
CHAPTER XXX.

Theory of Numbers.

407. In this chapter we shall use the word number as equi-

valent in meaning to positive integer.

A number which is not exactly divisible by any number
except itself and unity is called a prime number, or a prime; a

number which is divisible by other numbers besides itself and
unity is called a composite number \ thus 53 is a prime number,
and 35 is a composite number. Two numbers which have no
common factor except unity are said to be prime to each other

;

thus 24 is prime to 77.

408. We shall make frequent use of the following elementary
propositions, some of which arise so naturally out of the definition

of a prime that they may be regarded as axioms.

(i) If a number a divides a product be and is prime to one
factor b, it must divide the other factor c.

For since a divides be, every factor of a is found in be; but
since a is prime to b, no factor of a is found in b; therefore all

the factors of a are found in c ; that is, a divides c.

(ii) If a prime number a divides a product bed..., it must
divide one of the factors of that product ; and therefore if a

prime number a divides b", where n is any positive integer, it

must divide b.

(iii) If a is prime to each of the numbers b and c, it is prime

to the product be. For no factor of a can divide b or c ; there-

fore the product be is not divisible by any factor of a, that is, a

is prime to be. Conversely if a is prime to be, it is prime to eacli

of the numbers b and c.

Also if a is prime to each of the numbers b, c, d, ..., it is

prime to the product bed... ; and conversely if a is prime to any
number, it is prime to every factor of that number.
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(iv) If a and b are prime to each other, every positive

integral power of a is prime to every positive integral power of b.

This follows at once from (iii).

(v) If a is prime to b, the fractions =- and j- are in theirbo
ft

lowest terms, n and m being any positive integers. Also if j and

- are any two equal fractions, and j is in its lowest terms, then

c and d must be equimultiples of a and b respectively.

409. The number ofprimes is infinite.

For if not, let p be the greatest prime number; then the

product 2 . 3 . 5 . 7 . 11 . . .p, in which each factor is a prime num-
ber, is divisible by each of the factors 2, 3, 5, . . .p ; and therefore

the number formed by adding unity to their product is not

divisible by any of these factors ; hence it is either a prime

number itself or is divisible by some prime number greater than

p : in either case p is not the greatest prime number, and there-

fore the number of primes is not limited.

410. No rational algebraical formula can represent prime

numbers only.

If possible, let the formula a + bx + ex
2 + dx3 + ... represent

prime numbers only, and suppose that when x = m the value of

the expression is ]), so that

p — a + bm + cm2 + dm3 + ;

when x = m + np the expression becomes

a + b (m + np) + c {m + np) 2 + d (m + np)
3 + ...,

that is, a + bm + cm2 + dm3 + . . . + a multiple of p,

or p + a multiple of p,

thus the expression is divisible by £>, and is therefore not a prime

number.

411. A number can be resolved into prime factors ,in only one

way.

Let N denote the number; suppose N = abed..., where

a, b, c, d, ... are prime numbers. Suppose also that JV = a/3yS...,

where a, /3, y, 8, ... are other prime numbers. Then

abed... = a/3yS...
;
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hence a must divide; abed... ; but eacli of the factors of this pro-

duct is a prime, therefore a must divide one of them, a suppose.

But a and a are both prime ; therefore a must be equal to a.

Hence bed. . . =/3yS. .
.

; and as before, /? must be equal to one of the

factors of bed...
J
and so on. Hence the factors in a/3y<$... are

equal to those in abed..., and therefore iV can only be resolved

into prime factors in one way.

412. To find the number of divisors of a composite number.

Let N denote the number, and suppose N"=apbg<f..., where
a, b, c, ... are different prime numbers and p, q, r, ... are positive

integers. Then it is clear that each term of the product

(l+a + a' + ...+a'')(l+b + b
2 + ... + V) (I + c + c

2 + ...+c
r

)...

is a divisor of the given number, and that no other number is a
divisor ; hence the number of divisors is the number of terms in

the product, that is,

(f>+l)fe+l)(r + l)

This includes as divisors, both unity and the number itself.

413. To find the number of ways in which a composite number
can be resolved into two factors.

Let N" denote the number, and suppose N = a'tyc' . .
.
, where

a, b, c... are different prime numbers and ]), q, r... are positive

integers. Then each term of the product

(I + a + a2 + ... + of) (1 + b + b
2 + . . . + b'

1

) (1 + c + c
2 + . . . + c

r

) . .

.

is a divisor of iV; but there are two divisors corresponding to

each way in which iV can be resolved into two factors ; hence the

required number is

}(!>+l)& + l)(r + l)

This supposes N not a perfect square, so that one at least of the

quantities^, q, r, ... is an odd number.

If N is a perfect square, one way of resolution into factors

is x/iVx JNj and to this way there corresponds only one divisor

JX. If we exclude this, the number of ways of resolution is

!{(p+l)(? + l)(r + l)...-l},

and to this we must add the one way JN x N/iV; thus we obtain

for the required number

\{(P + !)(</+ !)(<•+ l)- + lj
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414. To find the number of ways in which a composite

number can be resolved into two factors which are prime to each

other.

As before, let the number N = avbqc
r
.... Of the two factors

one must contain ap, for otherwise there would be some power of

a in one factor and some power of a in the other factor, and thus

the two factors would not be prime to each other. Similarly bq

must occur in one of the factors only ; and so on. Hence the

required number is equal to the number of ways in which the

product abc... can be resolved into two factors; that is, the

number of ways is -(1 + 1)(1 + 1)(1 + 1)... or 2"" 1

, where n is

the number of different prime factors in N.

415. To find the sum of the divisors of a number.

Let the number be denoted by apb qc
r
..., as before. Then each

term of the product

(1 +a + a2 + ...+ar)(l+b + b
2 + ... + b'

1

) (1 + c + c
2 + ...+c

r

)...

is a divisor, and therefore the sum of the divisors is equal to this

product ) that is,

the sum required =
a. _ i &»+'_! c

r+1 -l
a -1 * b-l " c-1

Example 1. Consider the number 21600.

Since 21600 = 63
. 102= 23

. 33
. 22

. 52 = 23
. 33

. 52,

the number of divisors = (5 + 1) (3 + 1) (2 + 1) = 72

;

.. ... ,. .
26-1 3*-l 53 -l

the sum of the divisors = —

—

? . 5—— .
-—

-

2 — 1 o — 1 5 — 1

= 63x40x31
= 78120.

Also 21600 can be resolved into two factors prime to each other in 23_1
,

or 4 ways.

Example 2. If n is odd shew that n (n2 - 1) is divisible by 24.

We have n(n2 - l) = 7i {n- 1) (n+1).

Since n is odd, n - 1 and n+1 are two consecutive even numbers ; hence
one of them is divisible by 2 and the other by 4.

Again n - 1, n, n + 1 are three consecutive numbers ; hence one of them
is divisible by 3. Thus the given expression is divisible by the product of 2,

3, and 4, that is, by 24.
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Example 3. Find the highest power of 3 which is contained in
J

100.

Of the first 100 integers, as many are divisible by 3 as the number of
times that 3 is contained in 100, that is, 33 ; and the integers are 3, G, 9,... 99.

Of these, some contain the factor 3 again, namely 9, 18, 27,... 99, and their

number is the quotient of 100 divided by 9. Some again of these last

integers contain the factor 3 a third time, namely 27, 54, 81, the number of

them being the quotient of 100 by 27. One number only, 81, contains the
factor 3 four times.

Hence the highest power required = 33 + 11 + 3 + 1 = 48.

This example is a particular case of the theorem investigated in the next
article.

416. To find the highest 'power of a prime number a which is

contained in In.

n iii n
Let the greatest integer contained in -, —

2 ,
—

tJ
... respectively

Cv Ct CL

be denoted by / ( --
] , /(-,], /(-§),... Thenamong thenumbers

1,2, 3, ... n. there are / (
-

j
which contain a at least once, namely

the numbers a, 2a, 3a, 4a, ... Similarly there are I[-A which

contain a2 at least once, and I ( —
g

) which contain «3
at least once;

and so on. Hence the highest power of a contained in \n is

'©'©)*'6) + ~

417. In the remainder of this chapter we shall find it con-

venient to express a multiple of n by the symbol Jl(n).

418. To prove that the prodicct of r consecutive integers is

divisible by |r.

Let P
n
stand for the product of r consecutive integers, the

least of which is n ; then

Pn
= n(n+l)(n + 2) ... (u + r-l),

and Pn+l
= (n+l)(n + 2)(n+3) ...(n+r);

• \ nPm+i = (n + r) P = nP
n
+ rP

H ;

p
.-. 1> -P =lsxr

= r times the product of r — 1 consecul ive integer-.
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Hence if the product of r — 1 consecutive integers is divisible by
\r — 1, we have

Pm+1 -Pm
= rM(\r-l)

= M(\r).

Now P, = |?', and therefore P
2

is a multiple of \r \ therefore

also P. , P , . . . are multiples of (r. We have thus proved that if

the product of r— 1 consecutive integers is divisible by \r — 1, the

product of r consecutive integers is divisible by \r ; but the

product of every two consecutive integers is divisible by
1 2

;

therefore the product of every three consecutive integers is divisible

by
1

3 ; and so on generally.

This proposition may also be proved thus

:

By means of Art. 416, we can shew that every prime factor

is contained in \n + r as often at least as it is contained in \n \r.

This we leave as an exercise to the student.

419. If p is a prime number, the coefficient of every term in

the expansion q/*(a + b)p , except the first and last, is divisible by p.

"With the exception of the first and last, every term has a co-

efficient of the form

p(p-l)(p-2)...(p-r + l)

'-

where r may have any integral value not exceeding p— 1. Now
this expression is an integer; also since p is prime no factor of

\
r

is a divisor of it, and since p is greater than r it cannot divide

any factor of \r ; that -is, (p — 1) (p — 2)... (p - r + 1) must be

divisible by |r. Hence every coefficient except the first and

the last is divisible by p.

420. If p is a prime number, to prove that

(a + b + c + d + ...)p= a5 + b 1 ' + cp + dp + . . . + M(p).

Write ft for b + c + . .

.

; then by the preceding article

(a +py = a* + p' + M(p).

Again J3
p = (b + c + d+ . .

.

)

p = (b + y)
p suppose

;

= bp+y + M{p).

By proceeding in this way we may establish the required result.
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421 [Fermat'a Theorem.] If p is a prime number and N isprime to p, then N"" 1 -lis a multiple of p.

We have proved that

(a + b + c + d+ ...y^a' + V+c* + d"+ ... + M (p);
let each of the quantities «, 6, Cj 4 ... be equal to unity, and sunpose they are N in number ; then

J ' P

But ,V is prime top, and therefore iV'- - 1 is a multiple of p.

' °°\
}

SiT ^ is P l™°> P-li* an even number except when/>=J. lherefore r

Hence either 2^ + 1 or S^ - 1 « a multiple of ft

that is .V -• = 7^ ± 1, where K is some positive integer.

422. It should be noticed that in the course of Art. 421 it

tins result is sometimes more useful than Fermat's theorem.

Example 1. Shew that n7 - n is divisible by 42.

Since 7 is a prime, n7 - n

=

M (7)

;

a

T

1S° n? - n:=n (»
G -l) = >i(n + l)(n-l)(n* + nS + l).

Now (n - 1) n (n + 1) is divisible by |3 ; hence n? - n is divisible by 6 x 7, or 42.

Dowfra of^J; tSL*
iS \pHme DU^ber

'
shew that the difference of the p"

mXpleof^7
mimbeiS GXCeedS thG dlfference of the numbers b/a

Let .r, y be the numbers ; then

*p-x=M(p) and y»-y=M (p),thatls
> *p-yp-(*-y)=^(p);

whence we obtain the required result.

Example 3. Prove that every square number is of the form Sn or on ± 1.

Tf v -

V iS
-

UOt
?
r
L
ml t0 5

x'J
e have AT2= 5;i where » w some positive integer

S£r^PTi?5n 1 l

G
• ~ l

iS
i*

n
i
ultipIe 0f 5 ^ Fermat'« theorem

;
thuseitner n»- 1 or N*+l is a multiple of 5 ; that is, tf»=5w ± 1.
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EXAMPLES. XXX. a. i

1. Find the least multipliers of the numbers

3675, 4374, 18375, 74088

respectively, which will make the products perfect squares.

2. Find the least multipliers of the numbers

7623, 109350, 539539

respectively, which will make the products perfect cubes.

3. If x and y are positive integers, aud if x—y is even, shew that

a?—y2 is divisible by 4.

4. Shew that the difference between any number and its square

is even.

5. If -ix-y is a multiple of 3, shew that 4x2+ 7xy - 2y2 is divisible

by 9.

6. Find the number of divisors of 8064.

7. In how many ways can the number 7056 be resolved into

two factors ?

8. Prove that 2 4 '1 - 1 is divisible by 15.

9. Prove that n (?i+ 1) (n+ 5) is a multiple of 6.

10. Shew that every number and its cube when divided by 6 leave

the same remainder.

11. If n is even, shew that n (;i
2+ 20) is divisible by 48.

12. Shew that n (?i
2 - 1) (Sn+ 2) is divisible by 24.

13. If n is greater than 2, shew that n5 — 5n3
-f 4?i is divisible by

120.

14. Prove that 32n+ 7 is a multiple of 8.

15. If n is a prime number greater than 3, shew that ?i
2 - 1 is

a multiple of 24.

16. Shew that n5 — n is divisible by 30 for all values of n, and by
240 if n is odd.

17. Shew that the difference of the squares of any two prime
numbers greater than 6 is divisible by 24.

18. Shew that no square number is of the form 3?i — 1.

19. Shew that every cube number is of the form 9?i or 9n±L
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20. Shew that if a cube number is divided by 7, the remainder
is 0, 1 or 6.

21. If a number is both square and cube, shew that it is of the
form 7n or 7?t+l.

22. Shew that no triangular number can be of the form 3u - 1.

23. If 2» 4- 1 is a prime number, shew that l 2
, 22

, 32,...n2 when
divided by 2>i+l leave different remainders.

24. Shew that ax + a and a* - a are always even, whatever a and x
may be.

25. Prove that every even power of every odd number is of the
form 8r+ l.

26. Prove that the 12th power of any number is of the form I3)i

or 13ft+l.

27. Prove that the 8th power of any number is of the form I7n
or I7n±l.

28. If n is a prime number greater than 5, shew that n 4 — 1 is

divisible by 240

29. If n is any prime number greater than 3, except 7, shew that

nG — 1 is divisible by 168.

30. Show that ?i
36 - 1 is divisible by 33744 if n is prime to 2, 3, 19

and 37.

31. When p + l and 2p + l are both prime numbers, shew that
«**— 1 is divisible by 8(p + l)(2/) + l), if x is prime to 2, £> + l,and
2p+h

32. If p is a prime, and X prime to p, shew that xp1 ~pV - 1 is

divisible by pr
.

33. If m is a prime number, and a, b two numbers less than m,
prove that

am - 2 + am ~ 3 b+ am - 4
b'
i+ + bm ~ 2

is a multiple of m.

423. If a is any number, then any other number N may
be expressed in the form N = aq + r, where q is the integral
quotient when N is divided by a, and r is a remainder less than a.

The number a, to which the other is referred, is sometimes called

the modulus ; and to any given modulus a there are a different
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forms of a number iV, each form corresponding to a different

value of r. Thus to modulus 3, we have numbers of the form

3<7, 3q + l, 3q + 2; or, more simply, 3q, 3q±l, since 3q + 2 is

equal to 3 (q+ 1) - 1. In like manner to modulus 5 any numbe^
will be one of the five forms 5q, 5q ± 1, 5q ± 2.

424. If 6, c are two integers, which when divided by a
leave the same remainder, they are said to be congruent with

respect to the modulus a. In this case b — c is a multiple of a, and
following the notation of Gauss we shall sometimes express this

as follows

:

b = c (mod. a), or b - c=0 (mod. a).

Either of these formulae is called a congruence.

425. If b, c are congruent with respect to modulus a, then

pb and pc are congruent, p being any integer.

For, by supposition, b - c = ?za, where w is some integer

;

therefore ])b — pc — pna ; which proves the proposition.

426. If a is prime to b, and the quantities

a, 2a, 3a, (b — 1 ) a

are divided by b, the remainders are all different.

For if possible, suppose that two of the quantities ma and
ma when divided by b leave the same remainder r, so that

ma = qb + r, m'a = q'b + r

;

then (m - 7/1') a = (q-q')b
;

therefore b divides (m — m') a ; hence it must divide m — m', since

it is prime to a ; but this is impossible since m and m' are each

less than b.

Thus the remainders are all different, and since none of the

quantities is exactly divisible by b, the remainders must be the

terms of the series 1, 2, 3, b — 1, but not necessarily in this

order.

Cor. If a is prime to b, and c is any number, the b terms
of the a. p.

c, c + a, c + 2a, c + (b — 1) a,
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when divided by b will leave the same remainders as the terms

of the series

c, c+ 1, c+ 2, c + (b- 1),

though not necessarily in this order ; and therefore the re-

mainders will be 0, 1, 2, b- 1.

427. -(/"b., b.j b
3 , ... are respectively congruent to cn c„, c

}
, ...

wn7A regard to modulus a, £/te?i //te products b,b
a
b

a
..., ^c.c.^ ...

(o-tf also congruent.

For by supposition,

b
1
-c

l

= n
x
a, b

2
-c

2
= u

2
a, b

3
-c

:i
u./i, ...

where nlt
n

2 , n
3

... are integers;

. •. b
x
b
a
b
a

... =(<?! + »,») (c
a
+ rc

2«) (c
a
+ w

:j

a) . .

.

= c,c
2
c
3

... +M (a),

which proves the proposition.

428. We can now give another proof of Fermat's Theorem.

If p be a prime number and N prime to p, then N 1
'
-1 — 1 is

a multiple of p.

Since JV and p are prime to each other, the numbers

if, 2tf, 3.V, (p-l)iV (1),

when divided by p leave the remainders

1, 2, 3, (p-1) (2),

though not necessarily in this order. Therefore the product of

all the terms in (1) is congruent to the product of all the terms
in (2), p being the modulus.

That is, |^—1 N''~
i and \p - 1 leave the same remainder when

divided by p ; hence

but i^—l is prime to p ; therefore it follows that

JP" 1 - 1 =M (j>).

429. We shall denote the number of integers less than a

number a and prime to it by the symbol
<f>

(a) ; thus <f>(2) = 1
;

<£(13) = 12; </>(18) = G; the integers less than 18 and prime to

it being 1, 5, 7, 11, 13, 17. It will be seen that we here

consider unity as prime to all numbers.
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430. To shew that if the numbers a, b, c, d, ... are prime to

each other,

(f>
(abccl . . .) = <£ (a) . </> (b) . <£ (c) . . . .

Consider the product ab ; then the first ab numbers can be

written in b lines, each line containing a numbers ; thus

1, 2, k, a,

a+l, a + 2, a + k, a + a,

2a +1, 2a + 2, 2a + k, 2a + a,

(&_ \) a + 1, (6- 1) a + 2, ... (b-l)a + k, ... (b - 1) a + a.

Let us consider the vertical column which begins with h ; if

k is prime to a all the terms of this column will be prime to a

;

but if k and a have a common divisor, no number in the column

will be prime to a. Now the first row contains <£ (a) numbers
prime to a \ therefore there are <£ (a) vertical columns in each

of which every term is prime to a ; let us suppose that the

vertical column which begins with k is one of these. This column

is an A. p., the terms of which when divided by b leave remainders

0, 1, 2, 3, ... 6 — 1 [Art. 426 Cor.]; hence the column contains

<£ (b) integers prime to b.

Similarly, each of the </> (a) vertical columns in which every

term is prime to a contain <£ (b) integers prime to b ; hence in the

table there are
<f>

(a) . cj> (b) integers which are prime to a and

also to by and therefore to ab ; that is

<£ (ab) - <£ (a) . <£ (6).

Therefore cf> (abed ...) = <f>
(a) . <j> (bed . .

.)

= cj> (a) . (f)(b) . <j> (cd ...)

= <f>(a).<t>(b).<t>(c).<}>(d)....

431. To find the number of positive integers less than a

given number, and prime to it.

Let JV denote the number, and suppose that JV = apbqc
r

...

,

where a, b, c, ... are different prime numbers, and p, q, r ...

positive integers. Consider the factor a1
' ; of the natural num-

bers 1, 2, 3, ... ap — 1, ap, the only ones not prime to a are

a, 2a, 3a, ... (a*-
1 - I) a, (a1" 1

) a,
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and the number of these is a''~
i

; hence

4> (av) = a" - a'-' =a?(l- -^ .

Now all the factors ap
, b'\ c\ ... are prime to each other

;

. \ </> (a)Vc
r

. . .) = <j> (a
1
') . </> (b

1

) . (c
r

) . .

.

-H)-H)-H)-
^••K)H)H)-

that is, ^W = iir(i-i)(i-J)(i-I)....

Example. Shew that the sum of all the integers which are less than N
and prime to it is ^N<p (N).

If x is any integer less than N and prime to it, then N-x is also an
integer less than N and prime to it.

Denote the integers by 1, p, q, r, ... , and their sum by S; then

S= l+p + q + r+... + (N-r) + {N-q) + (N-p) + {N-l),

the series consisting of (N) terms.

Writing the series in the reverse order,

S = {N-l) + (N-p) + (N-q) + (N-r)+...+r + q+p + l;

.-. by addition, 2S =N +N+N+ ... to <p (N) terms;

.-. S = $N<p(N).

432. From the last article it follows that the number of

integers which are less than J¥ and not prime to it is

'-'(.4>(>-i)(»
:
3("i)-'

tliat is,

N N N N N N N_++_+..._ .
. . + + ....

a b c ao ac be abc

N
Here the term — gives the number of the integers

a, la, da, ... — .a
(t

N
which contain a as a factor; the term —= gives the number of

ao

H. II. A. 23
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N . .

the integers ab, 2ab, Sab, ... -j ab, which contain ab as a factor,
ao

and so on. Further, every integer is reckoned once, and once

only ; thus, each multiple of ab will appear once among the

multiples of a, once among the multiples of b, and once negatively

among the multiples of ab, and is thus reckoned once only.

iV N N
Again, each multiple of abc will appear among the —

, j- ,
—

a o c

terms which are multiples of a, b, c respectively; among the

JV & iV— , — , =- terms which are multiples of ab, ac, be respectively
;

ab' ac' be
r ' r J '

and among the -j- multiples of abc; that is, since 3-3+1 = 1,

each multiple of abc occurs once, and once only. Similarly, other

cases may be discussed.

433. [Wilson's Theorem.] If -p be a prime number, 1 + \p - 1

» is divisible by p.

By Ex. 2, Art. 314 we have

Ijp-1 = (P~ i)""
1 - (P - i) (P - 2r ' + ^z^ipD (p - $y->

Jp-l)(p 2)(p-3)
{p

_ irl+ top _ lterms .

and by Fermat's Theorem each of tlie expressions (j) - l)p
~

l

,

(p-2)p~\ (p-2>y~\ ... is of the form 1 +M(p)-, thus

p-l = M(p) +fl-(p-l) + (P~
l )(P~ 2

) -...top- I terms!

=M(p) + {(i-iy->-(-iy->}

= M(p) — 1, since p — 1 is even.

Therefore 1 + Ip - 1 =M (p).

This theorem is only true when p is prime. For suppose p
has a factor q; then q is less than p and must divide \p — 1 ; hence

1 + \p — 1 is not a multiple of q, and therefore not a multiple of p.

Wilson's Theorem may also be proved without using the

result quoted from Art. 314, as in the following article.
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434. [Wilson's Theorem.] If p be a prime number, 1 + lp—

1

is divisible by p.

Let a denote any one of the numbers

1, 2, 3, 4
5

... (p-1) (1),

then a is prime to p, and if the products

\.a, 2. a, 3. a, (^; — 1 ) a

are divided by p, one and only one of them leaves the re-

mainder 1. [Art. 426.]

Let this be the product ma; then we can shew that the
numbers m and a are different unless a=j)~ 1 or 1- For if a2

were to give remainder 1 on division by^>, we should have

a~ - 1 = (mod. p),

and since p is prime, this can only be the case when a + 1 - p,
or a — 1 — 0; that is, when a=p— 1 or 1.

Hence one and only one of the products 2a, 3a, ... (p — 2) a
gives remainder 1 when divided by p ; that is, for any one of the
series of numbers in (1), excluding the first and last, it is

possible to find one other, such that the product of the pair is of
the form M (p) + 1

.

Therefore the integers 2, 3, 4, ... (p-2), the number of
which is even, can be associated in pairs such that the product of

each pair is of the form M (j?) + 1

.

Therefore by multiplying all these pairs together, we have

2.3.4 ... (p-2) = M(p) + l;

thatis, 1.2.3.4 ... (p-l) = (p-l){M(p) + l}
;

whence \p - 1 =M (p) +p - 1
j

or 1 + 1^ — 1 is a multiple of p.

Cor. If 2p + l is a prime number /jp\
2 + (- iy is divisible

by 2p + l.

For by Wilson's Theorem 1 + \2p is divisible by 2p + 1 . Put

n = 2p + 1, so that p+ 1 =n —p ; then

\2p = 1.2.3.4 p(p+l)(p + 2) (n-1)
= 1 (w-1) 2(n-2) 3(»-3) ... p (n-p)
= a multiple of n + (- iy (\p)

2
.

Therefore 1 + (
- l)p

(\p)
2

is divisible by n or 2p + 1, and

therefore (|^)
2 + (— l/ is divisible by 2;;+l.

23—2
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435. Many theorems relating to the properties of numbers
can be proved by induction.

Example 1 . If p is a prime number, xp - x is divisible by p.

Let xp - x be denoted by f(x) ; then

/ (x + 1) -/ (x) = {x + 1)p - (x + 1) - {xP - x)

=pxp~l +P<f~
1)

*p
"2 + . .

.
+px

J. • a

= a multiple of p, ifp is prime [Art. 419.]

.-. f(x + 1) =f(x) + a multiple of p.

If therefore/^) is divisible by^i, so also is/(.r + l); but

/(2) = 2*5 ~ 2 = (1 + 1)^-2,

and this is a multiple of p when p is prime [Art. 419] ; therefore / (3) is divisible

by p, therefore /(4) is divisible by^, and so on; thus the proposition is true

universally.

This furnishes another proof of Fermat's theorem, for if x is prime to p,

it follows that xp
~ J - 1 is a multiple of p.

Example 2. Prove that 52,l+2 - 24/i - 25 is divisible by 576.

Let 52n+2 - 24?i - 25 be denoted by f(n)

;

then /(?i+l) = 52n+4 -24(w + l)-25

= 52 .52w+2 -24n-49;

.-. f(n+l) - 25/ (n) =25 (24n + 25) - 24u - 49

= 576 (n + 1).

Therefore if f(n) is divisible by 576, so also is /(u + 1); but by trial we
see that the theorem is true when n= l, therefore it is true when n=2, there-

fore it is true when ?i= 3, and so on; thus it is true universally.

The above result may also be proved as follows

:

52n+2 _ 2in - 25= 25M+1 - 24;i - 25

= 25 (1 + 24)" -24rc-25

= 25 + 25 . n . 24 +M (242
) - 24n - 25

= 576n + iW(576)

= i)/(576).

EXAMPLES. XXX. b.

1. Shew that 10n+ 3 . 4" + 2+ 5 is divisible by 9.

2. Shew that 2 . 7n+ 3 . 5H - 5 is a multiple of 24.

3. Shew that 4 . 6n + 5n + x when divided by 20 leaves remainder 9.

4. Shew that 8 . 7n+ 4" + 2 is of the form 24 (2r - 1).
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5. If p is prime, shew that 2 \p-3+ l is a multiple ofp.

6. Shew that a v, + l -a is divisible 1>y 30.

7. Shew that the highest power of 2 contained in 2r
1 is

2''-;--l.

8. Shew that 34 '1 + - + 5 2 '1 +* is a multiple of 14.

9. Shew that 3**+6+160»a - 56n- 243 is divisible l»y 512.

10. Prove that the sum of the coefficients of the odd powers of x
in the expansion of (l+ <r+#2+ #3 + .r

4
)

n "" 1
, when n is a prime number

other than 5, is divisible by n.

11. If n is a prime number greater than 7, shew that n°-l is

divisible by 504.

12. If n is an odd number, prove that ?i*
5+ 3>i4+ 7>i2 - 11 is a

multiple of 128.

13. If p is a prime number, shew that the coefficients of the terms
of (H-a?)*-* are alternately greater and less by unity than some mul-
tiple ofp.

14. If p is a prime, shew that the sum of the (p-l) th powers of
any p numbers in arithmetical progression, wherein the common differ-

ence is not divisible by p, is less by 1 than a multiple of p.

15. Shew that a12 -

b

12 is divisible by 91, if a and b are both prime
to 91.

16. If p is a prime, shew that \p -2r
1

2r - 1 - 1 is divisible by p.

17. If n— 1, n + 1 are both prime numbers greater than 5, shew
that n(?i2 -4) is divisible by 120, and ?i

2
(>i

2 + 16) by 720. Also shew
that n must be of the form 30£ or 30^ + 12.

18. Shew that the highest power of n which is contained in \nr ~ 1

, . nr— nr+ r- 1
is equal to .

n- 1

19. If p is a prime number, and a prime to ]), and if a square
number c2 can be found such that c2 — a is divisible by pt

shew that
l(p-D
a2 - 1 is divisible by p.

20. Find the general solution of the congruence

98a;- 1=0 (mod. 139).
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21. Shew that the sum of the squares of all the numbers less than

a given number N and prime to it is

?(i--30-J)0-9-+ ?ci-.»a-.)a-*-.

and the sum of the cubes is

?(i-3(x-])(t-9-+ ?a-^ci-«a-*.,

a,b,c... being the different prime factors of iV.

22. If jt? and q are any two positive integers, shew that \pq is

divisible by (|£>)«. |# and by (\q)
p

. \p.

23. Shew that the square numbers which are also triangular are

given by the squares of the coefficients of the powers of x in the ex-

pansion of r- 2> an<^ ^hat the square numbers which are also
L — \)X -f" X

pentagonal by the coefficients of the powers of x in the expansion of

1_

24. Shew that the sum of the fourth powers of all the numbers
less than N and prime to it is

5 \ a

-gg(l-<*)(l-i»)(l -«*)...,

a, 6, c,... being the different prime factors of A".

25. If
(f>

(iV) is the number of integers which are less than JV and
prime to it, and if x is prime to JV, shew that

^^- 1 = (mod. JV).

26. If dv d2 , ds , ... denote the divisors of a number JV, then

(f>
(dj + (c?

2) + <£ (d3) + ... =iV.

Shew also that

<t> (!) r-
;—9~0(3 ) r1

;—fi
+ 0(5)T^

—

™ - --- odinf. = -
?
~

l

—kJ.


