
 

 

 On Conjugates :- {(𝒂 + 𝒊𝒃)(𝒂 − 𝒊𝒃) = 𝒂𝟐 + 𝒃𝟐}  

Q.11) 
If 𝑥 + 𝑖𝑦 = √

𝑎+𝑖𝑏

𝑐+𝑖𝑑
 show that(𝑥2 + 𝑦2)2 =

𝑎2+𝑏2

𝑐2+𝑑2. 
 

Sol.11) 
We have 𝑥 + 𝑖𝑦 = √

𝑎+𝑖𝑏

𝑐+𝑖𝑑
  ………… (i) 

Taking conjugate on both sides 

⇒  𝑥 + 𝑖𝑦̅̅ ̅̅ ̅̅ ̅̅ = √
𝑎+𝑖𝑏̅̅ ̅̅ ̅̅ ̅

𝑐+𝑖𝑑̅̅ ̅̅ ̅̅ ̅
 

⇒ 𝑥 − 𝑖𝑦 = √
𝑎−𝑖𝑏

𝑐−𝑖𝑑
 ………… (ii) 

Equation (i) x (ii) 

⇒ (𝑥 + 𝑖𝑦)(𝑥 − 𝑖𝑦) = √
𝑎+𝑖𝑏

𝑐+𝑖𝑑
× √

𝑎−𝑖𝑏

𝑐−𝑖𝑑
 

⇒ 𝑥2 + 𝑦2 = √
(𝑎+𝑖𝑏)(𝑎−𝑖𝑏)

(𝑐+𝑖𝑑)(𝑐−𝑖𝑑)
 

⇒ 𝑥2 + 𝑦2 = √
𝑎2+𝑏2

𝑐2+𝑑2 …………….. {(𝒂 + 𝒊𝒃)(𝒂 − 𝒊𝒃) = 𝒂𝟐 + 𝒃𝟐} 

Squaring 

(𝑥2 + 𝑦2)2 =
𝑎2+𝑏2

𝑐2+𝑑2 (proved) 

 

Q.12) 
If 

(𝑎+𝑖)2

2𝑎−𝑖
= 𝑝 + 𝑖𝑞 show that 𝑝2 + 𝑞2 =

(𝑎2+1)
2

4𝑎2+1
 

 

Sol.12) We have 
(𝑎+𝑖)2

2𝑎−𝑖
= 𝑝 + 𝑖𝑞 …………… (i) 

Taking conjugate on both sides 

⇒ 
(𝑎+𝑖)2

2𝑎−𝑖̅̅ ̅̅ ̅̅ ̅

̅̅ ̅̅ ̅̅ ̅
= 𝑝 + 𝑖𝑞̅̅ ̅̅ ̅̅ ̅̅  

⇒ 
(𝑎−𝑖)2

2𝑎+𝑖
= 𝑝 − 𝑖𝑞 ………… (ii) 

Equation (i) x (ii) 

⇒ 
(𝑎+𝑖)2

2𝑎−𝑖
×

(𝑎−𝑖)2

2𝑎+𝑖
= (𝑝 − 𝑖𝑞) (𝑝 − 𝑖𝑞) 

⇒ 
(𝑎+𝑖)(𝑎+𝑖)2

4𝑎2+1
= 𝑝2 + 𝑞2…………….. {(𝒂 + 𝒊𝒃)(𝒂 − 𝒊𝒃) = 𝒂𝟐 + 𝒃𝟐} 

Squaring 

(𝑎2+1)
2

4𝑎2+1
= 𝑝2 + 𝑞2 (proved) 

 

Q.13) If (1 + 𝑖)(2 + 2𝑖)(1 + 3𝑖) … (1 + 𝑛𝑖) = 𝑥 + 𝑖𝑦 show that 2.5.10 … . (1 + 𝑛2) = 𝑥2 + 𝑦2.  

Sol.13) We have (1 + 𝑖)(2 + 2𝑖)(1 + 3𝑖) … … … (1 + 𝑛𝑖) = 𝑥 + 𝑖𝑦………… (i) 
Taking conjugate on both sides 

⇒ (1 + 𝑖̅̅ ̅̅ ̅̅ )(2 + 2𝑖̅̅ ̅̅ ̅̅ ̅̅ )(1 + 3𝑖̅̅ ̅̅ ̅̅ ̅̅ ) … … … (1 + 𝑛𝑖̅̅ ̅̅ ̅̅ ̅̅ ) = 𝑥 + 𝑖𝑦̅̅ ̅̅ ̅̅ ̅̅  
⇒ (1 − 𝑖)(2 − 2𝑖)(1 − 3𝑖) … … … (1 − 𝑛𝑖) = 𝑥 − 𝑖𝑦 ………… (ii) 
Equation (i) x (ii) 
⇒ (1 + 𝑖)(1 − 𝑖)(2 + 2𝑖)(2 − 2𝑖)(1 + 3𝑖)(1 − 3𝑖) … … … . . (1 + 𝑛𝑖)(1 − 𝑛𝑖) 
 =  (𝑥 + 𝑖𝑦)(𝑥 − 𝑖𝑦) 

⇒ (1 + 1)(1 − 4)(1 + 9)……(1 + 𝑛2) = 𝑥2 + 𝑦2 … … ... {(𝒂 + 𝒊𝒃)(𝒂 − 𝒊𝒃) = 𝒂𝟐 + 𝒃𝟐} 

Squaring 
2.5.10 … . (1 + 𝑛2) = 𝑥2 + 𝑦2 (proved) 

 



 

 On Standard Form:-  

Q.14) Find 𝜃 such that 
3+2𝑖 sin 𝜃

1−2𝑖 sin 𝜃
 is purely real.  

Sol.14) Let 𝑧 =
3+2𝑖 sin 𝜃

1−2𝑖 sin 𝜃
 

Rationalize 

⇒ 𝑧 =
3+2𝑖 sin 𝜃

1−2𝑖 sin 𝜃
×

1+2𝑖 sin 𝜃

1+2𝑖 sin 𝜃
 

⇒ 𝑧 =
3+6𝑖 sin 𝜃+2𝑖 sin 𝜃+4𝑖2 sin2 𝜃

1−4𝑖2 sin2 𝜃
 

⇒ 𝑧 =
3+8𝑖 sin 𝜃−4 sin2 𝜃

1+4 sin2 𝜃
 

⇒ 𝑧 =
(3−4 sin2 𝜃)

1+4 sin2 𝜃
+

8𝑖 sin 𝜃

1+4 sin2 𝜃
 

It is given that 𝑧 is purely real 
∴ 𝐼𝑚(𝑧) = 0 

⇒ 
8 sin 𝜃

1+4 sin2 𝜃
= 0 

⇒ 8 sin 𝜃 = 0 
⇒ sin 𝜃 = 0 
⇒ 𝜃 = 𝑛𝜋 ; 𝑛 ∈ 𝑧 ans. 

 

Q.15) If 𝑧 is complex number such that |𝑧| = 1 prove that (
𝑧−1

𝑧+1
) is purely imaginary. What will be 

your conclusion of 𝑧 = 1. 

 

Sol.15) Let 𝑧𝑥 + 𝑖𝑦 
|𝑧| = 1 (given) 

⇒ √𝑥2 + 𝑦2 = 1 

⇒ 𝑥2 + 𝑦2 = 1 …………. (i) 

Now, 
𝑧−1

𝑧+1
=

𝑥+𝑖𝑦−1

𝑥+𝑖𝑦+1
=

(𝑥−1)+𝑖𝑦

(𝑥+1)+𝑖𝑦
 

⇒ 
𝑧−1

𝑧+1
=

[(𝑥−1)+𝑖𝑦][(𝑥+1)−𝑖𝑦]

[(𝑥+1)+𝑖𝑦][(𝑥+1)−𝑖𝑦]
…………….(rationalize) 

 =  
(𝑥2−1)−𝑖𝑦(𝑥−1)+𝑖𝑦(𝑥+1)−𝑖2𝑦2

(𝑥+1)2−𝑖2𝑦2  

 =  
(𝑥2−1)+𝑖(−𝑦𝑥+𝑦+𝑦𝑥+𝑦)+𝑦2

(𝑥+1)2+𝑦2  

  =  
(𝑥2+𝑦2−1)+2𝑖𝑦

(𝑥+1)2+𝑦2  

  =  
0+2𝑖𝑦

(𝑥+1)2+𝑦2 …………. (𝑥2 + 𝑦2 = 1 from eq. (i)) 

⇒ 
𝑧−1

𝑧+1
=

2𝑖𝑦

(𝑥+1)2+𝑦2 which is purely imaginary 

Now when 𝑧 = 1 

Then 
𝑧−1

𝑧+1
=

1−1

1+1
=

0

2
= 0 which is purely real  ans. 

 

 Natural Number:-  

Q.16) Find the least +ve integral value of 𝑚, if (
1+𝑖

1−𝑖
)

𝑚
= 1  

Sol.16) We have (
1+𝑖

1−𝑖
)

𝑚
= 1 

⇒ (
1+𝑖

1−𝑖
×

1+𝑖

1+𝑖
)

𝑚
= 1 

⇒ (
1+𝑖2+2𝑖

1−𝑖2 )
𝑚

= 1 

⇒ (
1−1+2𝑖

1+1
)

𝑚
= 1 

 



 

⇒ (
2𝑖

2
)

𝑚
= 1 

⇒ (𝑖)𝑚 = 1 
∴ the least +ve integral value of 𝑚 = 4 ans. ……. (Since 𝑖4 = 1) 

Q.17) Find the smallest +ve integer value of 𝑛 for which 
(1+𝑖)𝑛

(1−𝑖)𝑛−2 is a real number.  

Sol.17) We have 
(1+𝑖)𝑛

(1−𝑖)𝑛−2 

=
(1 + 𝑖)𝑛

(1 + 𝑖)𝑛(1 − 𝑖)−2
 

=  (
1 + 𝑖

1 − 𝑖
)

𝑛

(1 − 𝑖)2 

= (
1 + 𝑖

1 − 𝑖
×

1 + 𝑖

1 + 𝑖
)

𝑛

(1 − 𝑖)2 

= (
1 + 𝑖2 + 2𝑖

1 − 𝑖2
)

𝑛

(1 − 𝑖2 − 2𝑖) 

= (
1 − 1 + 2𝑖

1 + 1
)

𝑛

(1 − 1 − 2𝑖) 

= (𝑖)𝑛(−2𝑖) 
= −2(𝑖)𝑛+1 
For real number : 𝑛 should be equal to 1 
Since −2(𝑖)1+1 = −2(𝑖)2 = −2(−1) = 2 which is a real number 
∴ 𝑛 = 1 ans. 

 

Q.18) Find the number of non-zero integral solutions if |1 − 𝑖|𝑥 = 2𝑥  

Sol.18) We have |1 − 𝑖|𝑥 = 2𝑥 

⇒ (√1 + 1)
𝑥

= 2𝑥………… {|𝑧| = √𝑎2 + 𝑏2} 

⇒ (√2)
𝑥

= 2𝑥 

⇒ (2)
𝑥

2 = 2𝑥 

⇒ 
𝑥

2
= 𝑥 

⇒ 𝑥 = 2𝑥 
⇒ 2𝑥 − 𝑥 = 0 
⇒ 𝑥 = 0 
Hence, there is no non-zero integral solution 

 

Q.19) If 𝛼 & 𝛽 are different complex numbers with |𝛽| = 1. Find |
𝛽−𝛼

1−𝛼̅𝛽
|  

Sol.19) 
We have |

𝛽−𝛼

1−𝛼̅𝛽
|

2
= (

𝛽−𝛼

1−𝛼̅𝛽
) (

𝛽−𝛼̅̅ ̅̅ ̅̅ ̅

1−𝛼̅𝛽
) ………….. |𝑧|2 = 𝑧𝑧̅ 

  =  (
𝛽−𝛼

1−𝛼̅𝛽
) (

𝛽̅−𝛼̅

1−𝛼𝛽̅
) ………. {(𝑧̅)̅̅ ̅̅ = 𝑧} 

  =  
𝛽𝛽̅−𝛽𝛼̅−𝛼𝛽̅+𝛼𝛼̅

1−𝛼𝛽̅−𝛼̅𝛽+𝛼𝛼̅𝛽𝛽̅
 

  =  
|𝛽|2−𝛽𝛼̅−𝛼𝛽̅+|𝛼|2

1−𝛼𝛽̅−𝛼̅𝛽+|𝛼|2|𝛽|2 …………… |𝑧|2 = 𝑧𝑧̅ 

  =  
1−𝛽𝛼̅−𝛼𝛽̅+|𝛼|2

1−𝛼𝛽̅−𝛼̅𝛽+|𝛼|2 …………… 𝑔𝑖𝑣𝑒𝑛 |𝛽| = 1 

⇒ |
𝛽−𝛼

1−𝛼̅𝛽
|

2
= 1 

⇒ |
𝛽−𝛼

1−𝛼̅𝛽
| = 1 ans. 

 

Q.20) If 𝑧1and 𝑧2 are any two complex numbers then show that  



 

𝑅𝑒(𝑧1𝑧2) = 𝑅𝑒(𝑧1)𝑅𝑒(𝑧2) − 𝐼𝑚(𝑧1)𝐼𝑚(𝑧2). 

Sol.20) Let 𝑧1 = 𝑎 + 𝑖𝑏 and 𝑧2 = 𝑐 + 𝑖𝑑 
∴ 𝑅𝑒(𝑧1) = 𝑎 and 𝑅𝑒(𝑧2) = 𝑐 
𝐼𝑚(𝑧1) = 𝑏 and 𝐼𝑚(𝑧2) = 𝑑 
Now, 𝑧1𝑧2 = (𝑎 + 𝑖𝑏)(𝑐 + 𝑖𝑑) 
 = 𝑎𝑐 + 𝑖𝑎𝑑 + 𝑖𝑏𝑐 + 𝑖2𝑏𝑑 
 = 𝑎𝑐 + 𝑖𝑎𝑑 + 𝑖𝑏𝑐 − 𝑏𝑑 
𝑧1𝑧2 = (𝑎𝑐 + 𝑏𝑑) + 𝑖(𝑎𝑑 + 𝑏𝑐) 
Here, 𝑅𝑒(𝑧1𝑧2) = 𝑎𝑐 − 𝑏𝑑 
 =  𝑅𝑒(𝑧1)𝑅𝑒(𝑧2) − 𝐼𝑚(𝑧1)𝐼𝑚(𝑧2) RHS (proved) 

 

 Quadratic Equation:-  

Q.21) Solve 2𝑥2 + 3𝑖𝑥 + 2 = 0  

Sol.21) Here 𝑎 = 2, 𝑏 = 3𝑖 , 𝑐 = 2 
By quadratic formula, 

⇒ 𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
 

⇒ 𝑥 =
−3𝑖±√912−4(2)(2)

4
 

⇒ 𝑥 =
−3𝑖±√−9−16

4
 

⇒ 𝑥 =
−3𝑖±√−25

4
 

⇒ 𝑥 =
−3𝑖±5𝑖

4
 

⇒ 𝑥 =
−3𝑖±5𝑖

4
 and 𝑥 =

−3𝑖−5𝑖

4
 

⇒ 𝑥 =
𝑖

2
 and 𝑥 = −2𝑖 ans. 

 

Q.22) Solve 2𝑥2 + (3 + 7𝑖)𝑥 − (3 − 9𝑖) = 0.  

Sol.22) Here 𝑎 = 2, 𝑏 = −(3 + 7𝑖) , 𝑐 = −(3 − 9𝑖) 
By quadratic formula, 

⇒ 𝑥 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
 

⇒ 𝑥 =
(3+7𝑖)±√(3+7𝑖)2−4(2)(3−9𝑖)

4
 

⇒ 𝑥 =
(3+7𝑖)±√9+49𝑖2+42𝑖+24−72𝑖

4
 

⇒ 𝑥 =
3+7𝑖±√9−49−30𝑖+24

4
 

⇒ 𝑥 =
3+7𝑖±√−16−30𝑖

4
 

Let 𝑎 + 𝑖𝑏 = √−16 − 30𝑖 
Squaring, 
⇒  𝑎2 + 𝑖2𝑏2 + 2𝑖𝑎𝑏 = −16 − 30𝑖 
⇒ (𝑎2 − 𝑏2) + 2𝑖𝑎𝑏 = −16 − 30𝑖 
⇒ 𝑎2 − 𝑏2 = −16 ………….. (i) 
And 2𝑎𝑏 = −30 
Now (𝑎2 − 𝑏2)2 = (𝑎2 − 𝑏2)2 + (2𝑎𝑏)2 
 = 256 + 900 
 = 1156 
⇒ 𝑎2 − 𝑏2 = 34 ………… (ii) 
Adding (i) & (ii) 
⇒ 𝑎2 = 18 

 



 

⇒ 𝑎2 = 𝑎 
⇒ 𝑎 = ±3 
Put 𝑎2 = 9 in eq.(ii) 
⇒ 9 + 𝑏2 = 34 
⇒ 𝑏2 = 25 
⇒ 𝑏 = ±5 

∴ √−16 − 30𝑖 = ±(3 − 5𝑖) 
∴ value of 𝑥 becomes 

⇒ 𝑥 =
3+7𝑖±(3−5𝑖)

4
 

⇒ 𝑥 =
3+7𝑖+(3−5𝑖)

4
 and 𝑥 =

3+7𝑖−(3−5𝑖)

4
 

⇒ 𝑥 =
6+2𝑖

4
 and 𝑥 =

12𝑖

4
 

⇒ 𝑥 =
3

2
+

1

2
𝑖 and 𝑥 = 3𝑖 ans. 

Q.23) If 𝑧 = 𝑥 + 𝑖𝑦 and 𝑤 =
1−𝑖𝑧

𝑧−𝑖
, If |𝑤| = 1 show that 𝑧 is purely real.  

Sol.23) We have 𝑧 = 𝑥 + 𝑖𝑦, 𝑤 =
1−𝑖𝑧

𝑧−𝑖
 and |𝑤| = 1 

⇒ |
1−𝑖𝑧

1−𝑖𝑧
| = 1 

⇒ 
|1−𝑖𝑧|

|𝑧−𝑖|
= 1 ………. {|

𝑧1

𝑧2
| =

|𝑧1|

|𝑧2|
} 

⇒ |1 − 𝑖𝑧| = |𝑧 − 𝑖| 
⇒ |1 − 𝑖(𝑥 + 𝑖𝑦)| = |𝑥 + 𝑖𝑦 − 𝑖| 
⇒ |1 − 𝑖𝑥 − 𝑖2𝑦| = |𝑥 + 𝑖(𝑦 − 𝑖)| 
⇒ |(1 + 𝑦) − 𝑖𝑥| = |𝑥 + 𝑖(𝑦 − 𝑖)| 

⇒ √(1 + 𝑦)2 − 𝑥2 = √𝑥2 + (𝑦 − 1)2 
Squaring 
⇒ 1 + 𝑦2 + 2𝑦 + 𝑥2 = 𝑥2 + 𝑦2 + 1 − 2𝑦 
⇒ 4𝑦 = 0 
⇒ 𝑦 = 0 
Since 𝑧 = 𝑥 + 𝑖𝑦 
⇒ 𝑧 = 𝑥 + 𝑖(0) 
⇒ 𝑧 = 𝑥 which is purely real (proved) 

 

Q.24) Convert into polar form 𝑧 = sin (
𝜋

5
) + 𝑖 (1 − cos

𝜋

5
).  

Sol.24) We have 𝑧 = sin (
𝜋

5
) + 𝑖 (1 − cos

𝜋

5
) 

Here 𝑎 = sin (
𝜋

5
) and 𝑏 = 1 − cos

𝜋

5
 

⇒ 𝑟 = √𝑎2 + 𝑏2 = √sin2 𝜋

5
+ (1 − cos

𝜋

5
)

2
 

 =  √sin2 𝜋

5
+ 1 + cos2 𝜋

5
− 2 cos

𝜋

5
 

 =  √1 + 1 − 2 cos
𝜋

5
 

 =  √2 − 2 cos
𝜋

5
 

 =  √2√1 − cos
𝜋

5
 

 



 

 =  √2√2 sin2 (
𝜋

10
) 

⇒ 𝑟 = 2 sin (
𝜋

10
) 

Now tan 𝛼 = |
𝑏

𝑎
| = |

1−cos
𝜋

5

sin
𝜋

5

| 

⇒ tan 𝛼 = |
2 sin2(

𝜋

10
)

2 sin(
𝜋

10
).cos

3

10

| 

⇒ tan 𝛼 = tan (
𝜋

10
) 

⇒ 𝛼 =
𝜋

10
 

Since 𝑧 is in 1st quadrant (
𝑎 + 𝑣𝑒
𝑏 + 𝑣𝑒

) 

∴ 𝜃 = 𝛼 

⇒ 𝜃 =
𝜋

10
 (𝑎𝑟𝑔𝑢𝑚𝑒𝑛𝑡 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑐𝑎𝑙𝑙𝑒𝑑 𝐴𝑀𝑃𝐿𝐼𝑇𝑈𝐷𝐸) 

Polar form is given by 
⇒ 𝑧 = 𝑟[cos(𝜃)𝑖 sin(𝜃)] 

⇒ 𝑧 = 2 sin (
𝜋

10
) [cos (

𝜋

10
) + 𝑖 sin (

𝜋

10
)] ans. 

Q.25) Evaluate: (1 + 𝑖)6 + (1 − 𝑖)3.  

Sol.25) ⇒ ((1 + 𝑖)2)3 + (1 − 𝑖)3 
⇒ (1 + 𝑖2 + 2𝑖)3 + (1 − 𝑖)3 
⇒ (2𝑖)3 + 13 − 𝑖3 − 3𝑖 + 3𝑖2 
⇒ 8𝑖3 + 1 + 𝑖 − 3𝑖 − 3 
⇒ −8𝑖 + 1 + 𝑖 − 3𝑖 − 3 
⇒ −2 − 10𝑖 ans. 

 

 


