Appendices

Mathematical Induction

Many formulas, like

taa . n oD
2
can be shown to hold for every positive integer n by applying an axiom called the
mathematical induction principle. A proof that uses this axiom is called a proof by
mathematical induction or a proof by induction.
The steps in proving a formula by induction are the following.

Step 1: Check that the formula holds for n = 1.

Step 2: Prove that if the formula holds for any positive integer n = k, then it also
holds for the next integer, n = k + 1.

Once these steps are completed (the axiom says), we know that the formula holds
for all positive integers n. By step 1 it holds for n = 1. By step 2 it holds for n = 2,
and therefore by step 2 also for n = 3, and by step 2 again for n = 4, and so on. If
the first domino falls, and the kth domino always knocks over the (k + 1)st when
it falls, all the dominoes fall.

From another point of view, suppose we have a sequence of statements S,
82, ...y Sn, ..., one for each positive integer. Suppose we can show that assuming
any one of the statements to be true implies that the next statement in line is true.
Suppose that we can also show that S; is true. Then we may conclude that the
statements are true from S; on.

EXAMPLE 1 Show that for every positive integer n,
n(n—+1)

14+24-.. =
+24---+n 2

Solution We accomplish the proof by carrying out the two steps above.

Step 1: The formula holds for n = 1 because

= 1(1+1)
= 5
Step 2: If the formula holds for n = k, does it also hold for n = k + 1? The answer

is yes, and here’s why: If

_k(k+1)

14244k ,
+24 4 5
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then
k(k + 1 K2+ k + 2k +2
1424 +k+k+1) = (2+ )+(k+1)=——j'——42l—i—
Ck+DGE+2) R+ DK+ D +1)
- 2 B 2 ’

The last expression in this string of equalities is the expression n(n + 1)/2 for
n=(k+1).

The mathematical induction principle now guarantees the original formula for
all positive integers n. Notice that all we have to do is carry out steps 1 and 2. The
mathematical induction principle does the rest. a

EXAMPLE 2 Show that for all positive integers n,
1 1 1 1

Sttty =1-5

Solution We accomplish the proof by carrying out the two steps of mathematical
induction.

Step 1: The formula holds for n = 1 because

1 1
=15
Step 2: If
1 1 1 1
Ssitmt o tg=1-5
then
11 Lottt
ptptrtatam sl atawm =l T et
2 1 1

Thus, the original formula holds for n = (k 4+ 1) whenever it holds for n = k.
With these steps verified, the mathematical induction principle now guarantees
the formula for every positive integer n. a

Other Starting Integers

Instead of starting at n = 1, some induction arguments start at another integer. The
steps for such an argument are as follows.

Step 1: Check that the formula holds for n = n, (the first appropriate integer).

Step 2: Prove that if the formula holds for any integer n = k > n;, then it also
holds for n = (k + 1).

Once these steps are completed, the mathematical induction principle guarantees
the formula for all » > n,.

EXAMPLE 3 Show that n! > 3" if n is large enough.
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Solution How large is large enough? We experiment:
n 1 2 3 4 5 6 7
n! 1 2 6 24 120 720 5040
3" 39 27 81 243 729 2187

It looks as if n! > 3" for n > 7. To be sure, we apply mathematical induction. We
take n; = 7 in step 1 and try for step 2.
Suppose k! > 3* for some k > 7. Then
k+D!'=k+ DK > (k+ 13k > 7.3F 5 36+,
Thus, for k > 7,
k>3 = (k+D!>3

The mathematical induction principle now guarantees n! > 3" foralln >7. U

Exercises A.1

1. Assuming that the triangle inequality |a + b| < |a| + |b| holds . Show that n! > n® if n is large enough.

for any two numbers a and b, show that

lxr +x2+ -+ x| < ]+ 2l + 000+ xl
for any n numbers.
. Show that if r # 1, then

o 0 I &

. Show that 2" > n? if n is large enough.
. Show that 2" > 1/8 for n > —3.

. Sums of squares. Show that the sum of the squares of the first

n positive integers is

5 1-— rn+] 1
14+r+ri+.. "= nln+=-)n+1)
1-r _._._____2
for every positive integer n. 3
d dv du 10. Sums of cubes. Show that the sum of the cubes of the first n
- Use the Product Rule, E(”v) =t + Vo’ positive integers is (n(n + 1)/2).

d
and the fact that —(x) =1
dx

d
to show that — (x") = nx"~!
dx

for every positive integer n.

. Suppose that a function f(x) has the property that f(x;x;) =
f(x1) + f(xp) for any two positive numbers x; and x,. Show
that

fOaxa--x,) = fO)+ fx)+ -+ fxa)

11.

Rules for finite sums. Show that the following finite sum rules
hold for every positive integer n.

n n n
a) Y (m+b)=Y a+ Y b
k=1 k=1 k=1
b) Y (a—b)=>)a—) b
k=1 k=1 k=1
C) Z cay =C - Z ag

(Any number c)

n
d) Ya=n-c (if a; has the constant value c)
k=1 -

for the product of any n positive numbers x;, x ..., X,.
. Show that 12. Show that |x"| = |x|" for every positive integer n and every real
2 : 1 number x.
T T TR T

for all positive integers n.
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Proofs of Limit Theorems in Section 1.2

This appendix proves Theorem 1, Parts 2-5, and Theorem 4 from Section 1.2.

Theorem 1
Properties of Limits

The following rules hold if lim,_,. f(x) = L and lim,_,, g(x) = M (L and
M real numbers).

1. Sum Rule: lim [f(x)+gXx)]=L+M
X—>C
2. Difference Rule: lim [f(x) —g(x)]=L—-M
xX—>C
3. Product Rule: lim f(x)-gx)=L-M
X—>C
4. Constant Multiple Rule: lim kf(x) =kL (any number k)
L
5. Quotient Rule: im T2 L Mo
; e glx) M
6. Power Rule: If m and n are integers, then

lim [f())"/" = L™"

provided L™ is a real number.

We proved the Sum Rule in Section 1.3 and the Power Rule is proved in more
advanced texts. We obtain the Difference Rule by replacing g(x) by —g(x) and M
by —M in the Sum Rule. The Constant Multiple Rule is the special case g(x) =k
of the Product Rule. This leaves only the Product and Quotient Rules.

Proof of the Limit Product Rule We show that for any € > 0 there exists a § > 0
such that for all x in the intersection D of the domains of f and g,

O<|x—c|<d8 = |f(x)gx)—LM| <e.
Suppose then that € is a positive number, and write f(x) and g(x) as
f&x) =L+ (fx)-L), 8(x) =M+ (g(x) — M).
Multiply these expressions together and subtract LM :
f(x)-g(x)— LM = (L+(f(x) —L)(M + (g(x) — M)) — LM
=LM+L(gkx)—M)+M(f(x)—L)
+ (f(x) = L)(g(x) - M) - LM
=Lgx) — M)+ M(f(x) — L)+ (f(x) — L)(g(x) — M).

Since f and g have limits L and M as x — c, there exist positive numbers 8, &3, 83,
and &4 such that for all x in D

(1
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= |f@) - Ll <e/3
O<lx—cl<8 = |gx)—M|<+e3

O<|x—cl<d = |f(x)—L|<e/B0+ M)
O<|x—cl<ds = |gx)—M|<e/B(A+|L])

0<|x—c|<é
)
If we take § to be the smallest numbers §; through &4, the inequalities on the

right-hand side of (2) will hold simultaneously for 0 < |x — ¢| < 8. Therefore, for
all x in D, 0 < |x — ¢| < § implies

F@) -8 ()~ LM| incqualty
< ILIg() — M+ IMIIf(x) = LI +1f () — Lllgx) = M| PP
<= (I+ILDIgx) — M|+ (1 +IMD|f(x) — LI +|f(x) — L|lg(x) — M|

€ € € € Values from
R KN @
This completes the proof of the Limit Product Rule. a

Proof of the Limit Quotient Rule We show that lim,_,.(1/g(x)) = 1/M. We can
then conclude that

L f) 1y _ . . 1 L
fm e —am (@) )= him S - m g =L =g
by the Limit Product Rule.

Let € > 0 be given. To show that lim,_,.(1/g(x)) = 1/M, we need to show

that there exists a § > 0 such that for all x

1 1
O<|lx—c¢c|<é = |———|<e€
gx) M
Since |M| > 0, there exists a positive number §; such that for all x
M
O<|x—c|l<é = |g(x)—M|<—2—. (3)

For any numbers A and B it can be shown that |[A| — |B| < |A — B|and |B| — |A| <
|A — B|, from which it follows that ||A| — |B|| < |A — B|. With A = g(x) and
B = M, this becomes

()| — IM]| < |g(x) — M],
which can be combined with the inequality on the right in (3) to get, in turn,

|M|
gl = M|l < ==

M eor— my < M
2 2
M| 31m]

- < lg(x)| < -

|M| < 2|g(x)| < 3IM|
1 2 3
< — <
gl M| [g(x)]

@
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Therefore, 0 < |x — c| < §, implies that

1 1 M — g(x) 1

— | = | s —— M — g(x)|

gx) M Mg(x) IMI lg(x)l (5)
1 .
< —_——— |M — (x)| Inequality (4)
M TM] §
Since (1/2)|M|*€ > 0, there exists a number &, > 0 such that for all x
€

O<lx—cl<8 = |M-gk)|< §|M|2. (6)

If we take & to be the smaller of §; and §,, the conclusions in (5) and (6) both hold
for all x such that 0 < |x — c¢| < §. Combining these conclusions gives

1 1
O<|lx—c|<dé = |———|<e€
gx) M
This concludes the proof of the Limit Quotient Rule. a

Theorem 4 :
The Sandwnch Theorem

0 Supposa that g(x) < < fx) = h(x) for all x in some open interval contain-
_ ing ¢, except possibly at x = c itself. Suppose also that lim,_,. g(x) =
 limy,ch(x) = L. Then lime fx) = ‘ :

Proof for Right-hand Limits Suppose lim,_, .+ g(x) = lim,_,.+ A(x) = L. Then
for any € > 0O there exists a § > 0 such that for all x the inequality c <x <c+34
implies

L—-—e<gx)<L+e and L—€e<h(x)<L+e. (7)
These inequalities combine with the inequality g(x) < f(x) < h(x) to give
L—-—e<gx)<f(x)<h(kx)<L+e,
L —¢€< f(x)<L+e, (8
—e< f(x)—L <e.
Therefore, for all x, the inequality ¢ < x < ¢ + § implies | f(x) — L| < €. Q

Proof for Left-hand Limits Suppose lim,_,.- g(x) = lim,_,.- 2(x) = L. Then for
any € > 0 there exists a § > 0 such that for all x the inequality c — 6§ <x < ¢
implies

L—-—e<gix)<L+e and L—e<h(x)<L+e. 9)
We conclude as before that for all x, c — 8 < x < ¢ implies |f(x) — L] <e. U
Proof for Two-sided Limits If lim,_,. g(x) = lim,_,.h(x) = L, then g(x) and

h(x) both approach L as x — ¢* and as x — ¢7; so lim,, .+ f(x) =L and
lim,_,.- f(x) = L. Hence lim,_,. f(x) exists and equals L.
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Exercises A.2

1.

Suppose that functions f1(x), f>(x), and f3(x) have limits L, L,,
and Lj, respectively, as x —c. Show that their sum has limit
L, + L, + L3. Use mathematical induction (Appendix 1) to gen-
eralize this result to the sum of any finite number of functions.

. Use mathematical induction and the Limit Product Rule in The-

orem 1 to show that if functions f;(x), fr(x),..
limits L, L,,..., L, as x—c, then

limx—»cfl(x)fZ(x) L fn(x) =Li«Ly+--- L,

., fa(x) have

. Use the fact that lim,_,. x = ¢ and the result of Exercise 2 to

show that lim,_,. x" = ¢" for any integer n > 1.

Limits of polynomials. Use the fact that lim,_,.(k) = k for any
number k together with the results of Exercises 1 and 3 to show

5. Limits of rational functions. Use Theorem 1 and the result of

Exercise 4 to show that if f(x) and g(x) are polynomial functions
and g(c) # 0, then

e F0) _ f@©
m — = —.
e gx) g0

. Composites of continuous functions. Figure A.1 gives the di-

agram for a proof that the composite of two continuous functions
is continuous. Reconstruct the proof from the diagram. The state-
ment to be proved is this: If f is continuous at x = ¢ and g is
continuous at f(c), then g o f is continuous at c.

Assume that ¢ is an interior point of the domain of f and
that f(c) is an interior point of the domain of g. This will make
the limits involved two-sided. (The arguments for the cases that

that lim,_,. f(x) = f(c) for any polynomial function

involve one-sided limits are similar.)

f(x) =apx" +aix" '+ + a1 x + a,.

A.1 The diagram for a proof that the
composite of two continuous functions is
continuous. The continuity of composites
holds for any finite number of functions.
The only requirement is that each
function be continuous where it is
applied. In the figure, f is to be
continuous at ¢ and g at f(c).

gof
/—\

& ¥ R 8 B TN €
—— —N——— —N———
( ° ) [ Y A} [ o AY

c S oflo S oe(fley 7

Complex Numbers

Complex numbers are expressions of the form a + ib, where a and b are real num-
bers and i is a symbol for v/—1. Unfortunately, the words “real” and “imaginary”
have connotations that somehow place +/—1 in a less favorable position in our
minds than +/2. As a matter of fact, a good deal of imagination, in the sense of
inventiveness, has been required to construct the real number system, which forms
the basis of the calculus. In this appendix we review the various stages of this
invention. The further invention of a complex number system will then not seem
SO strange.

The Development of the Real Numbers

The earliest stage of number development was the recognition of the counting
numbers 1, 2, 3, . .., which we now call the natural numbers or the positive
integers. Certain simple arithmetical operations can be performed with these num-
bers without getting outside the system. That is, the system of positive integers is
closed under the operations of addition and multiplication. By this we mean that
if m and n are any positive integers, then

m+n=p and mn=gq (1)
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1

A.2 With a straightedge and compass, it
is possible to construct a segment of
irrational length.

are also positive integers. Given the two positive integers on the left-hand side of
either equation in (1), we can find the corresponding positive integer on the right.
More than this, we can sometimes specify the positive integers m and p and find a
positive integer n such that m 4 n = p. For instance, 3 4+ n = 7 can be solved when
the only numbers we know are the positive integers. But the equation 7 +n =3
cannot be solved unless the number system is enlarged.

The number zero and the negative integers were invented to solve equations
like 7+ n = 3. In a civilization that recognizes all the integers

ee.,—3,-2,-1,0,1,2,3,..., (2

an educated person can always find the missing integer that solves the equation
m +n = p when given the other two integers in the equation.

Suppose our educated people also know how to multiply any two of the integers
in (2). If, in Egs. (1), they are given m and ¢, they discover that sometimes they
can find n and sometimes they cannot. If their imagination is still in good working
order, they may be inspired to invent still more numbers and introduce fractions,
which are just ordered pairs m/n of integers m and n. The number zero has special
properties that may bother them for a while, but they ultimately discover that it is
handy to have all ratios of integers m/n, excluding only those having zero in the
denominator. This system, called the set of rational numbers, is now rich enough
for them to perform the so-called rational operations of arithmetic:

1. a) addition 2. a) multiplication
b) subtraction b) division

on any two numbers in the system, except that they cannot divide by zero.

The geometry of the unit square (Fig. A.2) and the Pythagorean theorem showed
that they could construct a geometric line segment that, in terms of some basic unit
of length, has length equal to +/2. Thus they could solve the equation

x2=2

by a geometric construction. But then they discovered that the line segment rep-
resenting +/2 and the line segment representing the unit of length 1 were incom-
mensurable quantities. This means that the ratio ~/2/1 cannot be expressed as the
ratio of two integer multiples of some other, presumably more fundamental, unit
of length. That is, our educated people could not find a rational number solution
of the equation x? = 2.

There is no rational number whose square is 2. To see why, suppose that there
were such a rational number. Then we could find integers p and ¢ with no common
factor other than 1, and such that

p2 = 2q2. (3)

Since p and g are integers, p must be even; otherwise its product with itself would
be odd. In symbols, p = 2p;, where p; is an integer. This leads to 2p;% = g2,
which says ¢ must be even, say g = 2¢;, where g; is an integer. This makes 2
a factor of both p and ¢, contrary to our choice of p and ¢ as integers with no
common factor other than 1. Hence there is no rational number whose square is 2.

Although our educated people could not find a rational solution of the equation
x? =2, they could get a sequence of rational numbers

1 7 41 239

T’ gg '2_9—9 _1—6_95 sy (4)
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whose squares form a sequence
1 49 1681 57,121

>y A2’ o041’ Mo L1’ o 5
1’ 25 841 28,561 )

that converges to 2 as its limit. This time their imagination suggested that they
needed the concept of a limit of a sequence of rational numbers. If we accept the
fact that an increasing sequence that is bounded from above always approaches a
limit and observe that the sequence in (4) has these properties, then we want it to
have a limit L. This would also mean, from (5), that L? = 2, and hence L is not
one of our rational numbers. If to the rational numbers we further add the limits
of all bounded increasing sequences of rational numbers, we arrive at the system
of all “real” numbers. The word real is placed in quotes because there is nothing
that is either “more real” or “less real” about this system than there is about any
other mathematical system.

The Complex Numbers

Imagination was called upon at many stages during the development of the real
number system. In fact, the art of invention was needed at least three times in
constructing the systems we have discussed so far:

1. The first invented system: the set of all integers as constructed from the counting
numbers.

2. The second invented system: the set of rational numbers m/n as constructed
from the integers.

3. The third invented system: the set of all real numbers x as constructed from
the rational numbers.

These invented systems form a hierarchy in which each system contains the
previous system. Each system is also richer than its predecessor in that it permits
additional operations to be performed without going outside the system:

1. In the system of all integers, we can solve all equations of the form
x+a=0, (6)

where a can be any integer.
2. In the system of all rational numbers, we can solve all equations of the form

ax+b=0, (7)

provided a and b are rational numbers and a # 0.
3. In the system of all real numbers, we can solve all of the equations in (6) and
(7) and, in addition, all quadratic equations

ax*+bx+c=0 having a#0 and b*—4ac>0. (8)

You are probably familiar with the formula that gives the solutions of (8),

namely,
—b + Vb? —4dac
X=—

2a ©)

and are familiar with the further fact that when the discriminant, d = b% — 4ac, is
negative, the solutions in (9) do not belong to any of the systems discussed above.
In fact, the very simple quadratic equation

xX+1=0
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is impossible to solve if the only number systems that can be used are the three
invented systems mentioned so far.

Thus we come to the fourth invented system, the set of all complex numbers
a+ib. We could dispense entirely with the symbol i and use a notation like
(a, b). We would then speak simply of a pair of real numbers a and b. Since,
under algebraic operations, the numbers a and b are treated somewhat differently,
it is essential to keep the order straight. We therefore might say that the complex
number system consists of the set of all ordered pairs of real numbers (a, b),
together with the rules by which they are to be equated, added, multiplied, and so
on, listed below. We will use both the (a, b) notation and the notation a + ib in
the discussion that follows. We call a the real part and b the imaginary part of
the complex number (a, b).

We make the following definitions.

Equality
a+ib=c+id Two complex numbers (a, b)
if and only if and (c, d) are equal if and only
a=c and b=d ifa=cand b=d.
Addition
(a+ib)+ (c+id) The sum of the two complex
=(@a+o)+i(b+4d) numbers (a, b) and (c, d) is the
complex number (a + ¢, b + d).
Multiplication
(a+ib)(c+id) The product of two complex

= (ac — bd) +i(ad + bc) numbers (a, b) and (c, d) is the
complex number (ac — bd, ad + bc).

cla+ib) =ac+i(bc) The product of a real number ¢
and the complex number (a, b) is
the complex number (ac, bc).

The set of all complex numbers (a, b) in which the second number b is zero
has all the properties of the set of real numbers a. For example, addition and
multiplication of (a, 0) and (c, 0) give

(@,0)+(c,0) = (a +¢,0),
(a,0) - (c,0) = (ac, 0),

which are numbers of the same type with imaginary part equal to zero. Also, if we
multiply a “real number” (a, 0) and the complex number (c, d), we get

(a,0) - (c,d) = (ac,ad) = a(c,d).

In particular, the complex number (0, 0) plays the role of zero in the complex
number system, and the complex number (1, 0) plays the role of unity.

The number pair (0, 1), which has real part equal to zero and imaginary part
equal to one, has the property that its square,

©, DO, 1) = (-1,0),

has real part equal to minus one and imaginary part equal to zero. Therefore, in
the system of complex numbers (a, b), there is a number x = (0, 1) whose square
can be added to unity = (1, 0) to produce zero = (0, 0); that is,

0, )%+ (1,0) = (0, 0).
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The equation
X +1=0

therefore has a solution x = (0, 1) in this new number system.

You are probably more familiar with the a + ib notation than you are with the
notation (a, b). And since the laws of algebra for the ordered pairs enable us to
write

(a,b) = (a,0)+ (0,b) = a(1,0) + b(0, 1),

while (1, 0) behaves like unity and (0, 1) behaves like a square root of minus one,
we need not hesitate to write a + ib in place of (a, b). The i associated with b is
like a tracer element that tags the imaginary part of a + ib. We can pass at will
from the realm of ordered pairs (a, b) to the realm of expressions a + ib, and
conversely. But there is nothing less “real” about the symbol (0, 1) =i than there
is about the symbol (1,0) = 1, once we have learned the laws of algebra in the
complex number system (a, b).

To reduce any rational combination of complex numbers to a single complex
number, we apply the laws of elementary algebra, replacing i> wherever it appears
by —1. Of course, we cannot divide by the complex number (0, 0) = 0+ 0. But
if a + ib # 0, then we may carry out a division as follows:

c+id _ (c+id)@—ib) (ac+bd)+i(ad — bc)
a+ib ~ (a+ib)a—ib) a? + b? ’

The result is a complex number x + iy with
ac + bd __ad —bc
a2+b2’ y_a2+b2’
and a? + b? # 0, since a + ib = (a, b) # (0, 0).
The number a — ib that is used as multiplier to clear the i from the denominator

is called the complex conjugate of a + ib. It is customary to use z (read “z bar”)
to denote the complex conjugate of z; thus

z=a+ib, Z=a—ib.

Multiplying the numerator and denominator of the fraction (¢ +id)/(a + ib) by
the complex conjugate of the denominator will always replace the denominator by
a real number.

EXAMPLE 1
a) Q+3)+6-2)=Q2+6)+(B3—-2i=8+1i
b) 2+43)—(6-2)=2—-6)+ 03— (=2)i=—4+5i
) (243i)(6—2i)=(2)(6) + (2)(—2i) + 3i)(6) + (3i)(—2i)
=12—4i+18i —6i2 =12+ 14i + 6 = 18 + 14i

2+43i  2+43i6+2i
6—-2i 6-—2i6+2i

_ 12+4i+18i + 612

T 36+ 12i — 12i — 4i2

6422 3 11,

0 20 20 Q

d)
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P(x,y)

Fe————————"0
<

\9

0 X

A.3 This Argand diagram represents
Z=x +l both as a point P(x, y) and as a
vector OP.

2 e'% = cos  + i sin @
C |

(@)

Y € =cos @ +isin@

(cos 6, sin )
‘\6

v |

(b)

A.4 Argand diagrams for
e'® = cos 6+ sin O (a) as a vector, (b) as
a point.

Argand Diagrams

There are two geometric representations of the complex number z = x +iy:
a) as the point P(x, y) in the xy-plane and

b) as the vector ﬁ from the origin to P.

In each representation, the x-axis is called the real axis and the y-axis is the
imaginary axis. Both representations are Argand diagrams for x + iy (Fig. A.3).
In terms of the polar coordinates of x and y, we have

X =rcos0, y =r sin 0,
and
Z=x-+iy=r(cos 6 +1i sin 0). (10)

We define the absolute value of a complex number x + iy to be the length r of
a vector OP from the origin to P(x, y). We denote the absolute value by vertical

bars, thus:
Ix + iyl = /x2 + y2.
If we always choose the polar coordinates r and 6 so that r is nonnegative, then
r=|x+1iyl.

The polar angle 6 is called the argument of z and is written 0 = arg z. Of course,
any integer multiple of 27 may be added to 6 to produce another appropriate angle.

The following equation gives a useful formula connecting a complex number
Z, its conjugate 7, and its absolute value |z|, namely,

2.7 =7~

Euler's Formula, Products, and Quotients
The identity

e = cos 6 +i sin 6,

called Euler’s formula, enables us to rewrite Eq. (10) as

z=reé'’.
This, in turn, leads to the following rules for calculating products, quotients, powers,
and roots of complex numbers. It also leads to Argand diagrams for ¢'¢. Since
cos 6 + i sin 6 is what we get from Eq. (10) by taking r = 1, we can say that e'¢
is represented by a unit vector that makes an angle 6 with the positive x-axis, as
shown in Fig. A.4.

Products To multiply two complex numbers, we multiply their absolute values
and add their angles. Let

7 = e, 22 = e, (1)
so that
argz, = 6,.

lzil =1y, argzy =0 |22] =12,

Then

2122 = 11" « 1'% = rir el @10



A.5 When z; and z, are multiplied,

|z122| =y < r; and arg (z12;) = 64 + 6.

exp (A) stands for e”.

A.3 Complex Numbers A-13

and hence

lz122] = rir2 = 21| - |zal,
(12)
arg (z;22) = 6; + 6, = arg z; + arg z,.

Thus the product of two complex numbers is represented by a vector whose length
is the product of the lengths of the two factors and whose argument is the sum of
their arguments (Fig. A.5). In particular, a vector may be rotated counterclockwise
through an angle 6 by multiplying it by ¢°. Multiplication by i rotates 90°, by —1
rotates 180°, by —i rotates 270°, etc.

EXAMPLE 2 Let z; = 14,2, = +/3 — i. We plot these complex numbers in
an Argand diagram (Fig. A.6) from which we read off the polar representations

7 = ﬁein/4’ 7= 2e—i7r/6.
Then

2122 = 2«/§exp (% - %) = 2«/§exp (%)

T Wy .
=2ﬁ(cos E+zsm E)~2.73+0.731.

y
= IZl=l+l
I
! 2,2
I 12122
V2 | 242 |
T 3 -1
4 | \E 1
I 12 I
X
0 . } 1+V3
o i
6 i
i
2 l
I
l
-1+ zz=‘/§—i

A.6 To multiply two complex numbers, multiply their absolute values and add
their arguments.

Quotients
Suppose r, # 0 in Eq. (11). Then
a _ne’ _noiee
—=——=—c¢ .
2 ne% n
Hence
an @ and arg<ﬂ> =6, — 6, = arg z; — arg 2,.
2| |zl 22

That is, we divide lengths and subtract angles.
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EXAMPLE 3 Letz; =1+iand z, =+/3—1i, as in Example 2. Then

1+ V2et it 2 i S S
= = — N2 — 41 sin —
NG, = el T 3 e 0.707 { cos T 1 sin D

~ 0.183 + 0.683i. Q

Powers

If n is a positive integer, we may apply the product formulas in (12) to find

T =22 2. n factors
With z = re, we obtain
"= (reie)" = ple!0F0++0) n summands
n inf (13)
=re .

The length r = |z] is raised to the nth power and the angle 6 = arg z is multiplied
by n.
If we take r = 1 in Eq. (13), we obtain De Moivre’s theorem.

De Moivre’s Theorem

(cos 6 + i sin )" = cos né + i sin né. (14)

If we expand the left-hand side of De Moivre’s equation (Eq. 14) by the
binomial theorem and reduce it to the form a + ib, we obtain formulas for cos nf
and sin n6 as polynomials of degree n in cos 6 and sin 6.

EXAMPLE 4 If n = 3 in Eq. (14), we have
(cos 6 + i sin 0)* = cos 360 + i sin 36.
The left-hand side of this equation is
cos® @ + 3i cos®6 sin @ — 3 cos O sin*@ — i sin’ 6.

The real part of this must equal cos 36 and the imaginary part must equal sin 36.
Therefore,

cos 30 = cos*0 — 3 cos 0 sin’0,
sin 30 = 3 cos?0 sin 6 — sin’ 6. Q

Roots If z =re”® is a complex number different from zero and n is a positive
integer, then there are precisely n different complex numbers wy, wy, ..., Wy—1,
that are nth roots of z. To see why, let w = pe® be an nth root of z = re'®, so that

w' =z
or

n ina i

Then



A.7 The three cube roots of z = re'®.

SIE)

\WO

zr/ 2 \

2 T
] \4 .
Z16 ]

'7§T
w, '\ Av{
2 %T\_/ 3

A.8 The four fourth roots of —16.

A.3 Complex Numbers A-15

is the real, positive nth root of r. As regards the angle, although we cannot say
that no and 6 must be equal, we can say that they may differ only by an integer
multiple of 2. That is,

noe =0 + 2k, k=0,=x1,+£2,....
Therefore,
0 2
o= - +k—”.
n n

Hence all nth roots of z = re'® are given by

o o 2
Jre? = {'/;expt(—+k—n>, k:O,:I:l,:l:Z, (15)
n n

There might appear to be infinitely many different answers corresponding to
the infinitely many possible values of k. But k = n + m gives the same answer as
k = m in Eq. (15). Thus we need only take n consecutive values for & to obtain all
the different nth roots of z. For convenience, we take

k=0,1,2,...,n—1.

All the nth roots of re’? lie on a circle centered at the origin O and having
radius equal to the real, positive nth root of r. One of them has argument @ = 6/n.
The others are uniformly spaced around the circle, each being separated from its
neighbors by an angle equal to 27 /n. Figure A.7 illustrates the placement of the
three cube roots, wo, w;, w,, of the complex number z = re®"

EXAMPLE 5 Find the four fourth roots of —16.

Solution As our first step, we plot the number —16 in an Argand diagram (Fig.
A.8) and determine its polar representation re'®. Here, z = —16,r = +16, and
6 = 7. One of the fourth roots of 16¢™ is 2¢'™/*. We obtain others by successive
additions of 2 /4 = 7 /2 to the argument of this first one. Hence

37 S In
416 j =2 ] £$_s_;_ )
v 16exp in exp i AR

and the four roots are

w0=2-cos%+isin%]=«/§(l+i),
3 -

wy = 2| cos % 4 sin & | = V2(=1+1),

= 4 4_.

[ 57 . . 57 )
wy = 2|cos — +i sin — =\/§(——1—l),

- 4 4_

- .
w3=2_cos7”+isin7n_=«/§(1—i). 0

The Fundamental Theorem of Algebra One may well say that the invention
of +/—1 is all well and good and leads to a number system that is richer than the
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real number system alone; but where will this process end? Are we also going
to invent still more systems so as to obtain +/—1, </—1, and so on? By now it
should be clear that this is not necessary. These numbers are already expressible
in terms of the complex number system a + ib. In fact, the Fundamental Theorem
of Algebra says that with the introduction of the complex numbers we now have
enough numbers to factor every polynomial into a product of linear factors and
hence enough numbers to solve every possible polynomial equation.

The Funda'mentai'Theeréin“ of Algebfa
; Every polynomial equatlon of the form

in whlch the coefficients ag, ay, ...

gz az '+ a" '2+ +a,,_1z+a,,_0

,Qn are any complex numbers whose :

degree n is greater than or equal to one, and whose leadmg coefficient ap is
not zero, has exactly n roots in the complex number system, ptowded each
multiple root of multlphclty m is counted asm roots

A proof of this theorem can be found in almost any text on the theory of functions
of a complex variable.

Exercises A.3

Operations with Complex Numbers

1.

How computers multiply complex numbers
Find (a, b) - (c,d) = (ac — bd, ad + bc).

a) (2,3):-4,-2) b) (2,-1)-(-2,3)
¢ (-1,-2).(2,1)

(This is how complex numbers are multiplied by computers.)
Solve the following equations for the real numbers, x and y.
a) (3+4i)Y? -

140\ 1
b) ( +f) b= 14i
1-1i x +1iy

©) (B-=2)(x+iy)=2(x—2iy)+2i—1

2x —iy) =x+1iy

Graphing and Geometry

3.

4.

How may the following complex numbers be obtained from z =
x 4+ iy geometrically? Sketch.

a) z b)) (-2)

¢) -z d 1/z

Show that the distance between the two points z; and z; in an
Argand diagram is equal to |z; — z5]|.

In Exercises 5-10, graph the points z = x + iy that satisfy the given
conditions.

5.
6.
8.
10.

a) |z|=2 b) |z <2 c) |z]>2
lz—1=2 7. lz+1] =1

lz+ 1=z -1 9 lz+il=|z—-1]
lz+ 1] = |z|

Express the complex numbers in Exercises 11-14 in the form re‘,
with r >0 and —7 <6 <. Draw an Argand diagram for each

calculation.
14i
1L (14 v33)? 12 1+’,
—1i
1+id3
13. 14. 2+ 3i)(1—-2i
1—i3 ( A )

Theory and Examples

15.

16.

17.

Show with an Argand diagram that the law for adding complex
numbers is the same as the parallelogram law for adding vectors.

Show that the conjugate of the sum (product, or quotient) of two
complex numbers z; and z, is the same as the sum (product, or
quotient) of their conjugates.

Complex roots of polynomials with real coefficients come
in complex-conjugate pairs.
a) Extend the results of Exercise 16 to show that f(7)

=f@)



18.
19.

20.

f@=a"+a" "+ +a,1z+a,

is a polynomial with real coefficients ay, ..., a,.
b) If z is a root of the equation f(z) =0, where f(z) is a
polynomial with real coefficients as in part (a), show that
the conjugate z is also a root of the equation. (Hint: Let
f(@) =u+iv=0; then both u and v are zero. Now use

the fact that f(z) = f(z2) =u —iv.)
Show that |z] = |z].
If z and 7 are equal, what can you say about the location of the
point z in the complex plane?

Let Re(z) denote the real part of z and Im(z) the imaginary part.
Show that the following relations hold for any complex numbers
z, 21, and 2.

a) z+7Z=2Re(2) b)
©) |Re(z)| <zl

z—272=2Im(z)

A.4 Simpson’s One-Third Rule A-17

d) 21+ 221> = [z1]* + |z2/* + 2Re(2172)
e) |z +z2| = |zl + |22l

Use De Moivre’s theorem to express the trigonometric functions in
Exercises 21 and 22 in terms of cos 6 and sin 6.

21. cos 46

22. sin 46

Roots

23.
24.
25.
26.
27.
28.
29.
30.

Find the three cube roots of 1.

Find the two square roots of i.

Find the three cube roots of —8i.

Find the six sixth roots of 64.

Find the four solutions of the equation {4 -2z24+4=0.
Find the six solutions of the equation z® +2z3 +2 = 0.
Find all solutions of the equation x* 4 4x% + 16 = 0.

Solve the equation x* + 1 = 0.

Simpson’s One-Third Rule

Simpson’s rule for approximating fa b f(x)dx is based on approximating the graph
of f with parabolic arcs.
The area of the shaded region under the parabola in Fig. A.9 is

h
Area = 5()’0 +4y1 + y2).

This formula is known as Simpson’s one-third rule.

We can derive the formula as follows. To simplify the algebra, we use the
coordinate system in Fig. A.10. The area under the parabola is the same no matter
where the y-axis is, as long as we preserve the vertical scale. The parabola has
an equation of the form y = Ax? + Bx + C, so the area under it from x = —A to

Parabolic arc

(xl,yl)

(xOv yo)

(%9, ¥,)

X
%0 X1 *2 w\
=f)

y

A.9 Simpson's rule approximates short stretches of curve
with parabolic arcs.

Parabola y
y=Ax?+Bx+C

Chy) " | )

Yo N Y

—-h 0 h

A.10 By integrating from —h to h, the
shaded area is found to be

h
§(,Vo + 4y + y2).
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Cauchy’s Mean Value Theorem and the Stronger
Form of I'Hopital’s Rule

This appendix proves the finite-limit case of the stronger form of I’Hopital’s Rule
(Section 6.6, Theorem 3).

x=~his

h A 3 B 2 h
Area:f (Ax>+ Bx + C)dx = [-——3{— + Tx +Cx]
—h "

2AR3
=3 +2Ch

h
= §(2Ah2 +60).

Since the curve passes through (—#, yo), (0, 1), and (h, y,), we also have

yo = Ah* —=Bh+C, y=C, y,=Ah*+Bh+C.

From these equations we obtain

C=y,
Ah® — Bh = yo — yi,
Ah? + Bh = y, — yi,

2Ah% = yo + y, — 2y1.

These substitutions for C and 2Ah? give

h h h
Area = 5(2Ah2 +6C) = g((YO +y2—2y1) +6y1) = g(}’O + 4y + y2).

L’'Hopital’s Rule (Stronger Form)
Suppose that

Sf(x0) = g(x0) =0

and that the functions f and g are both differentiable on an open interval
(a, b) that contains the point x¢. Suppose also that g’ # 0 at every point in
(a, b) except possibly xo. Then

fim L& _ jim £

x—x g(x) T xoxp g’(x)’

M

provided the limit on the right exists.

The proof of the stronger form of I’Hopital’s rule is based on Cauchy’s Mean

Value Theorem, a mean value theorem that involves two functions instead of one.
We prove Cauchy’s theorem first and then show how it leads to I’Hopital’s rule.
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Cauchy's Mean Value Theorem
Suppose that functions f and g are continuous on [a, b] and differentiable
throughout (a, b) and suppose also that g’ # 0 throughout (a, b). Then there
exists a number ¢ in (a, b) at which

f© _ f®) - fa

_ . 2
g0~ gb)—g@) @

The ordinary Mean Value Theorem (Section 3.2, Theorem 4) is the case g(x) = x.

Proof of Cauchy’s Mean Value Theorem We apply the Mean Value Theorem of
Section 3.2 twice. First we use it to show that g(a) # g(b). For if g(b) did equal
g(a), then the Mean Value Theorem would give

b) —
o) = $0 —8@

b—a =0

for some ¢ between a and b. This cannot happen because g’(x) # 0 in (a, b).
We next apply the Mean Value Theorem to the function

(b) — f(a)
F(x) = f(x) - f(a) - g[g(ﬂ —g(a)l.

gb) — g(a)
This function is continuous and differentiable where f and g are, and F(b) =
F(a) = 0. Therefore there is a number ¢ between a and b for which F’(c) = 0. In
terms of f and g this says

, , f®) - fla_,
Fi(c)= f'(c) — T(—j_[ g')]=0,
or
fio_ fo-f@
g) gb)—gla’
which is Eq. (2). Q

Proof of the Stronger Form of I’Hépital’s Rule  We first establish Eq. (1) for the
case x — x; . The method needs almost no change to apply to x — x,, and the
combination of these two cases establishes the result.

Suppose that x lies to the right of x,. Then g’(x) # 0 and we can apply Cauchy’s
Mean Value Theorem to the closed interval from x¢ to x. This produces a number
¢ between x, and x such that

£1©) _ f0) = f&o)
g  gx)—gx)’

But f(xo) = g(x0) =0, so

o _ f&x)
g gk
As x approaches xg, ¢ approaches xo because it lies between x and xq. Therefore,
GO B () B A0}
x-—»xo g(x) c—xy g’(C) x—xF g’(x)
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This establishes 1’Hopital’s rule for the case where x approaches x, from above.
The case where x approaches x, from below is proved by applying Cauchy’s Mean
Value Theorem to the closed interval [x, xo], x < xo. a

Limits That Arise Frequently
This appendix verifies limits (4)—(6) in Section 8.2, Table 1.

Limit 4: If |[x| < 1, lim x"=0 We need to show that to each € > 0 there

n—oo

corresponds an integer N so large that |[x"| < € for all n greater than N. Since
€'/" — 1, while |x| < 1, there exists an integer N for which €'/V > |x|. In other
words,

M = 1xlV <. )
This is the integer we seek because, if |x| < 1, then
|x"| < |xV| forall n > N. )

Combining (1) and (2) produces |x"| < € for all n > N, concluding the proof.

n—oo

x’l
a,,=(1+;1-> .

Ina, =1In <1+£—)n=nln (1+£—>—>x,

X n
Limit 5: For any number x, lim (1 + —) =e Let
n

Then

as we can see by the following application of I'Hopital’s rule, in which we differ-
entiate with respect to n:

. x\ _ .. In(l+x/n)
Jim i (1+7) = Jim =75
1 X
. (1+x/n> ’ (—?) ) x
= llm = 11 =
n—00 —1/}12 n—00 1+X/l’l

Apply Theorem 4, Section 8.2, with f(x) = e* to conclude that

X\" .
(1+—> =a,=e"% — ¢*.
n

x"
Limit 6: For any number x, lim — = 0 Since

n—oo N/

™ _x" x|
< <

nl = nl = nl’
all we need to show is that |x|"/n! — 0. We can then apply the Sandwich Theorem
for Sequences (Section 8.2, Theorem 3) to conclude that x"/n! — 0.

The first step in showing that |[x|*/n! — 0 is to choose an integer M > |x|,
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so that (|x|/M) < 1. By Limit 4, just proved, we then have (|x|/M)" — 0. We
then restrict our attention to values of n > M. For these values of n, we can write

[x]” x|
nl 1.2« M -M+DM+2) - -n
(n — M) factors
" MM MM (x]”
MMM~ MIM» ~ M\ M)

0<|x|"<M—M mn
“nl T M\ M)

IA

Thus,

Now, the constant M¥ /M does not change as n increases. Thus the Sandwich
Theorem tell us that |x|*/n! — O because (|x|/M)" — O.

The Distributive Law for Vector Cross Products
In this appendix we prove the distributive law

AxB+C)=AxB+AxC (1)
from Eq. (6) in Section 10.4.

Proof To derive Eq. (1), we construct A x B a new way. We draw A and B from
the common point O and construct a plane M perpendicular to A at O (Fig. A.11).
We then project B orthogonally onto M, yielding a vector B’ with length |B| sin 6.
We rotate B' 90°about A in the positive sense to produce a vector B”. Finally, we
multiply B” by the length of A. The resulting vector |A|B” is equal to A x B since
B” has the same direction as A x B by its construction (Fig. A.11) and

|A||B”| = |A||B'| = |A||B|sin 6 = |A x B|.
Now each of these three operations, namely,

1. projection onto M,
2. rotation about A through 90°,
3. multiplication by the scalar |A],

A.11 As explained in the text,
A xB=|AB.
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A.12 The vectors, B, C, B + C, and their
projections onto a plane perpendicular to

A.
when applied to a triangle whose plane is not parallel to A, will produce another
triangle. If we start with the triangle whose sides are B, C, and B + C (Fig. A.12)
and apply these three steps, we successively obtain
1. a triangle whose sides are B, C’, and (B + C)’ satisfying the vector equation
B+C =B+0);
2. atriangle whose sides are B”, C”, and (B + C)” satisfying the vector equation
B// + C/l — (B + C)//
(the double prime on each vector has the same meaning as in Fig. A.11); and,
finally,
3. atriangle whose sides are |A|B”, |A|C”, and |A|(B + C)” satisfying the vector
equation
|AIB” + |A|C" = |A|(B + C)". (2)
Substituting|A|B” = A x B, |A|C" = A x C,and |A|(B+ C)" = A x (B+C)
from our discussion above into Eq. (2) gives
AXxB+AXxC=AxB+0),
which is the law we wanted to establish. Q
Determinants and Cramer’s Rule
A rectangular array of numbers like
2 1 3
A= [ 1 0 —2]
Jjth column
— - is called a matrix. We call A a 2 by 3 matrix because it has two rows and three
columns. An m by n matrix has m rows and n columns, and the entry or element
(number) in the ith row and jth column is denoted by a;;. The matrix
2 1 3
A= [1 0 —2:|
ith row a;
: has
an=2, ap=1, ap=3
L - ay =1, ap =0, ap = —2.



The vertical bars in the notation |a,;| do not
mean absolute value.
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A matrix with the same number of rows as columns is a square matrix. It is
a matrix of order n if the number of rows and columns is n.

With each square matrix A we associate a number det A or |a;;|, called the
determinant of A, calculated from the entries of A in the following way. For n = 1
and n = 2, we define

det[a] = a, (1)
ap an

det = ay1axn — ay ay,. (2)
[a21 azz] 11022 21412

For a matrix of order 3, we define

3)

i an a”] __ Sum of all signed products

det A =det| a a a =
2 o2 of the form =+ ay;a;;a3,
az 4z asz

where i, j, k is a permutation of 1, 2, 3 in some order. There are 3! = 6 such
permutations, so there are six terms in the sum. The sign is positive when the index
of the permutation is even and negative when the index is odd.

Definition

Index of a Permutation

Given any permutation of the numbers 1, 2, 3, ..., n, denote the permutation
by iy, i2,i3,:..,i,. In this arrangement, some of the numbers following
i1 may be less than i;, and the number of these is called the number of
inversions in the arrangement pertaining to i;. Likewise, there are a number
of inversions pertaining to each of the other i’s; it is the number of indices
that come after that particular i in the arrangement and are less than it. The
index of the permutation is the sum of all of the numbers of inversions
pertaining to the separate indices.

EXAMPLE 1 For n = 5, the permutation

5312 4

has 4 inversions pertaining to the first element, 5, 2 inversions pertaining to the
second element, 3, and no further inversions, so the index is 4 +2 = 6. a

The following table shows the permutations of 1, 2, 3, the index of each
permutation, and the signed product in the determinant of Eq. (3).

Permutation Index Signed product

1 2 3 0 +aj1axa3;

1 3 2 1 —a|143a3;

213 1 —a12071033 (4)
2 31 2 +a1202303)

31 2 2 +a13a21a32

3 2 1 3 —a)3aas3|
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The sum of the six signed products is

a11(a22a33 — apas) — a;2(azas — a3as)) + a3(az as; — axas;)

az a4 az axy az axn dudidis
2 1
=ay —ap + a3 =lax axp ays|. (5
asy ass as; ass az; as
az; asy asz
The formula
ap a4 4
ax a4 az a3 az ax
ay axn axp|=ay —a + a3 (6)
as ass as as;  as
as)y a4z asz

reduces the calculation of a 3 by 3 determinant to the calculation of three 2 by 2
determinants.

Many people prefer to remember the following scheme for calculating the six
signed products in the determinant of a 3 by 3 matrix:

<) Change these signs

@)

<) Keep these signs

Minors and Cofactors

The second order determinants on the right-hand side of Eq. (6) are called the
minors (short for “minor determinants”) of the entries they multiply. Thus,

Az a4z
asy ass

az  ax;

is the minor of a,y,
asy

is the minor of a5,

and so on. The minor of the element g;; in a matrix A is the determinant of the
matrix that remains after we delete the row and column containing a;;:

an 12 413 a ai
The minor of ay is | !
asy ass
asy 2 433
an  aiz ap3 a a
. The minor of ay is | 1} “12|.
az; as
as; asy aps

The cofactor A;; of a;; is (—1)**/ times the minor of a;;. Thus,

— 242 (@411 43| _ |4n a3
Ap = (-1 = ,
as;  asz asy  ass
_ 243 |Q11 42| _ an  an
Ay = (1) =-
az;  az as;  as

The factor (—1)'*/ changes the sign of the minor when i 4 j is odd. There is a
checkerboard pattern for remembering these changes:

+ - +
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In the upper left corner, i = 1, j = 1 and (—1)!*! = +1. In going from any cell
to an adjacent cell in the same row or column, we change i by 1 or j by 1, but
not both, so we change the exponent from even to odd or from odd to even, which
changes the sign from 4 to — or from — to +.

When we rewrite Eq. (6) in terms of cofactors we get

det A = a1 A +anAn +aizAms. (8)

EXAMPLE 2 Find the determinant of

2 1 3
A= [3 -1 —2].
2 3 1

Solution 1 The cofactors are

-1 =2 3 -2

An =DM 1’, An=(D" 1<,
3 -1
A13 = (_1)]+3 2 3 ‘ .

To find det A, we multiply each element of the first row of A by its cofactor and
add:
-1

3

detA=2‘ 2 3

-2 3 =2 3 -1
1'+(—1)<2 1\+3' '
=2(-14+6)—13+4+4)+3(9+2)=10—-7+33 =36.

Solution 2 From (7) we find
-6 —=12 3 7 Change these signs

-2 -4 27 <) Keep these signs
det A= —(—=6) — (=12) =3+ (=2)+ (—4) +27 =36 a

Expanding by Columns or by Other Rows

The determinant of a square matrix can be calculated from the cofactors of any
row or any column.

If we were to expand the determinant in Example 2 by cofactors according to
elements of its third column, say, we would get

3 -1 2 1] 2 1
+3’2 3"(_2) 2 3|3 -

+1‘
=309+2)+26—-2)+1(—2-3)=33+8—-5=36.

Useful Facts About Determinants

Fact 1: If two rows (or columns) are identical, the determinant is zero.
Fact 2: Interchanging two rows (or columns) changes the sign of the determinant.
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Fact 3: The determinant is the sum of the products of the elements of the ith row
(or column) by their cofactors, for any i.

Fact 4: The determinant of the transpose of a matrix is the same as the determinant
of the original matrix. (The transpose of a matrix is obtained by writing the rows
as columns.)

Fact 5: Multiplying each element of some row (or column) by a constant ¢ multiplies
the determinant by c.

Fact 6: If all elements above the main diagonal (or all below it) are zero, the
determinant is the product of the elements on the main diagonal. (The main diagonal
is the diagonal from upper left to lower right.)

EXAMPLE 3
3 47
0 -2 5| =(03)(—2)(5) =-30
0 05 a

Fact 7: If the elements of any row are multiplied by the cofactors of the corre-
sponding elements of a different row and these products are summed, the sum is
zero.

EXAMPLE 4 If Ay, Ao, Az are the cofactors of the elements of the first row
of A = (a;;), then the sums

anAn + anAp +axnin
(elements of second row times cofactors of elements of first row) and
a31An + anAp +axA
are both zero. d

Fact 8: If the elements of any column are multiplied by the cofactors of the corre-
sponding elements of a different column and these products are summed, the sum
is zero.

Fact 9: If each element of a row is multiplied by a constant ¢ and the results
added to a different row, the determinant is not changed. A similar result holds for
columns.

EXAMPLE 5 If we start with

2 1 3
A:|:3 -1 —2]
2 3 1

and add —2 times row 1 to row 2 (subtract 2 times row 1 from row 2), we get

2 1 3
Bz{—l -3 —8:1.
2 3 1

Since det A = 36 (Example 2), we should find that det B = 36 as well. Indeed we
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do, as the following calculation shows:
—18 —48 -1

-6 —16 —9
det B = —(—18) — (=48) — (—1) + (—6) + (—16) + (—9)
=18+484+1—-6—16—9 =67 — 31 =36. Q

EXAMPLE 6 Evaluate the fourth order determinant

1 -2 3 1

2 1 0 2
b= -1 2 1 -2y

0 1 2 1

Solution We subtract 2 times row 1 from row 2 and add row 1 to row 3 to get

1 -2 3 1
0O 5 -6 O
b= 0 0 4 -1}

0 1 2 1

We then multiply the elements of the first column by their cofactors to get

5 -6 0
D=0 4 -1|=54+2)—-(-6)(0+1)+0=36.
1 2 1 u

Cramer’s Rule

If the determinant D = det A = an anz| _ 0, the system

az ax

anx + apy = by, (©)

anx + any = b,

has either infinitely many solutions or no solution at all. The system

x+y=0,
2x+2y =0
whose determinant is
D= ; é =2-2=0
has infinitely many solutions. We can find an x to match any given y. The system
x+y=0,
2x+2y =2

has no solution. If x + y = 0, then 2x + 2y = 2(x + y) cannot be 2.
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If D # 0, the system (9) has a unique solution, and Cramer’s rule states that
it may be found from the formulas

by ap an b

b, ayn ay b
= —, = —. 10
x D y D (10)

The numerator in the formula for x comes from replacing the first column in A
(the x-column) by the column of constants b; and b, (the b-column). Replacing
the y-column by the b-column gives the numerator of the y-solution.

EXAMPLE 7  Solve the system

3x— y= 9,
x + 2y =—4.
Solution We use Egs. (10). The determinant of the coefficient matrix is
3 -1
D= 1 2= 6+1=17.
Hence,
9 -1
-4 2 18—4 14
x = = =— =2,
D 7 7
3 9
1 —4 _—12-9 21 3
Y=7p T 7 T 77 Q

Systems of three equations in three unknowns work the same way. If

ap ap a3
D=det A=|ay apyp axy|=0,
as)y Qs ass
the system
anx +apy +apz = by,
ayx +any +anz = by, (11)

asx +any +azz = bs

has either infinitely many solutions or no solution at all. If D # 0, the system has
a unique solution, given by Cramer’s rule:

an by ap
an by axn|.
ay by ax

by ap ap
b, an an
by ayn axn

1

x:B s y=—

an ap b
ay ap b|.
az ayn b

1
7= —

The pattern continues in higher dimensions.
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Exercises A.8

Evaluating Determinants

Evaluate the following determinants.

2 31
1.4 5 2
1 2 3
1 2 3 4
0123
3'()021
0032

Evaluate the following determinants by expanding according to the

2 -1 =2

2. |1 2 1
3 0 -3

1 -1 2

2 1 2

4. 1 0 2
-2 2 0

cofactors of (a) the third row and (b) the second column.

2 -1 2
S./1 0 3

0o 21

1 1 00

0 0 -2 1
7 0o -1 07

30 21

Systems of Equations

1 0 -1
6. |10 2 -2
2 0 1
0100
0110
8. 1 111
1100

Solve the following systems of equations by Cramer’s rule.

9. x+8= 4

3x— y=-13
11. 4x -3y =6
3x -2y=5

13.2x+ y—2z=2
x— y+z=7
2x+2y+z=4

10. 2x +3y =5

3x— y=2
12 x+ y+z=2
2x— y+z=0
x+2y—z=4
14. 2x — 4y =6
x+ y+ z=1
Sy+7z=10

3
6
3
5

15.

x - z=3 16. x; +x) —x3+x4= 2
2y —2z=2 X1 —Xy+x3+x3=-1

2x + z=3 X1+x+x3—x4= 2
X1 +X3+X4='~l

Theory and Examples

17.

18.

19.

20.

Find values of & and k for which the system
2x + hy = 8,
x+3y=k
has (a) infinitely many solutions, (b) no solution at all.

For what value of x will

x x 1
2 0 5
6 7 1

Suppose u, v, and w are twice-differentiable functions of x that
satisfy the relation au + bv + cw =0, where a, b, and c are
constants, not all zero. Show that

u v ow
W v o w|=0.
u// v// wll

Partial fractions. Expanding the quotient
ax +b
(x=r)x —r)
by partial fractions calls for finding the values of C and D that
make the equation
ax+b _ C D
x—r)x—r) x-rn x-r
hold for all x.

a) Find a system of linear equations that determines C and D.

b) Under what circumstances does the system of equations
in part (a) have a unique solution? That is, when is the
determinant of the coefficient matrix of the system different
from zero?

Euler's Theorem and the Increment Theorem

This appendix derives Euler’s Theorem (Theorem 2, Section 12.3) and the Increment
Theorem for Functions of Two Variables (Theorem 3, Section 12.4). Euler first
published his theorem in 1734, in a series of papers he wrote on hydrodynamics.

Euler’s Theorem

Iff (=, ) and its partial denvatlves fxs fys fry, and f,, are defined through-
out an open region containing a point (a, b) and are all continuous at (a, b),

fyx (a b).

: then f,y(a b)
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o

A.13 The key to proving

fy(a, b) = fx(a, b) is the fact that no
matter how small R’ is, f,, and f,, take on
equal values somewhere inside R’
(although not necessarily at the same
point).

Proof The equality of j‘xy (a,b) and f,,(a, b) can be established by four appli-
cations of the Mean Value Theorem (Theorem 4, Section 3.2). By hypothesis,
the point (a, b) lies in the interior of a rectangle R in the xy-plane on which
£ feo fys fry, and f, are all defined. We let & and k be numbers such that the
point (a + h, b + k) also lies in the rectangle R, and we consider the difference

A = F(a+h) — F(a), (1)
where
F(x)= f(x,b+k)— f(x,b). 2)

We apply the Mean Value Theorem to F (which is continuous because it is differ-
entiable), and Eq. (1) becomes

A = hF'(c)), @)
where ¢, lies between a and a + k. From Eq. (2),
F'(x) = fx(x,b+k) — fi(x,b),
so Eq. (3) becomes
A = h[fx(c1, b+ k) — fi(c1, b)]. (4)
Now we apply the Mean Value Theorem to the function g(y) = f,(c;, y) and have
g(b+k) — g(b) = kg'(d),
or
filer, b+ k) = fi(cr, b) = kfiy(c1, d1),
for some d; between b and b + k. By substituting this into Eq. (4), we get
A = hkfyy(c1, dy), (5

for some point (ci,d;) in the rectangle R’ whose vertices are the four points
(a,b),(@a+h,b),(a+h,b+k), and (a, b + k). (See Fig. A.13.)
By substituting from Eq. (2) into Eq. (1), we may also write

A= f(a+h,b+k)— fla+h,b)— f(a,b+k)+ f(a,b)
=[fa+hb+k)— fla,b+k]—[f(a+h,b)— f(a,b)] (6)
= ¢ +k) — D),

where o) = fla+h,y)— f(a,y). ™
The Mean Value Theorem applied to Eq. (6) now gives
A = k¢'(dr), ®)
for some d, between b and b + k. By Eq. (7),
¢'(y) = fyla+h,y)— f,@a,y). ©)

Substituting from Eq. (9) into Eq. (8) gives
A =kl[fy(a+h,dy) — fy(a, dr)].
Finally, we apply the Mean Value Theorem to the expression in brackets and get
A = khfy:(c2, da), (10)

for some ¢, between a and a + h.



Clx, + Ax, y, +Ay)

Alxg, yp) &

B(xy + Ax, y,)
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A.14 The rectangular region T in the
proof of the Increment Theorem. The
figure is drawn for Ax and Ay positive,
but either increment might be zero or
negative.
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Together, Egs. (5) and (10) show that

fxy(clydl) = fyx(CZvd2)7 (11)

where (c;, d;) and (c,, d;) both lie in the rectangle R’ (Fig. A.13). Equation (11)
is not quite the result we want, since it says only that f;, has the same value at
(c1,d,) that f,, has at (c;, d»). But the numbers 4 and k in our discussion may be
made as small as we wish. The hypothesis that f,, and f,, are both continuous
at (a, b) means that fy,(ci,d;) = fiy(a,b) + € and f),(c2,d2) = fix(a, b) + €,
where €1, €; — 0 as h, kK — 0. Hence, if we let & and k — 0, we have f;,(a, b) =

fyx(a’ b)

The equality of f;,(a, b) and f,,(a, b) can be proved with hypotheses weaker
than the ones we assumed. For example, it is enough for f, f;, and f, to existin R
and for f,, to be continuous at (a, b). Then f,, will exist at (a, b) and will equal
Sy at that point.

The Increment Theorem for Functions of Two Variables

Suppose that the first partial derivatives of z = f(x, y) are defined through-
out an open region R containing the point (xo, yo) and that f; and f,
are continuous at (xg, o). Then the change Az = f(xo + Ax, yo + Ay) —
f (x0, yo) in the value of f that results from moving from (xg, yo) to another
point (xp + Ax, yo + Ay) in R satisfies an equation of the form

Az = fi(xo, yo) Ax + f(x0, Yo)Ay + €1Ax + €AYy,

in which €;, ¢, — 0 as Ax, Ay — 0.

Proof We work within a rectangle T centered at A(x, yo) and lying within R,
and we assume that Ax and Ay are already so small that the line segment joining
A to B(xo+ Ax, yo) and the line segment joining B to C(xg + Ax, yo + Ay) lie
in the interior of T (Fig. A.14).

We may think of Az as the sum Az = Az; + Az, of two increments, where

Az; = f(xo+ Ax, y) — f (X0, Yo)
is the change in the value of f from A to B and
Azy = f(xo+ Ax, yo+ Ay) — f(xo + Ax, yo)

is the change in the value of f from B to C (Fig. A.15, on the following page).
On the closed interval of x-values joining xq to xo + Ax, the function F(x) =
f(x, xo) is a differentiable (and hence continuous) function of x, with derivative

F'(x) = fi(x, y0).

By the Mean Value Theorem (Theorem 4, Section 3.2), there is an x-value ¢ between
xo and xg + Ax at which

F(xo + Ax) — F(xo) = F'(c)Ax
or

f(xo + Ax, y0) — f(xo0, yo) = fe(c, yo)Ax
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A.15 Part of the surface z = f(x, y) near
Po(Xo, Yo, f(Xo, ¥o)). The points Py, P’, and
P" have the same height zy = f(xo, yo)
above the xy-plane. The change in z is
Az = P'S. The change

Az, = f(xo + Ax, yo) — f(Xo, Yo),

shown as P"Q = P'Q’, is caused by
changing x from x, to xo + Ax while
holding y equal to y,. Then, with x held
equal to xp + Ax,

Az; = f(xo + AX, yo + Ay)
—f(xo + Ax, yo)

is the change in z caused by changing y
from y, to yo + Ay. This is represented by
Q'S. The total change in z is the sum of
Az, and Az,.

2= f(x, y)

o Az,
P
)\ AZl
o P\l\
m ~—
\ \
yo\;; y
X
Yo+ Ay
(xp + Ax, yp) Clxy+ Ax, yy + Ay)
or
Az = fi(c, yo)Ax. (12)

Similarly, G(y) = f(xo + Ax, y) is a differentiable (and hence continuous)
function of y on the closed y-interval joining y, and yo + Ay, with derivative

G'(y) = fy(xo + Ax, y).
Hence there is a y-value d between yo and yo + Ay at which
G(yo + Ay) — G(y) = G'(d)Ay
or
fxo+ Ax, yo + Ay) — f(xo + Ax, y) = fy(xo + Ax, d)Ay
or
Az; = fy(xo + Ax,d)Ay. (13)

Now, as Ax and Ay — 0, we know ¢ — x( and d — y,. Therefore, since f;
and f, are continuous at (xo, yo), the quantities

€ = fx(c, yo) = fx(xo, Y0),
€& = fy(xo + Ax,d) — fy(xo, Yo)

both approach zero as Ax and Ay — 0.
Finally,

(14)

Az = Az + Azp
= fi(c, yo)Ax + fy(xo + Ax,d) Ay
= [fx(x0, Yo) + €11 Ax + [fy(x0, Yo) + €21 Ay
= fi(xo0, Yo) Ax + fy(x0, Yo) Ay + €1 Ax + €; Ay,

From (12) and (13)

From (14)

where €, and €, — 0 as Ax and Ay — 0. This is what we set out to prove.
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Analogous results hold for functions of any finite number of independent vari-
ables. Suppose that the first partial derivatives of

w= f(x,y,2)

are defined throughout an open region containing the point (xo, o, Zo) and that
fx, fy, and f; are continuous at (xo, o). Then

Aw = f(xo+ Ax, yo + Ay, 20 + Az) — f (X0, Yo, 20)
= fidx + fyAy + f;Az+ € Ax + €Ay + €3Az,

(15)

where
€1,€,€63 > 0 when Ax, Ay, and Az — 0.

The partial derivatives f;, f,, f, in this formula are to be evaluated at the point

(0, Yo, 20)-
The result (15) can be proved by treating Aw as the sum of three increments,

Awy = f(xo+ Ax, yo, 20) — f (0, Yo, 20)> (16)
Awy = f(xo+ Ax, yo + Ay, z0) — f(xo + Ax, Yo, 20), (17)
Aws = f(xo+ Ax, yo + Ay, 20 + Az) — f(xo + Ax, yo + Ay, z0), (18)

and applying the Mean Value Theorem to each of these separately. Two coor-
dinates remain constant and only one varies in each of these partial increments
Awy, Awy, Aws. In (17), for example, only y varies, since x is held equal to
Xxo + Ax and z is held equal to z,. Since f(xo + Ax, y, z¢) is a continuous function
of y with a derivative f,, it is subject to the Mean Value Theorem, and we have

Aw, = f,(xo + Ax, y1, 20) Ay

for some y; between y, and yo + Ay.
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Section 2, pp. 15-17

1. 2,-4:25

3. —4.9,0;4.9

5. Unit circle

7. The circle centered at the origin with points less than a radius of
/3 and its interior

1

9. m, = -3 11. m is undefined.
y
A B(-1,3) AQ2,3)
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1 L x 1 -
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A-35
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35. Yes. The lines are perpendicular because their slopes, —A/B
and B/A, are negative reciprocals of one another.

37. 3,-3) 39. (-2,-9) 41. a) =~ —2.5 degrees/inch

b) =~ —16.1 degrees/inch c¢) =~ —8.3 degrees/inch

43. 5.97 atm

45. Yes: C = F = —40° 51.
c y
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. 1 5.2
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3 d d?
9. A=£x2, p=3x 1.x=—, A=2d%* V=—
4 V3 3V3

13. Symmetric about the origin 15. Symmetric about the origin

-2t

21. No symmetry 23. Symmetric about the y-axis

y y

-8 -6 -4 -2

25. a) For each positive value of
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b) For each value of x # 0,
there are two values of y.

4+

27. Even
37. Neither
39. Df:—0c0o<x <00, Dg:x=>1, Rf:—00<y<o0,
Re:y>0, Dpyg=Dso=D;, Rprp:y>1, Rpp:y>0
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Ry:y>1, Dgp:—00<x<00, Rfp:0<y=<2,
Dgjp:—00 <x <00, Rgyp:y=>1/2
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4 4 2 1 2
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1 1
4x2 -5 f) (4x —5)?
47. a) f(g(x)) b) j(g(x) © ggx) d) j(x)
e) g (f(x)) ) h(j(f &)

29. Even 31. Odd 33. Even  35. Neither

€)

4. g(x) fx) fogk)
a) x—17 Jx Vx =1
b) x+2 3x 3x+6
c) x? Vx=5  /x2-5

x x
4 x—1 x — *
1
e) 1+ - x
x—1 x
f) l l X
x x
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c) D:[0,2], R:[0,2] d) D:[0,2], R:[-1,0] 47. x>+ (y —3/2)? =25/4
" y
L
y=-fx)
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X2+ (y-3/2)* = 25/4
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61. Exterior points of a circle of radius +/7, centered at the origin 17. Period 6 19. Period 27
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s (L _Y3) (L3 SE e F
2’ ' 2" 2 23. Period 7 /2, symmetric about the origin
s
2 s=cot2t
Section 5, pp. 43-47 T
55
Laysrm b 2-m 3. 84in =\ o \E \F
5 6 - =2n/3 0 x/2 3m/4 i
=41 1
3 1 1 I
sng 0 YV 1 — bl
2 V2 25. Period 4, symmetric about the y-axis
y
1 1 s
6 -1 —= 1 0 b ' !
cos 3 7 E E
tanf 0 J3 0 UND -l ! s=sec B
1 1
1 N !
cot6 UND — UND 0 -1 C o
V3 -3 -2 -l 12 3 !
secd  —1 -2 1 UND -2 P |
| ]
2 E i
cscd UND -5 UND 1 V2 | | |
N 29. D:(-00,0),R:y=-1,0,1
7. cos x = —4/5,tan x = -3/4 9. sinx=~T,tanx=—x/§ y
1 2
11. sin x = ———,cos x = —— y=lsinx] =sinx
\/g «/5 -2n _g -T l—zf 1:s 2n
13. Period 7 15. Period 2 _‘;olgz—t_éj,__é._‘\_L_/;__) X
y y 71)- B
1 y =cos X

]‘/\y=sin2x/\ /\ /\
V6++/2 1++/3
x . . x 39, —cosx 41. —cosx 43, ————— 45, ———
2 2 —
-1k -1f 47. 2442 49. V3

55. ¢ = /7~ 2.646
4 4 c=+1




A-40 Answers

59. a = 1.464 19. Reflects the portion for y < 0 across the x-axis.
6. A=2,B=2n,C=—-n,D=-1 y

y
y=2sin(x+m)~1

b4 1|: 5 * -|x2+x| 1
/‘5 3 7 > g fr=2tx
_1— x
1 Al
4
_3._

21. Period

2 1
63. A=—=,B=4,C=0,D=— A A
b3 b3
Y _ 2 1
g = 2en(®)d /0 v T \
T 2 2
/)

NN\
-1_ \y 3 \5/ 23. Period 2

1
n y

S

65. a) 37 b) 365 c) Right 101 d) Up 25

Practice Exercises, pp. 48-49 b
1. (0, 11)
3. No, no two sides have the same length; no, no two sides are 25
perpendicular ' y
C? 2 - -
5.A=nr2,C=2nr,A=4—— 7. x =tan 6,y = tan’0 Y Zcos(x 3)
54
9. Replaces the portion for x < 0 with mirror image of portion for )
x > 0, to make the new graph symmetric with respect to the y-axis. ) ) .
; KA
y=lx| -1+
y=x
_2 -
x
27.a)a=1, b=+/3 b)a=23/3, c=4/3/3
- b a
y=x
29. =—— b)c=—— 3L 16.
2) a tan B ) ¢ sin A 6.98 m
33. 3sin x cos?x —sin®x  35.b) 4n
Additional Exercises, pp. 49-50
11. It does not change it. 3. Yes. For instance: f(x) = 1/x and g(x) = 1/x, or f(x) = 2x and
13. Adds the mirror image of the portion for x > 0 to make the new g(x)=x/2, or f(x) =¢€* and g(x) =1In x.
graph symmetric with respect to the y-axis. 5. If f(x)is odd, then g(x) = f(x) — 2 is not odd. Nor is g(x) even,
15. Reflects the portion for y < 0 across the x-axis. unless f(x) = 0 for all x. If f is even, then g(x) = f(x) — 2 is also

17. Reflects the portion for y < 0 across the x-axis. even.



|x|+|y|=l+x

9.2 11.3/4 13.3/15/16 27. -4<m <0

I CHAPTER 1

Section 1.1, pp. 57-60

1. a) Does not exist. As x approaches 1 from the right, g(x) ap-
proaches 0. As x approaches 1 from the left, g(x) approaches 1.
There is no single number L that all the values g(x) get arbitrarily
closetoasx — 1. b)1 ¢) 0

Answers  A-41

17. a) g(6) = (sin 0)/6
6 1 .01 .001 .0001 .00001 .000001
g2(6) | .998334 | .999983 | .999999 | .999999 | .999999 | .999999
6 -.1 -.01 —.001 |-.0001 {—.00001 | —.000001
g(6) | .998334 1.999983 | .999999 | .999999 | .999999 | .999999
lim g(®) =1
19. a) f(x) =x"/0-®
x 9 .99 .999 .9999 199999 [ 999999
f(x)|.348678 | .366032 | .367695 | .367861 | .367877 | .367879
X 1.1 1.01 1.001 1.0001 | 1.00001 | 1.000001
f(x)|.385543 | .369711 | .368063 | .367897 | .367881 | .367878
lin} f(x) = 0.36788
21.4 23.0 25.9 27.mw/2 29.a)19 b)1

4
3l.a) —— b) —ﬁ 33. 1

b4 b4

35. Graphs can shift during a press run, so your estimates may not
completely agree with these.

3. a) True b) True c) False d) False e) False f) True a)| PQ, | PO, | PQO3s | PO,
5. As x approaches O from the left, x/|x| approaches —1. As x 43 46 49 50 The appropriate units are m/sec.
approaches 0 from the right, x/|x| approaches 1. There is no single
number L that the function values all get arbitrarily close to as x — 0. )~ 50 m/sec or 180 km/h
11. a) f(x) = x*=9)/(x+3) 37. a) b) =~ $56,000/year
x | =3.1] =3.01 | —3.001 | —3.0001 | —3.00001 | —3.000001 | = ©) A $42,000/year
f(x) | —=6.1 | —6.01 | —6.001 | —6.0001 | —6.00001 | —6.000001 §
2 100
X —-29 | =299 | —2.999 | —2.9999 | —2.99999 | —2.999999 &
F) | =59 | =599 | —5.999 | —5.9999 | —5.99999 | —5.999999 e
0 lim f(x) =6 e
13. a) G(x) = (x + 6)/(x* + 4x — 12)
X -5.9 -5.99 -5.999 —-5.9999 —5.99999 | —5.999999
G(x) | —.126582 | —.1251564 | —.1250156 | —.1250015 | —.1250001 | —.1250000
x —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) | —.123456 | —.124843 —.124984 —.124998 —.124999 —.124999
c) liII_l6 G(x)=-1/8 =-0.125
15. a) f(x) = > —1)/(Ix| - 1)
X -1.1 | -1.01 | —1.001 | —1.0001 | —1.00001 [ —1.000001
fx) | 2.1 2.01 2.001 2.0001 2.00001 2.000001
x -9 -.99 —.999 —.9999 —.99999 —.999999
fx) | 1.9 1.99 1.999 1.9999 1.99999 1.999999

c) 1in_11 fx)=2



A-42 Answers

39. a) 0.414213,0.449489, (//1+h —1)/h b) g(x) = /x

1+h 1.1 1.01 1.001 1.0001 1.00001 | 1.000001
VI+h 1.04880 | 1.004987 | 1.0004998 | 1.0000499 | 1.000005 | 1.0000005

WIF+h—1)/h | 04880 | 0.4987 | 0.4998 0.499 0.5 0.5
) 0.5 d) 05
Section 1.2, pp. 65-66 b) 1,1 ¢) Yes, 1
1.-9 3.4 5 -8 7.58 9.52 11.27 13.16 9.a) D:0=<x<2,R:0<y<landy=2 b) 0,)U(,2)
15.32 17. 1/10 19. =7 21.3/2 23. —1/2 25. 43 x=2 dx=0
27.1/6  29. 4

31. a) Quotient rule b) Difference and Power rules
¢) Sum and Constant Multiple rules

33.a) =10 b) —20 ¢) —1 d) 5/7
35.a2)4 b) —21 ¢) —12 d) -7/3
37.2 39.3 41.1/2J7) 43. /5 45. a) The limit is 1.
49.7 5l.a)5 b)5
Section 1.3, pp. 74-77
1.5=2 3.8=1/)2

—+ o> ¢ o >

5 7 =712 -3 -12

5.6=1/18

€ : > x

4/9 12 417
7.8=01 9.8=7/16 1.6 = /5 —2 13.6=0.36

15. (3.99,4.01), § = 0.01 17. (=0.19,0.21),8 = 0.19
19. (3,15),6 =5 21 (10/3,5),8 =2/3

23, (—v/45,—+/35),8 =/45-2~0.12

25. (V/15,4/17),8 = /17T — 4~ 0.12

0.03 0.03 0.03
27. {2~ —,24+—),6=—
m m

m
1 c ¢ 1

2. {-——,—+=),6=
(2 mm+2)

c
31. L=-3,6§=0.01 33. L=4,§=005
35. L=4,6=0.75
55. [3.384, 3.387]. To be safe, the left endpoint was rounded up and
the right endpoint rounded down.

Section 1.4, pp. 83-86

1. a) True b) True c) False d) True e) True f) True
g) False h) False i) False j) False k) True 1) False
3.a) 2,1 b) No, lix?+ f(x) # lirgl_ fx) ¢ 3,3 d) Yes,3

5. a) No b) Yes,0 c¢) No

7. a) y
{x3, x#1
y=
0, x=1

ek J
®

\ll—x2 , 0<x<1
y=
y

1, 1€x<2
2, x=2
2F L]
11>\.——0
0 2
1. /3 13.1 15.2/4/5 17.a)1 b) -1 19.a) 1
b) 2/3 21.00 23. —c0 25.-—0c0 27.00 29.a) 00
b) —oco 31l.oo 33 00 35 —o0 37.a) 0 b) —o00

c) —oco d)yoo 39.a) —o0 b)oo ¢)0 d) 3/2

41. a) —oo b) 1/4 c¢) 1/4 d) 1/4 e) It will be —oo.
43. a) —o0 b) oo 45.a) o0 b) oo ¢) oo d) oo
51. & = €2, linsl+ Jx=5=0 55 a) 400 b) 399

¢) The limit does not exist.
61. a) For every positive real number B there exists a corresponding
number § > 0 such that for all x

X—8<x<x = f(x)> B.

b) For every negative real number —B there exists a corresponding
number § > 0 such that for all x

Xo<x<x+6é= f(x) <—B.

c) For every negative real number —B there exists a corresponding
number § > 0 such that for all x

xXo—08<x<xp= f(x) <—B.

Section 1.5, pp. 95-97

1. No; discontinuous at x = 2; not defined at x = 2

3. Continuous 5. a) Yes b) Yes c) Yes d) Yes

7.a) No b) No 9.0 11. 1, nonremovable; 0, removable
13. All x except x =2 15, All x except x =3, x =1

17. Allx 19. All x except x =0

21. All x except x = nmw /2, n any integer

23. All x except n /2, n an odd integer

25. Allx >-3/2 27. Alx 29.0 311
35.¢g3)=6 37. f(H)=3/2 39.a=4/3
63. x ~ 1.8794, —1.5321, —0.3473  65. x ~ 1.7549
67. x ~3.5156 69. x =~ 0.7391

33. V2/2



|x|+|y|=l+x

9. V2

l CHAPTER 1

Section 1.1, pp. 57-60

1. a) Does not exist. As x approaches 1 from the right, g(x) ap-
proaches 0. As x approaches 1 from the left, g(x) approaches 1.
There is no single number L that all the values g(x) get arbitrarily

11. 3/4 13.3J/15/16 27. -4<m <0

17. a) g(@) = (sin 0)/6

Answers

A-41

6 |1 01 .001 0001 [.00001 | .000001
2(6) | .998334 | .999983 | .999999 | .999999 | .999999 | .999999
6 |-.1 —.01 |-.001 |-.0001 |—.00001 |—.000001
2(6) | .998334 | .999983 | .999999 | .999999 | .999999 |.999999
lim ge) =1
19. a) f(x) = x1/1-0
x 9 99 .999 9999 199999 [ 999999
f(x) | 348678 | .366032 | .367695 | .367861 | .367877 | .367879
x 1.1 1.01 1.001 [1.0001 [1.00001 [ 1.000001
f(x) | .385543 | .369711 | .368063 | .367897 | .367881 | .367878
lim f(x) ~ 0.36788
21.4 23.0 25.9 27.7/2 29.a)19 b) 1

4 343
31.a) —— b) 33 33. 1

b4 T

35. Graphs can shift during a press run, so your estimates may not
completely agree with these.

closetoasx —> 1. b)1 ¢)0
3. a) True b) True c¢) False d) False ¢) False f) True a)| PO, | PQ, | PQs | PQy4
S. As x approaches O from the left, x/|x| approaches —1. As x 43 46 49 50 The appropriate units are m/sec.
approaches 0 from the right, x/|x| approaches 1. There is no single
number L that the function values all get arbitrarily close toas x — 0. ) 2 50 m/sec or 180 km/h
1. a) f(x)=(x*=9)/(x+3) 3M.a) b) ~ $56,000/year
x | =31 —3.01 | —=3.001 | —3.0001 | —3.00001 | —3.000001 | % o ©) ~ $42,000/year
fx) | =6.1 | —6.01 | —6.001 | —6.0001 | —6.00001 | —6.000001 %
& 100
X -2.9 | —=2.99 | —2.999 | —2.9999 | —2.99999 | —2.999999 &
fx) | =59 | —5.99 | —5.999 | —5.9999 | —5.99999 | —5.999999 o % s o "
o lim f(x)=-6 b
13. a) G(x) = (x +6)/(x* +4x — 12)
x -5.9 —-5.99 —5.999 —5.9999 | —5.99999 | —5.999999
G(x) | —.126582 | —.1251564 | —.1250156 | —.1250015 | —.1250001 | —.1250000
x -6.1 —6.01 —6.001 —6.0001 | —6.00001 | —6.000001
G(x) | —.123456 | —.124843 | —.124984 | —.124998 | —.124999 —.124999
) lim6 G(x) =-1/8 =-0.125
15. a) f(x) = (> =1D/(Ix| - 1)
X -1.1 | -1.01 | —1.001 | —1.0001 | —1.00001 [ —1.000001
fx) | 2.1 2.01 2.001 2.0001 2.00001 2.000001
X -9 | =99 | —999 | —.9999 | —.99999 —.999999
fx) | 1.9 1.99 1.999 1.9999 1.99999 1.999999

c) lin_l1 fx)=2



A-44 Answers

¢) x#0,x =0, none d) —co < x < 0o, none

49. y' = 3x? is never negative

51. Yes, y + 16 = —(x — 3) is tangent at (3, —16)

§3. No, the function y = |x] does not satisfy the intermediate value
property of derivatives.

55. Yes, (—f) (x) = —(f' (x))

t
57. For g(t) = mt and h(t) =t, lirré Zgi—t; = m, which need not be
t—
zZero.
Section 2.2, pp. 129-131
dy d?y
1. —=-2x, — =-2
dx 77 dx?
d d?
3.2 S 1515, 22 = 300 — 608
dt dt?
dy 2 dzy
=41, ==
5 dx * dx 8x
dw 1 d*w 2
7o — =64 =, — =187~ =
dz 2 42 Z 2

2

dy 5 d%y 4
9.E=12x-—10+10x ,W=12—3Ox

1 dr _ -2 5 d¥ 2 5
ds T 353 227 ds? T st $3

1
13,y = =5x*4+12x* —=2x =3 15 y' =3x>+10x +2 -~ —
x

-19 X4+x+4
7. y=—— 19 g(x)=>"*"%
Y=o P EW=1"05e
dv t2-2t-1 1
P) W % Y N 0 W R
ar = 1+ IO = FmT e

—4x3 - 3x2+1
(X2 =1)2x2+x+1)2
29. y =2x3—3x—1, y" =6x2-3, y" =12x, y?® =12,
y™ =0forn>5
3Ly =2x—7x72, y' =24 14x73

1
2.V =—5+277 21y =
X

dr d*r

33, — =307% — =-120"°
de d6?
d d?

35, o 2 EW g

dz " dz?

d 1 1 d?
3. Lo gt g, S o

1 -4 -6
z _5
dq 677 % dg? "6 29 7

1
2

5
39.2) 13 b) -7 ¢) 7/25 d) 20 4l a) y=—%+—

4

by m=—-4at(0,1) ¢) y=8x—15,y=8x+17

43, y=4x,y=2 45.a=1b=1,c=0 47.a) y=2x+2,
dP nRT 2an?

“dv T (V—nb? ' V3

51. The Product Rule is then the Constant Multiple Rule, so the latter

is a special case of the Product Rule.

c) (2,6) 49

4 (x"/2) = Syt

3 1/2 5 3/2 7 5/2
55.a)2x,b)2x,0)2x,d)dx >

Section 2.3, pp. 139-143

1. a) 80 m, 8 m/sec b) 0 m/sec, 16 m/sec; 1.6 m/sec?, 1.6 m/sec?
¢) no change in direction

3. a) —9m,—3 m/sec b) 3 m/sec, 12 m/sec; 6 m/sec?, —12 m/sec?
¢) no change in direction

5. a) —20m, — 5 m/sec b) 45 m/sec, (1/5) m/sec; 140 m/sec?,
(4/25) m/sec’> c) no change in direction
7. a) a(l) = —6 m/sec?, a(3) = 6 m/sec’
¢c) 6m

9. Mars: = 7.5 sec, Jupiter: = 1.2 sec
11. a) 24 — 9.8t m/sec, —9.8 m/sec? b) 2.4 sec c¢) 29.4 m

d) 0.7 sec going up, 4.2 sec going down e) 4.9 sec

13. 320 sec on the moon, 52 sec on Earth; & 66,560 ft on the moon,
2 10, 816 ft on Earth

15. a) 9.8t m/sec, b) 9.8 m/sec?

17. a) t =2,t=7 b)3<t<6

b) v(2) = 3m/sec

c) d)
[ol (m/sec) a _ﬂ
4 T odt
Speed 3 O=——0
3 2
1
0 Lol Al L L | t
LV Vo 123456780910
2 4 6 10 1 (sec) _é
-3} o——0
-4
19. a) 190 ft/sec b) 2sec c) 8 sec, O ft/sec, d) 10.8 sec,

90 ft/sec e) 2.8 sec f) greatest acceleration happens 2 sec after
launch g) constant acceleration between 2 and 10.8 sec, —32 ft/sec?
21. a) Answers will vary.

v a

100 -

5ol 25

/T\ I ' \ L ! f
0 5 10 15 0 5 10 15

=50 sk
_lw.—
-150} -sor
=200 =75




b)
v a
1001 =30r-32 30
sok S \:30—61
1 1 t 1 1 t
o 5 1\ 15 0 s\ 10 15

_sok
-100} -0}
-150F
-200} 60

23. C = position, A = velocity, B = acceleration
25. a) $110/machine b) $80 c¢) $79.90
27. a) 10* bacteriash b) O bacteriah c¢) —10* bacteriash

t
29. a) oo 1 b) Fastest (dy/dt = —1 m/h) when ¢ = 0, Slowest

(dy/dt = 0 m/h) when ¢ = 12

31. t =25 sec, D = 6250/9 m

33. a) t =6.25sec b) Up on [0, 6.25), down on (6.25, 12.5]

c) t =6.25 sec d) Speeds up on (6.25, 12.5], slows down on
[0,6.25) e) Fastest at t = 0, 12.5, slowest at ¢t = 6.25

f) t =6.25 sec

35. a) t = (6+/15)/3 b) left on ((6 — +/15)/3, (6 + ~/15)/3));
right on [0, (6 — ~/15)/3) U ((6 + +/15)/3,4] ¢) t = (6 £ /15)/3
d) Speeds up on ((6 — +/15)/3,2) U ((6 + ~/15)/3, 41,

slows down on [0, (6 — +/15)/3) U (2, (6 + +/15)/3)

e) Fastest at t = 0, 4; slowest at 1 = (6 £ +/15)/3)

f) t=(6++15)/3

Section 2.4, pp. 152-154

1. —-10—3sinx 3. —csc x cot x — 5.0

2
Jx
—csc? x 5
9. 4 tan x sec x — csc” x

 — 11. x?
1T cotx)? X* cos x

B.osect r—1 15 —28CLOU 9 cos 0 +25in 6)
(1 —csc t)?
19. sec 6 csc 6 (tan & — cot f) =sec? § —csc? 6 21. sec? ¢
23.sec’q 25.a) 2csc® x —cscx b) 2sec® x —secx
27.0 29. -1 31.0 33.1 3534 37.2 39.112
41. 2 43.1 45.12 47.3/8
49, 51.
y y=secx
1 y=sinx ' '
(w4, \2)

1 1
R SOV RN * '
y=-1 @gp,-1) :
'

Answers

53. Yes,at x =  55. No

7 (5

y
y=tanx

(m/4, 1) 1
'
T

=2x--+1
4 2
1 1 :

-n2  -m4 w4 2

X

'
]
: -1} '
'
,
:
'

59.2) y=—x+m/2+2 b) y=4—4/3

A-45

61. —/2 m/sec, v/2 m/sec, ~/2 m/sec?, v/2 m/sec>  63. c =9
65. sin x
Section 2.5, pp. 160-163
1. 12x3 3.3 cos(Bx+1) 5. —sin(sin x) cos x
7. 10 sec?(10x — 5)
. dy dydu
 Withu=x+1).y=us: 2D =D _ 54,9
9. Withu=Q2x+1),y=u Tx = duidx Su

102x + 1)*

“dx  dudx

dy dyd
1. Withu = (1 — (/7)) y =u~": 22 = 2L _ 7,8, <__>

--3"
dy dydu

13. With u = ((x?/8) +x — (1/x)), y = u* : —=

"dx  dudx

x2+ 1’ x+1+1
o2 d -
8 x 4 x?

d dyd
15. Withu:tanx,y:secu:-—z =& _
dx dudx
(sec u tan u)(sec? x) = sec (tan x) tan (tan x) sec? x
. . dy dydu
17. With u = =3 2L =TT 3,2 —
ithu =sinx,y=u dx = dudx u” cos x

3 sin’ x(cos x)
1 4 csc 0

19, —— 21. —(cos 3t —sin5¢) 23, —M8M8—
24/3 —1t b4 cot 6 + csc 6
25. 2x sin* x + 4x2 sin® x cos x + cos™2x + 2x cos™3 x sin x
1 4. 3)3(4 7
27. (3x —2)° — 29, XU+
(x +1)*

12

x? (“ - 2—)

31, /x sec?(2y/x) +tan 2/x) 33
dr

" de

dq
37. L =
dt (

2 sin 6
(1 + cos 6)2

= —2 sin (6?) sin 20 + 26 cos (26) cos (62)

—t +2 ) COS (—t )
2(t + 1)32 Ji+1



A-46 Answers

. 8 sin (2¢)
39. 27 sin (7[ t— 2) Cos (71' t— 2) 41. m

43. —2 cos (cos (2t — 5))(sin (2t — 5))
2
(L (! !
45. <l+tan (12)) (tan (12) sec (12>>

g, L) g 6 (1 + 1) <1 + 3)
1+ cos (t2) X X
51. 2csc?(Bx — 1) cotBx—1) 53.5/2 55. —m/4 57.0
59.a)2/3 b)2x+5 ¢) 15-8r d) 37/6 e) —1
f) v2/24 g 5/32 h) —5/(3V/17)
6.5 63.a)1 b1l 65 a)y=nx+2-m b)n/2
67. It multiplies the velocity, acceleration, and jerk by 2, 4, and 8
respectively.

69. 2 / = SCC
V= 3 s€C, a = 125 /

Section 2.6, pp. 170-172

10 3 20 A
"4 T3 T 2+ 6
2x2+1 ds _ zt_5/7
TereD”2 T dr T
dy 4 -5/3 -2/3
13, = = — (21 + 5P cos [(2t +5)7°]
dt 3
-1
15. f'(x) = ——=
4/x(1 = /x)
, 2 . ~2/3 —2xy — y_2
17. 1(6) = -3 (sin 26)(1 + cos 26) Y iy
by 1= —2x3 4 3x%y —xy* +x 1
" 2x+2y -1 xly — x4y Dy
—_ 2 —_—
27. o'y 29, ZSOS GOV Y
X
2 -
- : y : 33, —é__r— 35. 7’
y sin (—) — cos (—) +Xxy 6
y
2 42
37-)’/:_{,}’”: Yy 3x
y y
1 o@D
39.y/=x+ ,y"zy (X3+)
y y
1
ay= o L -2
Jy+1 23+ 17
7 1
. (2 Dim=-1, (=2,-Dim=1 4l.a) y=_x-7,

4 29
by y=-—zx+ >

1 8
7 49. a) y =3x +6, b)y=—§x+_

3

77
b) y=—cx—¢

6 6
51.a)y=7x+— 5

77

2
71

b) y=

53. a) y=—%x+n, +

E RN
N

1
b) y= —— 4+ —
)y 271'+27'r

57. Points: (—+/7,0) and (+/7,0), Slope: —2
59. m=—1at <£ “/—§>,m=ﬁ (‘/_ 1)

55. a) y =2nx — 2m,

4° 2 4°2

27 27 27
61. (-3,2):m= —g; (-3,-2):m= §; (3,2):m= g;

27
(3, "2) m= —-—g—
63. a) False b) True c¢) True d) True 65. (3,—1)
69. dy  y+2xy dx _ X 43xy? dx 1
dx  x2+43xy2 dy y3+2xy'dy  dy/dx
Section 2.7, pp. 176-180
dA dr dv ,dh av dr
1. — =2ar— — = b) — =2whr—
ar = ar V=" D =Ty
dv ,dh dr
A 4 mhr—
e ST TG
5 1 volt/ b) 1 y )dR_l dv  vdl
. a) 1 volt/sec 3 amp/sec ¢ 2 7\ Z T
d) 3/2 ohms/sec, R is increasing.
as X dx
7.8) — = ———
dt 1/_x2-|-y2 dt
b) as _ x dx y dy 0 dx _ ydy
dr f—x2+y2dt /X% + y2 dt dt ~—  xdt
9. a) ﬁ = lab cos 6 —
dt 2 dt
dA 1 de 1 da
b) — = —ab 60— + =bsin 6 —
) dt 2a €08 dt + 2 sin dt
dA

1 dé 1 d 1 db
c) :i—t—=§abc0305+5bsin9£+§a sinOE
11. a) 14 cm?/sec, increasing b) 0 cm/sec, constant
¢) —14/13 cm/sec, decreasing

13. a) —12 ft'sec b) —59.5 ft*/sec c) —1 rad/sec

dh
15. 20 ft/sec  17. a) m = 11.19 cm/min

d
b) d—: = 14.92 co/min

b) r = /26y — 2
)T ymYIm O T T 288

21. 1 ft/min, 407 ft*/min  23. 11 ft/sec
25. Increasing at 466/1681 L/min  27. 1 rad/sec

19. a) —! /min
247w
d 5
c) T___ 2 m/min

29. —5 m/sec

10

31. —1500 ft/sec  33. % in/min, £y in?/min ~ 35. 7.1 in/min
b4

37. a) —324/13 =~ —8.875 ft/sec,

b) d6,/dt = —8/65 rad/sec, db,/dt = 8/65 rad/sec
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¢) db,/dt = —1/6 rad/sec, d6,/dt = 1/6 rad/sec 59 3 1
39. 29.5 knots 69. E, Z and E, "Z 71. (—1, 27) and (2, 0)
73. a) (—2,16),(3,11) b) (0, 20), (1, 7)
Chapter 2 Practice Exercises, pp. 181-185 7.
y
L.5x* —25x+.25 3.3x(x—2) 5 2(x+D@x2+4x+1)
1 y=tanx

7. 3(9? 6 + 1)2(260 6 tan 6 9, — — =L,z

(6° +sec 0 + 1)°(20 + sec an 0) Zﬁ(1+ﬁ)2 y 2)r+8+] 1 i)

11. 2 sec? x tanx  13. 8 cos(1 — 2¢) sin (1 — 2¢)
6 cos 6 + sin 6 19 cos +/26 ) ) ) )
. /729 sin 0 . /—20 -2 -T/4 /4 2

2 2 2
21. xcsc | =) +csc | —)cot|— (~n/4, -1) oyl
X X X 2 8

1
23. 3x'/% sec(20)*[16 tan (x> =x7?]  25. —10x csc? (x?)

15. 5(sec t)(sec t +tan t)° 17

—(t+1) 77. 1/4 79. 4
27. 8x3 sin (2x2) cos (2x2) + 2x sin®(2x2) 29, 3 1 9
8t 81. Tangent: y = ——x + —; Normal: y = 4x — 2
3 Lo 1 —2sin 6 4 4
T (x41)? ) 1\~ " (cos 6 — 1)2 e 4 o1 7
252 (1 + ;> 83. Tangent: y = 2x — 4; Normal: y 2x + 2
85. Tangent > + 6; Normal 4 1
5 2 2 . ty=-—-x+6; Py ==X — —
3.3/ +1 9. -9 (#ﬂ%) ek 4 5505
(5x% + sin 2x)%/ x+3 87. (1,1) : m = —1/2, (1, —1); m not defined
3x2—4y+2 1 89. B = graph of f, A = graph of f’
43, X TV EL s 4 ——
4x — 4y'/3 2y(x +1)?
dp 69 —4p dr
49, —=—"— 51. — =2r—1)(tan 2
dq 3p*+4q ds (@r = 1)(tan 25)
2 93 9 2 v
53. a) d_y _ 2xy’ — 2x b) g_y _ 2xy* —1
dx? 33 dx? x4y3
55.a)1 b)6 c¢)1 d) —1/9 e) —40/3 )2 g) —4/9
-2 93. a) 0, 0 b) 1700 rabbits, 1400 rabbits 95. 3/2 97. —1
5.0 59.v3 61 -1/2 63 TEED 99.1/2 101 4 103.1 107. Yes k =1/2
65. a) b) Yes c¢) Yes ds dr ds dh
109. a) — = (4nr +27h)— b) — = 2wr—
2 09. ) dt (mr +2m )dt ) dt "
1
ds dr dh dr r dh
= = nr+2mh)— +21r — d) — =— =
\ ° dt (nr+”)dt+mdr )dt 2r +h dt
. , 111. —40 m%/sec  113. 0.02 ohm/sec  115. 5 m/sec?

X
-1 0 1
2 125 .
\ 117. a) r = 3 h b) ~adm ft/min
_l -

3 18
119. a) 3 km/sec or 600 m/sec b) - RPM

Chapter 2 Additional Exercises, pp. 185-187

1. a) sin 260 = 2 sin 6 cos 6; 2 cos 26
67. a) b) Yes c) No =2 sin 6 (— sin 0) + cos 6 (2 cos 0); 2 cos 260
= —2sin?0 + 2 cos?; cos 20 = cos? O — sin’ O
b) cos 26 = cos?6 — sin®H; —2 sin 260
=2 cosB (—sin 6) — 2 sin 6 (cos 6); sin 26
= cos 6 sin 6 + sin 6 cos 6; sin 260 = 2 sin 6 cos 6
3.a)a=1,b=0,c=-1/2 b) b=cosa,c=sina
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S. h=-4k=9/2,a= §j—§
7. a) 0.09y b) increasing at 1% per year

9. Answers will vary. Here is one possibility.

v

of

11. a) 2 sec, 64 ft/sec b) 12.31 sec, 393.85 ft.

5.0 m=-2, bym=—1,b=n 17.2) a=3/4 b=9/4
b4

23. K’ is defined but not continuous at x = 0; k’ is defined and con-

tinuous at x = 0.

l CHAPTER 3

Section 3.1, pp. 195-196

1. Absolute minimum at x = ¢,, absolute maximum at x = b

. Absolute maximum at x = ¢, no absolute minimum

3
5. Absolute minimum at x = a, absolute maximum at x = ¢
7

. Absolute maximum: —3, absolute minimum: —19/3

2 10 1 2 3

—3 =
Abs
-4 max
-5 _Z S
(—2,—19/3%_ y=3%-
Abs -2<Sx<3

min -1r

9. Absolute maximum: 3, absolute minimum: —1

(2,3) Abs
3 max

-1<x<2

« x
-\ / 1 2
©,-1) Abs

min

11. Absolute maximum: —0.25, absolute minimum: —4

(2,-0.25)
Abs max

y=-—.05<xs2
X

0.5,-4)
Abs min

13. Absolute maximum: 2, absolute minimum: —1

(®,2)
Abs
max

15. Absolute maximum: 2, absolute minimum: 0

y
y=‘,4—x2 (0, 2) Abs max
-2<5x<1
1+
- L L x
(2,00 -1 O 1
Abs
min -1F

17. Absolute maximum: 1, absolute minimum: —1
y
(n/2, 1) Abs max

L L
/2 5m/6

-1 y=sin 6, -n/2 < 0 < 51/6
(-n/2,-1)
Abs min

19. Absolute maximum: 2/\/5, absolute minimum: 1
y Abs Abs

max max
@3,2\3)  u3,2\3)

12
1.0
08 y=cscx (w2, 1)
y T/3<x<2M/3 Aps
06 min
0.4
02
L 1 L
0| 3 m2 2m/3

21. Absolute maximum: 2, absolute minimum: —1
y

(0,2) Abs
max

y=2—|l|
-1<1<3




23. Increasing on (0, 8), decreasing on (—1, 0), absolute maximum:
16 at x = 8, absolute minimum: 0 at x =0

25. Increasing on (—32, 1), absolute maximum: 1 at 6 = 1,
absolute minimum: —8 at § = —32

27. a) Local maximum: 0 at x = %2, local minimum: —4 at x = 0,
absolute maximum: 0, absolute minimum: —4

b) Local maximum: O at x = —2, local minimum: —4 at x = 0,
absolute maximum: 0, absolute minimum: —4

¢) No local maximum, local minimum: —4 at x = 0,

absolute minimum: —4

d) Local maximum: O at x = —2, local minimum: —4 at x = 0,
absolute minimum: —4

e) No local extrema, no absolute extrema  29. Yes

Section 3.2, pp. 203-205

.12 3.1
5. Does not; f is not differentiable at the interior domain point x = 0.
7. Does

11. a)
i & L 2 & X
-2 0 2
11 L 2 L 2 L 2 X
-5 -4 -3
iii. *~——o . x
-1 0 2
1v. 2 2 -@- & L 4 . 2 x
0 4 9 18 2%

27. 1.09999 < f(0.1) <1.1 31. Yes 33.a)4 b)3 ¢)3

x? x3 x4
35. a) — — —
a) 2+C b) 3-i-C c) 4+C
1 1 1
37.a) —+C b)x+-+4+C ¢c)5x——-+C
X X X
1 t
39. a) —5c052t+C b)25in§+C

1 t
c) -3 cos 2t +2 sin§+C

41, f(x)=x>—x 43.r() =80 +cotb —27r —1

Section 3.3, pp. 208-209

1. a) 0, 1 b) increasing on (—o0, 0) and (1, 00), decreasing on
(0, 1) c¢) local maximum at x = 0, local minimum at x = 1

3. a) =2, 1 b) increasing on (—2,1) and (1, 00), decreasing on
(=00, —2) c¢) No local maximum, local minimum at x = —2

5. a) =2, 1,3 b) increasing on (-2, 1) and (3, 00), decreasing on
(=00, =2) and (1, 3) c¢) local maximum at x = 1, local minima at
x=-2,3

7. a) —2,0 b) increasing on (—oo, —2) and (0, 00), decreasing on
(—=2,0) c¢) Local maximum at x = —2, local minimum at x = 0
9. a) increasing on (—oo, —1.5), decreasing on (—1.5, c0)

Answers  A-49

b) local maximum: 5.25 at t = —1.5

¢) Absolute maximum: 5.25 at t = —1.5

11. a) Decreasing on (—o0, 0), increasing on (0, 4/3), decreasing
on (4/3,00) b) local minimum at x = 0 (0, 0), local maximum at
x =4/3 (4/3, 32/27) c¢) no absolute extrema

13. a) Decreasing on (—o0,0), increasing on (0, 1/2), decreasing
on (1/2,00) b) local minimum at & = 0 (0, 0), local maximum at
0 =1/2 (1/2, 1/4) c¢) no absolute extrema

15. a) Increasing on (—o0, 00), never decreasing b) no local ex-
trema c¢) no absolute extrema

17. a) Increasing on (—2,0) and (2, 00), decreasing on (—o0, —2)
and (0, 2) b) local maximum: 16 at x = 0, local minimum: 0 at
x = %2 ¢) no absolute maximum, absolute minimum: 0 at x = +2
19. a) Increasing on (—oo, —1), decreasing on (—1,0), increasing
on (0, 1), decreasing on (1, o)

b) local maximum at x = +1 (1, 0.5), (—1, 0.5), local minimum at
x=0(0,0) c) absolute maximum: 1/2 at x = %1, no absolute min-
imum

21. a) Decreasing on (——2«/5, —2), increasing on (—2, 2), decreas-
ing on (2,2+/2) b) local minima: g(—2) = —4, g(2v/2) = 0; lo-
cal maxima: g(—2«/§) =0,g(2) =4 c) absolute maximum: 4 at
x = 2, absolute minimum: —4 at x = —2

23. a) Increasing on (—o0, 1), decreasing when 1 < x < 2, decreas-
ing when 2 < x < 3, discontinuous at x = 2, increasing on (3, 00),
b) local minimum at x = 3 (3, 6), local maximum at x = 1 (1, 2)
¢) no absolute extrema

25. a) Increasing on (—2, 0) and (0, 00), decreasing on (—oo0, —2)

b) local minimum: —62atx = -2 ¢) no absolute maximum, ab-
solute minimum: —6+/2 at x = —2

27. a) Increasing on (—oo0, —2/«/7) and (Z/ﬁ, 00), decreasing on
(=2/+/7,2//7) b) local maximum: 24/2/7"/6 ~ 3.12 at

x = —2/+/7, local minimum: —24Y/2/7"/6 ~ =3.12 at x =2//7
¢) no absolute extrema

29. a) Local maximum: 1 at x = 1, local minimum: 0 at x = 2

b) absolute maximum: 1 at x = 1; no absolute minimum

31. a) Local maximum: 1 at x = 1, local minimum: 0 at x = 2

b) no absolute maximum, absolute minimum: O at x = 2

33. a) Local maxima: —9 at¢t = —3 and 16 at ¢t = 2, local minimum:
—16 att = —2 b) absolute maximum: 16 at t = 2, no absolute
minimum

35. a) Local minimum: 0 at x =0 b) no absolute maximum, ab-
solute minimum: 0 at x =0

37. a) Local minimum: (7 /3) — JV3atx=2n /3, local maximum:
0 at x = 0, local maximum: 7 at x = 27w

39. a) Local minimum: 0 at x = /4

41. Local maximum: 3 at § = 0, Local minimum: —3 at § = 2x
43.

<
<
<
<
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45, a) b)

y=8(x)

o] 2

47. Rising

Section 3.4, pp. 217-220

1. Local maximum: 3/2 at x = —1, local minimum: —3 at x = 2,
point of inflection at (1/2, —3/4), rising on (—o0, —1) and (2, 00),
falling on (—1, 2), concave up on (1/2, 00), concave down on
(—00,1/2)

3. Local maximum: 3/4 at x = 0, local minimum: O at x = 41,

34 34
points of inflection at { —+/3, %_ and [ /3, Tf), rising on
(—1,0) and (1, 00), falling on (—o0, —1) and (0, 1), concave up on

(=00, —+/3) and (+/3, 00), concave down on (—+/3, v/3)

3
5. Local maxima: —27/3 + +/3/2 at x = =27 /3; % + %
3
atx = f—, local minima: I £ at x = —E; 2n /3 — ~/§/2
3 3 2 3
2 . . .
at x = 3 points of inflection at (—m /2, —m /2), (0, 0),

and (7 /2, 7 /2), rising on (—m /3, 7 /3), falling on (—27/3, -7 /3)
and (r /3, 27t /3), concave up on (—x /2, 0) and (v /2, 27t /3), concave
down on (—27/3, -7 /2) and (0, 7 /2)

7. Local maxima: 1 at x = —% and x = g—; 0 at x = —27 and

x = 2m; local minima: —1 at x = —37” and x = 37”,0atx=0,

points of inflection at (—, 0) and (=, 0), rising on (—37 /2, —7/2),
(0, /2) and (37/2,2m), falling on (—2m, —37/2), (—n/2,0) and
(/2,37 /2), concave up on (—2x, —) and (7, 27), concave down

on (—m, )
9. 11.
y y
y=x3—3x+3
AR
3
2
y=x2—4x+3
1k
— 1 1 | 1 1 x
-4 -3 -2 -1 0] 1\ 2 4
e
-2 Locmin
x

13.
(2, 5) Loc max
Infl I
an 2r
1E
TR T R (SR W R N )
-3 —1\/1 2
0,-3
Lf)cmilz y=—2X3+6x2—3
17.
y
yoxto2?
-1
Loc max
©,0)
1 L \ - L
-2 -1 1 2
Loc min Loc min
1,-1) - \ a.-n
(-11\3,-5/9) ans, =519
Infl L Infl
21.

25.
y
2F _ s
Vert tan yex
atx=0_1 /"_
1 1 | \ L 1 1 x
-3 -2 -1 \ 1 2 3
/X— (0,0)
Infl
-2F
29.
Yy
y=2x- 3x2/3
Cusp, Loc max
0,0)
1 1 1 1 1 1 x
4 5

15.
y
3k
2F Infl
@1
1k
1 1 1 1 1
-2 -1 0 1 2 3 4
_‘l -
_2 =
y=(x- 2)3 +1
19.
3,27
27 Loc max
21
-, 16), y=dxd -t
15F Infl
9 -
Infl [
©.03F (I
-1 2 3 |4
23.
y
Max
2nf @2m, 2m)
y=x+sinx
(m, )
-
Infl
Min | Ly
0 n 2n
27.
y
) y =12/5
1
1 | 1 1 1 1 1 1
-4 -3 -2 -1 \1 2 3 4
0,0)
Cusp
Loc min
31.
y
y=xG-»

Infl
(172, 3/Na)
1

| (1,3/2) Loc max
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b2 b4
3 3. 53. y" =2tan @ sec’f,—— <0 < =
y Loc max y 2 )
29 A
Nl i 0=-T Loc max
3F 6F . 4
-3 ! (3,6) Loc min
= ab
2r YT .
Loc max 1H 2 ,.\:(I.Z)meax
(—2\15, 0) (0, 0) Infl Lo oy,
— — x -8 -6 -4 42 2 4 6 8
2 -1 1 2 @V2,0) Y n
B Loc min
4t
2f i
3F y=al-? '8k
(-2,-4) 4 ‘ )
Locmn §5. y' = —sint,0 <t <2n 57 ¥ = —SG+ )P
n
t==
37. 2 Loc max
Loc max t=2n
t=0 =T
Loc min Infl 3m
=2
Loc min
X
-2, x<0
6L y
L 2, x>0
-2 (-1,0)
Loc min
Ay =1-2x By =36 =3~ 1) -
x=0

63.
Loc max y
Loc max y'7 Y
Infl Y
P
Loc min
47. y" = 4(4 — x)(5x% — 16x + 8) .
Loc max /
x=8/5
1 0 67. Point ! "
49. y” =2 sec’ x tan x 51 y' = —=csc?=,0 <0 <27 Y y
27 2 s - +
6=m
Loc max Q N 0
Infl
R + —
x=0
S 0 -
T - -
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73. =~ 60 thousand units

75. Local minimum at x = 2, inflection points at x = 1 and x = 5/3
79. b =-3

b 4ac —b?
81. a) ———,—?—C—~—~

2a 4a
ifa<0

85. The zeros of y’ = 0 and y” = 0 are extrema and points of inflec-
tion, respectively.

Yy
w02y
w0f VW (X/ /
j — 1 1 |

VT~ A s
-200} y'=5x(x-4)

—400}
y=x> - 5x* 240

87. The zeros of y' = 0 and y” = 0 are extrema and points of inflec-
tion, respectively. Inflection at x = —«3/5, local maximum at x = —2,
local minimum at x = 0.

y’=4x(x3+ 8) Y
100
soF
1 Il IX
-3/ -N/- |1 2 3
-50—y=§x5+16x2-25

-100f-
y'=16(x*+2)

> b) concave up if a > 0, concave down

91. b) f'(x) = 3x? + k; —12k; positive if k < 0, negative if k > 0,
0 if k = 0; f’ has two zeros if k < 0, one zero if k = 0, no zeros if
k>0

93. b) A cusp since lirgf y' =00 and lim y' = —00

x—

95. Yes, the graph of y’ crosses through zero near —3, so y has a
horizontal tangent near —3.

Section 3.5, pp. 230-233

l.a) =3 b) =3 3.2a)1/2 b) 1,2
7.0 9.-1 11.a)2/5 b)2/5 13.a)0 b) O

15. a) —o0 b)oco 17.a) 7 b)7 19.a) —o00 b) o©
21. a) o0 b) —oc0 23.a) —-2/3 b) -2/3 25.0 27.1
29, ©

5.2a) =5/3 b) —5/3

31. Here is one possibility. 33. Here is

one possibility.

y y

\

y=fx)

)

1
x

' 0

35. Here is one possibility. 37. Here is

y
h(x)= =, x%0
IXI 1
0

one possibility.

39. 41.

X

-1
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8/(x? +4)

y=

’

3

2

1
-2F
-3

I
-2 -1

!
-3

65.
69.
73.

83. 2
85. b) One possibility is f(x) =2+ (1/x) sin (x?).

79. Increasing

9. x=1, x=-1,y=x—-1

1—x

8. x=-1, y

c) cusp at x = +1

101. The distance in part (c) is so great that small movements are

not visible.

103. 1

b) y > oo,

99. a) y —> o0,

107. 3

105. 3,2
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Section 3.6, pp. 242-247

.r=25m,s=50m 3. 16in. 5. 2a) (x,1—x)
. 14 35 5,
b) A(x) =2x(1 —x) c¢) 1/2 square units 7. 5 X £y X 3 in.
9. 80,000 m?>  11. base: 10 ft, height: 5 ft  13. 9 x 18 in.
10
15. n/2 17.r=h=—-=ocm 19. a) 18 x 18 x 36 in.

Ir
21. a) 12cm, 6 cm b) 12 cm, 6 cm

23. a) The circumference of the circle is 4 m.

25. If r is the radius of the semicircle, 2r is the base of the rectangle,
and # is the height of the rectangle, then (2r)/h = 8/(4 + 7).

2
29. ;—0 +50  31. a) 43 x 4/61n.
8
35. a) When ¢ is an integer multiple of =
2 4r /3

b) l=?,t=?,37

27. /6 33. 2+/2 amps

37. a) t=§,t=4
5

8 2187
8 4 2187 . .
b) 5 <t< c) 25 units/time

41. No. The function has an absolute minimum of 3/4.

43. a) <c—%,,lc—%> b) (0,0) 45.a)a=-3,b=-9

b)a=-3,b=-24 47.2) y=-1 49. (7/2)4/17

2
53. M =c)2 55.§+50 57”/7'”

Section 3.7, pp. 257-260

1
1. 4x -3 3. 2x-2 5. Zx+1 7.2x 9. -5

1 4
1L —x+-
1 12x+3

15.2) Lx)=1 b) L(x)=2—2x/§(x+7—;-> 17. a) 1+ 2x

13. a) L(x)=x b) Lx)=m —x

b) 1—=5x ¢) 2+42x d) 1—6x e) 3+x f)l—%

3
19. Sx+ 1. It is equal to their sum.  21. (3x2 - %) dx

1 — 5
Y dx 27, —— cos (54/%)dx

2 —2x2
al 25.
3/y+x 2./x

TS he

23.

3
29. (4x?) sec? (%) dx

3

31
Jx

(csc (1 — 24/x) cot (1 — 24/%)) dx b) .2

¢) .01 35.a) 231 b) .2 ¢).031 37.a) —1/3 b) -2/5
¢) /15 39.dV =4nrldr 41.dS=12xydx

43. dV =2nrghdr 45. a) 087 m?> b) 2% 47. 3%

49. 3% 51. 1/3%  53. .05%

33. a) .21

57. Volume = (x + Ax)® = x> + 3x2(Ax) + 3x(Ax)? + (A x)?

X

/ 7 Ax
Ax [ _w__)/
Ax [;'r-m RZI IL7 Z !
— pad !
X
v
L) Ax
Ax

Section 3.8, pp. 266-268

1. x, =13/21, —=5/3 3. xp =5763/4945, —51/31

5. xp=2387/2000 7. x~0.45 9. Therootis 1.17951
13.

15. a) The points of intersection of y = x> and y=3x+1or y =
x3 —3x and y = 1 have the same x-values as the roots of part (i) or
the solutions of part (iv). b) —1.53209, —0.34730

17. 2.45, 0.000245 19. 1.1655 61185  21. a) Two

b) 0.3500 35015 05249 and —1.0261 73161 5301

23. +1.3065 62964 8764, +0.5411 96100 14619

25. Answers will vary with machine used.

27.  xo Approximation of corresponding root
-1.0 —0.976823589
0.1 0.100363332
0.6 0.642746671
2.0 1.98371387

Chapter 3 Practice Exercises, pp. 269-272

1. No
3. No minimum, absolute maximum: f(1) = 16, critical points:
x=1and 11/3

7. No 11. b) one 13. b) 0.8555 99677 2



Answers  A-55

19. 21. b)
Yy y Loc max
15T
3 y=-x0+6x5-9x+3
3 -
8|
3
_ .2 )c3 1
y=x-=
WL 6
L x Infl
Lo Lo ! x \l/z 3 4 x=1
21 0] 1 2 4 6 -1k \ Loc min
_2 -
39.
23. 25. ? .
H
y y 1
T = 3,\:2/3 y=i——t1=l+——43:
I Ll ) ey ¥
5 - 1
-3, 9 18 27 !
-4 —— !
@4 o
_________ P T
— L I x
-ITN 234 6
H
Ll
_3 - :
H
27.
y 43.
2F y
|
1+ i
i
1 1 ] r's x E
-1 1 2 3N S ! .
O N -uﬁ: | . .m_‘
4 -3 \1-10] 123 4
1 _I - 1
b \ |
L -2 i
| |
\-3r :
29. a) Local maximum at x = 4, local minimum at x = —4, inflec- ' '
tion point at x =0
b)
31. a) Local maximum at x = 0, local minima at x = —1 and

x = 2, inflection points at x = (1 ++/7)/3

49.2)1=0,6,12 b)r=3,9 ¢)6<t<12 d)0<z<6,
12<t<14

33. a) Local maximum at x = —+/2, local minimum at x = +/2, in- 51.2/5 53.0 55 —oc0 57.0 59.1 61.a)0,36
flection points at x = £1 and 0 b) 18, 18  63. 54 square units  65. height = 2, radius = /2



A-56 Answers

67. x=15mi, y=9 mi 69. x =5 — +/5 hundred ~ 276 tires,
y = 2(5 — +/5) hundred = 553 tires
71. a) L(x) =2x + (m —2)/2

y

- y=tanx
y=2x+(n-2)2

1 I
—n/4 n/4

(-n/4, ~1) -1

b) L(x) = —v2x + /24 —m)/4

y

'
'
'
'
'

y=secx

:
i
i
i
i
i
i
i
i
i
i
i
i
i
i
i
)
/

X

n2  -m4 O \ 2

y=-V2x+V2(4-ny4

2
73. L(x) =15x+05 75. 4V = 57‘[ rohdr

77. a) error < 1% b) 3%
81. x5 = 2.1958 23345

79. dh ~ £2.3271 ft

Chapter 3 Additional Exercises, pp. 272-274

3. The extreme points will not be at the end of an open interval.

5. a) A local minimum at x = —1, points of inflection at x = 0 and
x =2 b) A local maximum at x = 0 and local minima at x = —1
1+£4/7

and x = 2, points of inflection at x =

13. Yes

3

11.a=1,b=0,c=1 15. Drill the holeaty = h/2.

17. r = for H<2R,r =R if H <2R

RH
2(H — R)
21. a) 0.8156ft b) 0.00613sec c) It will lose about 8.83 min/day.

l CHAPTER 4

Section 4.1, pp. 280-282
1. a) x2 b)f c)x—3—x2+ 3. a) x7? b)—l -3
. 3 3 X . X 3x

1 1 5 5
¢) —=x34+x243x 5.a) —= b) == ¢) 2x+ -
3 X X x

3
7.a) V23 b) Jx ©) gjtzﬁ 9. a) x23 b) x!3

c) x713  11. a) cos(wx) b) —3 cos x
X

1
¢) —— cos(mx)+cos(3x) 13. a) tanx b) 2tan ( )
b4 3

2 3 1
c) ~3 tan (—21) 15. a) —cscx b) 3 csc(5x) ©) 2csc(—12l)

2

2 12
17.x+cos(x) 19.%+x+C 21. t3+Z+C
x4 5x2 3
23, = - 47x+C 25. ——-——_—=
;7 T T x 3 37¢
3 2 3 8
27. E):2/3 +C 29 §x3/2 + me +C 31 4y? - 3 yh+cC

2 2
3324+ =+C 35 2/t——+C 37. -2sint+C
X ﬁ

1
39. -21 cos§+C 41. 3cotx+C  43. -3 csc 8+ C

1
45. 4secx —2tanx+C 47. -3 cos 2x +cot x + C

t  sin 4t

49. 2y —sin 2y +C 51.§+ +C 83 tanf+C

55. —cotx—x+C 57. —cos8+6+C

d 2 2 2

65. a) Wrong:a(% sinx+C>=7xsinx+%cosx=
. x?

xs1nx+zcosx

d
b) Wrong: d—(—x cos x +C) = —cos x + x sin x
X

d

¢) Right: d—(—x cos x +sin x + C) = —cos x + x sin x + cos x
x

=x sin x

d
67. a) Wrong: — =2(2x +1)2

3 2
((2x +1) + C) _ 32x + 1)2Q2)
dx

3 3

b) Wrong: %((2;: +1)3+C) =302x + 1)2(2) = 6(2x + 1)?

d
¢) Right: E((2x+1)3+C)=6(2x+1)2
69.2) —/x+C b)x+C ¢) J/x+C d) —x+C

2

&) x—Ji+C ) —x—Jx+C g %—ﬁ+c
h) —3x +C

Section 4.2, pp. 288-290

5 _ 1_}_x2 1
YETYITD T2

11. r =cos(w ) — 1

1.b 3. y=x>2-7x+10

7.y=9"3+4 9. s=t+sint+4



13.

17.
21.

25.

29.
3s.

v:%sect%—% 15. y=x2—x3+4x + 1

r=—t1—+2t—2 19. y=x3—4x2+5
y=—sint+cost+t>—1 23. 5s=492+5:+10
s=w 27. s =16t 420t +5

s=sin(2t)—3 3l y=2x¥?-50 33. y=x—x4/3+%
y=—sinx—cosx—2

41.
y
Slope = 1
o 0 e
43.
y
/Slope=0
1
o| *
45. 48 m/sec  47. 14 m/sec  49. t =88/k,k =16
51. a) v=10t>2 —6t1/2 b) 5 =4t — 43
55. a) 1: 33.2 units, 2: 33.2 units, 3: 33.2 units b) True

Section 4.3, p. 296

1 1
1. =3 cos 3x+C 3. 5 sec 2%4+C 5 —(Tx=2*+C

1 1
7. 61 =rH24+C 9. §(x3/2 —-1- g sin(2x¥? -2y +C

11.

13.

1 1
a) —Z(cot229)+c b) —Z(csc229)+C

1 2
-306- 2507 +C 15 5 Gs +4'"? +C

Answers  A-57

2 1
17. —5(1 —-0H% 4 Cc 19, —5(7—3y2)3/2+C

21 (=2/(1+J/x)+C 23 %sin(3z+4)+c

X

1 1
25 ;anGx+2)+C 27, 5sin"’(3

)+c

3 6
2
29. (;—8—1) +C 3L —gcos(x3/2+1)+C

1

. ——— +C
2cos(2t+ 1) +

33. sec (v+ %) +C 35

2 1
37. -3 (cot?> Y24+ C 39, —sin (; - 1) +C

: 210 3 22_ 2
g, SO oy, T4
2 2
45 1(1+t“)“+c 47. a) 6 +C
‘16 : 2 + tan® x
6
b) ————+C -
) 2+tan3x+ ©) 2 + tan’ x

1 1

49. gsim/3(2r— 24+6+C 51 s= 5(3’2 -1)*-5
. w

53, s=4t—251n<2t+g)+9

55. s = sin (2[—%)+100t+1 57. 6 m

Section 4.4, pp. 305-309

1. 448, 6.7L/min 3. a) 87 in. b) 87 in. 5. a) 3,490 ft
b) 3,840 ft 7.a) 112 b) 9% 9. a) 80w b) 6%

11. a) 937 /2, overestimate b) 9% 13. a) 40 b) 25%

c) 36,12.5% 15. a) 118.5mw or ~ 372.28 m*> b) error ~ 11%
17. a) 10z, underestimate b) 20% 19. 31/16 21. 1

23. a) 74.65 ft/sec b) 45.28 ft/sec c¢) 146.59 ft

25. a) upper = 758 gal, lower = 543 gal b) upper = 2363 gal,
lower = 1693 gal c¢) = 31.4 hours, =~ 32.4 hours

Section 4.5, pp. 320-323

6(1)  6(2)

141241

3. cos(I)m +cos)mr +cos(B)mwr +cos(d)mwr =0
T \/5— 2

b4
5. s o T LA
sin 1 — sin 2 —+ sin 3 )

7

6 1
7. Allofthem 9. b 1L Yk 13. Y o
=1 =12
S 1
15. Z(‘l)kﬂz 17.a) =15 b) 1 ¢)1 d) —11 e) 16
k=1
19. a) 55 b) 385

27. 3376

c) 3025 21. =56 23. —73  25. 240



A-58 Answers

29. a) b) 75. Using n subintervals of length A x = b/n and right-endpoint
y y values:
3k @2 3k b
fo=rPol, oy =i Area = f 2x dx = b*
0<x<2 0<x<2 0

- Righehand 77. a =0 and b = 1 maximize the integral.  81. b°/3

.
|
|

| Left-hand :
|
|
'

Section 4.6, pp. 330-332

1.a)0 b) -8 ¢) =12 d) 10 e -2 )16 3.a)5
b)5v3 ¢) =5 d) =5 5.a 4 b) -4 7.-14 9,10

1. -2 13.-7/4 15.7 17.0 19.51/3 21.19/3

23.a) 6 b) 7% 25.2) 0 b) 8/3

©) 3. 2 27. av(f) =0, assumed at x = 1
A @3 . 29. av(f) = —2, assumed at x = «/5/3
3r ) f_(;);xs's“;’ 31. av(f) =1, assumed at t =0 and t = 2
fo=a b Left-hand 33. a) av(g) = —1/2, assumed at x = +1/2 b) av(g) = 1,

| Midpoint assumed at x =2 ¢) av(g) = 1/4, assumed at x = 5/4
35.3/2 37.0 39. Upper bound = 1, lower bound = 1/2

47. Upper bound = 1/2  51. 37.5 mi/hr

Section 4.7, pp. 338-342

L6 38 51 7.52 9.2 11.2/3 13.0
23
15. —=/4 17. — 19. -8/3 21. -3/4
b) c) 4 1
) , 23. V2-Y8+1 25.16 27.0 29 5(2«/5— 1)
Jo = ) =sinx, 31 %-’rsin 2 33.4/2/3 35.28/3 37.1/2 39.51/4
Right-hand Midpoint 1 f
A 2 1
. 2 . 4L 4. T” 45. (cos /) (ﬁ) 47. 485
_,t
1
49. /1+x2 51 Ex"/z sinx 53,1
. 1 71
2 5 55. d, since y' = — and y(w) = —dt—3=-3
33.12 35 / x*dx 37 f (x* — 3x)dx x x 1
0 -7 0
3 0 57. b, since y’ = sec x and y(O):/ sectdt+4=4
39.[ dx 41./ secxdx 43. 15 45. —480 0
2 l—x - /4 x t
47. 2.75  49. Area = 21 square units 59. y =/ sectdt+3 6l s =f fx)dx + s
51. Area = 97 /2 square units  53. Area = 2.5 square units 2 fo

55. Area = 3 square units  57. b2/2 59. b* —a® 61. 1/2

2
63.37%/2 65.73 67.124 69.3a%/2 1. b/3 63. @) 125/6 b) h=25/4 d) 3bh 65 2) $9.00 b) $1000

73. Using n subintervals of length A x = b/n and right-endpoint ds d !
values: 67. a) v= primin ./o f(x)dx = f(@) = v(5) = f(5) =2m/sec
b
Area — f 3x2dx = b° b) a = df/dt is negative since the slope of the tangent line at t = 5
0 is negative.



3 1 9
c) s = / fx)dx = 5(3)(3) =5 m since the integral is the area
0

of the triangle formed by y = f(x), the x-axis, and x = 3.

d) ¢ = 6 since after t = 6 to t = 9, the region lies below the x-axis.
e) Att =4 and ¢t =7, since there are horizontal tangents there.

f) Toward the origin between ¢t = 6 and ¢+ = 9 since the velocity is
negative on this interval. Away from the origin between t = 0 and
t = 6 since the velocity is positive there.

g) Right or positive side, because the integral of f from 0 to 9 is
positive, there being more area above the x-axis than below.

2 8
69. f 49 —x%)dx =368/3 7L f (64 — x?) dx = 3207 /3
- 4

2
75. 2x -2 71. =3x+5
79. a) True. Since f is continuous, g is differentiable by Part 1 of
the Fundamental Theorem of Calculus.
b) True: g is continuous because it is differentiable.
¢) True, since g'(1) = f(1) =0.
d) False, since g”(1) = f'(1) > 0.
e) True, since g'(1) =0 and g"(1) = f'(1) > 0.
f) False: g”(x) = f'(x) > 0, so g” never changes sign.
g) True, since g’(1) = f(1) =0 and g'(x) = f(x) is an increasing
function of x (because f’(x) > 0).

Section 4.8, pp. 344-345

1. a) 14/3 b)2/3 3.a) 1/2 b) —1/2 5.a) 15/16 b) 0
7200 b)1/8 9.a)4 b)0 11 a) 1/6 b) 1/2
13.2)0 b)0 15.2/3 17.3/4 19. 94 -1 21.3
23. 7/3 25.16/3 271.2%2 29, F(6)— F(2) 31.a) -3
b)3 33.1=a/2

Section 4.9, pp. 353-356

1. I:a) 15,0 b) 15,0 ¢) 0%

II:a) 1.5,0 b) 15,0 ¢) 0%

3. I: a) 2.75,0.08 b) 2.67,0.08 c) 0.0312~ 3%

II: a) 2.67,0 b) 2.67,0 c) 0%

5. I:a) 6.25,0.5 b) 6,025 c¢) 0.0417 ~ 4%

II:a) 6,0 b) 6,0 ¢) 0%

7. I: a) 0.509, 0.03125 b) 0.5, 0.009 c) 0.018 ~2%

II: a) 0.5, 0.002604 b) 0.5, 0.0004 c) 0%

9. I: a) 1.8961, 0.161 b) 2,0.1039 c¢) 0.052 ~ 5%

II: a) 2.0045, 0.0066 b) 2, 0.00454 c) 0%

11. a) 031929 b) 0.32812 c¢) 1/3, 0.01404, 0.00521

13. a) 1.95643 b) 2.00421 c¢) 2,0.04357, —-0.00421 15. a) 1
b)2 17.a) 116 b) 2 19.a) 283 b)2 21.a)71
b) 10 23.a) 76 b) 12 25.a)82 b)8 27.1013
29. ~ 466.7 in*> 31. 4,4 33, a) 3.11571 b) 0.02588
c) With M =3.11, we get |Er| < (73/1200)(3.11) < 0.081
37. 1.08943  39. 0.82812

Chapter 4 Practice Exercises, pp. 357-360
1. a) about 680 ft

b)

h (feet)

700
600
500
400
300
200
100

T T T T 17T

3.a) —-1/2 b) 31

Answers A-59

c)13 d) o0

5
5. / @x—1)""ax=2
1

0
[

0

- é 1 (sec)

9.a)4 b)2 c¢) -2 d) -2n

11. 8/3

17.

=432 + 432 — 8¢ 21.y=f (
5

4

13. 62

5
L i22-mx+cC

e) 8/5

1
15. y=x——--1
x

cos idx =2

in ¢
%)dt—3

4
23, 25. 42—+ C
3 7 5 t ; +
1
27, ————— 4+ C 29. —2-6%3*+C
2(r2+5)+ ( e
1
331+ 4C 3310 tan —1% +C
35 - L ocscviorC 3 ix—sniic
. ——= . =X —SIn <
N 2" 2
39. —4(cos x)'24+C  41. 024+0 +sin(20+1)+C
34
43. %+;+c 45.16 47.2 49.1 518
53. 273/3/160  55. /2 57. \/3 59. 6+/3 21  6l. —1
63.2 65.-2 67.1 69.42-1 Tl.a)b b)b
75. Atleast 16 77. T=nx,S=n 79. 25°F 81. Yes

. —+/1+x?

85. cost &~ $12, 518.10 (trapezoidal rule), no
. 600, $18.00  89. 300, $6.00

Chapter 4 Additional Exercises, pp. 360-364

X

Vx2 41

1.a) Yes b)No 5.a)1/4 b) ¥V12 7. f(x)=
9. y=x3+2x-4
11. 36/5
’
y=x? 4
2
3 "y 0 7
y=-4
1 2
13. - - = 15. 13/3
y 2 0w
y
1_
2
y=t
# —o0

« t
\/
y = sin mt

of



A-60 Answers

sindy siny

17. 1/2  19. 2 21. 23. 1/6

/ /x 5 "1 /

1

25. f f(x)dx

0

l CHAPTER 5
Section 5.1, pp. 371-373
1. /2 3.1/12 5.128/15 7.5/6 9.38/3 11.49/6
13. 32/3 15. 48/5 17.8/3 19. 8
21. 5/3 (There are three intersection points.)  23. 18  25. 243/8
27.8/3 29.2 31.104/15 33. 56/15 35. 4
37. g—% 39.7/2 41.2 43.1/2 45.1
47. a) (£+/c,c) b) c=4*3 ¢) c=4%> 49.11/3 51.3/4
53. Neither
Section 5.2, pp. 377-378
1. a) Ax) =n(1—=x%) b) A(x) =41 —x?)
¢) Ax) =2(1—x?) d) A(x) =~+31-x? 3.16 5.16/3

7.a)24/3 b)8 9.8 11.a) s*h b) s*h

Section 5.3, pp. 385-387

1.27/3 3.4-7 5.327/5 1.361r 9w

11
1. 7 (% +2v2 - ?) 13.27 15.2r 17. 3x

2
19. 72 —27 21 7” 23. 27 25. 1177/5 21. n(m —2)
29. 47/3 31. 87  33. w(v/3) 35 7n/6 37.a) 8x

b) 327/5 c) 87/3 d) 2247 /15 39. a) 16x/15 b) 567 /15

41. V = 10537 cm’®
wrih

c) 64 /15 43. a) c=2/m b) c=0

45. V = 2a%bn?

47.b) V =

Section 5.4, pp. 392-393

1.6 3.2 5. 14n/3 7.8z 9.57/6 11. 1287/5

16
13. 37 15. 1—?(3«/§+5) 17. 87/3 19, 4n/3

21. 167/3 23.a) 6x/5 b) 4n/5 ¢) 2n d) 2=

25. a) 57/3 b) 4n/3 c¢) 2z d) 27/3 27. a) 11lx /15

b) 977 /105 c¢) 1217 /210 d) 237/30 29. a) 5127 /21

b) 8327/21 31.a) n/6 b) 7/6 33.97/16 35.b) 47
37. Disk: 2 integrals; washer: 2 integrals; shell: 1 integral =~ 39. 3x

Section 5.5, pp. 398-400

2 b4
1. a)/ V1+4x?dx c) =~6.13 3. a)/ V1+cos? ydy
-1 0
3
c) ~3.82 5. a)/ V1i+ @+ Didy c) =9.29
-1

n/6
7. a) f secxdx ¢) ~055 9.12 11.53/6
0

13. 123/32  15.99/8 17.2

19.2) y=+/xory=—/x+2 b) Two 21.1 23.21.07in.

Section 5.6, pp. 405-407
/4
1. a) 27rf tan xv/1 +sect* xdx c¢) ~3.84
0

2
1
3. a) 2n/ -1+ y-4dy c¢) ~5.02
1Yy
4
5. a) 2n/ B —V/x)2/1+ (1 =3x"12)2dx c) ~63.37
1

/3 y
7. a) Zn/ (/ tan ta't) sec ydy c¢) ~2.08 9. 4n /5
0 0

11. 37+/5 13.987/81 15. 27 17. n(~/8—1)/9
19. 3574/5/3  21. 2537 /20

/2
25. a) 27 / (cos x)v/1+sin® xdx b) =~ 14.4236

- /2

27. Order 226.2 liters of each color.  31. 5427  33. 14.4

35. 54.9

Section 5.7, pp. 416-418
1. 4ft 3. (L/4, L/4) 5. My=8,M =8,
7. My=15/2,M =9/2, X =5/3
9. My=73/6,M =5, x=73/30 11. My =3, M =3, x=1
13.x=0, y=12/5 15.x=1, y=-3/5
17. ¥ = 16/105, y=8/15 19.x=0, y=n/8
2
4—nm

=1

=|

2. %=1, y=-2/5 23 %=Yy

224m

25. ¥ =3/2, y=1/2 3

c)

27. a)

b)¥=2 =0

-4+




3. x=y5=1/3 33.x=a/3, y=b/3 35.138/6
37.5=0 7=
« X = U, = -—
Y=
Section 5.8, pp. 424-427
1. 400 ft-1b 3. 7807 5. 72,900 ft-1Ib 9. 400 N/m
11. 4 cm, 0.08 7  13. a) 7238 Ib/in.

b) 905 in-1b, 2714 in-1b

15. a) 1,497,600 ft-1b b) 1 hr, 40 min

d) At 62.26 Ib/ft®: a) 1,494,240 ft-1b b) 1 hr, 40 min

At 62.59 Ib/ft*: a) 1,502,160 ft-1b b) 1 hr, 40 min

17. 38,484,510 19. 7,238,229.48 ft-1b  21. 91.32 in-o0z
23. 21,446,6059J  25. 967,611 ft-1b, at a cost of $4838.05
27. 5.144 x10'°J  31. ~ 851 ft-Ib  33. ~ 64.6 ft-1b
35. =~ 110.6 ft-1b

Section 5.9, pp. 432-434

1. 114,511,052 b, 28,627,763 1Ib 5. 2808 1b
b) 119471b 9. a) 37441b b) 7.5in. c¢) No
13. 421b 15. 41.61b 17. a) 93.331b b) 3 ft
21. wb/2

23. No. The tank will overflow because the movable end will have
moved only 3% ft by the time the tank is full.

7. a) 1164.8 1b
11. 1309 Ib
19. 1035 ¢

Section 5.10, pp. 441-443
1.b) 20m ¢)Om 3.b)6m c)2m 5. b) 245 m
¢)0m 7.b)6m c)4m 9.b)2<t<4 ¢c)6m

22
d) T m 11. a) Total distance = 7, displacement = 3

b) Total distance = 19.5, displacement = —4.5  13. About 65%

15. V3 17.a) 210 f¢ b) 13,440 Ib
2
19. V=327,5S=3202r 21 472 23.%=0,5= —
b
4b 243
25.¥=05=" 2. VIna'@+3m/6 2. %

Chapter 5 Practice Exercises, pp. 444-447

2
2
L1 3.1/6 518 17.9/8 O. V2 g
32 2
842 -1
13. \/—6 15. Min: —4, max: 0, area: 27/4  17. 6/5
19. 97/280 21. n* 23. 727/35 25.a) 27 by«
O 127/5 d) 26x/5 27.a) 8t b) 1088x/15 c¢) 5127/15
29. 7(3v3—7)/3 3L a) 16x/15 b) 81/5 ¢) 8x/3

d) 327/5 33. 287/3
39. 2874/2/3 4l 4n
45. ¥ =3/2,7=12/5 47.x=9/55=11/10 49. 4640
51. 10 ft-1b, 30 ft-1b  53. 418,208.81 ft-1b
55. 22,5007 ft-1b, 257 sec  57. 332.8 Ib
61. 216w, + 360w, 63. a) 64/3m b) Om
65.2) 15m b) —5m

35.10/3  37. 285/8
43. ¥ =0,5 = 8/5

59. 2196.48 1b

Answers  A-61

Chapter 5 Additional Exercises, pp. 447-448
1 f(x) = 1/2";“ 3. f(x) =+/CZ—1x+a, where C > 1

n
5. x y=—, (0,1/2
x=0,y il ©0,1/2)
9.2) x=y=4(a>+ab+b*)/Bn(a+hb)) b) (2a/m,2a/n)
4h/3mh
11. 28/3  13. ———3m 15. =~ 2,329.6 Ib

17. a) 2k/3 b) (6a® + 8ah + 3h*)/(6a + 4h)

l CHAPTER 6

Section 6.1, pp. 454-457

1. One-to-one
7. D: (0, 1]

5. One-to-one

3. Not one-to-one
R: [0, oc0)

9. D:[-1,1] R:[-m/2,7/2]

Xy=r"w

11. a) Symmetric about the line y = x

y=\1-x?
0<x<1

13. flx)=/x—1 15 f7'(x)=Jx+1
17. f10) = i 1
19. f~'(x) = J/x; domain: —00 < x < 00, range: —00 < y < 00
21. f~'(x) = J/x — 1; domain: —00 < x < 00, range:
—00 <y <00
23. fl(x) = \/—; domain: x > 0, range: y > 0
x 3

25. “lxy== -2

a) (%) )



A-62 Answers

b) c) 2,1/2

y
3 Vy=f(x)=2)r+3

P P )
y=f (x>—2 3

31 0 3 *
-3

\

2.2 )= -S4

474
b) 29. b)
y y
y=f(x)=—4x+5
y=fw=-%+2 .
IR
) —4,—1/4

c) Slope of f at (1, 1) : 3, slope of g at (1, 1): 1/3, slope of f at
(—=1,-1):3, slope of g at (—1,—-1):1/3

d) y=0istangentto y = x> at x = 0; x = 0 is tangent to y = .J/x
atx =0

1
3. 1/9 33.3 35.a) fTl(x)=—x
m

b) The graph of f~! is the line through the origin with slope 1/m.
37.a) flx)=x—1

Yoy=x+1

y=x

b) f~'(x) = x — b. The graph of f~! is a line parallel to the graph
of f. The graphs of f and f~! lie on opposite sides of the line y = x
and are equidistant from that line.

c) Their graphs will be parallel to one another and lie on opposite
sides of the line y = x equidistant from that line.

1

41. Increasing, therefore one-to-one; df ~!/dx = —x~2/?
1

43. Decreasing, therefore one-to-one; df ™! /dx = —§x_2/ 3

Section 6.2, pp. 465-467
1.a)In3—-2In2 b)2(In2—-1In3) c¢) —In2, d) %ln3

1 1
e) 1n3+§1n2f) 5(3 In3—1In2)3.a)In5 b) In(x —3)
1

In(t?) 5.1 7.2/t 9. —1 1. —
¢) In(%) /x / /x 1
2 3 l1—Int¢
13. 3/x 15. 2(In¢) + (In ¢) 17. x’Inx  19. P
21 1 3 ! 25. 2 cos (In 6)
" x(1+1n x)? “xlnx :
27 _ 3x+2 29. 2 ) tan (In 6)
2x(x + 1) t(1 —1n¢)? %]
33 2% L1 s e —xm
Tx2+1 0 2(1-x) ) V2
1 1 1 2x +1
37. { = )/ DY - =
(2> Xt )(x+x+1) 2/xG+ D
o (N () s
2)Ver+1\¢r t+1 2/1(t 4+ 1)32
1
41. /O +3(sin ) { ————— t 0
+ 3 (sin )(2(9+3)+co )
43. 1t + 1)t +2) 1+ ! + ! =312+ 6t+2
) t o411 42
0+5 1 1
45. "~ | — —_ ttand
9cos9[9+5 g Tn ]
x/x24+ 11 x 2
S Sl N [ S
x+D23 | x  x2+1 3x+1)

1Lx=2 (1 1 2x 2

49. - - - 51. In | =
3V x2+1 (x+x—2 x2+1> n<3)

1

59. —

53. In |y? — 25|+ C
nly I+ In 4

55.1n3 57. (In2)?

6l. In|6+3tant|+C
67. In(1+./x)+C
69. a) Max =0atx =0, min =—1In2 at x =7 /3

b) Max =latx =1, min =cos(In2) at x =1/2 and x =2
71.In16 73. 47 In4 75. wIn 16

77. a) 6+In2 b) 8+In9

79. a) x ~ 144,y =~ 0.36

b)

63. In2  65. In 27

0

81. y=x+In|x|4+2 83. b) 0.00469 85. 2

Section 6.3, pp. 472-474

1
1.a)72 b) = o al 3.a)1 b1 c) —x2—)?2
x y



5. 62t+4
b) k=(1/10) In2 c¢) k=1000In a

b) ¢
19.
27.

33.

39.
45.
53.

61.
65.
67.
69.
73.

75.

1
b) ——
e

7.¢"+40 9. y=2xe*+1 1l.a)k=In2
13.a)t=-10In3

In 2 _ In 4

= —T C) = In——z 15. 4(11’1 .X)2 17. —5e‘5"
—7¢6-™ 21, xe*  23. x%*  25. 2¢% cos 0

2 . 2 1—1¢
20e7% sin(e™®)  29. — 31. 1/(1+¢%

¢ . . ye¥ cos x
e®'(1—tsinz) 35 (sinx)/x 37.

1 — ye” sin x

2e® — 3 1
Zerzeost ) gy L sevqc aan

3 cos (x + 3y) 3
e 4 C  47.2 49.2V4+C 5L —e " 4C
1
—e*+C 55. ¢ 51 —<"'4+C  59.1
T
In(l1+e)+C 63. y=1—cos(e' —2)

y=2(e*+x)—1
Maximum: 1 at x = 0, minimum: 2 —2 In 2 at x = In 2
Abs max of 1/(2¢) assumed at x = 1//e  71. 2
— ,x/2
y=e’—1

d 1
a) —(xInx—x+C)=x+—-—+Inx—-14+0=Inx
dx X

77. b) |error|~ 0.02140  79. 2.71828183

-1

Section 6.4, pp. 480-482

b) x?

La7 b2 ¢7 d2 €05 f) -1 3.a) x
In 3
Osinx 52 -2 b3 2 Tx=12
In 2

In5

9. x=3o0rx=2 11.2Inx 13. (-) 5v5 158, gx@-D
25

17.
21.

27.

31.

37.

41.

4s.

53.

61.
67.

s
19. 7%¢%(In 7)%(sec 6 tan 6)
1 3

3. 25.

61In2 S xIn4
-2
T+ D=1

—/2 cos 8% sin @
Bcos 3)(2"*) In2 2

2(Inr)
r(In 2)(In 4)

1
33. —

1
S 3 3logzz
3 35 t(logz )

1
sin (log, 8) + — cos (log, 6)
In 7

; 39, (x + 1) (L +ln(x+ 1))

x+1

Int 1

/1! (——2— + 5) 43. (sin x)*(In sin x + x cot x)

In x? 5t 1 1

my (22 i 49. 51 —

(x )< X ) R Ty In2
3

6

X (V3D
n7

T V3+1
1 /(I x)?

3. 2(In2)>  65.
ln10< —)+C 6.2m2? 65

In10 69. (In 10) In |In x|+ C

55. 32760 57 +C 59, 3V

j—

3In2
2
71. In(In x),x > 1

Answers A-63

73. —Inx 75.2In5 77.[1077%,1077%] 79. k=10
81.a) 107 b)7 ¢)1:1 83. x~ —0.76666
85. a) L(x) =1+ (In 2)x ~ 0.69x + 1

87. a) 1.89279 b) —0.35621 c¢) 0.94575 d) —2.80735
e) 529595 f) 097041 g) —1.03972 h) —1.61181

Section 6.5, pp. 488-491

1. a) —0.00001 b) 10,536 years
5. 59.8 ft 7. 2.8147497 x 10
11. 1528 years  13. a) Age®?
15. 450% 17. 0.585 days

23. —3°C  25. About 6658 years

c) 82%
9. a) 8 years

3. 5488 ¢

b) 32.02 years
b) 17.33 years c) 27.47 years

21. a) 17.5 min. b) 13.26 min.

27. 41 years old

Section 6.6, pp. 496-498

1. 1/4 3. -23/7 5.5/7 7.0 9. -16 11. -2
13. 1/4 15,2 17.3 19. -1 21.In3 23. ﬁ
25.In2 27.1 29.1/2 31.In2 33.0 35 -1/2
37.In2  39. -1 41.1 43.1/e 451 47.1/e
49. ¢'2 51.1 53.3 551 57.(b)is correct.

27
59. (d) is correct.  61. ¢ = T

Section 6.7, pp. 503-504

1. a) Slower b) slower c¢) slower d) faster e) slower

f) slower g) same h) slower

3. a) Same b) faster c) same d) same e) slower f) faster
g) slower h) same

5. a) Same b) same c¢) same d) faster e) faster f) same
g) slower h) faster 7. d,a, c, b

9. a) False b) false c) true d) true e) true f) true

g) false h) true

13. When the degree of f is less than or equal to the degree of g.
15. Polynomials of a greater degree grow at a greater rate than poly-
nomials of a lesser degree. Polynomials of the same degree grow at
the same rate. .

21. b) In (¢!709%000) — 17,000, 000 < ('7*10")""

=e'" ~ 24, 154,952.75

c) x ~3.4306311 x 10" d) They cross at x ~ 3.4306311 x 10"
23. a) The algorithm that takes O (n log, n) steps

25. It could take one million for a sequential search; at most 20 steps
for a binary search.

Section 6.8, pp. 510-513
1. a)y 7/4 b) —w/3 ¢) 7/6
5.a) 7/3 b) 3n/4 c) n/6
9.a)w/4 b) —m/3 ¢c) n/6

3.a) —n/6 b) /4 ¢) —m/3

7. a) 3n/4 b) 7/6 c¢) 2xn/3

11. a) 37/4 b) /6 «c¢) 27/3
13

13 12 tan S 13 csc
. COS o = —, =—, seca=—, o=—,
CSH=qp ATy = 5

12
cota = —
5



A-64 Answers

2 5
15. sina = —, cosa =——, tana = —2, ¢SC ¢ = —,
5 V5 2
cot !
oO=—=
2
443
7ovE 19 i 2 Y a1 s i
243
x2+4
27. 7/6  29. 3. /92 —1 33. JI—x2
Ny, JI—4)2 YT
35. ;lx 37. 93 Y Gl
X — X

1
43. 7/2 45. /2 47. 0 51. 8 = cos~! (———) ~ 54.7°
/ / 7

57. a) Defined; there is an angle whose tangent is 2.

b) Not defined; there is no angle whose cosine is 2.

59. a) Not defined; no angle has secant 0.

b) Not defined; no angle has sine V2.

61. a) 0.84107 b) —0.72973 c¢) 0.46365

63. a) Domain; all real numbers except those having the form
% + km where k is an integer; range: —w /2 <y < /2.

b) Domain: —00 < x < 00; range: —00 < y < 00
65. a) Domain; —00 < x <oo;range: 0 <y <m
b) Domain: —1 < x < l;range: -1 <y <1

67. The graphs are identical.

Section 6.9, pp. 518-520
PR S S B
V1 —x* 1 =212 25 + 1|+/s2 + s
e S Y S W —
(x2 4+ D/x4 +2x2 J1—12 211 +1)
1 —e' -1
13. tan~!(x(1 + x2)) 15. Ie’l\/(e’)z 1 = Jer —1

—2s2

V1 —5s2

17. 19. 0 21.sin"'x

23. sin”' ; +C

25 27. 29. 27 /3

1 sc'l}sx’-i-c
— sec! |22
V2 V2

3
3s. 5 sin”' 20, = )+ C

1 X
. — tan” — +C
V17 V17

31. 7/16 33. —7/12

2x — 1

37. —|+C
—

=

? tan™! (x\;;

1
4. w1 43. /12 45, 5 sinT!'y24+C  47.sin'(x—2)+C

1
)—l—C 39, Z sec”!

4. 7 51 %tan" (X;—l) +C 5321

- 1
55.sec’llx+1/+C 57. ¢ *4+C 59, §(sin-'x)3+c

6. In[tan"'y|+C 63./3—-1 655 67.2

2
73. y=sin"'(x) 75. y =sec™'(x) + T”,x >1 7735 ft.

79. Yes, sin~'(x) and cos~!(x) differ by the constant 7 /2.
89. 7%2/2 91. a) 7%/2 b) 27

Section 6.10, pp. 525-529

1. cosh x =5/4, tanh x = —3/5, coth x = —5/3, sechx =4/5,
csch x = —4/3

3. sinh x = 8/15, tanh x = 8/17, coth x = 17/8, sech x = 15/17,
csch x =15/8

1
5.x4+- 7T.¢% 9. &% 13.2cosh =
X 3
tanh /¢
15. sech’/7 + -2 VI 17 coth z
At

19. (In sech H)(sech 6 tanh #)  21. tanh® v  23. 2

1 1 1

25, ————  27. —— —tanh'9 29. — —coth' /2

2/x0 T+ 0 146 i Vi
In2

31. —sech™'x  33. 35. |sec x|

1 20
1 —_
()

h2
41, 2% L0 43, 12sinh (f —In 3) +C
2
1
45. 7In |7+ e */"|+ C  47. tanh (x — E) +C
5 3
49. —2sech+/t+C 51.In 3 53, 2 +In2 55. e—e!
3 —In3
57.3/4  59. +In V2 6l In(23) 63. 65. In3

67. a) sinh™'(+/3) b) In (v/3+2)
69. a) coth™'(2) — coth™'(5/4) b) (%) In (%)

12 4
_ -1( 2« -1
71. a) —sech (13) + sech (5)

_ 2
b _In <1+./1 (12/13) )-Hn (

(12/13)

1+ /1= (4/5)2
4/5)

- (%) +In() = In(4/3)
73.a) 0 b) O

2f(x)
2

2
+0 = f(x), ii) f(x) =0+ f;") = f(x)

75. b) i) f(x) =

77. b) /—";fi ¢) 80/5 ~ 178.89 ft/sec

79. y= sech_l(x) —J1—x2 8127 83. a) g b) smt; ab
5 In4
85.a) x=0, y=§.|.nT ~ 1.09



b)

y

(0, 1.09)
(-In2, L;Nﬁ/an 2,1.25)

If y=coshx

89.

I}
~In2 0 In2

¢) a~0.0417525 d) ~47.90 Ib

Section 6.11, pp. 537-540

2
9. y=tan(x2+C) 11 gy’~*/2—x‘/2=c 13. ¥ - =C
*+C C -
15.y=e+ 17. y = c}osx’x>0
x X
1 1 1 2 x/2
19. y==-——4+—=,x>0 21. y=-xe"’*+Ce
2 x 2 2
23. y=x?e¥ 4+ Ce™ 25—V —e"F =C
27 i ! + ¢ 29. 2tan /x =t +C
s = - R n.x=
3¢—1)* @—-D* @-—D*
3l. r=cscO(ln |sec 8| +C) 33. y=—e* sech x + C sech x
3 1 1 b4
3By=-—=e¥ 3 y=——cosf+—
Y=272° Y=gt 5

39.
43.

45,
47.
51.

53.

55.

d)

e) concentration =

57.

X2

41. y = ype

) e
= 6e* —
Y ¢ x+1

(b) is correct, but (a) is not.
G G ke G
) PR — b)) —
D= Toove T (C" 100v1<> AT
1 hour 49. a) 550 ft b) 25 In 22 = 77 sec

L
t = — In 2 seconds
R

V.V .,V _3 1%
a) i R Re R( e’) 095R amp b) 86%
. y .
1 4
a) 10 Ib/min b) 100+ ¢ gal c¢) (100+t> 1b/min
dy 4y 150
dt 100 +¢’ y(0) =350, y=2(100+1)

PN
14+ —
+ 100)
25
(@) = ~ 1.5 Ib/gal
amt. brine in tank

¥(27.8) ~ 14.8 1b, ¢t ~ 27.8 min

1886
125

Section 6.12, pp. 545-546

4
1. y (exact) = % — 2 5 =-025 y, =03, y; =075
X

3. y (exact) = 3e*¢+D |y, =42, y, = 6.216, y; = 9.697
5. y (exact) = e* + 1, y; =2.0, y, =2.0202, y; = 2.0618
7. y ~ 2.48832, exact value is e

A-65

Answers

9. y &= —0.2272, exact value is 1/(1 — 24/5) &~ —0.2880

11.

b 13. a

15.
%

NN

VLIS ALY,

]
N

2L

e INNG

e s RN~

///:% —~—
T PN

Chapter 6 Practice Exercises, pp. 548-551

2 sin 6 cos 6 2
1. =27/ 3. xe¥* 5 ———— =2cotf 7.
¢ e sin’ 0 € (n 2)x
9. —87'(In 8) 11. 18x2%¢ 13. (x + 2)"+2(ln x+2)+1)
1 _
15. — 17. —1—
V1 —u? V1 —x2cos'x
1 1—z2
19. tan~!(¢ —_— - 2. ——— -1 23. -1
an ()+1+t2 > 22_1+sec z
2(x2 4+ 1) |: 2x ]
25, ———= + tan 2x
Veos 2x [x*+1
HeE-DTPT 1 1 1 1
27 5| LE DD o —
t—=2)+3) t+1 t—1 -2 t-3
1
29. — (sin 0)‘/§(ln Vsin@ +6cotf) 31. —cose*+C
Vo
—In7
33. tan(e* —=7)+C 35 . e™*+C 37. 39. In8

41.

47.
53.
61.
67.
73.

79.
8s.

In(9/25) 43. —[In [cos(In v)|]]+ C 45. —%(ln 07+ C

49. ﬁ?(3xz)+c 51. 3In7

57. 1/6

—cot(l+Inr)+C

15/16 +In2 55. e—1 59. 9/14
91n2

4

%[(m 4)3 — (In 2)*] or ;(m 2 63.
/3

1 t+1
sin"!(x +1)+C  75. 7/2 77.§sec"<—+3——>+C

In2 1
= L.y=lnx—1In3 83 y=
Y=map SLyshi-i R

Inl10 87.1In2 89.5 93.1 95.¢°

65.

69. sec'2y+C 71. n/12

91. —©



A-66 Answers

97. a) Samerate b) samerate c¢) faster d) faster e) same rate
f) same rate  99. a) True b) false c¢) false d) true e) true
f) true 101. 1/3

103. Absolute maximum = 0 at x = ¢/2, absolute minimum = —0.5
at x = 0.5

105. 1 107. 1/e m/sec  109. 1/+/2 units long by 1/4/e units
high, A = 1/+/2¢ = 0.43 units?

111. In5x —In 3x =In(5/3) 113. 1/2

115. a) Absolute maximum of 2/e at x = ¢?, inflection point

(€%, (8/3)e~*/3), concave up on (¥, 00), concave down on (0, €¥/3)
b) Absolute maximum of 1 at x = 0, inflection points

(:I:l/ﬁ, 1/4/e), concave up on (—oo, —1/«/5) @) (1/«/5, 00), con-
cave down on (—1/+/2,1/+/2)

¢) Absolute maximum of 1 at x = 0, inflection point (1, 2/e), con-
cave up on (1, 00), concave down on (—o0, 1)

117. 18,935 years  119. 20(5 — +/17) m

121. y =In(—e*242¢7?)

1 x X2
123, y=— - [ —+—+1
Y=oy <3+2+)

1 3
125. y (exact) = Exz - 5; y ~ 0.4; exact value is 1/2

127. y (exact) = —e™ =172, y ~ —3.4192; exact value is
—? ~ —4.4817

Chapter 6 Additional Exercises, pp. 551-553

1L.w/2 3.1/\/e 52 7.al byrn/2 o=
1 1
. a= w — — —, 2 13. x =2
9.a=2,b 2 1 2 72 1 3. x
_ Ind4 _
15.2/17 23.x=—, 3=0 27.b)61°
b4
29. a) ¢ — (c — yp)e~*4/V" b) ¢
I CHAPTER 7
Section 7.1, pp. 560-561
L 2V/8x2+1+C 3.2sinv)*>+C 5. In5

7.2In(/x+1)+C
11. —In|csc(e? + 1) +cot(ef +1)|+C

1
9. —5 In [sin(3 —7x)|+ C

t t
13. 3 In sec§+tan§ +C
15. —In|esc(s —m) +cot(s—m)|+C 17.1 19. ™" +C
3+ 2w
21. +C 23.-—4+C 25.3tan'3u+C
In 3 In2
27. m/18  29. sin"'s24+C  31. 6sec!|5x|+C
33.tan'e* +C  35. In2++3) 37 2

39. sin”'(t —2)+C
41. sec”'|x + 1|+ C, when [x + 1] > 1

43. tanx —2 In|csc x +cot x| —cot x —x +C

45. x +sin2x+C 47. x—In|x+1|+C 49. 7+1In8

t
51. 2t2—t+2tan"<§>+c 53. sin"'x +/1—x24+C

55. 42 S57.tanx—secx+C 59.In|l+sind|+C
6l. cotx+x+cscx+C  63.4 65 42 67.2

69. In|vZ+1]—1In|v2— 1 71.4—%

73. —In |csc (sin 6) + cot (sin )| + C

75. In |sin x| +1n |cos x| + C  77. 12 tan™'(\/y) +C

-1
79. sec=! |2

1+C 81. In |sec(tan t)| + C

. | . 2 ., 1.
83. a) sm9—§sm 6+C b) sm9—§sm 9+§sm 6+C
c) /cosgedG =/cos89(cos 0)de =/(1 — sin®6)*(cos 0) d6

1
85. a) /tan39d9= %tanze—ftan 0do = 5tan29+

In |cos 0|+ C
1

b) /tan ede—Z 0—/tan39d9
1 5

¢) [ tan’ 9d9—6 n®6 — [ tan’ 0 d6

d) ftan2k+'9d9 7 — tan* @ — ftanZk‘19d0
87. 2v2-In(3 +2v2)

1
93, x=0y= ———
Y In (2v2 + 3)

89. 72 91. In(2 ++/3)

Section 7.2, pp. 567-569
1. —2x cos(x/2) + 4 sin(x/2) + C

3
3. 2sint+2tcost—2sint+C 5. 1n4—Z

7. ytan~'(y) —In/1+y?+C 9. x tan x +1In |cos x| + C
1. (P =322+ 6x—6)e* +C  13. (2= Tx +T)e* +C
2_y4
15. (x5 — 5x* 4+ 20x% — 60x2 + 120x — 120)e* + € 17. = -
- 1

19. 5”—93—‘/5 21 S(=¢"cos 6+ ¢”sin 6) + C

er
23. E(S sin 3x +2 cos3x) + C

2 3 2
25. («/3s+9e‘/3”9 V35 ) +c 21 %f —In@) - %

1
29. 5[—x cos(Inx) + xsin(lnx)]+C 31.a) 7 b) 37 c¢) 5n

d 2n+ D 33.27(1—In2) 35.a) n(wr—2) b)2n



1
39. 24+ —4 4l.a) —(l—e "
4 a) 271( e )
43. x sin"' x +cos (sin”' x) + C
45. x sec”'x —In |x +/x2 = 1‘ +C  47. Yes
49. a) x sinh™! x — cosh (sinh™'x) + C
b) x sinh'x + (1 +x3)'24+C

Section 7.3, pp. 576-578

’ 2 N 3 1 N 3
‘x—-3 x-2 Tx41 0 (x+1)2
-2 -1 2 17 —-12
5, —4+—+—"— T14—+—
z 2 z- +t—3+t—2

1
9. E[In [I+x]—In|l—x|]+C

1
11. 5 In|(x +6)*(x — 1)’ +C 13. (In15)/2

17.3In2-2

1 1 1
15. —— Inlt|+=Inlt+2|+=-In|lt=-1|+C
2n|H—6n|+|+3n| |+
1 x+1 X
19. - —_—|—-—+C 21. 21n2)/8
4nx—1‘ 2= T (r+21n2)/
1
23. tan"'y— —— +C
an~' y y2+l+
25. —(s— D2+ —-1D'+tan's+C
-1
27. ————— +1n|6%>+20 +2| —tan™! H+C
92+29+2+ nl6°+20+2|—tan~" (6 + 1)+
-1
29. x24+1n |2 1+c

1
3. 9x+2Injx|+ =+7Inlx-1|+C
X

2 t
y 1 2 e +1
. = — ~In(1 . In|——
33 : 1n|y|+2ln( +y)+C 35 n‘e'+2
37. lln M +C
5 siny+3
(tan~! 2x)?

39. —3ln|x—2|+L+C

4 x—2

|+c

Answers A-67
6t
41. x=Injt-2|—-Injt—1|4+In2 43. x=——1
t+2
1000e*
45, 2 47. 1.10 49. =——— b) 1.55d
S. 37 In 25 a) x 299 4 o¥ ) ays

22
51. a) -~ . b) 0.04% c) The area is less than 0.003.

Section 7.4, pp. 582-583
L In j,/9+y2 + y[ +C 3.7/4 5 7/6

25 t t/25 —t2
7. 7 sin~! (g) + —2——— +C

1 2x 4x2 — 49
+ ——

P id c
9 2ln 7 +
Vy*—49 (Y x2—1
11.7[T—sec (7) +C B T——C
1 2.4 — w2
15, 267+ 47 —4/x2 14 4C 17, —NTTW e
w
19. 43 —4n/3 21 ——_4C
x2—1
5
1 [/1—x2 4x
23, —- C 25 2tn'2x+ ——0 +C
5( . )+ an x+(4x2+1)+
27 1( v >3+c 29. n9—In(1++10) 3L 7/6
"3\V1-0? ) )
33 sec™ x| +C 35 /A2 —1+C
x2—4 e 3 (x 3
3. y= [ 5 — sec (§>:| 39.y—§tan (E)_ A
2 V37
41.37/4 43 — = 4c 451 4a1. 2T
m/ —an/2) 9

1

b tan(t/2)+1—«/§
V2

tan (1/2) + 1+ +/2

1 +tan(0/2)

In 1 —tan(0/2)

49.

+C 51 ln’

Section 7.5, pp. 591-594

2 o [x=3 2(x —2)
1.-:/?({31’1 T)+C 3. \/x—2< 3 +4)+C

Qx —3)2(x + 1)

5, — L O

5 +
7 —+/9 —4x 2ln V9 —4x -3 ‘C
) x 3 |V/9—4x+3

— — x2 —
(x+2)(2x 66)\/4x x + 4 sin”! (x 2>+C



A-68 Answers

11.

13.

15.

17.

19.

21.
2

23. % co

25.

27. —

29.
31.
33. —

37.

39. -

41.

43. si
45.
47.
51.
53. —
55.

57.
61.

1
——In

VT+VT+x2 i
7 x

24 /A=x?
Vi—x2 -2 % e

25
%/25 — P2+ 2 sin”! g +C
1
2 sin™! % - Er\/4—r2 +C
I 1 T
—§ tan |:§ tan (Z —9):| +C

2t

%(2 cos 3t + 3 sin 3) + C

1
sin”!(x) — Zx\/l —x24+C

s+3
-3

1

_] -

S (X)+4

u + ! In
18(9 —s%) 108

Vidx+9 2

x +3

}+c

\/4x +9 +C
VAx+9+3

2«/3t—4—4tan_"/3t4;4 +C

x3 x?

— t _—
3 an”' x 6+
cos 5x  cos x

—— ———+C 35.8
10 2 + |:

1 2
In(l1+x)+C

sin (7t/2)  sin (9t/2)] +C
7 9
6 sin (6/12) + § sin (76/12) + C

1
T ) tan 'x+ C

(x— 5) sin™! /x + 5\/)( —-x2+C

! /x—Vx—x2+C

f——— 1+ 1 —sin’t

l—sinzt—ln +S—1‘51n +C
in

ln‘x +1]+2(

In ‘ln y++v3+(n y)Z‘ +C 49.In ’3r+\/9r2 —1|+cC
1
Ex/x—xz—i—C

x cos™! /x + % sin™! /x —
sin*2x cos 2x 2 sin®2x cos 2x 4 cos 2x L C
10 15 15
cos®2mt sin 2wt 3 cos 2mt sin 27t
7 *3
sin® 260 cos? 20 sin’ 26
10 + 15
tan?2x — 2 In | sec 2x| + C

+3t+C

+C

2
59, 3 tan’ 7 + C

1
63. 8|:—§ cot3t+cott+t] +C

(sec mwx)(tan nx)

65, —M = ln |sec mx + tan x|+ C
b4 JT
23x tan 3 2
67. L XX L S n3x 4 C
3 3
—csc? t 3 t 3
69. CSC:COX— CSC;cox—-8—ln|cscx+cotx|—}—C

3x

2
71. 4x*(In x)? — 2x*(In x) + % +c 7. %(3x —H+cC

75. 2x3¢*/2 — 12x%*? + 9612 (% - 1) +C

xm* T +
(In 7)?

71.

x22x 2 x2* 2*
‘Inm

- — -———|+C
In2 In2|ln2 (ln2)2]+

1
81. 5 [sec (¢’ — 1) tan (¢’ — 1) +1In |sec (¢’ — 1) +tan (' — 1)|]

+C
83. V2+In(v2+1)

1 1 2
87. 0 sinh* 3x cosh 3x — % sinh? 3x cosh 3x + % cosh 3x

85. /3

+C
2 2 2
89. % sinh 3x — Ex cosh 3x + 7 sinh 3x + C

sech’ x
91. — +C 101 7(2v3++2) In(V2++/3)
103. ¥ =4/3, y=Inv/2 105.7.62 107. n/8 111. 7 /4
Section 7.6, pp. 603-605
1.n/2 3.2 56 7.n/2 9.In3 11.In4 13.0

15.v3 1.7 19. In (1

25. —1/4 27.7w/2 29. m/3
35. Diverges  37. Converges

43. Diverges 45. Converges

51. Converges  53. Converges 55. Diverges 57. Converges
59. Diverges 61. Converges 63. Converges
65.b) ~0.88621 69.1 71.27 73.1n2
81. Converges 83. Converges 85. Diverges

T
+5) 21 -1 23. 1

3.6 33.In2
39. Converges 41. Converges
47. Converges  49. Diverges

79. Diverges
91. b) 7 /2

Chapter 7 Practice Exercises, pp. 606-609

I @+ 1) Q41
1. —(@x* -9y 3. -
@ -9t C - e
Ny 1
. X h0 1o m@s+y)+C
— =47 9
9. —5— +C E(Z5/3+ 1P +cC



13.

17.
23.

29.

33.

37.

41.

43.

4s.

47.

53.
57.

59.

61.

65.

67.

71.

73.

71.

81.
83.

8s.
87.
89.
91.
93.

1
+C 15, ~7 In|3+4cost|+C

" 2(1 — cos 26)

1c052x 1 3,0 !
—— cC 19 — Cc 21

2e + 9 3cos(e)+ 1n2+C

In{lnv|+C 25. In24+tan"'x|+C 27. sin"'2x)+C
1 3t 1 t
3 sin~! (z) +C 31 3 tan~! (5) +C
1 5 -2
5 sec”! ’Tx‘ +C 35 sin™! <XT> +C
1 -2
5 tan” (yT) FC 39 sec!x—1/+C
X  sin 2x
2 4
2 6 6
;5 cos’ <§> — 2 cos (5) +C
tan> (21) 1
1 —Elnisec2t|+C

1
—3 In [csc(2x) +cot(2x)|+C  49. In /2 51. 2

2/3 55 x—2tan"! (%) +C

x+x2+2In2x —1]+C

4

1
In(y* +4) - 5 tan™' (2

)+c
t
—/4 =12+ 2 sin”! <§>+C 63. x —tan x +sec x + C
1
~3 In |sec (5 —3x) +tan (5 — 3x)| + C

41n ’sin (%)‘Jrc 69. —2((‘/1 —0 W1 _X)S) +C

3 5
%(z\/mﬂn e+ V2 +1])+c

_Ji=2
In ‘y+\/25+y2\+C 75. —xx—+c

. -1 1_2
szx—x“ 5 Y 4C 79.mn

Jw?2 —1—sec ' (w) +C
[+ DIn(x+1)—-x+D]I+C

1
x tan~! (3x) — g In(14+9x%) +C

x x2—9

C
3+ 3 +

(x+ D2 =2(x + D)e* +2¢* + C
2¢* sin 2x  e* cos 2x
5 + 5
2In|x —=2|—-In|x—-1|+C

+C

cos 6 —1

1 1
1 -1 |4+ —+C 95 ——In|——
n|x|—In |x + |+x + n s 012

+1 3

+c

Answers  A-69

1
97. 4 1n |x|—E Inx®>+1)+4tan'x+C

99.

101.

103.

10s5.

107.

113.
123.

129.

133.

135.

137.

141.
143.

145.

147.

149.

153.

157.

163.

167.

169.

171.

17s.

1 w—20w+2)
| |+C

1, 3t

—tan” t — — tan~ — C

2an 6 an \/§+

2 g4 2
%+§ln1x+2|+§1n|x—l|+c

2 9 3
%—Eln|x+3|+§ln|x+1|+c

1. |Vx¥i-1

¥l 109 n|l—eF+C 1L /2
3 Jx+14+1

6 115.In3 117. 2 119. n/6  121. Diverges
Diverges  125. Converges 127. —\/16 — y2 4+ C

1 1
—~In|4—x}+C 131 1In +C

5 In |4~ =

1 x+3

-1 C

6nx—3’+

2x3/2

3 —x4+2/x=-2InG/x+1D+C

ln‘ X ‘ 1( a >2+c 139. sin"'(x + 1) + C

_ = . X

Mx24+1l 2\ \xt+1

Inju++14+u?+C

—2cotx —In|csc x +cot x| +csc x +C
1 ’3+v 1

v
N e s,
2" 3=y|Te™ 37

6 sin(20 +1) cos(20 +1)
2 4

+C

%2+2x+3ln|x—1|—;—1——1—+c 151. —cos(2/x)+C
—1In |csc (2y) +cot 2y)| +C  155. % tan’x + C
VA= +2?2+C 159.%se029+C 161.

/3

v2—x>+C 165. tan"'(y — 1)+ C
1 3

glnlsec0|+C

1 Lo, 1 /2

— _— = — | = 4 —t —

3l - g 4[2 In(2>+4) + 3 tan (2)]+c

1 1
—Z\/9 — 4124+ C 173. In|sin 6| — 5 In(1+sin’6) +C

0+2

177. — 1
6 +1n =)

In |sec \/y|+C

,+C 179. x +C



A-70 Answers

181, 5%

+C 183. In(l1+¢)+C 185 1/4

2
187. In |Insin v|+ C 189, §x3/2 +C

1 . 1 2739+1
191. —— tan” 5 193. - | —— C
5 an~ cos (5¢t) + C 93 3<ln27)+

2 2
195. 2F —2In(1+7)+C 197. In |2 ‘+___+c
y+2| y y?
7 —1
199. 4 sec™! (—;-"-)+c 201. ‘/§6 203. %(3b—a)+2

Chapter 7 Additional Exercises, pp. 609-612
1. x(sin' x)2 +2Gin ' x)V1 = x2=2x + C
x?sin'x  xy/1—x2—sin"'x
+
2 4
5 In | sec 20 + tan 26| + 260
) 4

(ln (z —JVi- tZ) —sin”! z) e

+C

+C

N

In

2
%‘ + % (tan”'(x + 1) + tan™'(x — 1)) + C
13. In(4) — 1 15. 1 19. 27
8(In 2)? 16(In 2) 16
3 9 E)

1
16
11. 0 17. 327 /35

2l.a) 7 b) m(2e—5) 23.b) n(

e2+1 e—2
25. ,
(55
1

1 2
27.«/1+ez—1n( :e+;>—~/§+ln(l+«/§) 29. 6

1 In2
3.y=% 0<x<4 33b)1 37.a=§,_“T
1

2x
41. "1—3 (3 sin 3x + 2 cos 3x) + C

4. cos x sin 3x —83 sin x cos 3x +C

ax

45, m(a sin bx — b cos bx) + C
47. x In(ax) —x+ C

I CHAPTER 8

Section 8.1, pp. 619-622

1.ay =0, ay=—1/4, a3=-2/9, a; = —3/16
oar=1, aa=-1/3, a3=1/5, a3 =—-1/7
5.a0,=1/2, aa=1/2, a3 =1/2, ay =12

pr 3713 8 1
274 87 167 32 64’
1 1 1 1 1 1 1 1
PR w5

11. 1, 1,2,3,5,8,13,21,34,55 13. a, = (-1)", n>1
15. ¢, = (-D""'®)?, n>1 17.a,=n*—-1, n>1

127 255 511 1023
128’ 256" 512

1 —1)r+!
19. a,=4n-3, n>1 21.an=¥,nzl
23. N =692, a, = V05, L=1
25. N =65, a,=(0.9)", L=0 27.b) /3

31. Nondecreasing, bounded  33. Not nondecreasing, bounded
35. Converges, nondecreasing sequence theorem

37. Converges, nondecreasing sequence theorem

39. Diverges, definition of divergence  43. Converges

45. Converges

Section 8.2, pp. 628-630

1. Converges, 2 3. Converges, —1 5. Converges, —5
7. Diverges 9. Diverges 11. Converges, 1/2

13. Converges, 0  15. Converges, V217 Converges, 1
19. Converges, 0  21. Converges, 0  23. Converges, 0
25. Converges, 1 ~ 27. Converges, e’ 29. Converges, 1
31. Converges, 1  33. Diverges 35. Converges, 4
37. Converges, 0  39. Diverges 41. Converges, e~
43. Converges,e?®  45. Converges,x (x > 0)  47. Converges, 0
49. Converges, 1  51. Converges, 1/2  53. Converges, /2
55. Converges, 0  57. Converges, 0  59. Converges, 1/2

61. Converges, 0  63. x, =2""2

65. a) f(x) =x%—2,1.414213562 ~ /2
b) f(x) =tan(x) —1,0.7853981635 ~ = /4
c) f(x) =€, diverges 67.b) 1 75.1
79. 0.853748068  83. —3

77. —0.73908456

Section 8.3, pp. 638-640
2 -@1/3)")

1s, = _1=c12r
1-(1/3)

L3 3s, = Y 2/3

N
—
(o))
N
N
W]

5+1 + 5+1 + 5+1 + 23
23 4 9 8 27 T2
1 1+ 1+1 " 1 1 + 17
2 5 4 25 8 125 T 6

1
21. C -
onverges, -~

27. Diverges

13. A+ 1)+

15. 1 17.5 19. Converges, 1

23. Converges, 2 + /2
2
29. Converges, —26—3——
e? —1

25. Converges, 1

31. Converges,2/9  33. Converges, 3/2



35.

41.
43.

45.

49.

53.

59.

<)
b)
b)

71.

b)

T
Diverges  37. Diverges 39. Converges, -

—e
a=1,r = —x; converges to 1/(1 + x) for |x| < 1
a=3,r=(x —1)/2; converges to 6/(3 — x) for x in (-1, 3)

— 4. 2 0,
72 ¢ DR

51. 23/99

x| < =

x # 2k + 1)5, k an integer; T

7/9 55, 1/15 57. 41251/33300
) "Z_:Z (n+4)(n+5) ®) Z(n+2)(n+3)
"Z; = 3)(n 61. a) Answers may vary.
Answers may vary. c) Answers may vary. 69. a) r =3/5
142
r=-3/10 7L<l + —Z 73.28m 75 8m’
—r
4 n—1
3( =
23(3)

A-—A+1A+1 4 A+ +1 4”_2A
" 3 3\9 3\9 ’

lim A, =23/5

Section 8.4, pp. 643-644

1.

-\ 3 U W

19.

21.
23.
25.
27.
29.
35.

. . 1
Converges; geometric series, r = T <1

n
. Diverges; lim —— =1#0
B e n+1 7
. Diverges; p-series, p < 1
1
. Converges; geometric series, r = 3 <1

. Diverges; Integral Test
. Converges; geometric series, r =2/3 < 1

. Diverges; Integral Test
15.
17.

Diverges; lim,_, o (+/7/In n) #0
1
Diverges; geometric series, r = — > 1
In 2

Converges; Integral Test
Diverges; nth-Term Test
Converges; Integral Test
Converges; Integral Test
Converges; Integral Test
True

31.a=1 33. b) About 41.55

Answers  A-71

Section 8.5, p. 649

1. Diverges; limit comparison with Y (1/4/n)
3. Converges; compare with ) (1/2") 5. Diverges; nth-Term Test

no\" n\" 1\"
7. Converges; <3n+ 1) < (3n) = (3)
9. Diverges; direct comparison with Y _(1/n)
11. Converges; limit comparison with Y (1/n?)
13. Diverges; limit comparison with Y _(1/n)
15. Diverges; limit comparison with Y_(1/n)
17. Diverges; Integral Test
19. Converges; compare with Y (1/n%?)

1 1
21. C ;— < —
onverges = = o
23. Converges ! !
. o <
OIS 3T T T 3

25. Diverges; limit comparison with Y (1/n)
27. Converges; compare with Y (1/n?)

tan~'n  w/2
—_— < —
nll nll

1
29. Converges;

31. Converges; compare with Y (1/ nz)

1 o0
33. Diverges; 3n > n/n :> — —— diverges
DI

35. Converges; limit comparison with Y (1/ nz)

Section 8.6, pp. 654-655

1. Converges; Ratio Test
5. Converges; Ratio Test

3. Diverges; Ratio Test
7. Converges; compare with Y (3/(1.25)")
9. Diverges; lim (1 - —3-> =e3#£0
n—oo n

11. Converges; compare with Y (1/n2)
13. Diverges; compare with Y (1/(2n))
15. Diverges; compare with Y (1/n)

19. Converges; Ratio Test
23. Converges; Root Test
27. Converges; Ratio Test
31. Converges; Ratio Test

1 (1/nY)
35. Diverges; a, = (—) — 1 37. Converges; Ratio Test

17. Converges; Ratio Test
21. Converges; Ratio Test

25. Converges; compare with Y (1/n?)
29. Diverges; Ratio Test

33. Converges; Ratio Test

3
39. Diverges; Root Test
43. Converges; Ratio Test

41. Converges; Root Test
47. Yes

Section 8.7, pp. 661-663

1. Converges by Theorem 8
5. Converges by Theorem 8
9. Converges by Theorem 8

3. Diverges; a, /> 0
7. Diverges; a, — 1/2



A-72 Answers

11. Converges absolutely. Series of absolute values is a convergent
geometric series.

1
13. Converges conditionally. 1/,/n — 0 but E 7_ diverges.
n
n=1

15. Converges absolutely. Compare with Y oo (1/n?).

17. Converges conditionally. 1/(n +3) — Obut Y oo,

1
3 diverges
(compare with Y _°2 (1/n)).

3
19. Diverges; ﬂ — 1
5+4n

1 1
21. Converges conditionally; <—2 + —) — Obut (14n)/n?> 1/n
n? n

23. Converges absolutely; Root Test
25. Converges absolutely by Integral Test
29. Converges absolutely by the Ratio Test

27. Diverges; a, /~ 0

1 1
31 C bsoltely ¥ 1~ w2
onverges absolutely n2+2n+1 = n?
. cos nmw (=nm! .
33. Converges absolutely since ndn | } n/2 P

(convergent p-series)
35. Converges absolutely by Root Test ~ 37. Diverges; a, — 00
39. Converges conditionally; v/n +1—/n=1/(/n+/n+1) >
0, but series of absolute values diverges (compare with Y (1/4/n))
41. Diverges, a, — 1/2#0

2 2¢e" 2e"

43. C bsolutely; sech n = = e
onverges a utely; sech n en + en e +1 = e

2 S
= —, a term from a convergent geometric series.
e

45. |Error| < 0.2
51. a) a, > apq

47. [Error] <2 x 10~'1 49, 0.54030
b) —1/2

Section 8.8, pp. 671-672

l.a)l, —-1l<x<1 b) —-1l<x<1 c) none

3.a)1/4, —-1/2<x <0 b) -1/2<x <0 c) none

5.a) 10, -8<x <12 b) -8<x <12 c) none

7.a) 1, —-1l<x<1 b) -1l <x<1 ¢) none

9. a) 3, [-3,3] b) [-3,3] c) none 11. a) oo, for all x
b) forall x c) none 13. a) oo, forallx b) forallx c) none
15.a) 1, —1<x <1 b) -l<x<1l ¢)x=-1
17. a) 5, -8 <x <2 b) -8 <x <2 c) none

19. a) 3, -3<x<3 b) -3<x<3 c) none

2l.a) 1, —-1<x<1 b) -1 <x <1 c) none

23.a) 0, x=0 b)) x=0 c)none 25.a)2, —4<x<0
b) 4<x<0 ¢)x=0 27.a)l1 —-1<x<1

b) -1 <x <1 <c¢) none
b) 1<x<3/2 c)none 3l.a)l, (-l-m)<x<(l—-m)
b)(—l—-am)<x<(1l-m) ¢)x=—-1—-m
33. -1<x<3, 4/B3+2x—x%) 35 0<x<16, 2/(4— /%)
37. V2 <x <2, 3/(2—1x?)
39. 1<x<5,2/(x=1), 1 <x <5, =2/(x—1)2

2 4 6 8 10

X X X X

TR TR TR TRV

29. a) 1/4, 1 <x <3/2

4]1. a) cosx =1— —
all x

+ - - - ; converges for

23x3 25x5 27x7 29x9 2”)6“

b)andc)2x—7+?—7+w T
RS FEE
12 45 2520 14175 2 2
b) 1+x2+2_x‘1+_1.1{5+6£§.+...,_£ <x<£
3 45 315 2 2

Section 8.9, pp. 677-678

1. Py(x)=0, P(x) =x—1, Pz(x)z(x—l)—%(x—l)z,
P3(x)=(x—1)—%(x—1)2+%(x—1)3

3. Po(x):l, Pi(x) = 1——()6—2)

Py(x) = % %( —2)+§(x—2>2,

Py(x) = % %(x—2>+;(x—2)2——(x—2)3

5. Pyx) = ? Pl(x)=?+§(x—%),

P =24 (- 5) - (- F)

P =G+ (=) T D 6D

7. Bh(x) =2, Pi(x) =2+ %(x —4),

P(x) =2+ -l-(x —4) - L(x — 4)?,

4
1
P3(x)_2+4(x—4)——(x— )2+5—12-(x—4)3
0 )" 2 3 4
Z( x2 X x
> I TR TR T

n=0

00
11. Z(—l)"x":l—x+x2—x3+...

n=0
00 n.2n 00 2n
(=D"x X
5.7y ——— 17
— ; (2n)! ; (2n)!
19. x* —2x3 —5x+4 21 84+ 10(x —2) +6(x —2)? + (x — 2)°
23.21 -36(x+2)+25(x +2)2 —8(x +2)° + (x +2)*

o) 2

27. Z —(x —2)

n=0 "t
35. Lx) =1, Q(x) =1+x%/2

00 (_ l)n 32n+lx2n+l

13. Z @2n+ 1)

25, S (=1)"(n + D(x — 1)"
n=0

33. L(x) =0, Q(x) = —x2/2
37. L(x)=x, Q(x) =x

Section 8.10, pp. 686-688

2,2 53,3
o s+l -2y
n! 3!

1.

n=0



=-5x+ —

13.

1)n+1x2n+1

o S(=DM (=) S S(=
2:: @2n+1)! =2 (2n +1)!

(=1

5x3  5x°  5x7
TRTIRT
o ntl PR

o (—1)"x
S.Z (2n)! 7'2 oy =x+x +—-—+———+_+...

3!

ol @ e e 1o T

n2x3 JT4X5 7T6x o) ( l)n 2n 2n+l
S TR TR X(; 2n)!
e n 2n 2
(=1)"(2x) (2x)
1 =1-
+Z 2. (2n)! 2-2!+

@x)*  (2x)°% (2x)8

2.4 2.6/ 2.8

15.

17.

19.
21.
23.
27.
33.

35.

43.
49.
53.

00
Q)2 =22x 4+ 3x0 + 20 -
n=0

o0
Sl =14 2x 4+ 3x2 +4x3 + -
n=1
|x] < (0.06)'° < 0.56968
|Error| < (1073)3/6 < 1.67 x 10710,
|Error| < (30'1)(0.1)3/6 < 1.87 x 1073
|x] <0.02 31. sin x, x = 0.1; sin (0.1)
tan~'x, x =7/3;/3

345 46

e‘sinx=x+x2+x— _______
3 30 90

k=1 ,
2

-103<x<0
25. 0.000293653

a) OQ(x) =1+4kx + b) for 0 < x < 100~!/3

a) =1 b) (1/v/2)(A+1i) ¢) —i

1 1
x+x2+ —x3— —x3..

3 30 ; will converge for all x

Section 8.11, pp. 697-699

x x X 1 3 5
Ll+Z->+=— 3 1+-x+-x’+—x>+---
+2 8+16 +2x+8x+16x+
3x2 X3 x> 3x8  5x°
5o l-x+o oL g o2 2%
o 278 T 16
1 1 1
9. 1+

2 82 160

11. (1 4+x)* =1+44x + 6x2 +4x> + x*
13. (1 —2x)° =1—6x + 12x — 8x3
©, (1) o
15. y="2:; — "=t 17 y="Z=:l(x"/n!)=e"—1
& & x2" 2
19. y = "aY=e" —x—-1 2l y= =2
y=20"/n) = —x y ;2’%! e
00 0 x2n+l
2. y=) "= —— 25. y= ——— =sinh x
=x V=2 G D

Answers A-73

o0
(_1)n+1x2n
27. y=24x-2Yy ——

; (2n)!

0 _2(x_2)2n+1
29, y = _—
%y ; @Qn+ 1)

ax®

|
6" T34 4.5 6-6-773.4.7.8

b Forn>6, ay=(n—2)(n—3
15.8.9 .Forn>6, a, =(n n )an—a.
33. 0.00267 35. 0.1 37. 0.0999 44461 1 39. 0.1000 01
3 /7 (1
41. 1/(13 - 6!) =~ 0.00011 43, — — —— + ——
/( ) 3 7. 3! + 115!
I
45. — -
2) 12
x2 x“ o 8 32
b) — — 4.4 (=Db
)2 3-4+56 7-8+ +( )31~32
47. 1/2 49. —1/24 51.1/3 53. -1 55.2
59. 500 terms
61. 3 terms

x3 3% 5x7

63. a) x + — + — + ——, radius of convergence = 1

6 40 112°
i x> 3x5 547
by Loy X 2% 65 12 2 a3y
)2 x 3 0 3 6 x + 3x x° +
71. ¢) 37 /4

Chapter 8 Practice Exercises, pp. 700-702

3. Converges to —1 5. Diverges
9. Converges to 1  11. Converges to e~
15. Converges to In 2 17. Diverges
23. e/(e—1) 25. Diverges
29. Converges conditionally
33. Converges absolutely
37. Converges absolutely

1. Converges to 1
7. Converges to 0
13. Converges to 3
19. 1/6  21. 3/2
27. Converges conditionally
31. Converges absolutely
35. Converges absolutely
39. Converges absolutely 41. a) 3, -7 <x < —1

b) -7T<x<-1 ¢)x=-7 43.2a)1/3, 0<x<2/3

b) 0<x <2/3 c) none 45. a) oo, for all x b) for all x

5

C) none 47.a)«/§, —VB<x <3 b)—\/§<x<\/§
c) none 49. a) e, (—e,e) b) (—e, &) ¢) {}
1 1 4
5. ——, -, - 53.sinx, m, S. e, )
7% 25 3. sinx, 7, 0 55. ¢, In2, 2
[e) n.2n+1.,2n+1 00 n,.5n
x (=D)"m**x (=1
57. 2"x" 59, - . —_
2 ZO: @n + 1! ;, @n)!
63. o ((mx)/2)"
= n!
2 3
65.2_(x+1) 3(x+ 1) 9(x + 1)
21! 23 2! 25 . 3'
1 1
7. - —(x=32—-=(@x-3)°
6 ) 42( 3)+ (x 3) (x 3)



A-74 Answers

—X

0 (_1yr+!
69.y=2( ) x"=—e

!
=0 n:

ool —1 n2n
y=3z( ) X" =3e

n!

71.

n=0

00
73. y=—1—x+2) (x"/n!)=2¢"—3x -3

n=2

00
75. y=14+x+2Y (x"/n!) =2e*—1—x 77. 04849 17143 1

n=0
~ (0.4872 22358 3
87.r=-3,s=9/2
89. b) |error| < |sin (1/42)| < 0.02381; an underestimate because the
remainder is positive

1 1
91.2/3 93.In (%), the series converges to In (E)
n

95.a) 00 b)a=1, b=0

79. 81.7/2 83.1/12 85 -2

97. It converges.

Chapter 8 Additional Exercises, pp. 703-707

1. Converges; Comparison Test
5. Converges; Comparison Test

3. Diverges; nth Term Test
7. Diverges; nth Term Test

1 3 1
9. With a = /3, cos x = 5 - %(x—:r/ﬁ%)— JG—T/3 +
V3 s
l—z(x—n/3) +--

x* X
11.Witha=0,e"=1+x+_2..+§T+...

1 1

13. Witha =227, cosx =1 — 5(x —2m)% + E(x —22m)* —
1 6

a(x—zzn) +---

15. Converges, limit =b 17. 7 /2
29. b) Yes

35. a) inx”" b) 6 ¢) l/q

n=1

1
23. b=4-

5
25.a=2, L=-7/6

37. a) R, = Coe™* (1 — e™™0) /(1 — e7*0),
R=Co(e7*0) /(1 —e™0) = Co/ (e — 1)

b) Ry =1/e ~ 0.368,

Rip = R(1 — ¢71%) =~ R(0.9999546) ~ 0.58195;
R ~0.58198; 0 < (R — Rjp)/R < 0.0001 c¢) 7

I CHAPTER 9

Section 9.1, pp. 719-722

1. y2 =8x, F(2,0), directrix: x = —2
3. x2 = -6y, F(0,—-3/2), directrix: y = 3/2

x2

5. —
4

3
asymptotes: y = £—x

2
X
7. —
2
9.

2

y2 =12x

13.

F(3,0)

~

1
3
0

<

4

directrix y = —

L
16

_SQ
-4

21.

2
- % =1, F(+£V13,0), V(£2,0),

+y2=1, F(£1,0), V(£v2,0)

11.
y
2 y=2
2
1
0
¢ F(0,-2)
x2=—8y
15.
y
x=-3" i
-1
=1z
ad X
1 0 |L
F(“E»O) 2
1L
6
19.
y
2 2
2+ Xz— =1
1
0 1
-IFF
23.
y
2 2
N L




27. Asymptotes: y = +x

29. Asymptotes: y = +x

2 2
3By —x2=1 372 L
o AT

39. a) Vertex: (1, —2); focus: (3, —2); directrix: x = —1
b)

y

2_

0 X
-2+
-4r

41. a) Foci: (4 + /7, 3); vertices: (8, 3) and (0, 3); center: (4, 3)
b)
y

-9 -3?%_
® T 9 !

F(4-17,3)
C4,3)
0,3)- o o /.
vm +7,3)
1 1
0 4 8

43. a) Center: (2, 0); foci: (7, 0) and (-3, 0); vertices: (6, 0) and

3
(=2, 0); asymptotes: y = :I:Z(x -2)

Answers A-75

45. (y +3)? =4(x +2), V(=2,-3), F(-1,-3),

directrix: x = =3

47. x -1 =8(y+7), V(1, =7, F(1,-5), directrix: y = -9
C: 22)2 O 4; D | Fe2 43— 1), V(=2, 43— 1),
C(-2,-1)

5. @ ;2)2 O '23)2 =1, F(3,3) and F(1,3),

V(£v3+2,3), C2,3)
(x—2?2 (y-2)7?
T4 s

53, =1, C@2,2), F(5,2) and F(—1,2),

V(4,2) and V (0, 2); asymptotes: (y —2) = i%g(x —-2)

55. b+ 1) —(x+1)2=1, C(—1,-1), F(-1,+/2—1) and

F(—1,—+/2-1), V(-1,0) and V (-1, =2); asymptotes:

+D)=x(x+1)

57. C(-2,0), a =4

(x +2)?
5

59. V(-1,1), F(-1,0)
61. Ellipse: +y2=1,C(=2,0), F(0,0) and F(—4,0),

V(+/5—2,0) and V(—+/5 —2,0)
(x —1)?

63. Ellipse: +(-1*=1,C{1,1), F, 1)and F(0,1),

V(W2+1,1) and V(=2 + 1, 1)

65. Hyperbola: (x — 1)2 — (y —2)2 =1, C(1,2), F(1 ++/2,2) and
F(1—+/2,2), V(2,2) and V(0,2); asymptotes: (y —2) =
+(x—1)

y-3 x

67. Hyperbola: 3= 1, C(0, 3), F(0,6) and F(0,0),

VO, V6 + 3) and V (0, —-V6+ 3); asymptotes: y = V2x +3or
y= —/2x +3
69.

ox? + 16y% <144



A-76 Answers

77. 3x2+3y* —Tx —Ty+4=0
79. (x +2)? + (y — 1)? = 13. The point is inside the circle.

81.b) 1:1
85. 24n

83. Length = 24/2, width = /2, area =4
87. (0,16/(37m))

Section 9.2, pp. 726-727

1. e =3/5, F(£3,0), x = £25/3

3. e=1/2, F(0,£1), y==2

5. ¢e=1/4/3, FO, 1), y =43

7. e =+/3/3, F(£3,0), x = 433

X

2

y2

X

2

y2

9.

SR |

e S |

27

11.
4851

4900

2

2

13

19

V5 ox?
39

x-1* (y—4)7
) 4 9

. € =

2
Yy
A

+4

=4+ (9V5/5)

21.
23.
25.
27.

29.

33.

37.

a=0,b=—-4, c=0, e=+/3/2
e =2, F(£/2,0), x =+1/3/2
e=+/2, F(O,+4), y =42
e=+/5, F(+/10,0), x = +2//10

F(0,£4/10), y = +2/+/10

2

2 y
2 =1

T3

X Y

15. e=1/2, — + —
e /,6+

=1
4 48

=1, F(1,4+5), e =+/5/3,

2
3L yz—%zl

1

Section 9.3, pp. 733-734

1.
9.

Hyperbola
Hyperbola

3. Ellipse 5. Parabola
11. Hyperbola

13. Ellipse

45

7. Parabola
15. Ellipse

17. x'? — y'? = 4, hyperbola
21. y'? = 1, parallel lines

19. 4x'? + 16y’ = 0, parabola
23. 24/2x'2 4 8+/2y’ = 0, parabola

25. 4x'2 4+ 2y'? = 19, ellipse

27. sin @ = 1/4/5, cos @ = 2/+/5; or sin o = —=2/+/5,

cosa = 1//3

29. A’=0.88, B'=0.00, C'=3.10, D' =0.74, E' = —1.20,
F' = -3,0.88x"2 +3.10y'2 + 0.74x" — 1.20y’ — 3 = 0, ellipse

31. A’=0.00, B=0.00, C'=5.00, D=0, E'=0, F/ = -5,
5.00y’> —5 =0 or y’ = £1.00, parallel lines

33. A'=5.05, B =0.00, C'=—0.05, D' =—5.07, E' = —6.18,
F' = —1, 5.05x'> = 0.05y'> — 5.07x' — 6.18y’ — 1 = 0, hyperbola

x’2 y'2 y/2 le ) )
35. a) ﬁ_*-?:l b) F-ﬁ=1 ¢) x2+y? =a?

1, b
e) y =—;X +;
37.a) x2—y?=2 b) x?—y2=2a

45. a) Hyperbola

!

1
d) y=——x

m
43. a) Parabola

) y=—-2x—-3, y=-2x+3

Section 9.4, pp. 741-744

1 3.
y y
ayt=1 1201
/\ //\2+y2=1
t=1 t=0 x
* 0 * x 0 1
\ /
\ /
\ /
N 7/
\\-_//
5. 7
y y -
L S
2 2 5 6+ts !
X Y
16 4

0 (e 1 0 K *
\ /
\ /




9 11.
y y
y =1
y=1x
1
<0 t>0 =0 . N
o] 1
l_
1 x
0 1
13. 15.
y y
x2—y2:1 7
S/ y=2x+3
/
/ 3
/
/
t=0 ,/ o
0 "
\
\
\ 30 o
N 2
\
N
19.
y
=04 y=Vl—x2
/4 <
N
N
\
\
\
X t=-1 : N
21.
y y
% - 4
y= X+ 1 //
/
N\ /
\\ /
\\ /
!
S~ . 1=0 h .
S~ -1 0 \
t=0 \
\
\
\
X \\
0 \
25.a) x=acost, y=—asint, 0<t<2mr b) x=acost,
y=asint, 0<t<2m <c¢)x=acost, y=—asint,
0<t<4mr d)x=acost, y=asint, 0<t <4m
—at a
27. x = , Y= , —00 <t < 00
V1412 V1412
29. x=2cott, y=2sin’t, 0 <t <o
31. b) x = xt, y = y;t (answer not unique) c) x = —1 +1¢,

y =t (answer not unique)

33. x=(a—->b) cose+bcos<

a—>b
o),
i)

Answers  A-77
y=(a—-D>) sin@—bsin(a_b9>
35. x=asin*rtant, y=asin’sr 37. (1,1)
Section 9.5, pp. 749-751
d?y
Ly=—x+2V2, == =-2
dx?
1 d?y V2 1 dy
.y =—= 2V2, — = —— .y = -, — —
3.y 2x+fdx2 7 5.y x+4d
d?y d? y 1
7. == - _—= . = —4 _— = —
y =2 ﬁ’dz 3W3 9. y=x il
11. y—x/_x—i-l-Z d—y 4 13.0 15. -6 17.4
19. 12 21 7% 23.87% 25.527/3 27. 375
12 24 24
29. a) (x,y) = (— -z 2) b) Centroid: (1.4,0.4)
7 #n¥'nm
L 1 4 ,
31. a) (x,y) = g,n—g 33.a)r b)yr 37. 3ma

2
39. 647/3 41. (%,1),y=2xatt:0,y=—2xatt=7r

Section 9.6, pp. 755-756
1. a)e; b) g;c) h;d) f

x
(-2,0) (2,0)

a) ( —+ 2nn) and (—2, % + (2n+ l)n) , n an integer
b) (2, 2nn) and (-2, 2n 4 1)7), n an integer
3 3
c) <2, 7” + 2n7r> and (—2, 777 + (2n + l)n) , n an integer

d) (2,2n+ 1)mr) and (-2, 2nm), n an integer

5.a) 3,0) b) (=3,0) ¢) (—1,/3) d) (1,v/3), e) (3,0

f) (1,v3) g (=3,0) h) (-1,v3)
7. 9.




A-78 Answers

11. 13.
y
L -7
3 0=73
-l=r=<3
us
3
1 1 x
-1 0 2
_1_
15. 17.
y y
=" r=1
2 0<f=<m
r=0
S 0 o

21.

23.
27.
29.
31.
33.
35.
37.
39.
41.
43.
45.
47.
53.
57.
61.

x =2, vertical line through (2,0) 25. y = 0, the x-axis

y = 4, horizontal line through (0, 4)

x+y=1lineem=-1, b=1

x2 4+ y? =1, circle, C(0, 0), radius 1

y—2x=>5,lineem=2 b=5

y? = x, parabola, vertex (0, 0), opens right

y = e*, graph of natural exponential function

x + y = %1, two straight lines of slope —1, y-intercepts b = +1
(x +2)% + y? = 4, circle, C(=2, 0), radius 2

x2 + (y — 4)? = 16, circle, C(0, 4), radius 4

(x — 1)2 4 (y = 1)* = 2, circle, C(1, 1), radius +/2
V3y+x=4 49.rcosf@=7 51 60=mn/4
r=2orr=-2 55 4r? cos? 0 +9r* sin’6 = 36
rsinf@=4cosd 59.r=4sin6

r2=6rcosf —2rsinh —6 63. (0, 0), where 6 is any angle

Section 9.7, pp. 763-764

1. x-axis 3. y-axis
y y
r=1+cosf
r=1-sin6
1
X
Z1 0 1
X
2
,] _2
7. x-axis
-
s 2
r =sin(6/2) / 5
-1
V2
2 T
9. x-axis, y-axis, origin 11. y-axis, x-axis, origin
y y
2 ! r2=-sin 6

r“=cosf

L1
i

N\

13. x-axis, y-axis, origin  15. Origin
17. The slope at (—1,7/2) is —1, at (=1, =7 /2) is 1.
y

(-3

r=-1+cos 6




19. The slope at (1, 7/4) is —1, at (—1, —m/4) is 1, at (—1, 3w /4)

is

1, at (1, =37 /4) is —1.

(-2
() (%)
21. a) b)

23.

a) b)

I
N

-

2
(r:%-v—cose

25.

S
2

Y
_

31
33
35

37. (1,7/12), (1,5%/12), (1,137 /12), (1,177 /12)

. 0,0), (1,7/2), (1,37/2)
. 0,0), (v/3,7/3), (—/3,-1/3)
. (W2, £7/6), (v2,£57/6)

27.

O0<sr=<2-2cosf

43.

a

Answers A-79

Section 9.8, pp. 768-770

1. rcos(d —m/6) =5, y=—+/3x+10
3. rcos(@—4mw/3) =3, y=—(/3/3)x =23

7. y=3/3x+2v3 9. rcos (9-%):3

S.y=2—-x

11. r cos (0+%)=5 13. r=8cos® 15 r=2v2sin6

17. C(2,0), radius =2 19. C(1, ), radius =1

21. (x —6)2+y2=36, r=12cos 6

23. x2+(y =52 =25 r=10sin 6

25. (x+1)2+y*=1, r=-2cos 6

27. 24+ (y+1/2)2 =1/4, r=—sin 6 29, r = 2/(1 +cos 6)
31. r =30/(1 —S5sin@) 33. r=1/(2+cos 0)

35. r =10/(5 —sin 0)

37. 39,
1 A 25
20
s5ind ’”\ﬁ/
= -1 0 1
0
41. 43.

y =50

50, ™ _ 400
(3 2)\ "= 16+8sino6

_2\1)0/2

57. b) Planet Perihelion Aphelion
Mercury 0.3075 AU 0.4667 AU
Venus 0.7184 AU 0.7282 AU
Earth 0.9833 AU 1.0167 AU
Mars 1.3817 AU 1.6663 AU
Jupiter 49512 AU 5.4548 AU
Saturn 9.0210 AU 10.0570 AU
Uranus 18.2977 AU 20.0623 AU
Neptune 29.8135 AU 30.3065 AU
Pluto 29.6549 AU 49.2251 AU

59. a) x>+ (y—2)2=4,x=+/3



A-80 Answers

b)
y
r=4sin 0

-\ V3, mi3)
(3,3
(2, 7/6)

/ o
0 X

r=V3sech

61. r =4/(1+cos ) 63. b) The pins should be 2 in. apart.
65. r =2a sin 6 (acircle) 67. r cos (0 — ) = p (a line)

Section 9.9, pp. 775-777

1. 187 3.7/8 5.2 7.%—1 9. 57 -8
3
1. 33 -7 13.%+§ 15. 127 — 93 17.a)%—%

3
19. 19/3 21.8 23.3(/2+In(1++2) 25. %+§

27.2r 29.7w/2 31.2r(2—-42) 37 (2(1,0)

Chapter 9 Practice Exercises, pp. 778-782

o
S
<
o
I

Y

9. (x —2)2=—12(y = 3), V(2,3), F(2,0); directrix: y = 6

3)? 5)°
) (x; ) + (y -2l-5) =1, C(=3,-5), V(=3,0) and

V(-3,-10), F(-3,—1) and F(-3,-9)

11

-2 22 _22
. (y 8\/—) _(x > ) =1, C(Z,Zﬁ), V(2,4«/—2-) and
V(2,0), F(2,/10+2v2) and F(2, —v10 + 2+/2); asymptotes:
y=2x—4+2v2and y = —2x + 4 +2v2

—2)2
) —y*=1, FQ++/5,0), V2+£2,0),

13

15. Hyperbola: (x

1
C(2,0); asymptotes: y = ii(x -2)

17. Parabola: (y — 1) = —16(x +3), V(=3,1), F(-7,1);
directrix: x = 1

3 2 -2 2
19. Ellipse: & Jlr6 L. 5 Y 1, F@T—3,2),
V(+4-3,2), C(-3,2)
21. Circle: (x — 1) 4+ (y — 1)> =2, C(1, 1), radius = /2
23. Ellipse  25. Hyperbola  27. Line
29. Ellipse, 5x’2 +3y'2 =30 31. Hyperbola, x'2 — y'2 =2
33. 35.

y ‘V4y2—4x2=l
1+
/=2"+1 \\/
! t=0
2

o
1l
(=1

-1 0 1

3 1 1
39. x=3cost, y=4sint, 0<t <2rm 41.y=£x+—,—
2 4’ 4
2
43. 3+—l"8 45. 7673
47.

O<r=6cosf

49.d 51.1 53.k
59. (0,0), (1,£m/2)
65. y=x, y=—x

55.1 57.(0,0)

61. The graphs coincide.  63. W2, /4)



67. At (1,m/4):rcos(@—n/4) =1, At (1,37/4):
rcos(@—3m/4) =1, At (1,57/4) :r cos (0 —5m/4) =1,
At (1,7 /4) :r cos (0 — T /4) =1

69. y=(/3/3x—4 TlL.x=2 T3 y=-3/2
75. P+ (y+22=4 T (x =2 +y*=2
79. r=—5sind 81. r=3cosé
83. 85.
y y
3
r= —Z =5
2 1+ cos 6 @ m "= T=2cos 6

(1,0) (6, m 0
-2,
-3

4
- _ =" 91.97)2
1+2cos 0 rsne Lo/
93. 24+ 7/4 95.8 97.m—3 99.2-+2)m

14 b3
101, a) 247 b) 16x 111 7/2 115, (2,i§>, >
119. 72

87. r 89. r

121. 7 /4

Chapter 9 Additional Exercises, pp. 783-786
1.

<

N N O T B |

T

3. 3x24+3y2—-8y+4=0 5. (0,£1)

(y—-1? x?
7. ~Z.—=1%
R T )
17.
y
2 +4y?-4=0 -y?-1=0

x

A-81

Answers

b
25. x = (a + b) cos 6 — b cos (%6),

b
y = (a+b)sin @ —b sin (%9)
27. (—1,0), t=—1,0,1

29. 2) r=¢¥* b) —‘g—g(e“” —1)
3271 — 47 +/2 4
31 5 Bor=1Twse " " 25sme
37. a) 120° 39. 1 x 10" mi. 41. e =./2/3
2
43. Yes, a parabola  45. a) r = ——L—n—
1 4 cos (9 — Z)
8 3
b r= 3 —cos 6 ) r= 14+2sin6
I CHAPTER 10
Section 10.1, pp. 794-795
1. a) b) c)
< A A-2B
Y, A
B <€ =T
d)
A
-C

ol—
>
I
(@]



A-82 Answers

3.4i+5j 5. (6—(/3/n))i—20j
7.a) w=v+u b)v=w-—-u

9, 11.
y y
=5i + 5§
-3i +2 2k sk

> of = 0 *
13. 15.

y y

1.—
o\ 1 *
ﬁ=i+j
i N 1
CD=-i-j AB+CD=0
L Vi-g AL
17. (5,8)
19.
u=-—%i+\%§j u=gi+%j
2:;” / x
§ ;
3 4
23, -i—=j
5'75)

25u—1i+4'u——1i4j

SRV T R A J Y

2. u= —%mn), _u= %(—ﬁ _fon= %(—sz),
n= %a—zn

-1 05 05 1 15 2 25

0.5

+1 1
29. u= ?(—4i+3j), V= %(3i+4j)

3. u= %(i+«/§j), v %(-ﬁiﬂ)

5. 12,

3. 4. 3. 4. -
35. gl— 3'] and —-5—|+ 5,] 39. 5./3i, 5j
41. « =3/2, p=1)2
5 5V3
27 2
b) (5 cos 60° + 10 cos 315°, 5 sin 60° + 10 sin 315°)

5++/2 5V/3-1042

2 2

45, The slope of —v = —ai — bj is (—b)/(—a) = b/a, the same as
the slope of v.

43. a) (5 cos 60°, 5 sin 60°) =

Section 10.2, pp. 804-806

1. The line through the point (2, 3, 0) parallel to the z-axis

3. The x-axis 5. The circle x? 4+ y? = 4 in the xy-plane

7. The circle x? + z2 = 4 in the xz-plane

9. The circle y? + z2 = 1 in the yz-plane

11. The circle x> + y* = 16 in the xy-plane

13. a) The first quadrant of the xy-plane

b) The fourth quadrant of the xy-plane

15. a) The ball of radius 1 centered at the origin

b) All points greater than 1 unit from the origin

17. a) The upper hemisphere of radius 1 centered at the origin

b) The solid upper hemisphere of radius 1 centered at the origin
19.a) x=3 b)yy=—-1 ¢)z=-2 2l.a)yz=1 b)x=3
c)y=-1 23 a)x*+(y—22=4,2z=0

b) (y—2%+22=4,x=0 ¢)x*+72=4, y=2

25.a) y=3,z=-1 bpx=1,z=-1 ¢c)x=1, y=3
27. x>+ y*+72=25,2z=3 29.0<z<1 3Lz<0
33.a) =12+ (y -1+ (-1 <1

b) x =D+ -1)2+@z-1*>1 35 3(§i+%j—§k>

1 4 8 3 4
37.9({ i+ -j— = 9. 41. 1| -i+ <k
<9l+9j 9k> 39. 5(k) (51+5 )



1 1

43. @(%i—ﬁj—ﬁk) 45. a) 2i b) —/3k

3 2 7
—j+=k d)6i—2j+3k 47. —(12i—5k
c) 10J+5 ) 6i—2j+ {13( i )

10, 15, 30 2. 2. 1

49. ——i+—=—j— =k 5L Zi+Zj--k

9 71+7J 7 a) 3 b)3l+3j 3

3.6, 2

c) (2,2,12) 53.a)7 b)§1—53+§k ) (52, 1, 6)
1 1 1

55.2) 2/3 b) —i——j——=k ¢ (I,-1,=1)
BOBTA

57. A(4,—3,5) 59. C(=2,0,2), a =22

61. C(v/2,v/2,—v2), a=+2

63. x—1)2+(y—-22+1z-32=14

65. (x +2)2+y*+22=3 67. C(=2,0,2), a=+/8
11 1 543

69. C—-,—=,—- ), a=—=

9C( 43 4) ‘T

71 a) /Y2422 b) VX242 c) Jx2+)?

3.3
o) Sit -3k b itj-2k ) 2.2.1)

Section 10.3, pp. 812-814
1.a) =25, 5,5 b) =1 ¢) =5 d) —2i+4j—+/5k

1
3.a)25 15,5 b) 1/3 ¢)5/3 4d) 5(10i+11j——2k)

5.2)0, V53,1 B)0 )0 d)0 7. a2 34, /3
2 2 1
b) —— — d) —(5j-3k) 9. -2, 42,3
) Fm O 7m 9 siek a) V3-+2, V2
-2 32 3-V2
b)«/’fc)ffd)f f(_iﬂ.)

3v2 V2 2
3,3 3, 3

w (i 2 3. 3
(21+2J)+< 2|+21-|-4k)

4. 28, 14 0. 16. 22
Bo( i+ - k) +(—i-—j- 2k
3(3”“3J 3)+(3' 39 3)

15. The sum of two vectors of equal length is always orthogonal to
their difference, as we can see from the equation

(Vi4+V) e (Vi —=V) =V sV + V2V =V + V=V V
2 2
= |vi|" = |v2]".

2. tan"' /2 23.075rad  25. 1.77 rad
27. LA = 1.24rad, /B =~ 0.66 rad, /C =~ 1.24 rad
31. a) Since |cos 8] < 1, we have

29. 0.62 rad

[u - v| = Juljv]icos 6] < uj{v|(1) = |ul|v|.
b) We have equality precisely when |cos 8] = 1 or when one or both
of u and v are 0. In the case of nonzero vectors, we have equality

when 6 = 0 or =, i.e., when the vectors are parallel.
3B.a 35 a) 70 b) V568 37.5] 39.3464.10 )

Answers A-83

43. x+2y=4 45. 2x +y=-3
? “2i+j A /
I._
i+2j )
) 2 0 3 .
2
-2x+y=-3
0 i 4 *
-3
47. x+y=—1 49. 2x —y=0
rexn 1S 1 foaa
2x-y=0
= L x x
x+y=-1
—i-2j
-1 \ i_j
51. m/4 53. m/6 55. 0.14 57. /3 and 27 /3 at each point

59. At (0, 0): /2, at (1, 1): w/4 and 37 /4

Section 10.4, pp. 820-821
2 1 2
1. |A x B| = 3, direction is 3 i+ §j + 3 k; |B x A| = 3, direction
2 1 2

s —Zi—-—i_-Zk
1S 3l 3J 3

3. |A x B| =0, no direction; |B x A| = 0, no direction
5. |A x B| = 6, direction is —k; |B x A| = 6, direction is k

1 2
7. |A x B| = 6+/5, direction is — i — —Kk; |B x A| = 6/5,

V505
direction is 1i+ 2 k
irection is —— —
V505
9 11.
Z Z
____j+k
|
ixj=k i-j+k !
| ' '
— ¥ !
] _—
I
i I//
X i-k




A-84 Answers

13.

. . 4
ity 7

-2k

1 V2 1
15.2) 26 b) +—Qi+j+k) 17.a) — b) +—(>(i—j)
JE( J 5 7 J
19. a) None b) Aand C 21. 10v/3 ft-1b 23.8 25.7

27. a) True b) Not always true c¢) True d) True
e) Not always true f) True g) True h) True
A-B
29. a) projBA=ﬁB b) A xB c¢) (A xB)xC
d) (AxB)-C| 31.a) Yes b) No c¢) Yes d) No
33. No, B need not equal C. For example, i+ j # —i + j, but
ix({i+j)=ixi+ixj=0+k=k
ix(—i+j)=—-ixi+ixj=0+k=k

35.2 37.13 39.11/2 41.25)2
43. IfA=a1i+a2j andB=b1i+b2j, then
i j k
AxB=|a a 0=Zl sz
by by 0 b
and the triangle’s area is
1 lla, a
—|AxB|l ==%= .
2| x Bl 2|b b

The applicable sign is (+) if the acute angle from A to B runs coun-
terclockwise in the xy-plane, and (—) if it runs clockwise.

Section 10.5, pp. 827-829

l.x=3+1t y=—4+1t, z=—1+4¢

3. x=-2+45t, y=5t2z=3-5 5. x=0, y=2t, z=t
7. x=1,y=1,z=14t 9. x=t, y=-T+2t, z=2t
11. x=¢, y=0, z=0

3
13. x =1, y=1, z=—2—t, 0<t<l1

0,0,0

17. x =0, y=1-2t, z=1,0<t <1

Z

£
1

F—————¢

0,1, 1)

19. x=2-2t, y=2t, z=2-2t, 0<t <1

2,0,2)

0,2,0)

21. 3x -2y —z=-3
25. x +3y+4z=34

23. 7x —Sy—4z=6
27. (1,2,3), —20x+ 12y +z=7

20. y+z=3 3l.x—y+z=0 33.2/30 350
9/42
37. T“/_ 39.3  41.19/5 43.5/3 45.9//41

47. n/4 49. 1.76 rad 51. 0.82rad  53. (% —%, %)
55.(1,1,0) 57.x=1—t, y=1+4+1¢t, z=-1
59. x =4, y=3+6t, z=1+473¢
61. L1 intersects L2; L2 is parallel to L3; L1 and L3 are skew.
63. x=2+2t, y=—4—1t, z=T+3t; x=-2—1,
y=-=-2+1/2t, z=1-(3/2)t

1 3
65. (0, X 2) , (-1,0,-3), (1,-1,0)
69. Many possible answers. One possibility: x +y = 3and2y +z =7
71. (x/a) + (y/b) + (z/c) = 1 describes all planes except those
through the origin or parallel to a coordinate axis.

Section 10.6, pp. 839-841

1. d, ellipsoid
7. b, cylinder

5. 1, hyperbolic paraboloid
11. h, cone

3. a, cylinder
9. k, hyperbolic paraboloid



2

Answers

~

xayt-zt=1

A-85
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65. 67.

z=—(x2+y2) x2—4y2-'l

|
A

69. 71.
49. 51. 2
Z . 2+yt=2z
y=-062+2% 1632 + 4y =1 42422 —ax=4
/ < : -
/ X y
X
73. 75.
z 9x2 + 16y% = 472
T yz=1 z
/
Q
g/ ..
ANV :
X
21 (9 —¢?) 4mabce
57. 50, 77. a) — b) 87 «¢) 3

81. Vertex (0, y1, cy?/b?), focus (0, y1, c(y?/b?) — a?/(4c))

16y2 + 922 = 4x2 Q
Section 10.7, pp. 846-847
y

Rectangular Cylindrical Spherical
/ 1. (0, 0, 0) ©, 0, 0) ©, 0, 0)
x 3.0,1,0) (1,7/2,0) A,7/2,7/2)
5. (1,0, 0) (1, 0, 0) (,7/2,0)
. 7. 0,1, 1) a1,7/2,1) W2, 7/4,7/2)
6 _ 63. 9. (0, —2/2,0) (2/2, 372, 0) V2, 7/2,37/2)
9x% + 4y Z+ 22 =36 x2+y2 —th')z2 =16 11. x2 + y2 — 0’ 6=0o0rf = 7, the Z—aXiS

13. z =0, ¢ = 7 /2, the xy-plane
/ 15.z=r,0§r51;¢=n/4,05p5ﬁ;a(ﬁnite)cone
4 \g 17. x =0, 6 = /2, the yz-plane

19. r2+z> =4, p =2, sphere of radius 2 centered at the origin

\\
y y
< ’ \y ) X 5 2 25 R R )
x 21. x*+y*+(z— =) = —, r°+z° = 5z, sphere of radius 5/2
<

2 4
centered at (0, 0, 5/2) (rectangular)



23. y=1, psin¢ sin 6 =1, the plane y =1

25. 7 = +/2, the plane z = /2

27. r2 472 =2z, z<1; p=2cos ¢, /4 < ¢ < m/2; lower half
(hemisphere) of the sphere of radius 1 centered at (0,0, 1) (rectan-
gular)

29, x24+y 4+ 72=9, —3/2<z<3/2 rt4+7*2=9,

—3/2 < z < 3/2; the portion of the sphere of radius 3 centered at the
origin between the planes z = —3/2 and z = 3/2

3. z=4—-4(x*+y?), 0<z<4; pcos¢=4—4p’sin’ ¢,

0 < ¢ < m/2; the upper portion cut from the paraboloid

7z =4 — 4(x* 4+ y?) by the xy-plane

33 z=—/x2+y? —1<z<0; z=—r, 0 <r <1, cone, vertex
at origin, base the circle x> + y?> = 1 in the plane z = —1

35. z4+x2—y* =0 or z=y* —x2, cos ¢+ p sin® ¢ cos 26 =0,
hyperbolic paraboloid

37. 2,3, 1)

39. Right circular cylinder parallel to the z-axis generated by the cir-
cle r = —2 sin 6 in the rf-plane

r=-2sin K

N2

0

<0

41. Cylinder of lines parallel to the z-axis generated by the cardioid
r =1—cos 8 in the ré-plane

r=1-cos 6

43. Cardioid of revolution symmetric about the y-axis, cusp at the
origin pointing down

4
p=1-cos¢

YA |Y

x\ /y

45.b) ¢ =7 /2
49. The surface’s equation r = f(z) tells us that the point (r, 0, z) =
(f(2), 6, z) will lie on the surface for all 8. In particular (f(z), 6+

Answers  A-87

7, z) lies on the surface whenever (f(z), 68, z) lies on the surface,
so the surface is symmetric with respect to the z-axis.

(f(2), 6:2)

Chapter 10 Practice Exercises, pp. 848-851
1.

=y
NIy

310

a|§'

w]‘_\_f

1 1 2 3 6
3.2. ——i+——'> 5.7.(—i——'+—k)
(ﬁ Nk 717717
8 2 8z
7 —i- —j+——k
NEEIE RN

9. a) BD=AD — AB

— 1 — —
b) AP=§(AB+AD)

13. |A|=+/2, |B|=3,A-B=B-A=3 AxB=-2i+2j—k,
BxA=2i—2j+k, |AxB|=3, 0 =mn/4, |B| cos 6 =3//2,
proj, B = (3/2)(i +j)

4 1
15 SQi+j-K - 3Gi+j+11k)



A-88 Answers

17.

19.

+(-

23.
31.
35.

39.

~N

iX@i+j)=k

unit tangents £ ( j>, unit normals

_1_i+i
V55

2. 1.

ﬁ'*ﬁ’)

27 25.2a) A=+14 b) V=1 29.78/3
x=1=3t, y=2,z=34+Tt 33.2
2x+y—2=3 37. 9x+y+7z=4

013(103)(110)
Ty ) ,0,=3), (I, =1,

41. n/3 43 x=—-5+45t, y=3—1t, z=-3t
45. b) x = —12t, y=19/12+15¢, z=1/6 + 6t
47. Yes; v is parallel to the plane. 49. 3 51. -3j+ 3k
2 .. 11 26 7
53. E(Sl—"—:;k) 55. (?,3,§>
57. (1,-2,—-1); x=1-=5¢, y=—-2+43¢t, z=—1+4¢
59. 2x +7y+2z4+10=0 61. a) No b) no c) no d) no
e) yes 63. 11/4/107

65.

69.

x2+y2+zz=4

67.

4x2+4y2+zz=4
z

2
/
- -
-1
1
1 1Y
X
=2|
71.
= (242 z
z2==(x“+y°)
2,222
xX“+y“=z

77. The y-axis in the xy-plane; the yz-plane in three dimensional

space
79. The circle centered at (0, 0) with radius 2 in the xy-plane; the
cylinder parallel to the z-axis in three dimensional space with the
circle as a generating curve

81. The parabola x = y? in the xy-plane; the cylinder parallel to the
z-axis in three dimensional space with the parabola as a generating
curve

83. A cardioid in the ré-plane; a cylinder parallel with the z-axis in
three dimensional space with the cardioid as a generating curve

85. A horizontal lemniscate of length 2+/2 in the r6-plane; the cylin-
der parallel to the z-axis in three dimensional space with the lemnis-
cate as a generating curve

87. The sphere of radius 2 centered at the origin

89. The upper nappe of the cone having its vertex at the origin and
making a 7 /6 angle with the z-axis

91. The upper hemisphere of the sphere of radius 1 centered at the
origin

Rectangular Cylindrical Spherical
93. (1,0, 0) (1,0,0) (1,7/2,0)
95. (0, 1, 1) (1,7/2,1) (2, 7/4,7/2)
97. (-1,0,-1) (1,7, —1) (V2,37 /4, )

99. Cylindrical: z = 2, spherical: p cos ¢ = 2, a plane parallel with
the xy-plane

101. Cylindrical: r? 4 z?> = —2z, spherical: p = —2 cos ¢, sphere of
radius 1 centered at (0, 0, —1) (rectangular)

103. Rectangular: z = x2 + y?, spherical: p =0 or p = ::;SZZ
0 < ¢ < m/2, a paraboloid symmetric to the z-axis, opening upward,
vertex at the origin

105. Rectangular: x2 + (y — 7/2)* = 49/4, spherical: p sin ¢ =

7 sin 6, cylinder parallel to the z-axis generated by the circle

107. Rectangular: x? + y? + z2 = 16, cylindrical: r? 4 z? = 16,
sphere of radius 4 centered at the origin

109. Rectangular: —/x2 + y2 = z, cylindrical: z = —r, r > 0, single
cone making an angle of 37 /4 with the positive z-axis, vertex at the
origin

when

Chapter 10 Additional Exercises, pp. 851-853
1. (26,23,—-1/3) 3. ~34,641]



17. b) 6//14 ¢) 2x —y+27 =38
d) x —2y+z=3+5V6andx —2y +z=3-5/6

Vez GMm L
23 V—ZWZ 25. a) |F| = 7 (14—1‘2i @ +1)3/2>
b) Yes
I CHAPTER 11

Section 11.1, pp. 865-868
1.y=x*-2x, v=i+2j, a=2j
3. yzgxz, v=3i+4j, a=3i+38j

™ V2. V2. V2. V2o
S5.t=—:v=—i——j, ) '_TJ’

1 2 2
9. v=i+2rj+2k; a=2j; speed: 3; direction: §i+—j+—k;

3 3
2 2
V(l)—3(§l+ 3j+ 3k)
11. v=(-2sint)i+ (3 cos t)j+4Kk;
a=(—2cost)i— (3 sin?)j; speed: 24/5;
direction: (—1/+/3)i+ (2/+/3)k;
v (m/2) = 2/5[(—=1//5)i+ (2/v/5) k]

2 -2
13. v=|——)i+2tj+tk;, a= i+2j+k;
v <t+1>l+ J+ a ((t+1)2>]+ J+

speed: J/6; direction:

1 2 1
—it+—=j+—=k
NNV AN

1 2 1
v(1)=J€<—i+—‘+—k>

NN AN
15. 7/2 17.7/2 19.t=0, n, 2n

Answers A-89

21. (1/4)i+7j+ 3/2)k 23,

24/2
_7H2—“/_>j+2k

25. In4)i+ (In4)j+ (n 2)k

—1? . —1? . —t?
27.r(t) = (TH) |+(T+2)J+(T+3) Kk
2.r()=(t+ 1) =1Di+(—e"+Dj+Unt+ 1+ Dk
31. r(t) = 8ti+ 8tj+ (—16t2 + 100) k
B.x=t, y=-—1, z=1+1t
35. x=at, y=a, z=2nb+bt
37. a) (i): It has constant speed 1  (ii): Yes (iii): Counterclockwise
@iv): Yes b) (i): It has constant speed 2 (ii): Yes (iii): Counter-
clockwise (iv): Yes c¢) (i): It has constant speed 1 (ii): Yes
(iii): Counterclockwise (iv): It starts at (0, —1) instead of (1, 0)
d) (i): It has constant speed 1 (ii): Yes (iii): Clockwise (iv): Yes
e) (i): It has variable speed  (ii): No (iii): Counterclockwise
(iv): Yes

3 6 1 2
39. l‘(l‘)=<512+ﬁt+l) i—<§t2+ﬁt—2)j+

1, 2 ) (1 2t )

—t"+ —t43)k=|zt"+—=)@Bi—-j+k) +
<2 V11 2 V11 !
(i+2j+3k)

41. v=2/5i++/5]

43. max |v| =3, min |v|] =2, max |a] =3, min |a| =2

Section 11.2, pp. 873-876

1. 50 sec 3. a) 72.2 sec, 25510 m b) 4020 m c¢) 6378 m
5. t & 2.135 sec, x = 66.42 ft

7. vo=9.9 m/sec, = 18.4° or 71.6° 9. 190 mph

11. The golf ball will clip the leaves at the top.  13. 46.6 ft/sec
17. 141%  21. 1.92 sec, 73.7 ft (approx.)

1
25. v(t) = —gtk+ vy, r(t) = —Egt2k+v0t

Section 11.3, pp. 880-881

2 2 5
1. T=<—§ sint)i+(§ cost)j+§k, 3n

1 NG 52
3.T= i+ ——k, — 5. T=—costj+sintk,
V14t 1+t 3 !
7 T = cost—tsint it sint +1¢ cos t i+ J21'2 k
t+1 t+1 t+1
n2+
— 47
2
b4
9. (0,5, 24m) 11. s(t) =5¢, L = 7

13. 5(t) = +/3¢' — /3, L=%§ 15. V2 +1In(1 ++/2)

17. a) Cylinder is x> +y?> =1, plane is x +z = 1
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b) and c)

(0*“\") -1,0,2)

2n
d L= V1+sin’tdt e) L~7.64
0

Section 11.4, pp. 890-893

1. T=(cost)i—(sint)j, N=(—sinz)i— (cost)j, Kk =cost

1 t —t
3. T= i— i, N= i—
V1 +12 \/1+12J V1412
1
K= ——"—""
2(«/1+t2)
5. a 2 T+ N 7. b) cos
. = . X
NI V1412
) 2t
9.b) N= ——=¢

i+ j
V1 +4e% \/1+4€4'J
I
o N=—3 (\/4—t2i+tj)

3cost, 3sint

11. T=

5 5 5

4 4 3
B:(gcosz‘)i—(g sint)j——s—k, K=—

3. T = (cost—sint) iJr(cost+sint

V2 V2

—cost—sint) , —sin t 4 cos t
(e (e

j+= k N = (—sin )i — (cos t) j,

V2 V2
1
B:k,K:——,‘E:O
2
15. T = ! i+ ! j, N= i
R 7 «/t2+1‘l’ IV
1
B——

)

BTN

t t
17. T = (sech —) i+ (tanh —) Js
a a
ty\ . t\ .
N= (—tanh —) i+ (sech —) J»
a a

1 t
B=Kk, xk =—sech’—, 1=0
a a

4. 25
19. a=|a|N 21.a(1)=§T+TfN 23. a(0) =2N
T V2, V2 V2, f
s (5) = Fie Ti-k 1(5)=-Fi+ 3
T ﬁ «/5 T ) . ) ]
N (Z> = —7|— 7_], B (Z) = k; osculating plane: z = —1;

normal plane: — x 4+ y = 0; rectifying plane: x +y = V2
27. Yes. If the car is moving on a curved path (x # 0), then ay =
k|v|®> #0 and a # 0.

2
31. |F| =« <m (Z—j) ) 35.1/(2b) 39.a) b—a b) 7

45. Kk (x) =2/(1+4x%)%%  47. k(x) =|sin x|/(1 4 cos? x)3?
57. Components of v : —1.8701, 0.7089, 1.0000

Components of a : —1.6960, —2.0307, 0

Speed: 2.2361; Components of T : —0.8364, 0.3170, 0.4472
Components of N : —0.4143, —0.8998, —0.1369

Components of B : 0.3590, —0.2998, 0.8839; Curvature: 0.5060
Torsion: 0.2813; Tangential component of acceleration: 0.7746
Normal component of acceleration: 2.5298

59. Components of v: 2.0000, 0, 0.1629

Components of a : 0, —1.0000, 0.0086; Speed: 2.0066
Components of T : 0.9967, 0,0.0812

Components of N : —0.0007, —1.0000, 0.0086

Components of B : 0.0812, —0.0086, —0.9967; Curvature: 0.2484
Torsion: —0.0411; Tangential component of acceleration: 0.0007
Normal component of acceleration: 1.0000

Section 11.5, pp. 901-902

1. T=932min 3. a=6763km 5. T = 1655 min
7.a=20,430km 9. |v| = 1.9966 x 107 r~'/2 m/sec

[GM [GM 2GM
11. Circle: vy =,/ —; ellipse: ./ — < vy < ;
ro ro ro
2GM 2GM
parabola: vy = ./ ——; hyperbola: vy >
ro ro

15. a) x(r) =24+ B3 —4 cos(mwt)) cos(mt), y(t) =
(3—4cos(mt)) sin(mt)

Chapter 11 Practice Exercises, pp. 902-905

x2 y2
. —+=—=1
16+2

Att=0:ar=0, an=4, kK =2;



Al ] 42 a2
Ty Ty NTE ATy
3. Vmx=1 5. k=1/5 7. dy/dt = —x; clockwise

11. Shot put is on the ground, about 66 ft, 5 in. from the stopboard.
15. a) 59.19 ft/sec b) 74.58 ft/sec 19. k =7s

/ 2

i
21. L th_ 1+ —+In|— 1+ —
eng +16+n 4-‘:— +16

23. T(0) = §J+;k N(0) = 7 +7
B(0)=—#i+%/_j+-%k;x=—\g: -

25. T(In2) = \/_ \/_J, N(in2) = ;1—7”\/%—7"‘
B(ln2) =k; k= 17\/ﬁ"=

27. a(0) = 10T + 6N

29. T= (% cos t) i—(sint)j+ <% cos t) k;

N= (——\;_—2 sin t> i—(cost)j— (——\/l_—z_ sin t) k;

1 1 1
B=—i—-—k k=—; 1=0
NG NG
1. 7/3 3. x=1+4+t, y=t, 2=t

35. 5971 km, 1.639 x 107 km?, 3.21% visible

Chapter 11 Additional Exercises, pp. 905-907

8 100
l.a)r@) = <—-~t3 +4t2) i+ (=20t +100)j; b) 5 m

15
V3, «/— de wgb
V= i - . a) — =2,
3. 2 T j Y3k 5@ dt ‘0:27‘[ a? + b?
bt? b*t?
b)g=-S"  g=-8
2(a? + b?) 2(a? + b?)
gbt d’r bg bgt \’
= T, ——=-—°_T <N
v Var b2 der a? T\

There is no component in the direction of B.

d . d ‘
9. a) :g:r'cose—rf)sine, —fzr‘sinewecose

d do
b) d—::,€cos9+ysin9, rzz—)&sin()—l-)}cos()

11. a) a(l) = —9u, — 6wy, v(l) = —u, +3uy b) 6.5 in.

13.c) v=ru, +rfus+zk, a=F—ro)u, + 6 +2r0)up +
zk

15. a) u, =sin ¢ cos 6 i+ sin ¢ sin 6 j + cos ¢k,

uy; =cos ¢ cos Oi+cos ¢ sin 0 j—sin ¢k,

Up = —sin i+ cosfj

Answers  A-91

I CHAPTER 12

Section 12.1, pp. 914-917

1. a) All points in the xy-plane b) All reals
y —x =c¢ d) No boundary points
f) Unbounded

3. a) All points in the xy-plane b) z >0 «¢) For f(x,y) =0, the
origin; for f(x, y) # 0, ellipses with the center (0, 0), and major and
minor axes, along the x- and y-axes, respectively d) No boundary
points e) Both open and closed f) Unbounded

5. a) All points in the xy-plane b) Allreals c¢) For f(x,y) =0,
the x- and y-axes; for f(x, y) # 0, hyperbolas with the x- and y-axes
as asymptotes d) No boundary points e) Both open and closed
f) Unbounded

7. a) All (x,y) satisfying x> +y* < 16 b) z>1/4 c) Circles
centered at the origin with radii »r <4 d) Boundary is the circle
x?+y*=16 e) Open f) Bounded

9. a) (x,y) #(0,0) b) Allreals c) The circles with center (0, 0)
and radii » > 0 d) Boundary is the single point (0,0) e) Open
f) Unbounded

11. a) All (x, y) satisfying —1 <y—x <1 b) —n/2<z<m7/2
c) Straight lines of the form y — x = ¢ where —1 <¢ <1

d) Boundary is two straight lines y =1+ x and y = —1 4+ x

e) Closed f) Unbounded

13. f 15.a 17.d

19. a) b)

c) The lines
e) Both open and closed

21. a) b)

z =x2 + )'2 y
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23. a) b) 33. 35.
2=-(x2+)?) y z z

=4 feoy Z)Lx2+y2=l

fy=z-x2-y*=1
orz=x"+y +1

37. x24+y2=10 39. tan"'y —tan'x =2 tan~' /2
4. F=y-Inz=2 4. T2 _m2 45 Yes 2000
b) 47. 63 km

y
x

Section 12.2, pp. 921-923

.52 3.2/6 51 7.1/2 9.1 1.0 13.0

15. -1 17.2 19. 1/4 21.19/12 23.2 25.3

27. a) All (x,y) b) All (x,y) except (0, 0)

29. a) All (x,y) except where x =0ory =0 b) All (x,y)

31. a) All (x,y,z) b) All (x,y, z) except the interior of the cylin-
der x> +y?> =1

33. a) All (x,y,z) withz£0 b) All (x, y,z) with x> + 72 # 1
35. Consider paths along y =x,x > 0, and along y =x,x <0
37. Consider the paths y = kx2, k a constant

39. Consider the paths y = mx, m a constant, m # —1

41. Consider the paths y = kx2, k a constant, k #0  43. No

45, The limitis 1~ 47. The limit is 0

49. a) f(x,y)ly=mx =sin 20 wheretan 6 =m 51. 0

53. Does not exist 55. 7/2 57. f(0,0)=In3 61. §=0.1
63. § =0.005 65. § =+/0.015 67. § =0.005

27. a) b)

? 2=0 Section 12.3, pp. 931-933
=l . af of af of _ o
0] —_— = _——= - e — = _— —_—
- 220 1. Py 4x, 3y 3 3 i 2x(y + 2), 3y x“—1
z=-1
-2 5. % =2y(xy — 1), % =2x(xy—1)
dox ay
2 __x ¥ _ ¥y
Tox a2yt Jxiyy?
o  _ -1 of -1

(P 3y (2

of _ =y =1 o _ —x’-—1

ax  (xy—12 3y  (xy—1)2

B3 Y e U ey qg WL U]
o 3y x x4y 9y x+y
)

17. B_f =2 sin(x — 3y) cos (x — 3y),
X

a .
! f(x,y,z{=x+z=l %:—6 sin (x — 3y) cos (x — 3y)

29.

11.

fry=xt+yt+z2=1



of -1 of af af
19. = =y, = =21 2 = = —g(x), = =
x yx 3y x7 In x o g(x) 3y g(»)
23. f =y, fy=2xy, f,=-4z
2. fi=1, ==y +D7, fi=—2(" 4+
yz Xz xy
A I SN - S - B
1 2 3
29. f, = = g3
x+2y+3Z x+2y+3z x+2y+3z
3. fi= —2xe” WY+, fy= —2ye*(xz+y2+zz),
fo = —2ze” @D
33. f, =sech®(x 4+ 2y 4 3z), f, = 2sech®(x + 2y + 32),

f. =3sech®(x + 2y + 32)
aof . of

35. i —2r sin 27t — ), 32 =sin 2t — )
37. %:sindbcose, %:pcosq)cos& %:—psin(psine
sv?
39. Wp(P,V,6,v,8) =V, Wy (P, V,8,v,g)=P+—2g,
Vv? Vv
Wp(P,V,8,v,8) = —, Wy(P,V,8,v,8) = —,
2 g
2

We(P,V,8,v,8) = — ‘;‘;’2’

af af Ff 3f
A o =14y, 3 = 1tE 57 =0 57 =0
2 f % f
dydx  oxdy

a8 dg , .
43. — =2xy+ycosx, — =x°—sin y+sin x,

ax ay
2 2 2 2
%=2y—ysinx, g—y‘i:—cosy, a—i%:aigy=2x+cosx
45, 00 L 1 @ ol

ox x4y 3y x4y ax?2  (x+y?
%r _ -1 %r 3%r -1
3 kP dyax  axdy  (x+y)?
47, a_w _ 2 8_w _ 3 3w _ —6

ax 2x+3y’ 9y 2x+3y’ dydx  (2x +3y)?’
3w -6
axdy  (2x +3y)?

d 9
49. % = y? + 2xy® + 3x%*, a—w = 2xy + 3x7y? + 4x3y’
y

Fw =2y + 6xy* + 12x%y3 i =2y + 6xy* + 12x%y°
dy ax C dxdy Y Y
51. a) x first b) y first c¢) x first d) x first e) y first
f) yfirst 53, f,(1,2) =-13, f,(1,2) = -2 55. 12
s57. 2 s9. JA___a 94 _ccosd—b

da  bcsin A 9b bc sin A

Inv

61- Vy = m)——_——l-

Answers  A-93

Section 12.4, pp. 942-944

1. a) L(x,y)=1 b) L(x,y)=2x+2y—1

3.a) L(x,y)=3x—4y+5 b) L(x,y)=3x—-4y+5
S5.a) L(x,y)=14+x b) L(x,y)=—-y+ (7/2)

7. L(x,y)=7+4+x—6y;0.06 9. L(x,y)=x+y+ 1;0.08
11. L(x,y) =1+ x;0.0222

13. Pay more attention to the smaller of the two dimensions. It will
generate the larger partial derivative.

15. Maximum error (estimate) < 0.31 in magnitude

17. Maximum percentage error = +4.83%

19. Let |x — 1] <0.014, |y —1] <0.014 21. =0.1%
23.a) L(x,y,2)=2x+2y+2z—3 b) L(x,y,2)=y+z

¢) L(x,y,2) = 25. a) L(x,y,2)=x
b) Ly 0= —sxt =y © Ly =55+ ay+s
X, 9,20)=—=x+—=y ¢) L(x,y,2) ==x z
y 7 ﬁy y 37 +3
T
27.a) L(x,y,z2)=2+x b) L(x,y,z):x—y—z+5+l

w
c) L(x,y,z)=x—y—2+5+1

29. L(x,y,z) =2x — 6y —2z+ 6, 0.0024
31. L(x,y,2) =x+y—2z—1,0.00135

33. a) S
2) S0 (100

b) More sensitive to a change in height
35. f is most sensitive to a change in d.

dp +dx — 5dw —30dh>

37. (47/24) £

39. Magnitude of possible error < 4.8  41. Yes
Section 12.5, pp. 950-952

1. (2—1;) =0,£Z—l:)(7r)=0 3. Z—?: 1,%(3):1
5. ‘ji—’;’ =4t tan_'t+l,[fi—lf(l)=7r+l

ad
7. a) 8_z =4 cos 6 In(r sin 6) + 4 cos 6,
r

0z ) . 4r cos? 6
70 = —4r sin 0 In(r sin 0) + “Snd

) 9
b) 5£=ﬁ(ln2+2)’ £ =-2V2In2+4v2
;

ow ow ow ow 3
9. —=2 4 ,—=—2 22 b —:3,—=——
) g T2 5 vt o) 5 w2
ou ou z ou -y
11. a) — =0, — = , — =
) dx dy (z—y)? 9z (z—Y)?
a d
b) o= =0, = =1, == =-2
ay 0z
13, dz 3z dx 0zdy
dt ~ dx dr dy dt
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dw dwdx dwdy owd 3z 1 8 3
15 = 22008 AWy TR 25.4/3 27, —4/5 29 L 2__2°
ou Ox du  dy du 93z du ax 4 Jy 4
9 9
dw _dwix  dwdy  dwidz 32—, 21 w12 35 -7
v dx dv  dy dv 9z dv ax ay
9 3
37. £ =2, £ =1 39. —0.00005 amps/sec
ou v

45, (cos 1,sin 1, 1) and (cos (—2), sin (—2), —2)
V2 ﬁ) and (ﬁ V2

47. a) Maximum at (— ), minimum at

77 )T T

V2 V2 V2 V2

—,—Jand [ ———, ——

22 2 2

Jw oJwdx OJwdy OJdw OJdwadx Jwady
o T oo oy ou a0 T oxow oy e S

b) max =6, min =2 49, 2x x8+x3+/ —dt

0 2/t +x3

Section 12.6, pp. 956-957

ou dU [V
1.a)0 b) 1+2z ¢) 142z 3. a)——+——(—R>
n

aT
)—("R + U s s s o7
o " Y
3z dzox 0 3
- az_aZ ax+5£%X’ az 2Z2x+¥gz
fooxor oydr ds dxdsoyds Section 12.7, pp. 967-969
az 1 3.
y y
X y Vg=2i+]j
/y—12=—l
v e
Lo\ | /! )
-1
g1, B0 _dwd dw _dwi
" 8s  duds’ 8 du dt
[ [ 26, 23, 23
du du :
5.Vf=3i+2j—4k 1. Vf=-— Zk 9. -4
v v f=3i+2j f 77 +5.l 5
3 a 11. 31/13  13.3 15.2
s t
1 1 1 1
17.u=—-— , (Duf)py =2 —u=—i-—]j,
«/5 \/EJ ( fPo \/i \/EJ
23.8—w B_wd_x+8_wdy dw dx sinced—X=0, (D-uf)n = V2
ar ox dr 3y dr ox dr dr 19 1, 5 1 k. (Duf) 33
cu=——i-——=j—- —=k, (Duf)p =3V3;
3 3 o
dw _dwdx | dwdy dwdy g9 3V3 3f 3¢§
ds  ax ds dy ds ds 1 Ne
—u=———i+ K, (D_uf)p, =—33
3«/§ 3[ \/— uf P =
21. u= 1(i+'+k) (Duf)p, =24/3; —u = —1—(i+'+k)
) u= ik, Dun =2V3 —u=——i+j+k),

(D_uf)p, = =243
9
23. df = — ~0.01 25.dg=0
’ =50 &




27. Tangent: x + y 4+ z =3, normal line: x =1 +2¢, y=1+2¢,
z=14+2t

29. Tangent: 2x — z —2 =0, normal line: x =2 —4¢, y =0,
z=242

31. Tangent: 2x + 2y + z — 4 = 0, normal line: x = 2t,
y=142t, =241t

33. Tangent: x +y+z —1 =0, normal line: x =¢, y=1+1¢,
7=t

35.2x—z-2=0 3. x—-y+2z—-1=0

39. 41.

Vf=22i + 2\2j

2
L 1 1 1 1 x
N
2 2 _ 4

T y=-x+ 22

xy=—4

Vf= —2i+2j
-2

Q3. x=1, y=142t, z=1-2t
1

45, x=1-2t, y=1, z=5—|—2t

47. x =1+490t, y=1-90t, z=3

7 2 7 2
9. u=—i—-—j, U=——=i+—j
/B V53 VRV &
7
51. No, the maximum rate of change is v/ 185 < 14.  53. _ﬁ

3 1
55. a) -‘;—— sin/3 — 5 cos V3~ 0.935°C/ft

b) v/3sin+/3 — cos+/3 ~ 1.87°C/sec
57 At-2, - . at0,0:at =,

b4
4’ 22 4’ 22

Section 12.8, pp. 975-979

1. f(-3,3) = -5, local minimum

2 4
3. f (3, 5) =0, local maximum 5. f(-2,1), saddle point

6 69
7. f (5 E)’ saddle point 9. f(2, 1), saddle point

11. f(2,—-1) = —6, local minimum  13. f(1,2), saddle point
15. £(0, 0), saddle point

2 2 170

17. £(0,0), saddle point; f [ —=, = ] = —, local maximum
3°3 27

19. £(0,0) =0, local minimum; f (1, —1), saddle point

4 4
9’3
23. f(0,0), saddle point; f(0,2) = —12, local minimum;

f(=2,0) = —4, local maximum; f(—2,2), saddle point

25. f(0,0), saddle point; f(1,1) =2, f(—1, —1) = 2, local maxima
27. £(0,0) = —1, local maximum

29. f(nm,0), saddle point; f(nm,0) =0 for every n

64
21. £(0,0), saddle point; f ( ) = TR local minimum

Answers  A-95

31. Absolute maximum: 1 at (0, 0); absolute minimum: —5 at (1, 2)
33. Absolute maximum: 4 at (0, 2); absolute minimum: 0 at (0, 0)
35. Absolute maximum: 11 at (0, —3); absolute minimum: —10 at
(4a _2)

342
37. Absolute maximum: 4 at (2, 0); absolute minimum: - at

(3,—%), (3, %) (1,—%), and (1,%) 39.a=-3b=2

ﬁ)and( 13

1’ 1 1
41. Hottest: ZZ at (—— _E’ _T); coldest: —Z at

202
(5
~.0
2
43. a) f(0,0), saddle point b) f(1,2), local minimum
c) f(1,-2), local minimum; f(—1, —2), saddle point

w0, (113
6 3 36

53. a) On the semicircle, max f = 2V2att = m/4, min f = -2 at
t = 7. On the quarter circle, max f = 24/2 att =7 /4, min f =2
att =0,m/2.

b) On the semicircle, max g =2 at t =n/4, min g =—-2 at t =
37 /4. On the quarter circle, max g =2 at t =7 /4, min g =0 at
t=0,m7/2.

¢) On the semicircle, max h =8 att =0, 7; min h =4 att = /2.
On the quarter circle, max h =8 at =0, min h =4 att =7 /2.
55. i) min f =—1/2 att =—1/2; no max ii) max f =0 at
t=-1, O;min f=—-1/2att=—1/2 iii) max f=4atr=1;
min f =0att=0

20 9 71

57. y=—i§X+'§, }’|x=4——'l§
3 1 37
9. == _’ X= = —
59.y 2x+6 Ylx=4 3

61. y =0.122x + 3.58 63. a)

y

1795
1790
1785
1780
1775
1770
1765
1760 |#®

Year

x
10 20 30 40

1

1 1 1 1

| U Y N N T
I

Kéchel numbers

1
g

b) y =0.0427K + 1764.8 ¢) 1780

Section 12.9, pp. 987-989

1 1 1 1

1. (t—, =), ([+—,-= 3.39 5. (3,+£3v/2) 17.a) 8
53 (7 3) 0.4303)

b) 64 11. | =442, w =32

9. r=2cm,h=4cm
13. £(0,0) =0 is minimum, f(2,4) = 20 is maximum
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15. Minimum = 0°, maximum = 125° 17. <3 2, §> 19. 1

)
21. (0,0,2), (0,0,-2)
23. f(1,-2,5) = 30is maximum, f(—1,2, —5) = —30 is minimum

2 2 2 4 4 4
25.3,3,3 27. — by —= by — units 29, (+=,—=, —=
BB ( 373 3)
24 4\ 4
31. UG, 14) =$128  33. - =, —=}==35. 2,4,4
8,14 =8$ f<3 3 3> 3 5. ( )
37. Maximum is 1 + 6+4/3 at (£+/6, /3, 1), minimum is 1 — 6+/3 at

(6, /3, 1)
39. Maximum is 4 at (0,0, 2), minimum is 2 at (£+/2, £+/2,0)
Section 12.10, p. 993
1
1. Quadratic: x + xy; cubic: x + xy + Exy2
3. Quadratic: xy; cubic: xy

1
5. Quadratic: y + E(ZX)’ -y
1 1
cubic: y + E(ZW -y + g(3x2y —3xy2 +2y%)

1
7. Quadratic: 5(2):2 +2y%) = x* + y%; cubic: x2 + y2

9. Quadratic: 1+ (x +y) + (x + y)%
cubic: 14+ (x +y) + (x + y)* + (x + y)°

1 1
11. Quadratic: 1 — Exz - §y2, E(x,y) <0.00134

Chapter 12 Practice Exercises, pp. 994-998

Domain: all points in the xy-plane; range: z > 0. Level curves are
ellipses with major axis along the y-axis and minor axis along the
x-axis.

Domain: all (x, y) such that x # 0 and y # 0; range: z # 0. Level
curves are hyperbolas with the x- and y-axes as asymptotes.

~N

fouy=xt+eyt-z=-1

or
Z=xz+y2+1

7'Qy

Domain: all (x, y, z) such that (x,y, z) # (0,0, 0); range: all real
numbers. Level surfaces are paraboloids of revolution with the z-axis
as axis.

7.
h(xyz)———I =1
T a2 2
z or X“+y +2
a1
1e
1 1
X \/ y

Domain: all (x, y, z) such that (x, y, z) # (0, 0, 0); range: positive
real numbers. Level surfaces are spheres with center (0, 0,0) and
radius r > 0.

9. -2 11. 12
17. a) Does not exist

13. 1 15 Lety =kx?, k#1
b) Not continuous at (0, 0)

a a
19. 8—f=cos(9+sin0, —g=—r sin @ + r cos 6

36
af 1 af 1 af 1
2l =, =, —— =——
R, R 3R, R}’ R, R}
3y, P _RT 9P _nT 0P _nR 0P __nRT
“on T V' OR VAT Vv V2
2 2 2 2 2 1
5. 28 o 28 _ 2 %8 98 _ L
ax? ay?  y3 dydx  0xdy y?
*2f 2-2x*  3*f 2 f f
27, —=-30x+ ———, — =0, —— = =1
dx2 x+(x2+1)2 ay? dydx  dxdy

29. Answers will depend on the upper bound used for | fix|, |fxyl,
[ fyyl- With M = ﬁ/Z, |E| <0.0142. With M =1, |E| <0.02.
31. L(x,y,2)=y—3z, L(x,y, ) =x+y—z—1

33. Be more careful with the diameter.

35. dl =0.038, % change in V = —4.17%, % change in R = —20%,
% change in [ = 15.83%

d
3.2 5% 39. 2| =-1
t=0

d 3
4. =2 =2, =2 =2-n

or (r,s)=(m,0) ds (r,8)=(r,0)

af . .
43. o = —(sin 1 4+ cos 2)sin 1 + (cos 1+ cos 2)cos 1 —

t=1

2(sin 1 + cos 1) sin 2



dy
dx

45. =-1

(x,y)=(0.1)

47. a) 2y + x?z)e** b) x%e” (y - 2i) ¢) (1+x%y)e”
y

2 2
49. Increases most rapidly in the direction u = —% i— —\g—— IR
2 2
decreases most rapidly in the direction —u = % i+ > ¥
V2 V2 7
Dyf=—, Dyf=——7, Dyf=——
llf 2 l-lf 2 uy f 10
S L 2, . 6
51. Increases most rapidly in the direction u = 7 i+ 5] + 7 k;
S o 2, 3, 6
decreases most rapidly in the direction —u = —3 i— 7 Ji- 7 k;

Duf =7,D_yf ==7,Dy f =1
53. n/v/2  55.a) f.(1,2) = £,(1,2) =2 b) 14/5
57.

2+y+22=0 z
Vf|(0'_l'l)=j+2k

oo™
Yy

Vo, -1,-1y = — 2k

59. Tangent: 4x — y — 5z = 4, normal line: x =2 + 4¢,
y=—-1—-t,z=1-5¢

61. 2y —z-2=0

63. Tangent: x +y =m + 1, normal line: y =x — 7 + 1

Y y=-x+w+1

2 y=x-m+1

y=1+sinx

1
65. x =1-12t, y=1,z=§+2t

67. Local minimum of —8 at (=2, —2)
69. Saddle point at (0,0), f(0,0) = 0; local maximum of 1/4 at

1 1
( 2 2)
71. Saddle point at (0, 0), f(0,0) = 0; local minimum of —4 at
(0, 2); local maximum of 4 at (—2, 0); saddle point at (-2, 2),
f(=2,2)=0
73. Absolute maximum: 28 at (0,4), absolute minimum: —9/4 at
(3/2,0)
75. Absolute maximum: 18 at (2, —2), absolute minimum: —17/4 at
(=2,1/2)
77. Absolute maximum: 8 at (—2, 0), absolute minimum: —1 at (1, 0)

Answers  A-97

79. Absolute maximum: 4 at (1, 0), absolute minimum: —4 at (0, —1)
81. Absolute maximum: 1 at (0, £1) and (1, 0), absolute minimum:
—1at (-1,0)

83. Maximum: 5 at (0, 1), minimum: —1/3 at (0, —1/3)

85. Maximum: /3 at (1/+/3, —1/+/3, 1/+/3), minimum: —+/3 at
(=1//3, 1/4/3,=1//3)

ZV 1/3 bZV 1/3 2V 1/3
87. Width = (C—> , depth = <—> , height = (a——)
ab ac

bc

89. Maximum = 3/2 at (1/+/2, 1/+/2,+/2) and
(=1/+/2, =1/+/2, —+/2), minimum = 1/2 at (—1/+/2, 1/+/2, =/2)
and (1/+/2, —1/v/2,/2)

ow Jw sinfdw OJw ow cos @ dw
9. — = —_————, — =sinf— —

dax cos 0 ar r 00 9dy s ar + r 060
97. (t,—t £4,1), t a real number

Chapter 12 Additional Exercises, pp. 998-1000
L £,(0,0)=—1, £,,(0,00=1 7.¢) r’= %(x2+y2+z2)

3abc y x 9
. V= . 3 = — . s = - -
15 > 1. f.)=3+4 g0 =5+5
1
21. y=2In|sinx|+In2 23.a) —Qi+7j
y | | )\/5 b))

_] 222, o
b) ——=(98i—127j+58k) 25. w=e“"'sinmwx

/29097
27. 0.213%

l CHAPTER 13

Section 13.1, pp. 1010-1011

1. 16 3.1
y

3,2)

(m, m)
ku
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9. e-2

3
L ZIn2 13.1/6

4 r@-y)/2
21. / [ dx dy
2 0
y

4
y=4-2x

220,

L x

33. 35.2
2
y
23 (Vin3,2VIn3)

y=2x

19. 2n

(~ml3,2) 2

0.0625 (0.5, 0.0625)

39. —2/3 41 4/3 43.625/12 45.16 47.20
49.2(1+1In2) 511 53. 7% 55 —1/4 57.20/3/9

4

1 2—x
59. / / 2+ y)dydx = =
0 Jx 3
y

9 r(/9-0/2
27. / / 16x dx dy
0

0

67. 0.603  69. 0.233

Section 13.2, pp. 1018-1020

2 2—x 2 2-y
31. 2 1// dydx=2or// dxdy =2
o Jo o Jo
y

T (m,7)
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55. In order for c.m. to be on the common boundary, # = a+/2. In
order for c.m. to be inside T, h > a~/2.

Section 13.3, pp. 1024-1026
1.7/2 3.7/8 S ma® 7.36 9. (1-I2nm

11. 2ln2-1)(@/2) 13. % +1 15. 7(n4)—1)

17. 2(r — 1) 19. 127 21 ?+1 23.4 25.6V3-2n

Ly 27.%=5/6, 7=0 29.2a/3 31.2a/3 33. 21
7. dxdy =1/3 9. 12 4 5
fo L dxdy=l 3s.§+—8’3 37.2) J7/2 b)1 39. 7 In4, no
1
41. §(a2+2h2)

Section 13.4, pp. 1031-1034

1 2-2x 3-3x-3y/2 2 1-y/2 p3-3x=3y/2
3. / / / dzdydx, [ / / dzdxdy,
0 Jo 0 0 Jo 0
1 p3-3x p2-2x-22/3 3 pl-z/3 p2-2x-22/3
/ / f dydzdx, / / / dydxdz,
0 0 0 0 0 0
2 3-3y/2 1-y/2-z/3 3 2-2z/3 1-y/2—2/3
x / f / dxdzdy, / / / dxdydz.
0 JoO 0 0 JO 0

The value of all six integrals is 1.

8—x2—y?
s 38 f / ldzdydx,
15.2) 0 b) 4/n2 17.8/3 19. %= —, y= — Rand
14 35 Boxiey?
_ 64 5 4 4a / / [ ldzdxdy
2. x=—,y==- 23.x=0,y=— 25.x=y=— ’
Lr=557=7 r=0y=5 rEYE 5 Va-y?
_ T _ 7 _ _ 1 2 832 paf8-z-y? 2 pd pafz-y?
Mx=2.y=3 W.¥=-1y= / / f 1dxdzdy+/ / / 1dxdz dy,
-2J4 —\/8~z—-y2 —2Jy? J- z~y2
64 2 3 17
31. 1,,=E§, Rx=2 7 33.7=§,y='1—6 8—zy
f f / ldxdydz+f / / ldxdydz,
_ 11 _ 14 VB J- N el
. x=—,y===, I,=432, R, =4
3 27 8—x? 8 7—x? 2 p4 z—xz
13 7 21 / / ldydzdx+/ / / ldydzdx,
37. f=0, i= ﬁ, Iy= g, Ry= ﬁ —a/ 8- 7—x? -2Jx? —\/z—)r2
39. x=0, y=7/10; I, =9/10, I, =3/10, I, =6/5; 8 VB2 pa/8-2-x 4 pvz p/ex
/ f 1dydxdz+/ [ / ldydxdz.
R. = 3\/6 R. = 3\/—2- Ro = 3\/§ 4 J-B=z J-A/8-7-x* 0 J-zJ-a/2-2°
* 0’7" 10" 5 The value of all six integrals is 167.
7 3
41. 40,000(1 —e™2) In (5) ~ 43,329 7.1 9.1 11. ”7(1 —cosl) 13.18 15.7/6 17.0
43. If 0 < a < 5/2, then the appliance will have to be tipped more _ 1 pl-x? pl—z
than 45°to fall over. 19. 573 21. a) / / / dydzdx

45. (x,y)=(2/m,0) 47. a) 3/2 b) They are the same.

-1J0 x
1 pVT=z pl—z 1 pl=z pJy
53. a) 23_1 b) 1_9§ ) 212 d) Eﬁ b)// / dydxdz c)/[ / dydzdx
5710 717 2" 8 4°16 0 J-vizJx? o Jo -
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1 1-y Sy 1 Sy 1-y
d) // f dxdzdy e) // / dzdxdy 23.2/3
o Jo -5 0o J-y5Jo
3

2
25.20/3 27.1 29.16/3 31. 87— 5 33.2 35 4n

13
37.31/3 39.1 41.2sin4 43.4 45.a=3o0ra=—

3
Section 13.5, pp. 1036-1039
b+ a’+c? a’ +b?
LR = ——— Ry=y/—=—, Ro=
12 Y 12 ¢ 12
M M M
3L = ?(bz—l-cz), I, = ?(a2+cz), I, = ?(az +b%)
12 7904 4832
5.x=y=0,72=—, I, = — ~7528, I, = — = 76.70,
rEy=h=Eg 105 )
256
I.= = ~5.69
_ _ 8
7.a) x=y=0, z=§ b) ¢ =22
77 40 5 4
9. I, =1 , R =,/ — 11. I = —, R, =,/ = 13. -
L 386, R, > L=73 L 3 3)3
_ 4 _ _ 2 5 _ 8
b)x_g, y=7=73 15. a) 3 b)x—Y—Z—E
11 11
C) Ix—Iy—Iz..-6— d Ry =R, =R, = I 17. 3
4
19 -g b) =
a) 38 ) 38
abc(a® + b?) a®+ b?
23. a) Ic.m.zT, Rem. = &
2 2 2 2
b) IL:abc(a3+7b), R, = a -;717

27.a) h=av3 b) h=av2

Section 13.6, pp. 1044-1047
1. 4n(v2-1/3 3.17x/5 5.7 (6v2-8) 7.37/10

2t pl pafa-r?
9. 7/3 11 a)/ / / rdzdrdo
0 0o Jo

2 p/3 pl v p2 paa-2
b)/ / / rdrdsz—l—/ / / rdrdzdf
o Jo 0 0 v3Jo

1 pafa—r* p2n
c) f f / rdédzdr
0o Jo 0

/2 pcos6 p3r?
13. f / f(r,0,2)rdzdrdé
- 0 0

/2

T 2sin 6 4—r sin 6
15. f f / f(r,0,2)dzrdrdé
0 0 0

/2 14cos 6 4
17. / / / f(r,0,2)dz rdrdo
~n/2J1 0

/4 sec 6 2—r sin 6
19. / / / f(r,60,2)dzrdrdé6 21. w
0 0 0

25. 50 27. 27 29. <

8 —5v2
2

/4

2 /6 p2
31. a) / f / p? sin ¢pdpdo do +
o Jo 0
2n n/2 pesce
f / / p?sin pdpdep de
0 n/6 JO
2t p2 psinT'(1/p)
b) / / / 0% sin pdpdpdo +
0 1 /6
2 2 pm/6
/ f f 0% sin pdepdp db
o Jo Jo
2 pm/2 p2 317
33. / / / p? sin pdpdpdod = ——
0 0 cos ¢ 6
2n n 1—cos ¢ 8
35. / f f p? sin pdpdpdd = -~
o Jo Jo 3
2% n/2 p2cos ¢ T
37. / / / o2 sin pdpdepdo = =
0o Jrsa Jo 3
/2 /2 2
39. a) 8/ / f 0% sin ¢dpdep d6
0 0 0
/2 2 pafa-r?
b) 8/ / / rdzdrdf
0 o Jo

2 pafa-x® pafa-xt-y?
c) 8/ / / dzdydx
0o Jo 0

2n /3 2
41. a) / / ] p? sin ¢dpdep do
0 0 sec ¢

2r NG a-r?
b) / f / rdzdrdo
0 0 1

V3 A/3-x? A 4-x2—y? S5t
c)/ / / dzdydx d) — 43. 87/3
-3J=/3-22 1 3

45. 9/4 47. 3w —4)/18

42v2 -

55
3

63.2/3 65.3/4 61.x=5
71.

69. (x,5,2) =(0,0,3/8)

57. 16w

49.

2ma

3

2

23. 7/3

51. 57/3 53. n/2
47 8 - 33
59. 57/2  61. —M
0, 7=3/8
=5=0,2=5/6

X



a* hr
10

5
73. I, = 307, R, =‘/; 75. I, =n/4 T

_ 4 b4 1
79. a) (f,y,z)—(OYO,g)» Il—ﬁi RZ-\/g

o 5 /14 5
b) (x,y,z)—(0.0, 3), 12—1—4, R, = v
2h% +3h 4(h® +2h
83. (£,5,2) = 0,0,—+ IZ=M, Rz=i
3h+6 4 2
3M
85. —
T R3

Section 13.7, pp. 1054-1055
u+v v—2u 1

1. = ,y= ;=
YX="73— y="3—i 3

b) Triangular region with boundaries ¥ =0, v=0, andu +v =3

1 1
v), y=E(3v—u), T

b) Triangular region with boundaries 3v = u, v = 2u, and
3u+v=10

1
3.a) x= §(2u—

cos v —usinv .
5.a) | . =u cos?v+u sin*v=u
sinv  ucosv
sin v U CoS v .
b) ) = —u sinv —u cos’v = —u
cosv —usinv

9 64/5 11 //(u-!—v)—d dv—8+—ln2

2 1 3
p, TEC D) g _(1+—2)f~o.4687 19.
e

)G

47 abc

dudvdw =2+In8

Chapter 13 Practice Exercises, pp. 1056-1058
3.92

1. 9¢ -9

y

1041710, 1)

1 L
————;———) x
NOT TO SCALE

Answers

3 p(/D4/9-
n [
-3Jo

ydydx =

f f dydx ==
2x+4

In 17
9. sind4 11 “4 13. 4/3 15.4/3 17. 1/4
19. F=F= 21 I, =104 23.1.=25 R, = |>

YTV T e 0T PTG

33
25. M=4, M, =0, My=0 2.7 20.¥=>"5=0
157 + 32
3. a) T = . 3=0
2) 67 +48° °

b)

r=1+cos 6

-2 2(31 - 3%%)

33. 3

V2 2— 4—x? —y
43. a) f / ] 3dzdxdy
-2 —-«/2—y

2r w4 2
b)/ f / 3p%sin pdpdpdd c) 21 (8 —4/2)
0 0 0

2n /4 sec ¢ T
45.f f / p? sin ¢dpd¢d0=§
iy J
47. f/ / ’xy dzdydx +
A/ 1 —x?
/3 3—x2 4—)rz—y2
/ / / 22xy dzdydx
1 Jo 1
R N
49. a) / / f dzdydx
-3J-/3-22 N1

2 pV3 pafa—r?
b) / f / rdzdrdo
o Jo N1

35.0

37. 8/35 39.7/2 41

A-101
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2r n/3 2
c) / f / p’sin pdpdepde
0 0 sec ¢

51, a) 8n(4\§§—5) by 871(4\;5—5)

53. I, = =

Chapter 13 Additional Exercises, pp. 1058-1060

2 6—x2 2 6—x2 x? 125
1. a)/ / x2dydx b)/ f f dzdydx c¢) —=
-3 Jx -3 Jx 0 4

3. 2r  5.3m/2 7. a) Hole radius = 1, sphere radius = 2
b) 437 9. n/4

BN
11. / / f(x,y)dxdy
0 Jy

b ) 157 + 32
B.(2) 17 y¥B 19.5=-2"% 5-0
“(a) 1V3 YT nras

b
21. Mass = a?cos™! (—) — baa? — b2,
a

4
Iy = 2 cos™! (2)_17_ 2 _p2 (@ — by
2 a
o —_ — b4 3
23.a) x=y=0,z=1/2 ]zzg’ RZ:T
- _ = - 2 5
b) x=y=0, 7=5/14; [Z=71 R, = -

I CHAPTER 14

Section 14.1, pp. 1065-1067

l.c 3.g 5d 7.f 942 11.13/2 13.3/14
15. (1/6)(5/5+9) 17. /3In(b/a) 19. W;j 21. 8

23.2/2—1 25.2) 44/2—2 b) /2+In(1++/2)
27. I, =2n8a®, R,=a 29.a) I, =21/268, R, =1
b) I, =4n/25, R,=1 31. I, =2r—-2, R, =1

8 8(b° — ad)

Section 14.2, pp. 1074-1076

L Vf=—-(xi+yj+zk)(x*+y"+25)7?
3. Vg=—Q2x/(x*+yH))i— Qy/x*+y))j+ ek

kx . ky .
5. F= @ +y2)3/21 e +y2)3/2J, any k > 0
9 13 9 1 1
7. a) 5 b) ? C) 5 9. a) 5 b) —g C) 0 11. a) 2
3 1
b) 3 c) 2 13. 12 15, -z 17. 207/12 19. —39/2
21. 25/6  23. a) Circ; = 0, circ, = 27, flux; = 27, flux, =0

b) Circ; = 0, circ, = 87, flux; = 8x, flux, =0

25. Circ =0, flux = a?7r  27. Circ = a?n, flux =0
29.a) —7/2 b)0 )1

31.

33.a) G=—yi+xj b) G=,/x2+y?F
35. F=—(xi+yj)//x2+y? 37.48 39.7 410
43. 1/2

Section 14.3, pp. 1083-1084

1. Conservative 3. Not conservative 5. Not conservative

3 2
T fx 3D =X+ 4224 C 9 f(ry.2) = x4 C

1
11. f(x’y’z)=xlnx—x+tan(x+y)+Eln(y2+zz)+c

13.49 15.—-16 17.1 19.9In2 21.0 23. -3
21
27.F=V<x ) 29.2)1 b)1 ¢)1 3l.a)2 b)2
GmM
33, f(x,y,2) = IECE I 35.a) c=b=2a
b) c=b=2

37. It does not matter what path you use. The work will be the same
on any path because the field is conservative.

Section 14.4, pp. 1093-1095

1. Flux = 0, circ = 27a®> 3. Flux = —7a?, circ =0
5. Flux =2, circ =0 7. Flux = -9, circ =9
9. Flux = 1/2, circ = 1/2  11. Flux = 1/5, circ = —1/12

3
13.0 15.2/33 17.0 19. —167r  21. ma®> 23. gzr
25. a) 0 b) (h — k)(area of the region) 35. a) 0



Section 14.5, pp. 1103-1105

13
1. 37 3.4 5.6V6-2V2 1. m/E+1
9. %(17J1‘7-5«/§) 1. 3422 13. 92

15. a4£(ab+ac+bc) 17.2 19. 18 21. na®/6

23. ma’/4  25.mwd/2  21.-32 29. —4 31 3a°
a a a
B (353)
14 15 2 10
5. .y, = (0, 0, 3>, I, = ”2“/_8, R, = g

8 20
37. a) Za*s b) T”a“s

3 39. %(13@- 1) 41 572

43, %(5«/5— 1)

Section 14.6, pp. 1112-1114

L r(r0)=(cos@)i+(rsind)j+rk,0<r<2, 0<60<2m
3. r(r,0)=(rcos )i+ (rsinf)j+ (r/2)k,0<r <6,
0<6<n/2

5. r(r,0) = (r cos 0)i+ (r sin 0)j++9—r2k, 0<r <3+2/2,
0<60 <2m; Also: r(¢,0) = (3 sin ¢ cos )i+ (3 sin ¢ sin 0) j +
Bcosp)k,0<¢p <7m/4,0<0 <2m

7. r(¢,0) = (v/3sin ¢ cos 0)i+ (+/3sin ¢ sin ) j + (v/3 cos @)k,
w/3<¢p<2m/3, 0<60 <2x

9 r(x,y) =xi+yj+@—-y)k,0<x <2, —2<y<2

11. r(u,v) =ui+ Bcosv)j+ B sinv)k,0<u <3, 0<v<2m
13. a) r(r,0) = (r cos 0)i+ (r sin 8)j+ (1 —r cos 6 — r sin 6) k,
0<r<3 0<6<2n

b) r(u,v) = (1 —u cos v — u sin v)i+ (4 cos v) j+ (u sin v) K,
0<u<30<v<2m

15. r(u,v) = (4 cos’>v)i+uj+ (4 cos v sin V)k, 0 < u <3,
—(m/2) < v < (7/2); Another way: r(u,v) = 2+2cos v)i+uj+
2sinv)k,0<u<30<v<2m

2 1
17. f f V3, arae =™
o Jo 2 2
2n 3
19. f f r/5drd6 =8n/5
o Ji
2 4
21. / / ldudv =6
o Ji
2 1 S— ( -
23. / / uv4u? +1dudv = %ﬁn
o Jo

2r T
2s.f / 2sinpdpd = (4+22)m
0 /4
3 2 —
27. ffxda:/ f u\/4u2+1dudv=L‘/?
0 Jo
N
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5 2 b4 3 5 4
29. x“do = sin’ ¢ cos“0dpdo = —
J o Jo 3

1 pl
31. ffzdo:/ /(4—u—v)~/§dvdu=3«/§
o Jo
s

(for x =u, y=v)

1 2
33. //x2v5—4zda=// ucos’v - vA4u2 +1-
o Jo
s

1 2 11
uv4u? +1dvdu =f f W @u? + 1) cos? vdvdu = ki
0o Jo

12

35. -32  37. wa¥%6 39. 13a%/6 41. 27/3 43. —73n/6
45. (a/2,a/2,a/2) 47. 88ma?/3
49. 51.

4 4

2+ (y-3)2=9

[ z=Vx*+y?

(x/E,\/E,z)/E x+y-\2z=0

e

2 b4
55.b) A= / / [a®b? sin® ¢ cos® ¢ + b2c? cos* ¢ cos® 6 +
o Jo
a’c?cos* ¢ sin® 601 d¢ do
57. xox + yoy = 25

Section 14.7, pp. 1122-1123

1.4n 3. -5/6 5.0 7.—-6x 9.2ma®> 13. 127
15. —% 17. —157  25. 161, + 161,

Section 14.8, pp. 1132-1134

.LO 3.0 5 -16 7. -8t 9.37 11 —40/3
13. 127 15. 127(4J/2 - 1)

21. The integral’s value never exceeds the surface area of S.

Chapter 14 Practice Exercises, pp. 1134-1137
1. Path 1: 24/3,Path2: 1 + 342 3.4a> 5.0 7.0

1 abe [T 1 1
9.0 1L.7v3 B.2w(1-—) 152 /21,2
V3 4 ( ﬁ) Va2t ta

17. 50

19. r(¢,6) = (6 sin ¢ cos 6)i+ (6 sin ¢ sin 0) j + (6 cos ¢) K,
(m/6) <¢ <2m/3, 0<60 <2n

21 r(r,0) =(rcos @)i+ (rsin0)j+(1+r)k,0<r <2,
0<6 <2n
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23. r(u,v) = cos v)i+2u?j+ (usinv)k, 0 <u <1, _l
O<v=<m
25. /6 27. 7[V2+In(14++/2)] 29. Conservative APPENDICES

31. Not conservative 33, f(x,y,z) =y*+yz+2x+z
35. Path 1: 2, Path 2: 8/3 37.2) 1—¢™ b) 1—e™ 2

Appendix A.3, pp. A-16-A-17

39.2) /2 b)0 ¢) 1 41.0 43.2) 4422 1. a) (14,8) b) (=1,8) ¢) (0,-5)
b) V2 +1n(1 ++/2) 3. a) By reflecting z across the real axis b) By reflecting z across
16 2 232 64 56 the imaginary axis ¢) By reflecting z in the origin d) By reflecting
45. (x,y,2) = (1, 5 5), I, = 5 b = 15’ I, = ?; z in ;he real axis and then multiplying the length of the vector by
1/1z|
116 32 28 5. a) Points on the circle x> + y> =4 b) points inside the circle
R, = 5 Ry = 15 R, = 9 x>+ y2=4 c) points outside the circle x> + y> =4
7. Points on a circle of radius 1, center (—1, 0)
47 E—E I = 7V3 R _\/7 9. Points on the line y = —x 11, 4?3 13, 1%/3
T2 3 Vs
1 3
49. (x,5,2) = (0,0,49/12), I, = 640mr, R, = 2+/2 21. cos*® — 6 cos? @ sin*@ +sin*e  23. 1, -3 + —é:i
2
51. Flux: 3/2, Circ: —1/2 55.3 57. — (71— 8«/5) 59. 0 6 2 6 2
3 2.2, —ioi, i a1 Y0¥ V6 V3,

2 772 2 72
61.
4 29. 1430, —1++/3i

Chapter 14 Additional Exercises, pp. 1137-1139

L Appendix A.8, p. A-29
1. 60 3.2/3 5.a) F(x,y,z)=zi+xj+yk

.5 31 5 -7 17.383° 9.x=-4y=1

167 R?
b) F(x,y,z) =zi+yk ¢) F(x,y,29)=zi 7. il 11. x=3, y=2 13. x=3, y=-2, z=2
3 15. x=2, y=0,z=-1 17.2) h=6, k=4
16 _
9. a =2,b=1. The minimum flux is —4. 11. b) —3—g b) h=6 k#4

4
¢) Work = (/gxyds)?:g/xyzds 13. ¢) gnw
c c
19. False if F = yi+ xj



Note: Numbers in parentheses refer to
exercises on the pages indicated.

a*, 474
Absolute (global) maximum/minimum,
191
Absolute value, 4 ff.
properties of, 50(20)
Acceleration, 134 ff.
tangential and normal components, 887
vector, 859
Aerodynamic drag, 354(29)
AGNESI, MARIA GAETANA
(1718-1799), 739
Agnesi’s witch. See Witch of Agnesi
ALBERT OF SAXONY (1316-1390),
553(26)
Algebraic functions, 470
Algebraic numbers, 470
Algorithm, 262
Angle(s), between differentiable curves,
814
of inclination, 12
between lines in the plane, 814
between planes, 826
between radius vector and tangent, 781
of refraction. See Snell’s law
between vectors, 806
Angular momentum, 906(12)
Antiderivative(s), 118(32), 276
of vector functions, 863, 868(56)
Antipodal points, 106(13)
Apbhelion, 768, 769(54)
Apollo 15, 290(52)
Arc length, in cylindrical coordinates,
907(14)
parameter, 877
in spherical coordinates, 907(16)

Index

Archimedes, area formula for parabolas,
339(63)
principle, 1138(13)
trammel, 742(32)
volume formula, 721(75)
Area(s), of bounded plane regions, 1012 ff.
and cardiac output, 298 ff.
of ellipse, 734(47), 1054(14)
estimating with finite sums, 298 ff.
and Green’s theorem, 1094, 1137
of parallelogram, |A X BI, 816
parametrized surface, 1108
in polar coordinates, 771, 1023
of a region between a curve y = f{x),
a < x < b, and the x-axis, 328
of regions between curves, 365 ff.
surfaces of revolution, 400 ff., 748, 774
under the graph of a nonnegative
function, 317 ff.
Argand diagrams, A-12
Arithmetic mean, 204(30), 474(82)
Art forgery, 491(27)
Arteries, unclogging, 254
Aspect ratio, 9
Astronomical unit (AU), 723
Asymptotes, 224 ff.
of hyperbolas, 716
Attracting 2-cycle, 621(68)
Autocatalytic reactions, 246(40)
Average cost, smallest, 241
Average daily holding cost, 360(87-90)
Average daily inventory, 360(87-90)
Average rate of change, 52, 131
Average speed, 51
Average value of a function, 328, 332(50),

776(34), 1013, 1031

Average (mean) value of a nonnegative
function, 303 ff.

Average velocity, 132

Bendixson’s criterion, 1095(36)

BERNOULLI, JOHN (1667-1748), 492

Best linear approximation, 260(64)

Best quantity to order, 247(57, 58),
944(40)

Bifurcation value, 621(68)

Binomial series, 689, 697

Binormal vector B, 885

Blood pH, 482(77)

Blood sugar, 538(45)

Blood tests in WW II, 553(28)

Boundary point, 3, 909

Bowditch curves (Lissajous figures),
750-751(41-49)

Brachistochrones, 738

Branching of blood vessels and pipes,
553(27)

Bread crust, 406(28)

Carbon-14 dating, 487
Cardiac index, 995(38)
Cardiac output, 178(25), 995(38)
and area, 298 ff.
Cardiod(s), 758, 785(47)
as epicycloids, 785(47)
Cartesian coordinates, 8, 796
Cartesian vs. polar coordinates, 754
CAS. See also listing of CAS exercises
following the Preface
convergence of series, 669



I-2 Index

integration with, 588 ff.
multiple integration, 1005
partial differentiation, 926
visualizing surfaces, 833
Catalyst, 246(40)
Catenaries, 529(87)
CAUCHY, AUGUSTIN LOUIS
(1789-1857), 70
Cauchy, condensation test, 643(37)
mean value theorem, A-18 ff.
CAVALIERI, BONAVENTURA
(1598-1647), 376
theorem, 376, 378(11-14)
Cell membrane transport, 553(29)
Center of curvature, 884
Center(s) of mass, 407 ff., 1014, 1035,
1064, 1103. See also Centroids
of wires and thin rods, 409 ff.
Centered difference quotient, 153(71),
154(72)
Centroid(s), 416, 1017
of a circular arc, 418(41)
of a differentiable plane curve, 418(39)
engineering formulas, 418(39-42)
of fan-shaped regions, 776
and fluid force, 431
of a parabolic segment, 418(40)
of parametrized curves, 746
of a triangle, 417(29-34)
Chain rule(s), functions of a single
variable, 154 ff,
proof of, 256
functions of two or more variables,
944 ff.
and implicit differentiation, 948
for vector functions, 861
Change (absolute, relative, percentage),
253,938
Chaos, 265 ff., 268(28)
Chemical reactions, 246(40), 482(81),
489(3,4), 577(50)
Cholera bacteria, 489(7)
Circle(s), 10, 28, 709
center, 28, 709
exterior, interior, 30
radius, 28, 709
Circle of curvature (osculating circle), 884
Circulation, 1071
density/curl, 1087, 1118
Closed and open regions, 805(34), 911
Closet door, 786(48)
Common logarithms, 479
Completing the square, 29, 556
Complex numbers, A-7 ff.
Component test for continuity, 857

Compound interest, 485, 539(46), 621(67)
Computer graphics, 829
Computer simulation, 287
Concavity, 210 ff.
second derivative test, 210
Cone(s), elliptic, 834
sections of, 710
Conic sections, 709 ff.
applications, 718
circle, 10, 28 ff., 709
classified by eccentricity, 723 ff.
ellipse, 712
focus-directrix equation, 725
hyperbola, 715
parabola, 30 ff., 711
polar equations, 764 ff.
reflective properties, 717
shifting, 719-720(39-68)
tangents, 783
Connected, graph, 94
region, 1077
Conservation of mass, 1130, 1133(31)
Conservative fields, 1077
component test, 1079
and path independence, 1077
and Stokes’s theorem, 1121
Constant function, 56
definite integral of, 317
Constant of integration, 276
Continuity, 87 ff., 106(22), 857, 919 ff.
of composites of continuous functions,
91, A-7(6)
and differentiability, 116, 934
at an end point, 89
and the existence of partial derivatives,
928
at an interior point, 87 ff.
on an interval, 93
at a point, 857
polynomials, 91
rational functions, 91
test for, 89, 857
of trigonometric functions, 151
uniform, 314
of vector functions, 857
Continuity equation of hydrodynamics,
1129 ff.
Continuous extension, 92
Continuous function(s), 87 ff., 919
intermediate value theorem, 93
max/min theorem, 189
on closed bounded regions, 970
sign-preserving property, 97(60)
with no derivative, 116
Contour lines, 913

Conversion of mass to energy, 256
Coordinate planes, 797
Coordinates. See Cartesian, Cylindrical,
Polar, Spherical
Cost from marginal cost, 340(65)
Cost/revenue, 138 ff., 238 ff.
and profit, 178(26)
Cramer’s rule, A-27 ff.
Critical points, 193,971
Cross product term, 728
Cross product of vectors, 815 ff.
associative/distributive laws, 817
cancellation, 821(33, 34)
determinant formula, 817
Curl of vector field, 1087
paddle-wheel interpretation, 1087, 1118
Curvature, center of, 884
of graphs in the xy-plane, 890(7)
of a parametrized curve, 890(8)
of a plane curve, 881
radius of, 884
of a space curve, 884
total, 891(38)
vector formula, 888
Curve(s) (graphs), of infinite length, 397,
640(77)
parametrized, 734 ff., 855 ff.
piecewise smooth, 859, 1077
simple closed, 1087
space, 855, 876, 884
with zero torsion, 892(43)
Cusp, 215
Cycloid(s), 738 ff.
Cylinder(s), 829 ff.
drawing, 831
generating curves, 829
Cylindrical coordinates, 842 ff.

Daedelus, 112

Decibels, 480

Definite integrals, 309 ff.
and area, 318
of a constant function, 317
domination, 324
evaluation, 335 ff.
existence of, 314
limit of Riemann sums, 313
lower bound for, 326
max-min inequality, 324
mean value theorem, 329
properties of, 323 ff.
shift property, 345(35, 36)
upper bound for, 326
upper/lower sums, 314, 321(79),

322(80)



of vector functions, 863
Degrees vs. radians, 36, 154(76), 158
Del (V), 959, 1115
Del notation, 959, 1114
DELESSE, ACHILLE ERNEST (ca.
1840), 438
Delesse’s rule, 437 ff.
DeMoivre’s theorem, A-14
Density, 409
Derivative(s), 109, 924 ff. See also
Differentiation
alternative defining formula, 117
at a point, 101
of composite functions. See Chain Rule
directional, 957 ff.
dot notation, 888, 893
in economics, 138
estimation, 112
higher order, 129, 167
of integrals, 333, 339(45-54)
intermediate value property, 114, 211
of inverse functions, 452 ff.
left-hand, 114
nonexistence, 114 ff.
from numerical values, 129(39, 40),
161-162(53-62), 182(55, 56)
partial, 924 ff.
reading from graphs, 113, 260(62)
right-hand, 114
second and higher orders, 128
of trigonometric functions, 143 ff.
inverse trigonometric functions,
513 ff.
using numerical values, 129(39, 40)
of vectors of constant length, 862
of a vector function, 858
Determinant, A-22 ff.
formula for A x B, 818
Difference quotient, 101
centered, 153(71), 154(72)
Differentiability and continuity3 116, 934
Differentiable function, 109, 858, 934
Differentiable on an interval, 114
Differential(s), 251 ff., 937 ff.
estimating changes with, 252 ff., 937 ff.
total, 937, 940
Differential equations, 282 ff., 529 ff.
Euler’s method, 543 ff.
first order, 529 ff.
general solution, 283
initial value problem, 282
for vector-valued functions, 865
integrating factor, 532, 875(26)
linear first order, 531 ff.
mixture problems, 540(55-58)

numerical methods, 541 ff.

particular solution, 283

power series solutions, 690 ff.

RL circuits, 536 ff., 540(53)
steady state solution, 537
transient solution, 537

resistance proportional to velocity,
534 ff., 875(26)

separable first order, 531

separation of variables, 531

slope field, 541 ff.

solution(s), 283, 530
Euler’s numerical method, 543 ff.
general, 283
particular, 283

solution curve (integral curve), 285

Differential form, 1081 ff.
Differentiation. See also Derivatives

Chain rules, 154 ff.

generalizing the Product Rule, 131(54),
187(25)

implicit, 164 ff., 948

logarithmic, 462 ff.

Reciprocal Rule, 130(52)

rules, 121 ff., 860 ff.

Diffusion equation, 1000, 1133(32)
Direction angle, 813(22)
Direction cosine, 813(22)
Direction of motion, 859
Directional derivatives, 957 ff.

properties, 960

Discontinuity, infinite, 87
jump, 87
removable, 87, 226
Discriminant, of fx, y), 972
of quadratic equation, 731
Displacement, 132, 434

from an antiderivative of velocity,
290(55)

vs. distance traveled, 434 ff.

Distance, between Iines, 850(63, 64)

between parallel planes, 852(17)
from point to line, 17(56), 823, 852(15)
from point to plane, 826, 852(16)
between points, 9, 800
traveled, 299 ff., 434 ff.
Distributive law for vector cross products,
A-21ff.
Divergence/flux density, 1085
Divergence of a vector field, 1123
Divergence theorem, 1124 ff.
Dominant terms, 227
Dot notation, 888, 893
Dot product, A-B, 806 ff.
cancellation, 813(34), 821(34)

Index I-3

laws of multiplication, 808 ff.
Double integrals, 1001 ff.
Cartesian into polar, 1023
finding limits of integration,
in polar coordinates, 1022
in rectangular coordinates, 1008
Fubini’s theorem, 1004, 1006
order of integration, 1003
polar form, 1020 ff.
substitutions in, 1048 ff.
Drosophila. See Fruit flies
Drug dosage, 705-706(37, 38)

¢ (Euler’s number), 467
e=1lim, _, o (1 + (1/x))*, 497(65)
e*, 468
and In x, 467
Earthquakes, 479 ff.
Eccentricity, of ellipse, 723
of hyperbola, 724
of parabola, 725
of planetary orbits, 723, 770(58), 900
of satellite orbits, 900
space engineer’s formula for
eccentricity of elliptic orbit, 770(63)
Economic growth, 118
Economics, derivatives in, 138
functions in, 139
Electricity, peak and rms voltage, 337 ff.,
340(64)
Elementary functions, 588
Ellipse(s), 712 ff.
area formulas, 734(47), 1054(14)
center, 713
construction; 712; 770(63)
directrices, 723 ff.
eccentricity, 723
equations, 714
focal axis, 713
major axis, 713
minor axis, 713

polar equations, 766 ff.
reflective property, 718, 727(22)
semimajor axis, 713
semiminor axis, 713
vertex, 713
Ellipsoid, 833
of revolution, 833
Elliptic cone, 834
Elliptic integral(s), 750(34)
End behavior model, 274(23, 24)
Epicycloid, 744(47), 784(25), 785(47)
Error(s), in linear approximation, 255, 936,
940, 990
for Simpson’s rule, 351
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for trapezoidal rule, 348
Error function, 364(28), 605(92)
Escape velocity, 539(48)
Estimating, average value of a function,
303 ff.
cardiac output, 298 ff.
change with differentials, 252 ff., 937 ff.
change in fin direction u, 965
distance traveled, 299 ff.
f from graph of £, 113
with finite sums, 298 ff.
volume, 301 ff.
EULER, LEONHARD (1707-1783), 18
Euler method, 543 ff.
Euler’s constant, 644(41)
generalized, 703(19)

formula, 684, A-12

Flux density/divergence, 1085

Force constant (spring constant), 421
Fractal coastline, 398

Franklin, Benjamin,’s will, 490(15)

Free fall, 51, 140(9--16), 141(22), 290(52,

54)
on Earth, 135
14th century, 553(26)
Galileo’s formula, 140(15)
near the surface of a planet, 290(54)
from the Tower of Pisa, 140(16)
Frenet (TNB) frame, 885
Fruit flies (Drosophila), 53 ff., 118(34)
Frustum of a cone (surface area), 400,
749(27)
Fubini’s theorem, 1004, 1006
Function(s), 17 ff., 855 ff., 909 ff.

periodic, 40, 687(47)

piecewise continuous, 361-362(11-18)

range, 17, 909

rational, 81, 91, 222 ff., 569 ff.

real-valued, 18, 909

right-continuous, 89

scalar, 856

sine-integral, 355(32), 605(91)

smooth, 394

sum/difference/product/quotient, 22

transcendental, 470

trigonometric, 37 ff.

unit step, 57

vector-valued, 855 ff.

zero of (root), 94, 203(11-14),
204-205(45-52)

identities, 688(50)
mixed derivative theorem, 930
proof, A-29
Even and odd functions, 23, 50(24), 520,
552(21)
Exact differential forms, 1081 ff.
Exactness, test for, 1082
Expected value, 705(36)
Exponential change, 483
law, 483
rate constant, 483
Exponential function, 467 ff., 474 ff.
and logarithmic function, 468, 478
Extreme values. See Max/min
Extreme values on parametrized curves,
977

Factorial notation (n!), 617
Fahrenbheit vs. Celsius, 15, 16(45)
Faraday’s law, 1138(15)
Fenway Park, 874(14)
FERMAT, PIERRE DE (1601-1665), 100
Fermat’s principle in optics, 237, 246(39)
Fibonacci sequence, 617
Finite sums, algebra rules, 310
approximating with integrals, 363
estimating with, 298 ff.
Fixed point of a function, 97(59), 626
Flow integrals and circulation, 1071 ff.
Fluid force, 427 ff.
center of pressure, 448(17)
and centroid, 431
on a curved surface, 1138(14)
constant depth formula, 428
variable depth integral, 429
Fluid pressures, 427 ff.
Flux, across an oriented surface, 1101
across a plane curve, 1072 ff.

absolute value, 24
algebraic, 470
bounded, 107(23), 361-362(11-18)
component, 855
composition of, 22, 91, 156, A-7(6)
constant, 56, 317
continuous, 87, 857
on an interval, 93
at a point, 87 ff.
defined by integrals, 332 ff.
differentiable, 109, 858, 934
on closed interval, 114
at (JC(), y()), 934
Dirichlet ruler, 107(24)
domain, 17, 909
in economics, 139
elementary, 588
even and odd, 23
even-odd decompositions, 50(24), 520,
552(21)
graph, 20, 912
greatest integer, 24
harmonic, 1133(27)
hyperbolic, 520 ff.
identity, 56, 450
increasing-decreasing, 202
integer ceiling, 24
integer floor, 24
inverse, 450
inverse hyperbolic, 522 ff.
inverse trigonometric, 504 ff.
least integer, 24
left-continuous, 89
multivariable, 909 ff.
with no Riemann integral, 316
nowhere differentiable, 116, 120(61)
one-to-one, 449, 456(39)
parametric, 133

Fundamental Theorem of Algebra, A-16
Fundamental Theorem of Integral
Calculus, 332 ff.
for vector functions, 868(57)
Fundamental Theorem of Line Integrals,
1078 ff.
Fundamental theorems unified, 1131

Gabriel’s horn, 604(66)
Galaxies, 287
Galileo’s free fall formula, 140(15)
Gamma function, 611
value of I'(1/2), 1060(31)
Gateway Arch to the West, 520
GAUSS, CARL FRIEDRICH
(1777-1855), 1124
Gauss’s law, 1128
General sine curve, 45
Geometric mean, 204(29), 474(82)
Geosynchronous orbit, 901(6)
Gradient, 959
algebra rules, 966, 969(65)
in cylindrical coordinates, 999(11)
and level curves, 961, 969(61)
in spherical coordinates, 999(12)
Graphing, 20 ff., 209 ff., 756 ff.
with asymptotes/dominant terms, 227 ff.
checklist for, 230
in polar coordinates, 756 ff.
with y” and y”*, 209 ff.
Graphs, 20
connectivity, 94
of inverse functions, 451
what derivatives tell, 216
Gravitational constant (universal), 894
Greatest integer in x, 24
GREEN, GEORGE (1793-1841), 1089
Green’s formula,
first, 1133(29)



second, 1133(30)
Green’s theorem, 1087 ff.
and area, 1094, 1137
generalization to three dimensions, 1130
and Laplace’s equation, 1095(33)
and line integrals, 1089
“Green Monster,” 874(14)
Growth and decay, 482 ff.

HALLEY, EDMUND (1656-1742), 724
Halley’s comet, 724, 770(64)
Hammer and feather, 290(52)
Hanging cable, 528-529(87-89)
Harmonic function, 1133(27)
Heat equation, 1000
Heat transfer, 487
Heaviside cover-up method, 573 ff.
Helix, 856
Hidden behavior of a function, 230
Hooke’s law, 421
Horizontal shifts, 28
Hubble space telescope, 718
Human cannonball, 874(10)
Human evolution, 488(1)
HUYGENS, CHRISTIAAN (1629-1695),
738
Huygens’s clock, 738
Hydronium ion concentration, 482(81)
Hyperbola(s), 715 ff.
asymptotes, 716
center, 715
circular waves, 721(89)
construction, 722(92)
eccentricity of, 724
equations for, 716
polar, 766
focal axis, 715
graphing, 716
and hyperbolic functions, 528(86)
reflective property, 718, 727(41)
vertex, 715
Hyperbolic functions, 520 ff.
vs. circular, 528(86)
derivatives, 524
evaluation with logarithms, 526
the “hyperbolic” in, 528(86)
integrals, 524
inverses, 522 ff.
Hyperboloid, one sheet, 835
two sheets, 836
Hypocycloid, 743(33-34), 744(47)
Hypotrochoid, 744(47)

Ice cubes (melting), 159
Ideal gas law, 952

Identity, 185(1)
Identity function, 56, 450
Implicit differentiation, 164 ff., 948
higher order derivatives, 167 ff.
Improper integrals, 594 ff.
tests for convergence/divergence, 599 ff.
Incidence of disease, 483, 489(9)
Increasing/decreasing functions, 202,
321(79), 322(80), 456-457(39-44)
Increment theorem for functions of two
variables, 933
proof, A-31
Increments, 9
and distance, 965
Indefinite integrals, 275 ff. See also
Integrals
evaluation, 276
of vector function, 863
Indeterminate, forms, 491 ff.
and power series, 695
powers, 494 ff.
products and differences, 494
Inequalities, properties of, 50(19)
rules for, 2
Infinite paint can (Gabriel’s horn), 604(66)
Infinite series, 630 ff. See also Series
Inflection points, 211 ff., 260(63), 687(40)
Initial value problems, 282 ff., 339(55-62)
uniqueness of solutions, 290(56)
for vector-valued functions, 865
Instantaneous rate of change, 131
Integer ceiling for x, 24
Integer floor for x, 24
Integers, 2
Integrable function, 314
Integral(s), 275 ff., 309 ff. See also
Definite integrals, Integration
approximating finite sums, 363
of bounded piecewise continuous
functions, 361-362(11-18)
double, 1001 ff.
improper, 594 ff.
multiple, 1001 ff.
nonelementary, 588
series evaluation, 693
surface, 1099 ff.
tables. See the endpapers of the book
how to use, 583 ff.
triple, 1026 ff.
of vector functions, 863
visualizing, 344
Integrating factor, 532, 875(26)
Integration. See also Integrals
algebra rules, 278, 324, 1002, 1027
general procedure, 589

index I-5

Heaviside cover-up method, 573 ff.
of inverses, 569
numerical, 346
partial fraction method, 569 ff.
by parts, 562 ff.
in polar coordinates, 770 ff.
of rational functions of x, 569 ff.
with reduction formulas, 586
by substitution, 290 ff., 342 ff.
tabular, 566 ff., 611
techniques, 555 ff., 611
term-by-term, 279
trigonometric substitutions, 578 ff.
z=tan(x/2), 582-583(43-52)
using tables, 583 ff.
variable of, 276
in vector fields, 1061 ff.
with a CAS, 588 ff.
Interior point, 3, 901
Intermediate value property, of continuous
functions, 93
of derivatives, 114
Intermediate Value Theorem, for
continuous functions, 93
for derivatives, 114, 211
Intersection of sets, 7
Intervals and absolute value, 6 ff.
Intervals, closed/half-open/open/infinite, 3
Inventory function, 360(87-90)
Inverse functions, 450 ff.
derivatives of, 452 ff.
graphing with parametric equations, 452
integration, 569
Inverse hyperbolic functions, 522 ff.
as logarithms, 526
Inverse trigonometric functions, 504 ff.
the “arc” in arc sine and arc cosine, 509
derivatives and related integrals, 513 ff.
range of sec”! x, 508
Involute of circle, 742(30), 879, 968(56)
Iteration, 262

JACOBI, CARL GUSTAV JACOB
(1804-1851), 1053

Jacobian determinant, 1048

Javelin (women’s world record), 903(16)

Jerk, 149

JOULE, JAMES PRESCOTT
(1818-1889), 419

Joule, 419

KEPLER, JOHANNES (1571-1630), 896

Kepler equation, 906(8)

Kepler’s laws of motion, 49(1), 895, 896,
898
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Kinetic energy, conversion of mass to
energy, 256 ff.
and mass, 256 ff.
of a rotating shaft, 1015
and work, 426-427(29-36), 448(14)
KOCH, HELGA VON, 167, 397, 640(77)
Kochel numbers, 979(63)

Lagrange multiplier method, 980 ff.
Laplace equations, 932
Law of cosines, 43
Laws of exponents, 469, 475
Leading coefficient, 223
Least squares/regression lines, 977 ff.
Least time principle. See Fermat’s
principle
Left-hand derivative, 114
Left-hand limits, 78 ff.
LEIBNIZ, Baron GOTTFRIED
WILHELM (1646-1716), 70
Leibniz’s, rule for derivatives of integrals,
362-363(19-22)
proof, 998(3)
rule for derivatives of products, 187(26)
Lemniscate(s), 759
Length, of plane curve(s), 394 ff., 746, 773
tangent fin derivation, 399(26)
of space curve(s), 876, 907(14, 16)
Level curves, 912
tangents to, 961
Level surfaces, 913
’HOPITAL, GUILLAUME FRANCOIS
ANTOINE DE (1661-1704), 491
1I’Hopital’s rule, 491 ff., 624
flowchart, 495
proof of stronger form, A-19
Light intensity under water, 489(5)
Limacon(s), 763
Limits, 54 ff., 857, 917 ff.
at infinity, 233(103-108)
calculation rules, 61 ff.
and continuity, 857, 919 ff.
and convergence,
of sequences, 616
of series, 631
of function values, 54 ff.
informal definition, 55
formal definition, 70
of functions of two variables, 917
infinite, 80 ff.
infinite one-sided, 86
left-hand, 78 ff.
one-sided, 78 ff.
of polynomials, 62, A-7(4)
properties of, 61, 918

of rational functions, 62, A-7(5)
as x — + oo, 222 ff.
right-hand, 78 ff.
(sin )/ as —0,144
that arise frequently, 625, A-20
two-path test for nonexistence, 920
two-sided, 78 ff.
of vector functions, 857
as x — + oo, 220 ff.
Limit comparison test, for improper
integrals, 600
for series, 647
Limiting velocity, 527(77)
Line(s), in the plane, 11 ff.
in space, 822 ff.
parametrization, 822
Line integrals, 1061 ff.
in conservative fields, 1077
evaluation, 1062
fundamental theorem, 1078 ff.
path independence, 1077
Linear approximation(s), 249 ff., 935 ff.
See also Linearization
best, 260(64)
error in, 255, 936, 940, 990
Linear equation, 14
Linearization(s), 249 ff., 935 ff., 940
best linear approximation, 260(64)
at inflection points, 260(63), 687(40)
of sin x, cos x, tan x, and (1 + x)*, 250
as a tangent plane approximation,
969(62)
Liquid mirror telescope, 839
Lissajous figures (Bowditch curves),
750-751(41-49)
In x, 458 ff.
and ¢*, 468
properties of, 460
and Simpson’s rule, 466(84)
Local extreme values, 192
first derivative test for, 206
second derivative test for, 212,
proof, 274(19)
Logarithmic differentiation, 462 ff.
Logarithmic mean, 474(82)
Logarithms. See also In x
base a, 477 ff.
base 10, 479
common, 479
history, 460
natural, 458 ff.
properties of, 479
Logistic, difference equation, 621(68)
differential equation, 546(23)
sequence, 621(68)

Lorentz contraction, 105(5)
Lower sum, 314, 321(79), 322(80)

MACLAURIN, COLIN (1698-1746), 676
Maclaurin series, 673 ff.
for cos x, 681
for ¢*, 679
even/odd functions, 687(46)
frequently used, 696
generated by a power series, 687(45)
for sin x, 680
for tan”'x, 668, 694
Magic rope, 785(37)
Marginal cost, 138, 142(25), 211, 219(73),
241, 340(65)
and profit, 239
Marginal revenue, 139, 142(26), 186(6),
340(66)
and profit, 239
Marginal tax rate, 139
Mass, distributed over a plane region, 411
and kinetic energy, 256 ff.
point masses and gravitation, 853(25)
of a thin plate, 411 ff.
of a thin rod or strip, 409 ff.
of a thin shell, 1102
vs. weight, 407, 427, 536
Masses along a line, 409 ff.
Masses and moments, 407 ff., 1013 ff,,
1034 ff., 1063 ff., 1102 ff.
Mathematical induction, 124, A-1 ff.
Mathematical modeling, 286 ff., 434 ff.,
721(89), 868 ff.
cycle, 286
discreet phenomena, 242
with integrals, 434 ff.
projectile motion, 868 ff.
Matrix, A-22 ff.
transpose, A-26
Max/min, 189
absolute (global), 191, 193
on closed, bounded regions, 973 ff.
on closed intervals, 193
constrained, 980 ff.
first derivative test, 206, 970
first derivative theorem, 192
local, 192, 206, 212, 970
second derivative test, 212, 687(41), 972
derivation for f{x, y), 980
proof, 274(19)
strategy, 236
summary of tests for f(x, y), 975
Maximizing profit, 239
Maximum. See Max/min
Mean life of radioactive nucleus, 490(19)



Mean Value Theorem for differentiable
functions, 198
Corollary 1, 200
Corollary 2, 201
Corollary 3, 202
physical interpretation, 199
test for increasing/decreasing, 202
Mean Value Theorem for definite integrals,
329
Medicine, sensitivity to, 130(50), 247(53)
Melting ice cubes, 159
Midpoint of line segment, 804
Minimal surface, 528(84)
Minimum. See Max/min
Mixed derivative theorem, 930, A-29
Mobius band, 1101
Model rocket, 141(19), 357(1)
Modeling. See Mathematical modeling
Modeling cycle, 285
colliding galaxies, 287
free fall, 287
refraction of light, 287
surface area, 439
Molasses (great flood), 428
Moments, 407 ff., 1014 ff., 1103
first and second, 1014, 1035, 1064, 1103
of inertia, 1014, 1035, 1064, 1103
and kinetic energy, 1015
polar, 1014
Motion, on a circle, 887
on a cycloid, 738 ff.
in polar and cylindrical coordinates,
893 ff.
planetary, 893 ff.
of a projectile, 868 ff.
in space, 855 ff.
Mt. Washington, cog railway, 16(46)
contours, 913

NAPIER, JOHN (1550-1617), 460
Napier’s inequality, 552(20)
Napier’s question, 490(14)
Natural logarithm, 458 ff. See also In x
Natural numbers, 2
Nephroid of Freeth, 763(46)
Newton (unit of force), 419
NEWTON, SIR ISAAC (1642-1727), 70
Newton’s laws, of cooling, 487
of gravitation, 894
of motion, second, 869, 894
Newton’s method (Newton-Raphson),
260 ff.
approximations that get worse, 266(14)
and chaos, 265 ff., 268(28)
convergence, 263 ff.

limitations, 264
oscillation, 266(13)
sequences generated by, 620(27)
strategy for, 261

Newton’s serpentine, 130(43), 260(63),

513(67)

Nonelementary integrals, 356(37—40), 588
series evaluation, 693

Norm of a partition, 313

Normal (perpendicular), 166
to a curve, 166
curves, 969(60)
line, 166, 963
to a surface, 166, 963

Numerical integration, 346 ff.
non-elementary integrals, 356(37—40)
with numerical data, 352
polynomials of low degree, 355(31)
round-off error, 352

Octants, 797
Odd functions. See Even and odd functions
Oil depletion, 489(11)
One-to-one functions, 449,
456-457(39-44)
horizontal line test, 450
Open region, 805(34), 911
connected, 1077
simply connected, 1095(36), 1121
Optimization, 233 ff.
Orbital period, 898
Order of magnitude (“little oh” and “big
oh”), 501
asx — a, 503(14)
ORESME, NICOLE (1320-1382), 641
Oresme’s theorem, 704(31)
Orthogonal, curves, 783
trajectories, 783(12)
vectors, 809
Osculating circle, 186(5), 884
OSTROGRADSKY, MIKHAIL
(1801-1862), 1124

Pappus’s formula, 1020, 1038
Pappus’s theorems, surface area, 441
volume, 439
Parabola(s), 30 ff., 711
axis, 30
in bridge construction, 721(76)
directrix, 30, 711
eccentricity, 725
focal length, 30, 711
focus, 30, 711
Kepler’s construction, 722(91)
polar equation, 766

Index I-7

reflective property, 717, 722(90), 834
vertex, 30, 711
width at focus, 722(93)
Paraboloid, circular, 834
elliptic, 834
hyperbolic, 837
of revolution, 834
Parallel Axis Theorem, 1019, 1038
Parametric, functions, 133
mode, 133
Parametric equations and parameter
intervals, 735
circle, 735, 737
cycloid, 738
deltoid, 744(44)
ellipse, 737
epicycloid, 744(47), 784(25)
hyperbola branch, 737
hypocycloid, 743(33-34), 744(47)
hypotrochoid, 744(47)
involute of a circle, 742(30), 879,
968(56)
lines in a plane, 742(31)
lines in space, 822 ff.
parabola, 736
trochoid, 743(36)
Parametrized curves, 734 ff., 855 ff.
centroid, 746
differentiable, 744
length, 746, 876 ff.
second derivative formula, 745
slope, 744
smooth, 744
surface area formula, 748
Parametrized surfaces, 917, 1106 ff.
area, 1108
smooth, 1107
surface integrals, 1109 ff.
tangent planes, 1113
Partial derivatives, 924 ff.
and continuity, 928
chain rule, 944 ff.
with constrained variables, 953 ff.
and differentiability, 934
Partial fractions, 569 ff., A-29(20)
Partition of [a, b], 312
norm of, 313
Path in space, 855
Path independence, 1076 ff.
and conservative fields, 1077
Peak voltage, 337
Pendulum, clocks (Huygens’s), 738
period, 274(21)
period and temperature, 162(73)
Perihelion, 768, 769(54), 895
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Period, of periodic function, 40
orbital, 898
and pendulum temperature, 162(73)
Perpendicular Axis Theorem, 1014
pH-scale for acidity, 480
blood, 482(77)
Pi(r), and 22/7, 578(51)
fast estimate of 1/2, 704(33)
recursive definition of 71/2, 620(29)
Picard’s method, for finding roots, 626
and inverse functions, 630(83, 84)
Piecewise continuous functions,
361-362(11-18)
Piecewise smooth, curve, 859, 1077
surface, 1100
Pipedream (sloop), 443(17, 18)
Planes in space, 824 ff.
angles between, 826
drawing, 802 ff.
equations for, 824
line of intersection, 827
Planetary motion, 893 ff.
Planetary orbits, data on, 723, 770(58),
900
eccentricities, 723, 770(58), 900
semimajor axis, 770(58)
Planets, 893 ff.
Pluto’s orbit, 768
Poiseuille’s law, 254
Polar coordinates, 751 ff.
area in the plane, 771 ff.
area of a surface of revolution, 774
and Cartesian, 754
graphing, 756 ff.
integration, 770 ff.
length of a plane curve, 773, 776(33)
surface area, 774
symmetry tests, 757
Polar curves, 756 ff.
angle between radius vector and tangent,
781
intersections, 760
simultaneous intersection, 762
slope, 757
Polar equations for conic sections, 764 ff.
Pollution control, 308(25, 26)
Polynomials, of low degree, 355(31)
trigonometric, 163(81, 82)
Population, growth, 483 ff.
U.S., 489(10)
Position, 855
from acceleration, 201
function, 132
from velocity and initial position, 864
Position vector, 797, 855

Potential functions, 1077
for conservative fields, 1079 ff.
Power functions, 476
Power series, 663 ff. See also Series
binomial series, 689, 697
center, 663
convergence at endpoints, 672(47)
convergence theorem, 666
equality, 672(45)
evaluating indeterminate forms, 695
interval of convergence, 667
multiplication, 670
possible behavior, 667
radius of convergence, 667
representation of functions, 672
solutions of differential equations and
initial value problems, 690 ff.
term-by-term differentiation, 667
term-by-term integration, 668
testing for convergence, 666
uniqueness, 672(45)
Predator-prey food chain, 183-184(93, 94)
Pressure and volume, 130(49)
Price discounting, 489(12)
Principal unit normal vector N, 883, 884
Product rule, generalized, 187(26)
Production, industrial, 186(7)
steel, 138
Projectile motion, 744(46), 868 ff.
equations, 869, 871
height/flight time/range, 870 ff.
ideal trajectory, 871
p-series, 642
PTOLEMY, CLAUDIUS (c. 100-170), 239
Pythagorean triple, 629(67), 784(27)

Quadrants, 8
Quadratic approximations, 678(33-38)
Quadratic curves, 728
Quadratic equations in x and y, 728 ff.
cross product term, 728
discriminant test, 731
possible graphs of, 730
rotation of axes, 728
Quadric surfaces, 829 ff.
circular paraboloid (paraboloid of
revolution), 834
cross sections, 830
drawing, 838
ellipsoid, 833
elliptic cone, 834
elliptic paraboloid, 834
hyperbolic paraboloid, 837
hyperboloid, 835, 836
Quality control, 705(35)

Raabe’s (Gauss’s) test, 704(27)
Rabbits and foxes, 183-184(93, 94)
Radar reflector, 834
Radian measure, 35 ff.
in calculus, 147
Radians vs. degrees, 36, 154(76), 158
Radio telescope, 718, 834
Radioactive decay, 485, 490(17-20)
half-life, 486
Radius, of curvature, 884
of gyration, 1014, 1035, 1064, 1103
Radon gas, 485, 490(17)
Rates of change, 51 ff., 100
average/instantaneous, 131
related, 172 ff.
Rates of growth, relative, 498 ff.
Rational functions, 81, 222 ff., 569 ff.
continuity of, 91
integration of, 569 ff.
limits of, 222 ff.
Rational numbers, 2
Rational powers, derivatives of, 168
Reaction rate, 246(40), 489(3, 4), 577(50)
Real line, 1
Real numbers, 1, A-7 ff.
Real variable. See Variable
Rectangular coordinates. See Cartesian
coordinates
Recursion formula, 617
Recursive definition of ©/2, 620(29),
704(33)
Reduction formulas, 586
Reflection of light, 16(44), 246(39)
Reflective properties of
ellipse/hyperbola/parabola, 717 ff.,
722(90), 727(22, 41), 834
Refraction, 166
Snell’s law, 237 ff.
Region, 911, 912
boundary of, 911, 912
boundary/interior points, 911, 912
bounded/unbounded, 911
closed/open, 805(34), 911, 912
connected, 1077
simply connected, 1095(36), 1121
Related rates of change, 172 ff.
strategy for problem solving, 174
Relativistic sums, 853(26)
Repeating decimals, 2, 633
Resistance proportional to velocity, 534 ff.,
876(26)
Revenue from marginal revenue, 340(66)
Richter scale, 479
Riemann integral, 314
nonexistence of, 316



Riemann sums, 312 ff.
convergence of, 313
integral as a limit, 313
Right-hand
derivative, 114
limits, 78 ff.
rule, 815
Ripple tank, 781(103)
RL circuits, 536 ff.
steady-state current, 537
time constant, 540(53)
ROLLE, MICHEL (1652-1719), 196
Rolle’s theorem, 197
Root, 94, 203(11-14)
Root finding, 94, 260 ff., 626
Rotation of axes formula, 729
Round-off errors in numerical integration,
352
Rule of 70, 552(25)
Running machinery too fast, 162(67)

Saddle point(s), 839, 971

Sag in beams, 941

Sandwich theorem, 64
proof, A-6
for sequences, 623

Satellites, 893 ff.
circular orbit, 866(44), 901(9, 12)
data on, 899 ff.
work putting into orbit, 426(27)

Scalar functions, 856
products with vector functions,

781(108)

Scaling of coordinate axes, 8

Schwarz’s inequality, 274(20)

Search (sequential vs. binary), 502

Secant line, 52

Secant slope, 52

Second derivative, 128
and curve sketching, 209 ff.
parametric formula, 745

Sensitivity, to change, 137, 254, 938
to initial conditions, 621(68)
to medicine, 130(50), 247(53)
to starting value (chaos), 265 ff.,

268(28)

Sequence(s) (infinite), 613 ff.
bounded from above, 618
bounded from below, 620(41)
convergence/divergence, 616
Fibonacci, 617
generated by Newton’s method,

620(27), 629(65)
limits, 616
uniqueness, 621(51)

limits that arise frequently, 625, A-20
nondecreasing, 618
nonincreasing, 620(41)
recursive definition, 617
subsequence, 617
tail, 618
Zipper Theorem, 629(70)
Series (infinite), 630 ff. See also Power
series
absolute convergence, 657
absolute convergence test, 658
alternating, 655
estimation theorem, 657
harmonic, 655
p-series, 659
remainder, 662(53)
test (Leibniz’s theorem), 655
CAS exploration of convergence, 669
Cauchy condensation test, 643(37)
comparison tests,
direct, 645
limit, 646
conditional convergence, 658
convergence/divergence, 631
Euler’s constant, 644(41)
geometric, 632
harmonic, 641
no empirical evidence for divergence,
643(33)
integral test, 641
logarithmic p-series, 644(39)
Maclaurin. See Maclaurin series
nth root test, 652
nth term test (divergence), 635
Oresme’s theorem, 704(31)
partial sums, 631
procedure for determining convergence,
660
p-series, 642
Raabe’s (Gauss’s) test, 704(27)
ratio test, 650
rearrangement, 659 ff.
rearrangement theorem, 659
outline of proof, 662(60)
reindexing, 637
sum, 631
Taylor. See Taylor series
telescoping, 633
truncation error, 682 ff.
Shift formulas, 28
Shift property for definite integrals,
345(35, 36)
Shifting graphs, 27 ff.
Shot-put, 873(5, 6)
women’s world record, 874(13)

Index 1-9

Sigma (X)) notation, 309
Simple harmonic motion, 148, 153(61, 62),
211
SIMPSON, THOMAS (1720-1761), 350
Simpson’s one-third rule, 350, A-17 ff.
Simpson’s rule, 350
error estimate, 351
and In x, 466(84)
vs. trapezoidal, 351 ff.
Sine-integral function, 355(32), 605(91)
Skylab 4, 901(1), 904(35)
Slope, of curve, 99
of line, 11
of parametrized curves, 744
of polar curves, 757
of a vector in the plane, 793
Slope field, 541 ff.
Slug, 536
Smooth, function, 394
parametrized curve, 744, 858
parametrized surface, 1107
plane curve, 394
space curve, 858
surface, 1096
Snail(s), 763
SNELL, WILLEBRORD (1580-1626),
239
Snell’s law of refraction, 237 ff.
Snowflake curve, 167, 397, 640(77)
Social diffusion, 577(49)
Solar-powered car, 354(29)
Solids of revolution, 379
Sonobuoy, 267(24)
Sound intensity, 480
Sound level, 480
Speed, 134, 859
on a smooth curve, 878
Spheres, standard equation, 801
Spherical coordinates, 844 ff.
arc length, 907(14)
relation to Cartesian and cylindrical
coordinates, 844
unit vectors, 907(15), 998(6)
Spring constant, 421
Square window, 29
Stiffness of beam, 245(32), 1015
Stirling’s, approximation for n!, 612(50)
formula, 612(50)
STOKES, SIR GEORGE GABRIEL
(1819-1903), 1115
Stokes’s theorem, 1115 ff.
and conservative fields, 1121
Streamlines, 1095(36)
Strength of beam, 245(31)
Subinterval, 312
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Subsequence, 617
Substitutions, in definite integrals, 342 ff.
in indefinite integrals, 290 ff.
in multiple integrals, 1048 ff.
Subway car springs, 424(13)
Sums of positive integers, 311
Surface(s), 829 ff., 912
orientable (two-sided), 1101
oriented, 1101
parametrized, 917, 1106 ff.
piecewise smooth, 1100
positive direction on, 1101
quadric, 829 ff.
smooth, 1096
Surface area, 441, 748, 774, 1096 ff.
cylindrical vs. conical bands, 439
special formulas, 1105
Surface integrals, 1099 ff.
on parametrized surfaces, 1109 ff.
Surface of revolution, 400, 748, 774
alternative derivation of the surface area
formula, 407(37)
generated by curves that cross the axis
of revolution, 406(31)
Suspension bridge cables, 721(76)
Symmetry, 23, 757
in the polar coordinate plane, 757
tests, 757
Synchronous curves, 903(17)

Tangent, 97 ff.
curves, 969(69)
to a curve, 97 ff., 859
to a level curve, 961
plane and normal line, 963
plane to parametrized surface, 1113
vertical, 102 ff.
Target values, 66 ff.
Tautochrones, 739 ff.
TAYLOR, BROOK (1685-1731), 676
Taylor polynomials, 674 ff.
best polynomial approximation, 678(32)
periodic functions, 687(47)
Taylor series, 673 ff.
choosing centers for, 703
convergence at a single point, 676
remainder estimation, 670
truncation error, 682 ff.
Taylor’s formula, 679
for functions of two variables, 991 ff.
remainder, 679
Taylor’s theorem, 678
proof, 685
Telegraph equations, 1000
Telescope mirrors, 718, 839

Temperature. See also Newton’s law of
cooling
change, 162(73), 487
beneath the earth’s surface, 914
in Fairbanks, Alaska, 46(65, 66),
162(68)
and the period of a pendulum, 162(73)
Term-by-term integration, 279
of infinite series, 668
Thermal expansion in precise equipment,
106(12)
Thin shells (moments/masses), 1102
Tin pest, 246(40)
TNB (Frenet) frame, 885
Torque, 408, 816, 851(4)
vector, 816
Torricelli’s law, 106(11)
Torsion, 886
calculated from B and v, 892(44)
Total differential, 937, 940
Tower of Pisa, 140(16), 186(9)
Tractor trailers and tractrix, 527(79)
Trans-Alaska Pipeline, 46
Transcendental functions, 470
Transcendental numbers, 470
Trapezoidal rule, 346
error, 348
Transpose of a matrix, A-26
Triangle inequality, 5, 8(45)
generalized, 50(22)
Trigonometric functions, 37 ff.
continuity, 151
derivatives, 143 ff.
Trigonometric polynomials, 163(81, 82)
Trigonometric substitutions, 578 ff.,
582-583(43, 52)
Trigonometry review, 35 ff.
Triple integrals, 1026 ff.
in cylindrical coordinates, 1039 ff.
finding limits of integration
in cylindrical coordinates, 1041
in rectangular coordinates, 1028
in spherical coordinates, 1042
in spherical coordinates, 1041 ff.
substitutions in, 1051 ff.

Undetermined coefficients, 570

Union of sets, 7

Unit circle, 10, 35

Unit step function, 57

Unit tangent vector T, 879

Unit vectors, 792, 799
in cyclindrical coordinates, 894, 907(13)
in spherical coordinates, 907(15), 998(6)

Upper sum, 314, 321(79), 322(80)

Variable(s), 18, 909

Vector(s), 787 ff.
acceleration, 859
addition and subtraction, 788, 789, 798
angle between, 806
basic, 789, 797
between points, 798
binormal B, 885
box product A ? B x C, 819
components, 789
of constant length, 862
cross (or vector) product A X B, 815 ff.,

A-21 ff.
direction, 792, 799, 859
dot (or scalar) product A ?B, 806 ff.
equality, 787, 789
history, 811
magnitude (length), 790, 798
magnitude and direction, 792, 799
normal, 793
orthogonal, 809
parallel, 788
parallelogram law, 788
principal unit normal N, 883, 884
projections, 809
scalar components, 789
scalar multiplication, 788, 791, 799
scalar product, 806 ff.
slope, 793
as sum of orthogonal vectors, 810
tangent, 793
triple scalar product A ?B x C, 819
derivatives of, 867(46)

triple vector products, 852(19)
unit. See Unit vectors
unit tangent T, 879
vector product A x B, 815 ff.
velocity, 859
zero, 792, 799

Vector fields, 1067 ff.
component functions, 1067
conservative, 1077
continuous/differentiable, 1067
gradient, 1069, 1077
gravitational, 1068, 1084(33, 34), 1139(16)
radial, 1068
spin, 1068

Vector functions (vector-valued), 855 ff.
of constant length, 862
continuity, 857
derivative, 858
differentiable, 858
differentiation rules, 860 ff.
integrals of, 863
velocity, 859



Velocity. See also Vectors
from acceleration, 201
average, 132
instantaneous, 132
Vertical shifts, 28
Vertical tangent, 102 ff.
Volcanic lava fountains, 143(32)
Voltage, in capacitor, 489(6)
household, 337
in a circuit, 176(5), 951(39)
Volume, 374 ff., 379 ff., 387 ff., 1005 ff.,
1027 ff.
cylindrical shell method, 387 ff.
disk method, 379
estimating with finite sums, 301 ff.
of a region in space, 1002 ff., 1027 ff.
Pappus’s theorem, 439
shell method, 387 ff.

slicing method, 374 ff.

solids of revolution, 379 ff., 387(45), 439
of a torus, 387(45)

washer method, 382 ff.

washers vs. shells, 391, 457(52)

Wallis’s formula, 698(67)

Wave equation, 932

WEIERSTRASS, KARL (1815-1897), 70,
116

Weierstrass’ nowhere differentiable
continuous function, 116, 120(61)

Weight densities, 428

Weight vs. mass, 407, 427, 536

Weight of water, 424

Whales, 365 ff.

Wilson lot size formula (best quantity to
order), 247(57, 58), 944(40)

Index I-11

Witch of Agnesi, 130(44), 739, 742(29)
Wok(s), 386(41), 406(27)
Work, 418 ff., 1037(19, 20), 1069 ff.
constant force, 418 ff., 811
done by the heart, 259(56)
as dot product, 811
forcing electrons together, 426(28)
integral evaluation, 1070
and kinetic energy, 426-427(29-36),
448(14)
over smooth curve in space, 1069
done in pumping liquids, 422 ff.
variable-force along a line, 419 ff.
Working under water, 489(5)

0°,105(3, 4)
Zero (root) of a function, 94, 203(11-14)
counting zeros, 204-205(45-52)
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28.

A Brief Table of Integrals

./udv:uv—/vdu 2./a“du=a +C, a#1, a>0
Ina
/cosudu:sinu+C 4./sinudu=—cosu+C
bn+1 1
/(ax—i—b)"dx:w-i-c, n#—1 6. /(ax+b)_'dx:—ln lax + b+ C
a(n+1) a
(ax +b)"*'' Tax +b b
b)'dx = - C, -1,-2
/x(ax—i— ) dx a? n+2 n+l + n#
1 X b
x(ax+b)"dx=———Inlax+b|+C
a a
1 b dx 1 X
b)2dx = — |1 b C 10./—————:—1 C
/x(ax+ ) dx a2[n|ax+ I+ax+b]+ x(ax +b) bnax-+-b|+
2 (vax +b)"? Jax +b
ax+b)'dx =—-—----"—-"ou+4+C, n#-2 12. / dx =2vax +b +bf
[ arwpy ar = 2520 # v T
2) / dx 2 tan-! /ax—b+c
—_— — —— ta
x«/ax— Vb b
b) / 1 N/ax+ — b N
xsax +b «/ax+ +x/_
/«/ax +bd ax+b 15 dx \/ax+ /
x=— .
2 x\/ax +b x2Jax +b bx xax +b
dx 1 o dx X 1 X
— =t -+C 17. = ———t -+C
/a2+x2 a an a+ /(az+x2)2 202(a2+x2) an +
dx 1 x+a X 1 x+a
—=— C 19. = —In|——|+C
/az—x2 2a 8 x—a + /(az—xz)2 a2(a2-—x2)+4a3 g —a +
d
/—x=sinh"f+C=ln(x+\/a2+x2)+C 21. -/\/a2+x2dx——\/a2+x +
a2+ x? a 2
4 2
/xzx/a2+x2dx=%(a2+2x2)\/a2+x2——g8—ln(x+\/a2+x2)+C —-ln(x+\/a2+x2)+C
V) /2 2 /2 2 VP~
/_ﬂdxz /a2+x2_alnw_+c 24./a7;i'xdx=ln(x+/az+xz)_a_+f_+c
x x x x
2 /2 2
X g =% [ g2y 4 SV X
/mdx_ 2ln(x—i- a’+x?)+ ) +C
1 V) d o) 2
/—x=——lnM+C 27./ ¥ __Yetr e
xv/a? + x? a x x2/a? + 12 2x
d 2
/\/ﬁzsin_l 2+C 29. /de—xdeZ% az—xz—}-%— Sin_lg'i‘c



T-2 A Brief Table of Integrals

4
1
30. /xzx/az —xldx = % sin”' = — grVal — 2@ 2+ C
a
a++a*—x?
X

Vo —) Vo ——) T2
31 fudx=\/a2~—x2—aln +C 32 /a—zxdxz—sin_’f—-u+c
X X a x
x? a? yx 1 dx 1 a4+ +a? —x?
- —_  an— ! 2 2 - D
33./ az_xzdx_ > sin p 2x\/a x2+C 34. /x == g In B +C

dx a? — x? dx X > 5
35. x2m=— o +C 36.fﬁ_cosh 5+C—ln |x+\/x —a!+C
2
37. /\/xz—azdx:%\/xz—az—%ln |x+\/x2—a2’+C
/v2 __ 42\n 2
38. /(\/xz—az)"dx=x( ;c+1a) —nnilf(\/xz—az)"_zdx, n#—1

39

/ dx  _ x(x*=a®)*"  n-3 f dx nt?
| (Vx2—a?) B (2 — n)a? (n—2)a* ) (VxZ—aZ)-2

/72 7 \n+2
40./x(\/x2—a2)”dx=(x7a)+C, n# -2
n+2
4
41. /xzx/xz—azdx=%(2x2~a2)\/x2—a2—% In ’x+\/x2—a2‘+C
Vo —) Vv —) Vv —)

42, /x—adx=\/x2—a2——a sec‘llf‘—l—c 43. /x—zadx=1n ‘x+\/x2~a2‘~—u+c

x X

a x
44 x—zdx:a—zIntx+\/x2—a2‘+f\/x2—a2+c
Va2 2 2
dx 1 x 1 a dx x2 —q?
45, | — = - —'H C = - cos™! H c 46./ = c
/x«/xz—az a ™ la + a % + x2/x? = a? a’x +

dx X —a
47./————=sin"< >+c
~2ax — x? a
x—a a? X —a
48. ./\/2ax—-x2dx=———\/2ax—x2+7 sin‘l( )-}—C
a

2

— W/ — x2)\n 2
49. /( ’2ax—~x2)"dx=(x a)(W/2ax — x?) +nn—:1—1/( /“‘"———zax_xz)n_zdx

n+1
50/‘ dx _(x—a)(«/2ax—x2)2‘"+ n—3 / dx
) V2ax —x2y (n —2)a? (n—2)a?) (V2ax —x2)n2
2x —3a)V2ax —x? a3 -
51. /xmwcz(x—i_a)(x 6“) w2 +5 sin”! (x “>+c
a
Yax — %2 _ Yax — x2 2aq — -
s [P = Vi pasnt () e s [ IR g o o R (120 4
X a X X

xdx X —a dx 1 [2a —x
54. —ee = sin"( >—\/2ax—x2+C SS.f—z—— +C
V2ax = x? a x2ax — x? a x



56.

58.

60.

62.

63.

65.

67.

68.

69.

70.

71.

72.

74.

75.

76.

78.

A Brief Table of Integrals

1 1
/sinaxdx:—— cos ax + C 57./cosaxdx=—sinax+C
a a
. 3 x  sin 2ax 2 x  sin 2ax
sin“ axdx = — — +C 59. | cos“ axdx = -+ +C
2 4a 2 4a
son—1 n—1 :
-1
/sin" axdx = _ S ax cos ax + " /sin"'2 axdx 61. /cos” axdx = oS ax snax
na n na

-1
+ " /cos"_2 axdx
n

b -b
a) /sin ax cos bxdx = _cozs((aa-:—b))x - COZS((:_ b))x +C, a*#b?
i —-b i b
b) /sin ax sin bxdx = 51121((:— b))x - su;((::b))x +C, a*#b’
sin(a — b)x  sin(a + b)x 5 2
bxdx = C, b
c) /cosaxcos x dx 2a—b) + 2a+b) + a” #
2 soan+1
/sinax c:osaxdx:-—coS ax+C 64. /sin"ax cosaxdx——-——m ax +C, n#-1
a (n+ Da
cos ax 1 . . cos"t! ax
- dx:——lnlsmax|+C 66. | cos" ax sinaxdx = ——+C, n# -1
sin ax (n+ Da

1
=——1In|cosax|+C
a

sin"_1 mlax  n—1 e m o
sin” ax cos™ axdx = + sin"~“ ax cos™ axdx, n# —m (reduces sin" ax)
a(m + n) m+n

ax cos

"lax cos™lax  m—1

sin” ax cos” axdx = + /sin” ax cos" 2 axdx, m # —n (reduces cos” ax)
a(m + n) m+n

-2 b—
= tan~' | /2—C tan (z - %) +C, b*>c?
b+cs1nax a/b? — 2 b+c 4 2

sin

¢+ b sin ax + +/c* — b? cos ax

b+ ¢ sin ax

-1

= 1
b+c sin ax  g+/c? — b2 n

Ik
/
/
/
/
/1+smax=-1tan(% AL m e rm Gy e
/
/
| o
/

+C, b <c?

2 b —
= tan™! € tan & +C, b*>¢?
— 2 b+c 2

b+ccosax a/b?

¢+ b cos ax + +/c? — b? sin ax

+C, b*<c?
b+ c cos ax

b+ccosax a/c? — b2

1 dx 1 ax \
tan7+C 7. —=——cot7+C

1+cosax a 1 —cos ax a

1 X 1 X .
xsmaxdx_—smax—~—cosax+C 79. xcosaxdx:—zcosax+— sin ax + C
a? a a a

T3



T-4 A Brief Table of Integrals

111.

80. /x” sin ax dx = L cos ax + ﬁ/x”_] cos ax dx 81. /x” cos axdx = r sin ax — ﬁ/x"" sin ax dx
a a a a
1 1 )
82. /tan axdx = — In |sec ax|+ C 83. /cot axdx = — In |sinax|+ C
a a
2 1 2 1
84. | tan“ axdx = —tanax —x +C 85. [ cot”axdx =——cotax —x+C
a a
t n—1 tn~l
86. ftan" axdx = ar  ax —/ tan" 2 axdx, n#1 87. fcot" axdx = _for ax -/ cot" 2 axdx, n#1
a(n—1) a(n—1)
1 1
88. /sec axdx = — In |sec ax +tan ax| + C 89. /csc axdx = ——In|csc ax +cotax|+ C
a a
2 1 ) 1
90. | sec” axdx = —tanax + C 91. | cscaxdx = —— cotax +C
a a
. sec"?ax tanax n—2 o2
92. sec” axdx = + sec" " axdx, n#1
aln — 1) n—1
n-2 t -2
93, /csc” axdy = — 25 dx cotax + " /csc"‘2 axdx, n#1
aln —1) n—1
94. /sec” ax tamaxdx:Sec ax+C, n#0 9s. fcsc" ax cotaxdx:—CSC ax+C, n#0
na na
1 1
96. /sin_' axdx = x sin”! ax + —v/1 —a?x2+ C 97. /cos_1 axdx =x cos lax — =1 —a?x2+C
a a
1
98. /tan" axdx = x tan”'ax — > In(l+a**+C
a
n+1 n+ld
99, fx"sin_l ade::+1 sin™! ax—nj_l \/xl_—_a_;ﬁ’ n#-1
xn+l a x”“dx
100. "cos™! axdx = - , -1
/xcos axdx n+lcos a)c+n+1 N n #
n+1 n+]d
101. /x” tan~' ax dx = tan~! ax — —2 / L A1
n+1 n+1 1 + a%x?
1 1 b=
102. /e‘”dx:—e‘”+C 103. /b‘”‘dx:— +C, b>0, b#1
a alnb
a. eax n 1 n n—1_a
104. [ xedx = —ax-1)+C 105. | x"e"dx = —x" e — — | X" e dx
a a a
106 /x"b‘”dx = ﬂ - /x”"b‘”‘ dx, b>0,b#1107 /e‘“‘ sin bx dx = —eax_(a sin bx — b cos bx) + C
) “alnb alnb ’ ’ ) T at4b?
108. /e‘” cos bxdx = ﬁ(u cos bx + b sin bx) + C 109. /ln axdx =xInax —x+C
a
n+l 1 m
110. /x" (In ax)" dx = = n(i‘llx) - n:"_ 1 /x”(ln ax)"dx, n#-1

1 m+1
x~(In ax)"’dx=(—n—a%——+c, m# —1 112. f

al =In|lnax|+C
m+1 X

X In



113.

115.

117.

118.

119.

121.

123.

125.

127.

128.

129.

131.

133.

134.

135.

137.

138.

139.

141.

— — e e— e e e e e T e e e e e — — e~

S~

1
sinh ax dx = — cosh ax + C
a

inh 2
sinhzaxdx=u—f+c
da 2

i sinh"™! ax cosh ax
sinh” ax dx = —

A Brief Table of Integrals

114.

cosh? axdx =

116.

— —,

da

na

cosh”™! ax sinh ax

-1
" /sinh"’2 axdx, n#0

n

cosh” axdx =

na n
. X 1 .
x sinh ax dx = — cosh ax — - sinh ax + C 120.
a a
no.: x" n n—1 n x" : n
x" sinh axdx = — cosh ax — — | x"7 " cosh axdx 122. x" cosh ax dx = — sinh ax — —
a a a

1
tanh ax dx = —In(cosh ax) + C
a

1
tanh? axdx = x — — tanh ax + C

—1
+ " /cosh"_2 axdx, n#0

126.
a
t hn—l
tanh” axdx = b ax —}-/tanh"‘2 axdx, n#1
(n—1a
thn_l
coth"axdx = _on ar + / coth"2axdx, n#1
(n—1a

1
sechax dx = — sin”! (tanh ax) + C
a

1
sech? ax dx = — tanh ax + C
a

sech"%2axtanh ax n—2

sinh 2ax «x
—_+_

1
124. /coth axdx = —In |sinh ax| + C
a

1
cosh axdx = — sinhax + C
a

+C

a?

a

1
coth? axdx = x — —coth ax + C
a

1 ax
130. /cschax dx =—1In \tanh;‘ +C
a

1
132. /csch2 axdx = ——cothax + C
a

sech” ax dx = + /sech"_zax dx, n#1
(n—1a n—1
h"~? th -2
csch” ax dx = _&e axr cohax _n fcsch”_zax dx, n#1
(n—"Ya n—1
hn
sech” ax tanhax dx = _Seelt ax +C, n#0 136. /csch" ax coth axdx = —
ax bx e—bx
e sinhbx dx = 52— [;ﬂ - —b] +C, a*#b?
Pl ebx —bx

e coshbx dx = - [a+b + a—bjl +C, a®#b*
g o0 2 1 T

" leFdx=Tn)=m-1)!, n>0 140. f e dx == [—,

0 2 a
1.3.5 -1
2 22 (n = 1) . z, if n is an even integer > 2
. n " 2:4.6---n 2
sin” x dx = cos"xdx = 246 0
0 A , if n is an odd integer > 3
3.5.7.--n

csch” ax

na

a>0

+C7

X 1
x cosh axdx = — sinh ax — — cosh ax + C
a

n#0

T5

fx"_' sinh ax dx






