
CHAPTER VIII.

SURDS AND IMAGINARY QUANT1T1KS.

85. In the Elementary Algebra, Art. 272, it is proved that

the denominator of any expression of the form -rr r- can be
Jb + Jc

rationalised by multiplying the numerator and the denominator
by Jb — Jc, the surd conjugate to the denominator.

Similarly, in the case of a fraction of the form
Jb + Jc + Jd

'

where the denominator involves three quadratic surds, we may by
two operations render that denominator rational.

For, first multiply both numerator and denominator by

Jb + Jc — Jd; the denominator becomes (Jb + Jc)
2 — (Jd)

2
or

b + c - d + 2 Jbe. Then multiply both numerator and denominator
by (b + c - d) — 2 Jbe; the denominator becomes (b + c - d)

2 — Abe,

which is a rational quantity.

Example. Simplify
12

3+^/5-2^/2

The expression - 12
(
3 + y/5 +V*)me expression _

(3+^5)S _ (V2)»

^ 12(3 + ^/5 + 2^/2)

6 + 6^5

2 (3

+

v/5+ 2^/2)^5-1)
U/5+l)U/5-l)

2+V5+V10-V2

= 1+^5+^/10-^2.

5—2
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86. To find the factor which will rationalise any given bino-

mial surd.

Case I. Suppose the given surd is £]a - $b.

Let ZJa = x, ?Jb = y, and let n be the l.c.m. of p and q ; then

xn and y
n
are both rational.

Now xn — y
n

is divisible by x - y for all values of n, and

ar- _ y" = (x-y) {x
n ~' +xn~2

y + xnSf + + y"" 1

).

Thus the rationalising factor is

.X'""
1 + xn ~ 2

y + xn~y + + y"~ l

;

and the rational product is xn — y'\

Case II. Suppose the given surd is pJa + fjb.

Let x, y, n have the same meanings as before; then

(1) If n is even, xn — y" is divisible by x + y, and

xn - y
n = (x + y) (x

n~ l - xn ~ 2
y + + xf~* - y"" 1

).

Thus the rationalising factor is

ur l -ary + + ay"-'-
3r 1

;

and the rational product is x" — y
n

.

(2) If n is odd, x" + y" is divisible by x + y, and

xn + y
n = (x + y) (x

n~ x - xnSj + - xyn ~ 2 + y
n ~').

Thus the rationalising factor is

xn~ 1 -xn~ 2y+ -xyn- 2 + y"- 1

;

and the rational product is x" + y
n

.

Example 1. Find the factor which will rationalise ^/S + ^/5.

i i

Let x= 32
, y = 55

; then xb and y
6 are both rational, and

xe - y
6 — (x + y) (x5 - x*y + xhj2 - xhj3 + xyi - y

5
) ;

thus, substituting for x and y, the required factor is

541 3223 14 5

32 - 32 . 53+ 32 . 53 - 32 . 53+ 32 . 53 - 53,

5 13 2 14 5

or 32-9. 55 + 32~. 53-15 + 32. 53-55
;

6 6

and the rational product is 32 - 5s"= 33 - 52= 2.
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Example 2. Express (&+&) * \55-9s)

as an equivalent fraction with a rational denominator.

i i i

To rationalise the denominator, which is equal to 5" -3*, put 52 = x,

3 4 = y ; then since x4 -y A= [x - y) (x* + xhj + xy 2 + if')

3 2 1 12 3

the required factor is 5- + 52
. 3-* + 5 ]

. 3* + 3~4
;

4 4

and the rational denominator is 5 2 - 3-*= 52 - 3 = 22.

/ i i\ / 3 2 1 12 3\

+Vl
• V 5

5 + 3V \& + 52
. 3^ + 5- .

3~4 + 3

V

.•. the expression = '-—

i

— ' — '

4 3 1 2 2 13 4

_ 52 + 2 . 52 .3j + 2. 5 ,J .34"+2.55 .3 j + 3 t

22

3 1 113
_l l + o2 . 3j + 5.32+52 .3j

11

87. We have shewn in the Elementary Algebra, Art. 277,

how to find the square root of a binomial quadratic surd. We
may sometimes extract the square root of an expression contain-

ing more than two quadratic surds, such as a + Jb + Jc 4- Jd.

Assume Ja + Jb + Jc + Jd = Jx + Jy + Jz j

.'. a + Jb + Jc + Jd = x + y + z + 2 Jxy + 2 Jxz + 2 Jyz.

If then 2 Jxy = Jb, 2 Jxz = Jc, 2 Jyz = Jd,

and if, at the same time, the values of x, y, z thus found satisfy

x + y + z = a, we shall have obtained the required root.

Example. Find the square root of 21 - 4^/5 + 8^/3 - 4^/15.

Assume V21 -V5 +V3 -V15 = slx + Jy - slz \

.'. 21 - 4^5 + 8^/3 - 4J15 = x + y + z + 2Jxy- 2Jxz - 2Jyz.

Put 2jxy = 8JS, 2jxl= 4J15, 2jyz = ±Jo\

by multiplication, xyz= 240 ; that is Jxyz=4s/lo ;

whence it follows that ,Jx = 2j3, Jy = 2, „Jz = s/5.

And since these values satisfy the equation x + y + z = 21, the required

root is 2^3 + 2-^/5.
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88. IfJa, + Jh = x + Jy, then ivill Ja, — Jh = x — Jy,

For, by cubing, we obtain

ci + Jb=x3 + 3x2

^/y + 3xy + y Jy.

Equating rational and irrational parts, we have

a = x3 + 3xy, Jb = 3x2

Jy + y Jy \

.'. a- Jb = x3 - 3x2

Jy + 3xy -y Jy;

that is, Ja - Jb = x— Jy.

Similarly, by the help of the Binomial Theorem, Chap. XIII.

,

it may be proved that if

Ja + Jb = x + Jy, then Ja - Jb = x- Jy,

where n is any positive integer.

89. By the following method the cube root of an expression

of the form a ± Jb may sometimes be found.

Suppose Ja + Jb = x + Jy

;

then Ja- Jb = x- Jy.

.-. Jtf^b=x2 -y (1).

Again, as in the last article,

a = x3 + 3xy (2).

The values of x and y have to be determined from (1) and (2).

In (1) suppose that Ja2 — b=c; then by substituting for y in

(2) we obtain

a = x3 + 3x (x
2 — c)

;

that is, kx3 — 3cx — a.

If from this equation the value of x can be determined by
trial, the value of y is obtained from y = x2 — c.

Note. We do not here assume sjx + sly for the cube root, as in the

extraction of the square root; for with this assumption, on cubing we should
have

a + Jb =xjx + Sxjy + Syjx+ yjy y

and since every term on the right hand side is irrational we cannot equate
rational and irrational parts.
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Example. Find the cube root of 72 - 32x/5.

Assume sf 72 -'62^5 = x - ^/y ;

then ^72 + 32s/5= x + s/y.

By multiplication
, ^5184 - 1024 x 5= a;

2 - y ;

that is, ± = x'--y (1).

Again 72 - 32^/5 = .c
3 - fkcPJy + Sxy - y^'y ;

whence 72 = x3 + 3.t// (2).

From (1) and (2)

,

72 = x :i + Sx (x- - 4)

;

that is, ar
} -3x= 18.

By trial, we find that x= S; hence y = o, and the cube root is 3-^/5.

90. When the binomial whose cube root we are seekhi"
consists of two quadratic surds, we proceed as follows.

Example. Find the cube root of 9N/3 + llv/2.

By proceeding as in the last article, we find that

.-. the required cube root =*J3 ( 1 + * /-
J

= v/3+v/2.

91. We add a few harder examples in surds.

4
'Example 1. Express with rational denominator

NV9-^3 + r
4

The expression = — ^

3 fj - 33 +

1

(J + l)

l33 + l) (33 -3 ri + l)

iM±i]-33 + l
3 + 1 ~ d +1"



72 HIGHER ALGEBRA.

Example 2. Find the square root of

l(x-l) + fj2x<i -7x-i.

The expression = \ {3x - 3 + 2 J(2x + l)(x-4)
}

a

= ±{(2x + l) + {x-±) + 2jc2x + l){x-£)};

hence, by inspection, the square root is

Example 3. Given ^5= 2-23607, find the value of

(5

J2 + J7- 3J5'

Multiplying numerator and denominator by >J2,

^6-2^/5
the expression

2 + ^14-6^/5

n/5-1
2 + 3-^/5

EXAMPLES. Villa.

Express as equivalent fractions with rational denominator

i
1

2
^

L
- 1 +V2-V3'

A
J2+J3-J5'

3.
1-= . 4 ^^

sfa+ s/b+ s/a+ b' *Ja-l-\/2a+ *Ja + l

^10+ ^5-^/3
fi

(j3+ x/5)(j5 + ^/2)

Find a factor which will rationalise

:

i i

7. #3 -a/2. 8. ^/5 + ^/2. 9. 06+6*.

10. N
3/3-l. 11. 2 + 4/7. 12. 4/5-^3.
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Express with rational denominator:

16 */3
17 v 8 + ^4

i«
W

Find the square root of

19. 16-2 N/20-2 v/28 + 2 N/l3.->. 20. 24+4^15-4^21-2^35.
21. G + ,/12-^24-,/8. 22. 5- x/10- N/15 + N/G.

23. a+36+4+4^/a-4^6-2V3oS
24. 21+3 N/8 - 6 N/3 - (5 Jl - v'24 - N/56 + 2 N/21.

Find the eube root of

25. 10+6 JZ. 26. 38+ 17^5. 27. 99-70^/2.

28. 38^14-100^2. 29. 54^3+ 41^5. 30. 135^3-87^6.

Find the square root of

31. a + x+ \J%ax + x2
. 32. 2a - \/3a2 - 2ab - b'

2
.

i i

33. l + «2+ (l+a2+ a4
)
2

. 34. l+(l-«2)" 2
.

35. If a = ——j- , 6 =—-i— , find the value of 7«2 + 1 1 ab - lb'2 .

36. If x

=

jl'jl , y=
S
/|z7^ »

find the value of 3<t
"2 ~ 5jy + 3^-

Find the value of

V26-15J3 / 6 + 2V3
5V2-V38T573' V33-19 N

/3-

1 1 2

39. (28 - 10 N/3)
2 - (7 + 4 v/.3)

"

2
. 40. (26 + 15 sfzf - (26 + 15 N/3)

41. Given s/b = 2-23607, find the value of

lOx/2 N/10 + N/18

N/18 - a/3+V5 N/8 + V3 - V5
'

42. Divide x*+ 1+ 3# #2 by *- 1 + */2.

43. Find the cube root of 9a62 + (b2 + 24a2
)
^6*-3a8

.

44. Evaluate V^'
2 - 1

, when 2.r;=Ja+ -i-

,

x-s/x*-\ \'"

_>

3
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Imaginary Quantities.

92. Although from the rule of signs it is evident that a

negative quantity cannot have a real square rootlet imaginary

quantities represented by symbols of the form J- a, J- 1 are of

frequent occurrence in mathematical investigations, and their

use leads to valuable results. We therefore proceed to explain

in what sense such roots are to be regarded.

When the quantity under the radical sign is negative, we can no

longer consider the symbol J as indicating a possible arithmetical

operation ; but just as Ja may be defined as a symbol which obeys

the relation Ja x Ja = a, so we shall define J— a to be such that

J— a x J— a = - a, and we shall accept the meaning to which this

assumption leads us.

It will be found that this definition will enable us to bring

imaginary quantities under the dominion of ordinary algebraical

rules, and that through their use results may be obtained which

can be relied on with as much certainty as others which depend

solely on the use of real quantities.

93. By definition, J- I x J-I = - 1.

.-. Ja.J-l x Ja. J-l^a^l);

that is, ( Ja . J- 1)
2 = - a.

Thus the product Ja . J— 1 may be regarded as equivalent to

the imaginary quantity J— a.

94. It will generally be found convenient to indicate the

imaginary character of an expression by the presence of the

symbol J- 1 ; thus

JZjtf = Jja2
x (

- 1) = a J7 J-T.

95. We shall always consider that, in the absence of any
statement to the contrary, of the signs which may be prefixed

before a radical the positive sign is to be taken. But in the use

of imaginary quantities there is one point of importance which
deserves notice.
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Since (- a) x (- b) — ab,

by taking the square root, we have

J- a x J- b = ± Jab.

Thus in funning the product of J a and J— b it would appear

that either of the signs + or — might be placed before Jab.
This is not the case, for

J-a x J- b = Ja . J- I x \/b . J-l

= - Jab.

96. It is usual to apply the term c imaginary ' to all expres

sions which are not wholly real. Thus a+bj—l may be taken
as the general type of all imaginary expressions. Here a and b
are real quantities, but not necessarily rational.

97. In dealing with imaginary quantities we apply the laws

of combination which have been proved in the case of other surd

quantities.

Example 1. a + b J - 1 ± (c + d J - 1) = a ± c + (b ± d) J - 1.

Example 2. The product of a 4 b J - f and c +dj-l

= (a + bj^l)(e + dj^l)

= ac - bd 4- (be + ad) */ - 1.

98. If a + b J — 1 = 0, 2/tew a = 0, em(£ b = 0.

For, if a + b J^\ = 0,

then bJ—\=-a;
.'. —6" = a";

.'. a2 + b
2 = 0.

Now «2 and b
2
are both positive, therefore their sum cannot

be zero unless each of them is separately zero ; that is, a — 0,

and 6 = 0.

99. 7f& +bJ^T= c + d lJ~- 1, then a = c, andh <I

For, by transposition, a — c + (b — d) J- 1 = ;

tlierefore, by the last article, a — c = 0, and 6 — ^ = 0;

that is a = c, and 6 </.



76 HIGHER ALGEBRA.

Thus in order that two imaginary expressions may be equal it

is necessary and sufficient that the real parts should be equal, and
the imaginary parts should be equal.

100. Definition. When two imaginary expressions differ

only in the sign of the imaginary part they are said to be

conjugate.

Thus a — b J— 1 is conjugate to a + b J — 1.

Similarly ^2 + 3^-1 is conjugate to J '2 - 3 J- 1.

101. The sum and the product of two conjugate imayinary

expressions are both real.

For
(

a + b J-\ +a-b J-\ = 2a.

Again (a + b J- 1) (a - b J- 1) = a2- (- b
2

)

= a2 + b
2
.

102. Definition. The positive value of the square root of

a2 + b
2
is called the modulus of each of the conjugate expressions

a + b J — 1 and a — b J— 1.

103. The modulus of the product of two imaginary expres-

sions is equal to the product of their moduli.

Let the two expressions be denoted by a+bj— 1 and c+dJ—\.

Then their product = ac — bd + (ad + bc) J — 1, which is an
imaginary expression whose modulus

= J(ac - bd)
2 + (ad + be)

2

= Jas
c* + b*<f + a*d* + b

s
(?

= J(a
2 + b

2

)
(c

2 + dr)

= Ja2 + b
2
x Jc2 + d2

;

which proves the proposition.

104. If the denominator of a fraction is of the form a + bj— 1,

it may be rationalised by multiplying the numerator and the

denominator by the conjugate expression a — b J— 1.
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For instance

c + dj - 1 (c + dJ-\)(a-bJ-\

)

+ b J=l ~(a + b J~i)(a-bJ-T)

ac + bd + (ad — be)J— 1

2 72a + b

a

ac + bd ad — be
-i

a + b~ a' + b
• _• v

Thus by reference to Art. 97, we see that the sum, difference,

product, and quotient of two imaginary expressions is in each case

an imaginary expression of the sameform.

105. Tofind the square root of a + hJ— 1.

Assume Ja + b V— 1 =x + y s/— 1,

where x and y are real quantities.

By squaring, a + bj—\=x2 -y2 + 2xy J— 1

;

therefore, by equating real and imaginary parts,

x2 -y2 = a (1),

^!/ = b (2);

.-. (x
2 + y

2

)

2 = (x
2 - ff + (2xyY

2 , 2.2= a + b
;

.•
. xs + if = Ja2 + 6" (3).

From (1) and (3), we obtain

. Ja2 + b
2 + a . Ja2 + b

2 -a
x -*—2

.»"=*—
i

;

Thus the required root is obtained.

Since x and y are real quantities, x2 + y- is positive, and therefore in (3)

the positive sign must be prefixed before the quantity *Ja 2 + b-.

Also from (2) we see that the product xy must have the same sign as b
;

hence x and y must have like signs if b is positive, and unlike signs if b is

negative.
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Example 1. Find the square root of - 7 - 24 J - 1.

Assume J- 7- 21*/- l = x + y J- 1

;

then -7-24 N/
T l = -^

2 -2/ 2 +2^ N/
Tl;

••• *2 -?/2 =-7 (1),

and 2a;?/ = -24.

= 49 + 576

= 625;

.\ar + 2/
2= 25 (2).

From (1) and (2), x-= 9 and
?y
2= 16

;

.-. x= ±3, ?/== ±4.

Since the product xy is negative, we must take

x - 3, y= - 4 j or # = - 3, ?/ = 4.

Thus the roots are 3 - 4 „/ - 1 and -3 + 4 *J - 1

;

that is, 7 - 7 - 247"TT= ± (3 - 4 J ~i).

Example 2. To find the value of ^/ - 64a4
.

It remains to find the value of \/ ±*J - 1.

Assume
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106. The symbol J — 1 is often represented by the letter i; but
until the student has had a little practice in the use of imaginary

quantities he will find it easier to retain the symbol J — 1. It is

useful to notice the successive powers of J — 1 or i ; thus

(7-1)^1, i*=ij

and since each power is obtained by multiplying the one before it

by J — 1, or ?', we see that the results must now recur.

107. We shall now investigate the properties of certain imagi-

nary quantities which are of very frequent occurrence.

Suppose x - ^1 ; then x3 = 1, or x3 — 1 = ;

that is, (x - 1 )
(x

2 + x+ 1)^0.

. \ either x — 1 = 0, or x2 + x + 1 = ;

-W-3whence 35=1, or x = .

It may be shewn by actual involution that each of these

values when cubed is equal to unity. Thus unity has three cube

roots,

-l+JZTs -1-733
2 "' 2

~'

two of which are imaginary expressions.

Let us denote these by a and ft ; then since they are the roots

of the equation

x2 + x + l =0.

their product is equal to unity

;

that is, aft= 1
;

. \ aft = a2

;

that is,
. ft

= a
2
, since a8 = 1.

Similarly we may shew that a = ft
2

.

108. Since each of the imaginary roots is thr, square of thr

other, it is usual to denote the three cube roots of unity by 1, <d, «>~.
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Also a) satisfies the equation x2 + x + 1 = ;

. •. 1 + to + w2 = ;

that is, the sum of the three cube roots of unity is zero.

Again, to . o>
2 — w = 1

;

therefore (1) the product of the two imaginary roots is unity ;

(2) every integral power of w
3
is unity.

109. It is useful to notice that the successive positive

integral powers of a> are 1, to, and w2
; for, if n he a multiple of 3,

it must be of the form 3m ; and to" = w3m — 1.

If n be not a multiple of 3, it must be of the form 3m + 1 or

3m + 2.

-rt> n 1 n 3m +

1

3m
It n = dm + 1

,

W — o> =to .to = to.KO . O " 3m +2 3m 2 2w = om +-, w=w =w .w=to.

110. We now see that every quantity has three cube roots,

two of which are imaginary. For the cube roots of a3
are those

of a
7
" x 1, and therefore are a, ao>, aw2

. Similarly the cube roots

of 9 are ^9, o> ^9, a>
2
^9, where ^

79 is the cube root found by the

ordinary arithmetical rule. In future, unless otherwise stated,

the symbol %ja will always be taken to denote the arithmetical

cube root of a.

(9 4. 3 / _ 1 \2

Example 1. Reduce *
, . to the form A + Bj - 1.

2 + N/-l

The expression ^
4-9 + 12^-1

2 + v/
:=~l

(-5 + 12 N/Jl)(2-V^l)
(2+ J-l)(2-J-T)

-10 + 12 + 29 J~l
4 + 1

2 29 /—

r

=
5
+W- 1;

which is of the required form.

Example 2. Resolve x3 + y3 into three factors of the first degree.

Since x3 + if= (x + y) (x2 -xy + y2
)

.'. x* + y
9 = (x + y) (x + toy) (x + ury)

;

for w + w2 = -1, and w3 = l.
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Example 3. Shew that

(a + wb + arc) (a + w26 + toe)- a2 + b2 + c2 - 60 - ca - ab.

In the product of a + wb + arc and a + orb + wc,

the coefficients of Zr and c
2 are or, or 1

;

the coefficient of be = w2 + o>
4 = or + o> = - 1

;

the coefficients of ca and a&= o>
2 + o> = - 1

;

.*. (a + cob + arc) {a + urb + wc) = a 2 + b2 + c 2 - be - ea - ab.

Example 4. Shew that

(l + «-«>)'-(l-M+U?)*=0.

Since 1 + w + o>
2 = 0, we have

(1 + u- w2
)

3 - (1 - w + wa)3=( - 2m2
)
3 -

(
- 2o>) :J

= -8o>6 + 8a/{

= -8 + 8

= 0.

EXAMPLES. VIII. b.

1. Multiply 2 \/~~3 + 3 V3^ by 4 *J^3- 5 a/^2.

2. Multiply 3 V^7 - 5V^ by 3V^+ 5 V^.

3. Multiply e^-1 +e'^~1 by e^ _1 -e -V-*.

A AT IX' I
l+V3^ . l-V^

4. Multiply a; 5 by # =
.

Express with rational denominator

:

_ 1 3 a/~2~ + 2 *J~-h
0. ,— • o. , , .

3-V-2 3V-2-2V-5

3 + 2 V~l 3-2 V^l a+rV^l a-x»f-i
2-5\/rl 2 + 5V:r l' a-WisT-i a+a?V^-l"

g
(.f+ V-l)a (W- l)^

ia
(a+ V-lja-Cft-V-l)^

.v-V-1 .r+ V-1 (a + \/-l) 2 -(«- V-l)a#

11. Find the value of ( - \/ - l)4n
+ 3

, when w is a positive integer.

12. Find the square of Jd + 40 V"-T+ V9 - 40 V -?.

H. H. A. (j
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Find the square root of

13. -S + ISV^L 14. -ll-COV 17!". 15. -47 + 8V-3.

16. -SV^l. 17. a2 -l+2a^^l.

18. ±ab-2(a2 -b2)*/^T.

Express in the form A + iB

iy
* 2-3r ZU>

2V3-i\/2'
zu 1-T

09 a + O8
9<* (^+ ^)2 («-^)2

3 — i a — ib a + io

If 1, co, g>
2 are the three cube roots of unity, prove

24. (l+co2
)
4= co. 25. (l-co + co

2)(l+co-or) = 4.

26. (1 - co) (1 - co- ) (1 - CO
4
) (1 - co

5
) - 9.

27. (2 + 5co + 2co2)
6= (2 + 2co + 5a>

2
)
6= 729.

28. (l-co + co
2)(l-co2 + co

4)(l-co 4+ co
8
)... to 2>i factors = 22 ».

29. Prove that

A3 +yZ + £> _ 2#gZ= (x+y+z) (#+ i/a> + Za>
2
)
(x +y<o 2+ Za).

30. If x=a+b
t y— aw + Z>co

2
, s=«co2 + 6co,

shew that

(1) xyz=a3+b3
.

(2) ^-2+ ?/
2+ 52= 6a6.

(3) a3+y3+s3=3(a3+&3
)k

31. If ax+ cy+ bz= X, ex+ by + az= I", Zu-+ ay + gs= if,

shew that (

a

2 + 62 + c2 - be - ca - ab) (x2+y2 + z2 -yz- zx - xy)

=X 2+Y2+Z2 - YZ-XZ- XY.


