,N are midpoints of the sides PQ, QP and RP
respectively and given to prove that LN = MN
Here we can observe that PQR is and isosceles triangle
=PQ=0QRand LQPR=2ZQRP ... (1)
And also, L and M are midpoints of PQ and QR respectively
= PL= LQ:§,QM :MRzQ—ZR
And also, PQ=0QR
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:PLzLQzQMzMRz?z% ......... (2)
Now, consider ALPN and AMRN,

LP=MR [From — (2)]

ZLPN = ZMRN [From — (1)]

.+ ZQPRand ZLPN and ZQRPand ZMRN are same

PN = NR [-- N is midpoint of PR]
So, by SAS congruence criterion, we have ALPN = AMRN
= LN =MN

[-. Corresponding parts of congruent triangles are equal]

3. InFig. 10.23, PQRS is a square and SRT is an equilateral triangle. Prove that
() PT=QT (if) £TQR = 15°

T

S/ R
P Q.

i, 1023

Sol:

Given that PQRS is a square and SRT is an equilateral triangle. And given to prove that
(i) PT =QT and (ii) £LTQR=15°

Now, PQRS is a square

=PQ=QR=RS=SP ... (1)

And ZSPQ = ZPQR = ZQRS = ZRSP =90° =right angle

And also, SRT is an equilateral triangle.

—~SR=RT=TS .. )

And ZTSR = ZSRT = ZRTS =60° T

From (1) and (2) T
PQ=QR=SP=SR=RT=TS ... 3)

And also, G ‘ R

ZTSR = ZTSR + ZRSP = 60° + 90° +150°

ZTRQ = LTRS + ZSRQ = 60° +90° +150°

= /TSR=/TRQ=150° ... 4)
Now, in ATSRand ATRQ

TS =TR [From (3)]

TSP = ZTRQ [From (4)]
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SP =RQ [From (3)]
So, by SAS congruence criterion we have
ATSP = ATRQ
= [Corresponding parts of congruent triangles are equal]
Consider ATQR,
QR=TR [From (3)]
= ATQRIs a isosceles triangle
= ZQTR =ZTQR [angles opposite to equal sides]
Now,

Sum of angles in a triangle is equal to 180°
= /QTR+ LTQR+ ZTRQ =180°

= 2/TQR+150° =180° [From (4)]
= 2/TQR =180°-150°

= 2/TQR=30°=

.".Hence proved

4.  Prove that the medians of an equilateral triangle are equal.
Sol:
Given to prove that the medians of an equilateral triangle are equal
Median: The line joining the vertex and midpoint of opposite side.
Now, consider an equilateral triangle ABC
Let D,E,F are midpoints of BC,CAand AB.

Then, AD, BE and CF are medians of AABC.

Now,

S BC
D is midpoint of BC= BD =DC = >
Similarly, CE =EA= %
AF —FB =28

2

Since AABC s an equilateral triangle = AB=BC =CA  ...... (1)
:BD=DC=CE=EA=AF=FB=%=A—2C=% ....... ()
And also, Z/ABC = /BCA=~/CAB=60° ... (3)
Now, consider AABD and ABCE
AB =BC [From (1)]

BD =CE [From (2)]
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ZABD = Z/BCE [From (3)] [ ZABD and £ABC and ZBCE and ZBCAare same]
So, from SAS congruence criterion, we have

|AABD = ABCE|

=|AD=BE|] ... (4)

[Corresponding parts of congruent triangles are equal]

Now, consider ABCE and ACAF,

BC=CA [From (1)]

/BCE = ZCAF [From (3)]

[£BCE and #BCAand ZCAF and ~ZCAB are same]

CE = AF [From (2)]

So, from SAS congruence criterion, we have [ABCE = ACAF |
=|BE=CF|] ... (5)

[Corresponding parts of congruent triangles are equal]
From (4) and (5), we have

AD =BE =CF

= Median AD = Median BE = Median CF

.. The medians of an equilateral triangle are equal
.".Hence proved

5. InaAABC, if ZA=120° and AB = AC. Find «B and «C.
Sol:
Consider a AABC
Given that £~A=120°and AB = AC and given to find ZBand £C
We can observe that AABC is an isosceles triangle since AB = AC

=|«B=«£C| (1) [Angles opposite to equal sides are equal]
We know that sum of angles in a triangle is equal to 180°

= /A+/B+~2C =180°

= /A+ /B + /B =180° [From (1)]

—=120°+2/B =180°

= 2/B =180°-120°

— 2/B=60°= &

= /C=4/B=30°
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6. InaAABC, if AB=ACand «B =70°, find £A.
Sol:
Consider AABC,we have B =70°and AB = AC
Since, AB = AC AABC is an isosceles triangle
= /B=<«C [Angles opposite to equal sides are equal]
= /B=/C=70°
And also,
Sum of angles in a triangle =180° 8 <
= /A+/B+ 2£C =180°
= /ZA+70°+70°=180°
= ZA+140°=180°

= ZA=180°-140°= | LA=40°

7. The vertical angle of an isosceles triangle is 100°. Find its base angles.
Sol:
Consider an isosceles AABC such that AB = AC
Given that vertical angle A is 100°. Given to find the base angles
Since AABC is isosceles
/B=2/C [Angles opposite to equal angles are equal]
And also,
Sum of the interior angles of a triangle =180° A
= /A+/B+ 2£C =180°

—100°+ /B + /B =180° 4
— 2/B =180°—100° = 2./B = 80° .
—[B=40° 6 -

S ZB=ZC =40°

8. InFig. 10.24, AB = AC and £ACD =105°, find ZBAC.

A

105"
B c [n}
Fig. 10.24
Sol:
Consider the given figure
We have,

AB = AC and ZACD =105°
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Since,
«BCD =180° = Straight angle
= /BCA+ ZACD =180°

= /BCA+105° =180°

= /BCA=180°-105°=|«BCA=75° ... @
And also, fos®
AABC is an isosceles triangle [~ AB=AC] & “ D

= ZABC = ZACB [Angles opposite to equal sides are equal]
From (1), we have

ZACB =75°= LZABC = ZACB =75°

And also,

Sum of interior angles of a triangle =180°

= /ABC = Z/BCA+ ZCAB =180°

= 75°+75°+ ZCAB =180°

= 150°+ ZBAC =180° = ZBAC =180°-150° = 30°

9.  Find the measure of each exterior angle of an equilateral triangle.
Sol:
Given to find the measure of each exterior angle of an equilateral triangle consider an
equilateral triangle ABC.
We know that for an equilateral triangle

AB =BC =CAand ZABC = /BCA=~ZCAB = 1830 =60° ...... (D
Now,

Extend side BC to D, CA to E and AB to F.

Here

BCD is a straight line segment
— /BCD = Straight angle =180°
/BCA+ ZACD =180°

— 60°+ ZACD =180° [From (1)]

= | £LACD =120°

Similarly, we can find ZFAB and £ZFBC also as 120° because ABC is an equilateral
triangle

.. ZACD = ZEAB = Z/FBC =120°

Hence, the median of each exterior angle of an equilateral triangle is 120°
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10.

11.

12.

If the base of an isosceles triangle is produced on both sides, prove that the exterior angles
so formed are equal to each other.

Sol:

ED is a straight line segment and B and C are points on it.

— ZEBC = ZBCD =straight angle =180°

= /EBA+ ZABC = ZACB + Z/ACD

= /EBA=/ZACD + ZACB - Z/ABC

= Z/EBA=ZACD [From (1) £LABC = LACD]

— |ZABE = ZACD|
.".Hence proved

In Fig. 10.25, AB = AC and DB = DC, find the ratio ZABD : 2ZACD.

-3
FA

Sol:

Consider the figure

Given

AB = AC, DB = DC and given to find the ratio

ZABD = ZACD

Now, AABC and ADBC are isosceles triangles since AB = AC and

DB = DC respectively &
= /ABC = Z/ACBand #DBC = #DCB [-.-angles opposite to equal sides are equal]
Now consider,

ZABD : Z/ACD

= (£ABC - £DBC):(£ACB - £DCB)

= (£ABC - 2DBC):(£ABC - «DBC) [ ZABC-ZACB and ZDBC = ZDCB]
=1:1

. ZABD:ZACD =1:1

Determine the measure of each of the equal angles of a right-angled isosceles triangle.
OR

ABC is a right-angled triangle in which 2A = 90° and AB = AC. Find «B and «C.

Sol:
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13.

Given to determine the measure of each of the equal angles of right
—angled isosceles triangle

Consider on a right — angled isosceles triangle ABC such that
ZA=90°and AB=AC

Since, AB=AC = ,/C=/B ... (1)
[Angles opposite to equal sides are equal]
Now,

Sum of angles in a triangle =180°
= /A+/B+~2C =180°

= 90°+ /B + /B =180° [ /A =90° and AB:AC]
= 2/B=90°
=|/B=45°= /C =45°

5. /B=/C=45°
Hence, the measure of each of the equal angles of a right-angled isosceles triangle is 45°.

AB is a line segment. P and Q are points on opposite sides of AB such that each of them is
equidistant from the points A and B (See Fig. 10.26). Show that the line PQ is
perpendicular bisector of AB.

A

[

Fin. 10,28
Sol:

Consider the figure,

We have

AB is a line segment and P,Q are points on opposite sides of AB such that
AP=BP .. Q)

AQ=BQ ... (2)

We have to prove that PQ is perpendicular bisector of AB.

Now consider APAQ and APBQ),

We have AP =BP [-.-From (1)]

AQ=BQ [-.-From (2)]

And PQ=PQ [Common site]

=|APAQ=APBQ|  ....... (3) [From SSS congruence]
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Now, we can observe that AAPB and AABQ are isosceles triangles.(From 1 and 2)
= /PAB = +PBA and £QAB = £QBA
Now consider APAC and APBC,

C is the point of intersection of AB and PQ. A
PA=PB [From (1)]

ZAPC = /BPC [From (3)] A = A
PC =PC [Common side] '

So, from SAS congruency of triangle APAC = APBC

— AC =CBand /PCA=/PCB  ....... 4)

[-.- Corresponding parts of congruent triangles are equal]

And also, ACB is line segment &

= /ACP + /BCP =180°

But ZACP = /ZPCB

—|/ACP=/PCB=90° ... (5)

We have AC = CB= C is the midpoint of AB

From (4) and (5)

We can conclude that PC is the perpendicular bisector of AB

Since C is a point on the line PQ, we can say that PQ is the perpendicular bisector of AB.

Exercise -10.2

1. InFig.10.40, itis given that RT =TS, 21 =222 and 24 = 223. Prove that ARBT = ASAT.
T

O
N
K2 ;ﬁ
Fig. 10,40
Sol:
In the figure given that
RT=TS ... (1)
=272 L. )
And z4=23 ... (3)

And given to prove ARBT = ASAT

Let the point of intersection of RB and SA be denoted by O
Since RB and SA intersect at O.

. ZAOR = ZBOS [Vertically opposite angles]
= /1=/4

=2/2=2/3 [From (2) and (3)]
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=>|L2=23 . 4)
Now we have RT =TS in ATRS
= ATRS is an isosceles triangle

S|£TRS=<TSR] ... (5) [Angles opposite to equal sides are equal]
But we have

ZTRS=/TRB+./2 ... (6)

And ZTSR=/TSA+./3 ... (7)

Putting (6) and (7) in (5) we get
ZTRB+ £2=/TSA+ /B

—|/TRB = /TSA| [ From (4)]
Now consider ARBT and ASAT

RT =ST [From (1)]
ZTRB = ZTSA [From (4)]
ZRTB = ZSTA [Common angle]

From ASA criterion of congruence, we have [ARBT = ASAT |

2. Two lines AB and CD intersect at O such that BC is equal and parallel to AD. Prove that
the lines AB and CD bisect at O.

A D
Sol:
Given that lines AB and CD intersect at O
Such that BC||ADand BC=AD  ........ (1) >
We have to prove that AB and CD bisect at O.
To prove this first we have to prove that AAOD = ABOC A .

3. BD and CE are bisectors of B and 2C of an isosceles AABC with AB = AC. Prove that
BD = CE.
Sol:
Given that AABC is isosceles with AB = AC and BD and CE are bisectors of ZBand «C
We have to prove BD =CE
Since AB=AC = /ABC=/ACB ... (1)
[-.- Angles opposite to equal sides are equal]
Since BD and CE are bisectors of ZBand ZC

= /ABD = /DBC = /BCE = ECAz%:% ....... ()
Now,

Consider AEBC and ADCB

ZEBC = «DCB [ «B=«C]from (1)

BC =BC [Common side]
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/BCE = ZCBD [-.- From (2)]

So, by ASA congruence criterion, we have |AEBC = ADCB]|

Now,

CE =BD [-.- Corresponding parts of congruent triangles are equal]
or

.".Hence proved

Since AD || BCand transversal AB cuts at A and B respectively
~|«DAO=~,0BC|] ... (2) [alternate angle]
And similarly AD||BCand transversal DC cuts at D ad C
respectively

~|£«ADO=~,0CB|] ... (3) [alternate angle]

Since AB and CD intersect at O.

.. ZAOD = #BOC [Vertically opposite angles]
Now consider AAOD and ABOD

ZDAO = Z0OBC [-.-From (2)]

AD =BC [-.-From (1)]

And ZADO = ~Z0OCB [From (3)]

So, by ASA congruence criterion, we have

|AAOD = ABOC|

Now,

AO =0Band DO=0C [-.- Corresponding parts of congruent triangles are equal]

= Lines AB and CD bisect at O.
.".Hence proved
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Exercise -10.3

1. Intwo right triangles one side an acute angle of one are equal to the corresponding side and
angle of the other. Prove that the triangles are congruent.
Sol:
Given that, in two right triangles one side and acute angle of one are equal to the
corresponding side and angles of the other.
We have to prove that the triangles are congruent.
Let us consider two right triangles such that

ZB=/C=90° ... (1)

AB=DE .. (2)

LC=«ZF ... (3) I

Now observe the two triangles ABC and DEF

ZC=/F [From (3)] £ F
/ZB=Z/E [From (1)]

and AB =DE [From (2)]

So, by AAS congruence criterion, we have [AABC = ADEF |

.. The two triangles are congruent
Hence proved

2. If the bisector of the exterior vertical angle of a triangle be parallel to the base. Show that
the triangle is isosceles.
Sol:
Given that the bisector of the exterior vertical angle of a triangle is parallel to the base and
we have to prove that the triangle is isosceles
Let ABC be a triangle such that AD is the angular bisector of exterior vertical angle EAC

and AD||BC

Let LEAD = (1),4DAC = (2) ZABC = (3) and ZACB = (4)
We have,

D=2 [ AD is bisector of ZEAC ]

1) =(@) [Corresponding angles]

and (2) = (4) [alternative angle]

=(3)=(4)=[AB=AC
Since, in AABC,two sides AB and AC are equal we can say that
AABC is isosceles
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3. Inanisosceles triangle, if the vertex angle is twice the sum of the base angles, calculate the
angles of the triangle.
Sol:
Let AABC be isosceles such that AB = AC.
= /B=/C
Given that vertex angle A is twice the sum of the base angles B and C.
ie, ZA=2(£B+£C)

= /A=2(/B+/B) [+ #B=C] | A

= /A=2(24B) /

=[ZA=4/8]

Now 8 €

We know that sum of angles in a triangle =180°
= /A+/£B+ £C =180°

= 4/B+/B+ /B =180° [+ Z/A=4/B and /B=/C]
= 6/B =180°
:45:%:300 ~[4B=30°

Since, /B=/C = /B =/C =30°
And Z/A=4/B = Z/A=4%x30°=120°
.. Angles of the given triangle are 120°,30°, 30°.

4. PQRisatriangle in which PQ = PR and S is any point on the side PQ. Through S, a line is
drawn parallel to QR and intersecting PR at T. Prove that PS = PT.
Sol:
Given that PQRis a triangle such that PQ = PRand S is any point on the side PQ and
ST ||QR.
We have to prove PS =PT
Since, PQ = PR = APQR is isosceles
= /Q= /R (or) ZPQR = /PRQ
Now,
/PST = /PQRand /PTS = /PRQ [Corresponding angles as
STIQR]
Since, ZPQR = ZPRQ = |£PST = /PTS|
Now, In APST, ZPST = ZPTS
= APST is an isosceles triangle

= [PS=PT
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5. InaAABC, itis given that AB = AC and the bisectors of «B and «C intersect at O. If M is
a point on BO produced, prove that LMOC = 2ABC.
Sol:
Given that in AABC,
AB = AC and the bisector of ZBand ZC intersectat O and M is
a point on BO produced
We have to prove ZMOC = ZABC

Since,

AB = AC = AABC is isosceles= /B = ZC (or) ZABC = ZACB

Now,

BO and CO are bisectors of ZABC and ZACB respectively

= ABO = Z/0BC = Z/ACO = Z0OCB = %LABC = %LACB .......... (1)
We have, in AOBC

/OBC+./0CB+,/BOC=180° ... )

And also

/BOC+~«ZCOM =180 ... (3) [Straight angle]

Equating (2) and (3)

= Z/OBC+/0CB+ ./ BOC =/ BoC + AMOC
= /0BC+£0BC = ZMOC [ From ()]
= 2/0BC = ZMOC

=2 % ZABC |=2MOC [~ From (1)]

= /ABC = ZMOC
~.|#MOC = /ABC]|

6. P isapoint on the bisector of an angle ZABC. If the line through P parallel to AB meets
BC at Q, prove that triangle BPQ is isosceles.
Sol:
Given that P is a point on the bisector of an angle Z/ABC,and PQ || AB.

We have to prove that ABPQ is isosceles

Since,

BP is bisector of ZABC = ZABP=/PBC .......... (1)
Now,

PQ|l AB

= /BPQ=«ABP )

[alternative angles]
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From (1) and (2), we get
Z/BPQ = £PBC (or) £BPQ = £PBQ

Now,

In ABPQ,

/BPQ = ~/PBQ

= ABPQis an isosceles triangle.
.".Hence proved

7. Prove that each angle of an equilateral triangle is 60°.
Sol:
Given to prove that each angle of an equilateral triangle is 60°
Let us consider an equilateral triangle ABC
Such that AB=BC =CA

Now,

AB=BC=/ZA=«2C ... (1) [Opposite angles to equal sides are equal]
and BC=AC=/B=/A ... () A
From (1) and (2), we get

l«/A=sB=2C|] ... (3)

We know that
Sum of angles in a triangle =180°
= /A+ /B + £C =180°

= /A+ZA+2ZA=180° [~ From(3)] 8 e
= 3/A=180°
= /A= 180° _ 60°

/A= /B=,C=60°
Hence, each angle of an equilateral triangle is 60°.

8. Angles A, B, C of atriangle ABC are equal to each other. Prove that AABC is equilateral.
Sol:
Given that angles A, B,C of a triangle ABC equal to each other.

We have to prove that AABC is equilateral A

We have, ZA=2/B=/C
Now,

\
/A= /B=BC=AC N
[Opposite sides to equal angles are equal] f %
and Z/B=/ZC = AC = AB g T s
From the above we get
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|AB = BC = AC|
= AABC is equilateral

9. ABCisatriangle in which B =2 2C . D is a point on BC such that AD bisects ZBAC
and AB = CD. Prove that ZBAC =72°.
Sol:
Given that in AABC,~ZB=2~/Cand D is a point on BC such that AD bisectors #BAC and

AB =CD.
We have to prove that ZBAC =72°
Now, draw the angular bisector of £ABC, which meets AC in P. join PD

Let C=ZACB=y = /B=/ABC =2/C =2yand also

Let /ZBAD = Z/DAC = ZBAC =2x [ AD is the bisector of ZBAC ]
Now, in ABPC,

/CBP=y [ BP is the bisector of ZABC ]

/PCB=Yy

— /CBP=/PCB=Yy

Consider, AABP and ADCP,we have

ZABP = /DCP =y

AB=DC [Given]

And PC =BP [From above]

So, by SAS congruence criterion, we have |AABP = ADCP|
Now,

Z/BAP = ZCDF and AP = DP [Corresponding parts of congruent triangles are equal]
— /BAP = ZCDP = 2x

Consider, AAPD,

We have AP =DP = ZADP = ZDAP

But ZDAP =x= ZADP = ZDAP =X

Now

In AABD,

ZABD + ZBAD + ZADB =180°

And also ZADB + ZADC =180° [Straight angle]

From the above two equations, we get
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Maths

10.

ZABD + ZBAD + Z/APB = ZAPB + ZADC
= 2y+Xx=ZADP+ /PDC

= 2y +X=X+2X

= 2y =2X

=y=x(or)|x=y

We know,

Sum of angles in a triangle =180°

So, in AABC,

/A+/B+ 2C =180°

= 2X+2y+y=180° [- ZA=2x,4B=2y,/C =Yy]
= 2(y)+3y=180° [ x=y]

— 5y =180°

180°
= :—:360 SX= :360
-5
Now,
ZA=/BAC =2x=2x36°=72°

ABC is a right angled triangle in which 2A =90° and AB = AC. Find «B and «C.

Sol:
Given that ABC is a right angled triangle such that ZA=90°and AB = AC
Since,

AB = AC = AABC is also isosceles L
.. We can say that AABC is right angled isosceles triangle
= /C=/Band £A=90° ... (1)

Now, we have

Sum of angled in a triangle=180°

= LA+ 4B+ £C =180° AH t
=90°+/B+2/B=180° |- From(1)] '
= 2/B =180°-90°

90°

= /B =45°
2

~.|4B=4C =45°]
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Exercise -10.4

1. InFig.10.92, it is given that AB = CD and AD = BC. Prove that AADC = ACBA.

Sol:
Given that in the figure AB=CDand AD = BC.

We have to prove

AADC = ACBA

Now,

Consider AADC and ACBA,

We have

AB=CD [Given]

BC = AD [Given]

And AC = AC [Common side]
So, by SSS congruence criterion, we have
|AADC = ACBA|

.".Hence proved

2. InaAPQR,if PQ =QRand L, M and N are the mid-points of the sides PQ, QR and RP
respectively. Prove that LN = MN.
Sol:
Given that in APQR,PQ=QRand L, M and N are mid-points of PQ, QR and RP

respectively

We have to prove LN = MN.

JoinL and M, Mand N, N and L

We have

PL=LQ,QM =MRand RN = NP

[*-L,M and N are mid-points of PQ, QR and RP respectively]

And also p

PQ=QR=PL=LQ=QM :MR:§:Q—2R ....... (1) Using mid-point

theorem, we have

MN || PQand MN:%PQ:>|MN=PL=LQ| ......... (2)
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Similarly, we have

LN [|QRand LN:%QR:>|LN:QM =MR| .. (3)

From equation (1), (2) and (3), we have
PL=LQ=QM =MR=MN =LN

Exercise -10.5

1. ABCisatriangle and D is the mid-point of BC. The perpendiculars from D to AB and AC
are equal. Prove that the triangle is isosceles.
Sol:
Given that, in two right triangles one side and acute angle of one are equal to the
corresponding side and angle of the other
We have to prove that the triangles are congruent

Let us consider two right triangles such that A "
/ZB=/ZE=90° ... (1)

AB=DE ... (2)

/C=/F ... (3)

Now observe the two triangles ABC and DEF B 2 . .
/C=/F [ From (3) ]

/B=/E [ From (1) ]

and AB=DE [ From (2)]

So, by AAS congruence criterion, we have

|AABC = ADEF |

.. The two triangles are congruent
Hence proved

2. ABC isatriangle in which BE and CF are, respectively, the perpendiculars to the sides AC
and AB. If BE = CF, prove that AABC is isosceles.
Sol:
Given that ABC is a triangle in which BE and CF are perpendicular to the sides AC and
AB respectively such that BE =CF.
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We have to prove that AABC is isosceles
Now, consider ABCF and ACBE,

We have

/BFC =CEB =90° [Given]

BC =CB [Common side]

And CF =BE [Given]

So, by RHS congruence criterion, we have

Now,

/FBC = ZEBC [-.- Incongruent triangles corresponding parts are equal]
= /ABC = ZACB

= AC = AB [-.- Opposite sides to equal angles are equal in a triangle]

.. AABC is isosceles

3. If perpendiculars from any point within an angle on its arms are congruent, prove that it lies
on the bisector of that angle.
Sol:
Given that, if perpendicular from any point within, an angle on its arms is congruent, prove
that it lies on the bisector of that angle
Now,
Let us consider an angle ABC and let BP be one of the arm within the angle
Draw perpendicular PN and PM on the arms BC and BA such that they meet BC and BA in

N and M respectively. A

Now, in ABPM and ABPN

We have ZBMP = BNP =90° [given]

BP =BP [Common side] , -
And MP = NP [given] "

So, by RHS congruence criterion, we have - - P

|ABPM = ABPN | y

Now, & N <
ZMBP = ZNBP [-.- Corresponding parts of congruent triangles are equal]

= BP s the angular bisector of ZABC.
.".Hence proved
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4.  InFig.10.99, AD L CD and CB L. CD. If AQ = BP and DP = CQ, prove that ZDAQ =
£CBP.

B

",

L~ - "~ |
oD e a G

Sol:

Given that, in the figure AD L CDand CB L CDand AQ=BP,DP=CQ
We have to prove that Z/DAQ = ~ZCBP

Given that DP =QC

Add PQ on both sides

Given that DP =QC

Add PQ on both sides
= DP+PQ=PQ+QC

=[DQ=PC| . (1)
Now, consider triangle DAQ and CBP,

We have

ZADQ = ZBCP =90° [given]

AQ =BP [given]

And DQ=PC [From (1)]

So, by RHS congruence criterion, we have |ADAQ = ACBP|

Now,

|4DAQ = 4CBP| [-.- Corresponding parts of congruent triangles are equal]

.".Hence proved

5.  ABCD isasquare, X and Yare points on sides AD and BC respectively such that AY =
BX. Prove that BY = AX and £BAY = £4BX.
Sol:
Given that ABCD is a square, X and Y are points on sides AD and BC respectively such that
AY = BX.
We have to prove BY = AX and £ZBAY = ZABX
JoinBand X, Aand Y.
Since, ABCD is a square = ZDAB = ZCBA =90°
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=[ZXAB=/YBA=90°] = ... (1) A I
Now, consider triangle XAB and YBA [ T o
We have wb
/XAB = /YBA=90° [From (1)] 7
BX =AY [given] .

And AB=BA [Common side] B
So, by RHS congruence criterion, we have|AXAB = AYBA b ' “

Now, we know that corresponding parts of congruent triangles are equal.
~.|BY = AX and Z/BAY = ZABX |

.. Hence proved

6.  Which of the following statements are true (T) and which are false (F):

(i) Sides opposite to equal angles of a triangle may be unequal.

(i) Angles opposite to equal sides of a triangle are equal

(ili)  The measure of each angle of an equilateral triangle is 60°

(iv)  If the altitude from one vertex of a triangle bisects the opposite side, then the
triangle may be isosceles.

(v) The bisectors of two equal angles of a triangle are equal.

(vi)  If the bisector of the vertical angle of a triangle bisects the base, then the triangle
may be isosceles.

(vii)  The two altitudes corresponding to two equal sides of a triangle need not be equal.

(viii) If any two sides of a right triangle are respectively equal to two sides of other right
triangle, then the two triangles are congruent.

(ix)  Two right triangles are congruent if hypotenuse and a side of one triangle are
respectively equal to the hypotenuse and a side of the other triangle.

Sol:
(1) False (F)
Reason: Sides opposite to equal angles of a triangle are equal
(i) True (F)
Reason: Since the sides are equal, the corresponding opposite angles must be equal
@ity True (T)

Reason: Since all the three angles of an equilateral triangles are equal and sum of

0 = 60°

the three angles is 180°, each angle will be equal to

(iv)  False (F)
Reason: Here the altitude from thee vertex is also the perpendicular bisector of the
opposite side.
= The triangle must be isosceles and may be an equilateral triangle.

(v) True (T)
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Reason: Since it an isosceles triangle, the lengths of bisectors of the two equal
angles are equal

(vi) False (F)
Reason: The angular bisector of the vertex angle is also a median
= The triangle must be an isosceles and also may be an equilateral triangle.
(vii) False (F)
Reason: Since two sides are equal, the triangle is an isosceles triangle.
= The two altitudes corresponding to two equal sides must be equal.
(viii) False (F)
Reason: The two right triangles may or may not be congruent
(ix)  True(T)

Reason: According to RHS congruence criterion the given statement is true.

7. Fill the blanks in the following so that each of the following statements is true.

(i)
(i)
(iii)
(iv)
v)
(vi)

(vii)
Sol:

(i)
(i)

(iii)

Sides opposite to equal angles of a triangle are ......

Angle opposite to equal sides of a triangle are .....

In an equilateral triangle all angles are .....

InaAABC if zZA=+C,then AB=......

If altitudes CE and BF of a triangle ABC are equal, then AB = ....

In an isosceles triangle ABC with AB = AC, if BD and CE are its altitudes, then BD
S ...... CE.

In right triangles ABC and DEF, if hypotenuse AB = EF and side AC = DE, then

Sides opposite to equal angles of a triangle are equal
Angles opposite to equal sides of a triangle are equal

A

A <
In an equilateral triangle all angles are equal

Reason: Since all sides are equal in a equilateral triangle, the angles opposite to
equal sides will be equal

A
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(iv)

v)

(vi)

(vii)

Ina AABCif £/A=«C,then AB=BC

Reason: Since, the sides opposite to equal angles are equal, the side opposite to ZA
i.e., BCand ZC i.e., AB are equal

AN
If altitudes CE and BF of a triangle ABC are equal, then
AB = AC

Reason: From RHS congruence criterion ABEC = ACFB
= /EBC = ZFCB = ZABC = Z/ACB = AC = AB

[-.- Sides opposite to equal angels are equal]

In an isosceles triangle ABC with AB = AC, if BD and CE are its altitudes, then BD
is equal to CE

Reason: Since angles opposite to equal sides are equal, so
ZABC = Z/ACB

— /EBC = /DCB

So, by ASA congruence criterion

AEBC = ADCB

= CE=BD [Corresponding parts of congruent
triangles are equal]

In right triangles ABC and DEF, if hypotenuse AB = EF and side AC = DE, then.

AABC = AEFD
Reason: From RHS congruence criterion we have AABC = AEFD

A E
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Exercise -10.6

1. InAABC, if A =40° and «B = 60°. Determine the longest and shortest sides of the
triangle.
Sol:
Given that in AABC, ZA=40°and £B =60°
We have to find longest and shortest side
We know that,
Sum of angles in a triangle 180° I
= /A+/B+~2C =180°
= 40°+60°+ £C =180°
= ZC =180°—(40°+60°)
=180°-100° = 80° £o
¢ c
Now,
= 40°<60°<80°= LA<£/B< «C
= ZC is greater angle and ZAis smaller angle
Now, A< /B < ZC
= BC < AAC < AB

[~ Side opposite to greater angle is larger and side opposite to smaller angle is smaller]
.. ABis longest and BC is smallest or shortest side.

2. InaAABC, if £B = £C = 45°, which is the longest side?

Sol:

Given that in AABC,

/B=/C=45° s

We have to find longest side

We know that, o

Sum of angles in a triangle =180°

= /A+ /B+ /C =180°

= /A+45°+45°=180° "

= /A =180°—(45°+45°) =180°-90° = 90° & 3

3. In AABC, side AB is produced to D so that BD = BC. If B =60° and A = 70°, prove
that: (i) AD > CD (ii) AD > AC
Sol:
Given that in AABC,side AB is produced to D So that BD = BC and ZB =60°, ZA=70°
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We have to prove that

(i) AD >CD (ii) AD > AC

First join C and D

Now, in AABC

ZA+ /B+ ~£C =180° [-- Sum of angles in a triangle=180°]

= £/C =180°-70°—-60°

=180°-130° =50°

= /ACB=50° ... (1)

And also in ABDC,

«DBC =180°- ZABC [ ABD is a straight angle]
=180°-60°=120°

and also BD =BC [given]

= /BCD = #BDC [ Angles opposite to equal sides are equal]
Now,

«DBC + £ZBCD + «BDC =180° [--Sum of angles in a triangle=180°]
—=120°+ /BCD + «BCD =180°

= 2/BCD =180°-120°= /BCD = 62 =30°

~|«BCD=,BDC=30°] ... (2)

Now, consider AADC,

ZBAC = ZDAC =T70° [given] )
/BDC = ZADC =30° [ From (2)] /[ T
ZACD = ZACB + £ZBCD Nl
=50°+30° [--From (1) and (2)]

=80°

Now, ZADC < /DAC < Z/ACD
—|AC < DC < AD|

[-.- Side opposite to greater angle is longer and smaller angle is smaller]
= AD >CDand AD > AC

.".Hence proved

Or

We have, ZACD > #/DAC and ZACD > ZADC

= |AD > DC|and |AD > AC|

[-.- Side opposite to greater angle is longer and smaller angle is smaller]
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4. Isitpossible to draw a triangle with sides of length 2 cm, 3 cm and 7 cm?
Sol:
Given lengths of sides are 2cm, 3cm and 7cm we have to check whether it is possible to
draw a triangle with ten the given lengths of sides
We know that,
A triangle can be drawn only when the sum of any two sides is greater than the third side.
So, let’s check the rule.
24+3*70r2+3<7
2+7>3
and 3+7>2
Here, 2 + 3 » 7 So, the triangle does not exit.

5.  Oisany point in the interior of AABC. Prove that
(i) AB+AC>0B+0C
(i) AB+BC+CA>0A+QB+0C
(i) OA+O0B+0C> % (AB + BC + CA)
Sol:
Given that O is any point in the interior of AABC
We have to prove
(1) AB+AC>0B+0C
(i) AB+BC+CA>0A+QB+0C
(i) OA+O0B+0C> % (AB + BC + CA)
We know that, in a triangle the sum of any two sides is greater than the third side
So, we have
In AABC
AB+BC > AC

BC + AC > AB

AC + AB > BC
In AOBC

oB+OC>BC ... (1)

In AOAC

OA+OC>AC ... (2)

In AOAB

OA+OB>AB ... (3)

Now, extend (or) produce BO to meet AC in D.
Now, in AABD,we have

AB+ AD > BD
= AB+AD>BO+OD . 4) [ BD = BO+OD]
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Similarly in AODC, we have
ob+DC>0C . (5)

(i)

(i)

(iii)

6.  Prove that the perimeter of a triangle is greater than the sum of its altitudes.
Sol:

Adding (4) and (5), we get

AB+AD+OD+DC >BO+0D+0C
= AB+(AD+DC)>0B+0C

—|AB+AC>0B+0OC| ... (6)
Similarly, we have

BC+BA>0A+0OC ... (7)
and CA+CB>0A+OB ... (8)

Adding equation (6), (7) and (8), we get

AB+ AC+BC+BA+CA+CB>0B+0C+0OA+0OC+0A+0B

= 2AB +2BC +2CA > 20A+20B +20C
= 2(AB+BC+CA)>2(0OA+0B+0C)

—|AB + BC + CA > 0A+0OB +0C]|
Adding equations (1), (2) and (3)

OB+0OC+0OA+0OC+0OA+0B>BC+AC+ AB

= 20A+20B +20C > AB+BC +CA
We get = 2(OA+0B+0C) > AB +BC +CA

~|(OA+0OB +OC)>%(AB+ BC +CA)

Given: A AABC in which AD L BC,BE L ACand CF 1L AB.

To prove:
AD+BE+CF <AB+BC + AC

Figure:

Proof;

L

We know that of all the segments that can be drawn to a given line, from a point not lying

on it, the perpendicular distance i.e., the perpendicular line segment is the shortest.

Therefore,
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AD L BC
= AB> AD and AC > AD
—|AB+AC>2AD| ... (1)

Similarly BE L AC
= BA>BE and BC > BE

—|BA+BC>2BE| ... (2)

And also CF L AB
= CA>CFand CB>CF

—|CA+CB>2CF| ... (3)

Adding (1), (2) and (3), we get
AB+ AC + BA+BC+CA+CB > 2AD +2BE + 2CF

:>2AB+ZBC+2CA>2(AD+BE +CF)
= 2(AB+BC +CA)>2(AD+BE +CF)

— |AB+BC +CA> AD + BE + CF|

= The perimeter of the triangle is greater than the sum of its altitudes
.".Hence proved

7. InFig. 10.131, prove that: (i) CD + DA + AB + BC > 2AC (i) CD + DA + AB > BC
G B

B
Fig. 10,131
Sol:
Given to prove
(i) CD+ DA+ AB+BC >2AC
(i) CD+ DA+ AB > BC
From the given figure,
We know that, in a triangle sum of any two sides is greater than the third side
() So,
In AABC,we have

AB+BC>AC ... 1)
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(ii)

In AADC, we have

CD+DA>AC ... (2) i
Adding (1) and (2) we get 7

AB+BC+CD+DA> AC+ AC

— |CD + DA+ AB + BC > 2AC| - |
Now, in AABC,we have

|[AB+AC>BC| (3) /

and in AADC, we have g

CD+DA>AC
Add AB on both sides

—|CD+DA+AB>AC+AB| .. (4)

From equation (3) and (4), we get
CD+ DA+ AB > AC +AB>BC

— |CD+ DA+ AB > BC|
.".Hence proved

8. Which of the following statements are true (T) and which are false (F)?

()
(i)
(iii)
(iv)
(v)

(vi)

Sol:

()

(i)
(iii)
(iv)

(v)

(vi)

Sum of the three sides of a triangle is less than the sum of its three altitudes.

Sum of any two sides of a triangle is greater than twice the median drawn to the
third side.

Sum of any two sides of a triangle is greater than the third side.

Difference of any two sides of a triangle is equal to the third side.

If two angles of a triangle are unequal, then the greater angle has the larger side
opposite to it.

Of all the line segments that can be drawn from a point to a line not containing it,
the perpendicular line segment is the shortest one.

False (F)

Reason: Sum of these sides of a triangle is greater than sum of its three altitudes
True (F)

True (T)

False (F)

Reason: The difference of any two sides of a triangle is less than third side.

True (T)

Reason: The side opposite to greater angle is longer and smaller angle is shorter in a
triangle

True (T)
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Reason: The perpendicular distance is the shortest distance from a point to a line
not containing it.

9.  Fillin the blanks to make the following statements true.

()

(i)
(iii)
(iv)

v)
(vi)

Sol:

(i)

(i)
(iii)
(iv)

v)
(vi)

In a right triangle the hypotenuse is the .... side.

The sum of three altitudes of a triangle is ..... than its perimeter.

The sum of any two sides of a triangle is .... than the third side.

If two angles of a triangle are unequal, then the smaller angle has the side opposite
to it.

Difference of any two sides of a triangle is than the third side.

If two sides of a triangle are unequal, then the larger side has .... angle opposite to it.

In a right triangle the hypotenuse is the largest side

Reason: Since a triangle can have only one right angle, other two angles must be
less than 90°

= The right angle is the largest angle

= Hypotenuse is the largest side.

The sum of three altitudes of a triangle is less than its perimeter

The sum of any two sides of a triangle is greater than the third side.

If two angles of a triangle are unequal, then the smaller angle has the smaller side
opposite to it.

Difference of any two sides of a triangle is less than the third side.

If two sides of a triangle are unequal, then the larger side has greater angle opposite
to it.




