On Conjugates :- {(a + ib)(a — ib) = a? + b?}

Q.11)

. b 2 bZ
ifx+iy = /j:d show that(x? + y?)? = Zz:dz'

Sol.11)

We have x + iy = j:s ............ (i)

Taking conjugate on both sides

a+ib
c+id

> x+1y=

S>x—iy= atb (ii)

Equation (i) x (ii)

, N ,a+ib ,a—ib

= (x + ly)(x - ly) T4 ctid x c—id
2 4 2 - [latib)(a—ib)
X0ty = \/ (c+id)(c—id)

L {(a+ ib)(a — ib) = a® + b?}

=>x2+y?=
Squaring
(? +y2)? =222

c2+d?

Q.12)

(a+d)* _ : 2 2 _ (a2+1)°
If S —Ptiq show that p* + q° = a7 il

Sol.12)

2
We have (;:i)i =p+iq . (i)
Taking conjugate on both sides

2
=>(a+l) =p+1q

2a—1

—i)2
SN Gl s L B (ii)

2a+i
Equation (i) x (ii)
(atd? @=D® _ o _ i
= 2a—i X %a+i - (p lq) (p lq)
+i +i . .
% =p? + q%vvccve. {(@ + ib) (@ — ib) = a? + b?}
Squaring
(a?+1)* — 2 2
wazel P + q° (proved)

Q.13)

If (1+ )2+ 21+ 3i)..(1 +ni) = x + iy show that 2.5.10 .... (1 + n?) = x? + y2.

Sol.13)

We have (1 +i)(2 + 2i)(1 + 3i) ......... 14+n)=x+1iy.... (i)
Taking conjugate on both sides
>1+0)2+20)1+31)........ 1+n)=x+1y
>1-0D2-2)1—-3i)....... 1-ni)=x—10y e, (ii)
Equation (i) x (ii)
>A+D)A-D)R2+2)2-20)A 43D =30 e veeee.. 1+ ni)(A — ni)
= (x+iy)(x—iy)
>1+1D)A-49A4+9)...0+n?)=x2+y%...... {(a + ib)(a — ib) = a? + b?}
Squaring
2.5.10 ....(1 + n?) = x% + y? (proved)




On Standard Form:-

Q.14) | Find @ such that iﬁzlﬂ is purely real.

_ —2isin@
SO|.14) Let z = 3+2isin@
1-2isin @
Rationalize
3+2isin@ 1+2isinf
>z = X

1-2isin@ 1+2isin@
3+6i sin 0+2i sin O +4i? sin? 6

=z =
1—-4i2sin2 0
3+8isin 8—4sin% @
=>z= ,
1+4sinZ 0
(3-4sin?9) 8isin 6
=Z=

1+4sin2 0 1+4sinZ @
It is given that z is purely real
~Im(z)=0

8sin 6
1+4sin? 6

= 8sinf =0
=sinfd =0
=60 =nm;n € zans.

Q15) | fzis complex number such that |z| = 1 prove that (Z—i) is purely imaginary. What will be
your conclusion of z = 1.

Sol.15) | Let zx + iy
|z| = 1 (given)

N
5x2+y?2 =1 ... (i)
z=1 _ x+iy—1 _ (x—1)+iy
z+1 x+iy+1 - (x+1)+iy
z—1 [(x—1)+iy][(x+1)—iy] . .
== (DTl Diy] (rationalize)
(x2—1)-iy(x-1D)+iy(x+1)—i%y?
(x+1)2-i2y?
(x2-1)+i(-yx+y+yx+y)+y?
(x+1)2+y?
_ (xP+y?-1)+2iy
= o
= % ............. (x2 + y2 =1 from eq. (i))
z-1 2iy
Now whenz =1
z-1 _1-1 _ 0

Then — = — = - = 0 which is purely real ans.
z+1 141 2

which is purely imaginary

Natural Number:-

Q.16) | Find the least +ve integral value of m, if C—J:)m =1
501.16) | we have (1) = 1

= () =1

()

1-1+20\™
= =1
1+1




- =1

=>{)m=1
= the least +ve integral value of m = 4 ans. ....... (Since i* = 1)
Q-17) | Find the smallest +ve integer value of n for wh|ch (1 l)) is a real number.
S0l.17) | We have ~+D"
(1_,:)‘”.—2
a+o"

=(1+i)"(1—i)‘2
1+

(1—) a-n?
1+i 1+ .

:(1—1 1+) (-0
(1+l_+21> 1—i%—2)

(ﬂ) (1—1-20)

= O"(=20)

— —Z(i)n+1

For real number : n should be equal to 1

Since —2(i)1*! = —2(i)? = —2(—1) = 2 which is a real number
~n=1ans.

Q.18) | Find the number of non-zero integral solutions if |1 — i|* = 2¥

So0l.18) | We have |1 —i|* = 2*
=>(\/1+1)x = 2% . {lz| = VaZ + b?}
- (V)" =

=>x =
Hence, there is no non-zero integral solution

Q.19) | If o & B are different complex numbers with |8| = 1. Find |-

50119) | \ye have |1B__;;| = (f__;;) (f__&‘;) .............. |z|? = zz
ST TE S
_ BpBP-Pa-aB+aa
" 1-ap-ap+aafp
— IP-pa-aptia |z|? = zZ

1-af-apf+|a|?|B|?
1-Ba—af+|al?
1-af-apf+|al?

|1 aﬁ

Q.20) | If zyand z, are any two complex numbers then show that




Re(z,z,) = Re(z,)Re(z,) — Im(z,)Im(z,).

Sol.20) | Letz; =a+ibandz, =c+id
~Re(z;) =aandRe(z,) =c¢
Im(z;) = bandIm(z,) =d
Now, z,z, = (a + ib)(c + id)

= ac + iad + ibc + i*bd

= ac + iad + ibc — bd
2,25 = (ac + bd) + i(ad + bc)
Here, Re(z,2,) = ac — bd

= Re(z,)Re(z,) — Im(z;)Im(z,) RHS (proved)

Quadratic Equation:-

Q.21) |Solve2x?+3ix+2=0

Sol.21) | Herea=2,b=3i,c =2
By quadratic formula,

-b+Vb2—-4ac
> =—-
2a
—3i++/912-4(2)(2
oy = + - (2)(2)
—3i+/—9-16
>x = —
—3i+v—25
= X = _—
4
—3i+5i
>x =
4
—-3i+5i —3i—5i
>x = and x =
4 4
L .
>x =Eandx = —2i ans.

Q.22) |Solve2x?+ (34 7i)x—(3—-9i)=0.

Sol.22) | Herea=2,b = —-(3+7i),c = —(3 —9i)
By quadratic formula,

—-b+Vb2—-4ac
I
Y= (B+71)+/(3+71)2-4(2)(3-9i)

4

_ (3+70)+V9+49i2+42i+24—72i

=
=X
4
3+7i+v9—-49-30i+24
=>X =
=

4
_ 3+7i+V=16-30i

4
Leta + ib =vV—16 — 30i
Squaring,

= a?+i%b? + 2iab = —16 — 30i
= (a? — b?) + 2iab = —16 — 30i

=>a?—-b*>=-16....... (i)
And 2ab = —30
Now (a? — b?)? = (a? — b?)? + (2ab)?
= 256 + 900
= 1156
=>a’—b*>=34.... (ii)

Adding (i) & (ii)
=a? =18




=a’=a

=>a=43

Put a? = 9 in eq.(ii)

=9+ b? =34

= b? =25

=b =45

~V—16 —30i = +(3 — 5i)
~ value of x becomes

oy = 3+7i+(3-50)

_ 3+7i+4(3—5i) and x = 3+7i—(3-50)

4 4

6+2i 12i
>x=—andx = —
4 4

=X

3 1, .
:x=5+51andx=3lans.

Q23) |ifz=x+ iyandw = %, If [w| = 1 show that z is purely real.

o
liZand wl =1

Sol.23) | we have z = x + iy,w =

Z—

|1—iz _
1-iz
1-iz z z
= u =71...... { 2 = M}
|z—i| Z |2

=>|1—-iz| =|z—i

> 1 —-i(x+iy)| =Ix+iy—il
=>1—ix—i%yl=|x+i(y — )|
=1 +y) —ix| =|x+ily — |
> +y)?2—x2 = x2+ (y —1)?
Squaring
>14+y2+2y+x2=x>+y>+1-2y
=>4y =0

=2>y=0

Since z = x + iy

=>z=x+1i(0)

= z = x which is purely real (proved)

Q.24) | convert into polar form z = sin (%) +i (1 — cos %)

50l.24) | We have z = sin (g) +i (1 — cos %)

Here a = sin (E) andb =1 — cos=
5 5

2

>r=+va?+ b2 = \/sin2§+ (1 —cosg)

= \/sin25+ 1+ cos2Z—2cos=

5 5 5

= ’1+1—2cos§
= [2—2cos>

\} 5
=2 /1—cos%




= /2 [2sin? (%)
=71 = 2sin (%)

T
1-cos—
5

b
Now tan a = |E| =

sinZ
5
. T
2 smz(—)
10

2 sin(n) cos 3
10/ 710

=tana =

= tana = tan (1)
10

Vs
> = —
10
a+ve)

. icin 1t
Since z is in 1°* quadrant (b + ve

0=«
=0 = 150 (argument is also called AMPLITUDE)

Polar form is given by
=z = r[cos(8)i sin(H)]

=z = 2sin (150) [cos (1”—0) + isin (1"—0)] ans.

Q.25) | Evaluate: (1 +i)° + (1 —i)3.

Sol.25) [ = ((1+0)*)3+ (1 -1)3
>1+i2+2)3+01-i0)3
= (20)3 + 13 — i3 - 3i + 3i?
=8i3+1+i—-3i—3
=>-8i+1+i—3i—3

= —2 — 10i ans.




