Chapter 1

INTRODUCTION

: SOME ALGEBRAIC RESULTS

Quadratic Equations

1. The roots of the quadratic equation
et +bx+c=0

may eagily be shewn to be

~ b+ PP —dac —b— A —4dae
Mo . s .

et 2

They are therefore real and unequal, equal, or imaginary,
according as the quantity &*—4ae is positive, zero, or negative,

-

i.e. according as 0* = 4ae.

=

2. Relations between the roots of any algebraic equation
and the coefficients of the terms of the equation.

If any equation be written so that the coefficient of the
highest term is unity, it is shewn in any treatise on Algebra
that

(1) the sum of the roots is equal to the coefficient of
the second term with its sign changed,

(2) the sum of the products of the roots, taken two
at a time, is equal to the coefficient of the third term,

(3) the sum of their products, taken three at a time,
is equal to the coeflicient of the fourth term with its sign
changed,

and so on.
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Bx. 1. Ifaand g be the roots of the equation
' b e
aa?+br+e=0, i.e. a*+- x+-=0,
2] i)
e h s and a8="
we have at+B8= v ’B_a'

Ex. 2. Ifa, 3, and v be the roots of the cubic equation
ard+hr*+er+d=0,
d

[ ¢
i.e. of 234 —a? - & 4 - =0,
i [ L]
b
we have a+,ﬂ+'}r:—a,

¢
B‘y+vm+a}3=a:

o
and afy= - o

3. It can easily be shewn that the solution of the
equations
a+by+c¢z=0,

and o + by + egn =0,

& Y 2

15 = e ——

bica — by, ety — oty ayby— agd,

Determinant Notation

4. The quantity is called a determinant of the

0y Gy
| byy by

second order and stands for the quantity a,b, — a,b,, so that

Gy, Oy = _
b = a,b, — a,h,.
Bxs. (i) i’ i!:ﬂxﬁ—éx&:lﬂ—lﬂ:—ﬂ;
H

(ii) \j: :g]=-3x(—ﬁj-{-?}x{-4)=1a—23= - 10,
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Gy Gy, byl
5. The quantity b ibee Ol wssmsusnnimaaan{l)

| €1y Ca; Oy
is called a determinant of the third order and stands for the

quantity
bay by e lbla bg] +a, lbu by
Cay Cy Cyy Gyl |cu €y
2.e. by Art. 4, for the quantity
g {bﬂca =t bﬁcz) "y (E’lcu == bﬂcl) +aty (bye, — 5351)1
1-'.3- ﬂl {bﬁﬁg e bgﬂ._:u_) + a"l (bgﬂl =i blcﬁ) + {'53 {5161‘_ bgﬂl)-

oy

6. A determinant of the third order is therefore reduced

to three determinants of the second order by the following
rule :

Take in order the gquantities which oceur in the first row
of the determinant ; multiply each of these in turn by the
determinant which is obtained by erasing the row and
column to which it belongs; prefix the sign + and — al-
ternately to the products thus obtained and add the
results.

Thus, if in (1) we omit the row and column to which e,

b.ﬂ’ EJIE| and this is the

belongs, we have left the determinant o
2y

coefficient of @, in (2).
Similarly, if in (1) we omit the row and column to which

and this
ﬂ]_, 1‘33

with the — sign prefixed is the coefficient of @, in (2).

; by, b
a, belongs, we have left the determinant | ' ™

| L8 =8
7. Ex. The determinant | -4, 5, -6
-7, 8 -9

5 -6 —~d, -6 —-4, 5

=1x|y o|l-(-2x|Z7 Tol+-ax| 78

={5x (=9 -8x (-6} +2x {(~-4) (-9)~(-T) (=6)}

~3x{(-4)x8-(~T)x5}
= [ ~45+48} +2186 - 42} — 3{ - 32+ 35}
=5-12-9=-18,
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(yy Clgy by, Oy
‘bl'.l 63: E’s: E’-i
€1y Cgy O3y Oy
dy, dy, ds, dj

ig called a determinant of the fourth order and stands for
the quantity

8. The quantity

bﬂ& E)H} E;.; ibl: '5'31 64
€y R | Cyy Cyy Gy | — g X Cpy Cgy Oy
dﬂr a{d: dri i dl! dﬂ: dd.i
bll bﬂ! E}QI !'bl! bﬂ! E‘B
“I"ﬁgx Cpy Cay Gy — €y X |0y Gy Cgl,
dy, dy, d d,, dy, ds|

and its value may be obtained by finding the value of each
of these four determinants by the rule of Art. 6.

The rule for finding the value of a determinant of the
fourth order in terms of determinants of the third order is
clearly the same ag that for one of the third order given in

Al"t‘ Gh
Similarly for determinants of higher orders.

9. A determinant of the second order has two terms,
One of the third order has 3 x 2, i.e. 6, terms. One of the
fourth order has 4 x 3 x 2, 7.e. 24, terms, and so on.

10. Exs. Prove that

5 -8, T
(1) i‘ 2_:95 (2) |:i‘ _;Fsg, ) -2, 4, - 8|/=-9s,
S . 9, 8, —10]
9,8 7 -a, Db, ¢
(4) |6, 5, 4/=0. (5) a, —b, e¢|=4abe,
3, 2,1 a b, —-¢
a, h, g
(6) 1h, b, fl=abe+2fgh —af?-bg*- ch
Ig, f, P
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Elimination
11. BSuppose we have the two equations
oy B = 0 u s vinvan drasmamnans (1),
b+ g = Wapiavpivisnen (2),

between the two unknown quantities x and y. There must
be some relation holding between the four coefficients o,, «,,
by, and b,. For, from (1), we have

v__a

y o’

and, from (2), we have B ) :
Y by

Equating these two values of ;- we have

Oy . %

b @’

1.6 o S oy (3).

The result (3) is the condition that both the equations
(1) and (2) should be true for the same values of @ and .
The process of finding this condition is called the elimi-
nating of x and y from the equations (1) and (2), and the
result (3) is often called the eliminant of (1) and (2).

Using the notation of Art. 4, the result (3) may be
@ %) _

.‘Bl! bﬂ .

This result is obtained from (1) and (2) by taking the
coefficients of @ and % in the order in which they occur in
the equations, placing them in this order to form a determi-
nant, and equating it to zero.

written in the form

12. Suppose, again, that we have the three equations

i+ ol A+ % =0 i (1),
Bttt Bty &+ B =0 s vvivnsii o inimna (2),
and oA 6 +eg® = D [3)

between the three unknown quantities x, ¥, and =
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By dividing each equation by z we have three equations
between the two unknown quantities zi and :g. Two of

these will be sufficient to determine these quantities. By
substituting their values in the third equation we shall
obtain a relation between the nine coefficients.

Or we may proceed thus. From the equations (2) and
(3) we have

a 3 i 3 z
boey — byey B byey — byey = byeg = bye,

Substituting these values in (1), we have
by (Buts = byey) + ay (byey — By6s) + g (broy — bagy) = 0...(4).
This is the result of eliminating @, v, and z from the
equations (1), (2), and (3).
But, by Art. 5, equation (4) may be written in the form
(s yy Uy
Gy Gz C3
This eliminant may be written down as in the last
article, viz. by taking the coefficients of #, y, and 2z in the
order in which they occur in the equations (1), (2), and (3),
placing them to form a determinant, and equating it to
Zero.
13. Ex. What is the value of @ so that the equations
gx 42y +32=0, 2z-3y+42=0,
and Sx+Ty -8:=0
may be simultaneously true ?
Eliminating x, %, and 2, we have

a, 2, 3

2, -8, 4|=0,

5, 7, -8|
ie. a[(~38)(—8)-4xT]-2[2x(-8)-4x5]+3[2xT7-5x%(-38)]=0,
.e. a[-4]-2[ - 386]+3[29]=0,

»
so that cc:rgg—ii-ﬂ: l:—!}- .
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14. If again we have the four equations
% + (i + a2 + age =0,
bz + byy + by + bae =0,
et + G + €92 + egu =0,
and doe + ey + dyg + dae =0,

it could be shewn that the result of eliminating the four
quantities «, v, 2, and % is the determinant
| By gy Chyy O
51: bﬂ: ba: b::
C1y €2y C3y €4

d‘u c]-'7“2:1 d‘d: d.;

A similar theorem could be shewn to be true for =
equations of the first degree, such as the above, between
n unknown quantities,

It will be noted that the right-hand member of each of
the above equations is zero.

=0.



