Exercise 19.2

1. Question

Evaluate the following integrals:

j[%x X+4\f’;+5)d}1

Answer

Given:

f (3xyX+4vX +5) dx

By Splitting, we get,

= J-((Bx\,@)dx+ (4yx)dx + 5dx)

= J-wa’rxderJ--‘erder J-de

= J-szdx+ J-4x(§]d+ J-de

n+i

By using the formula, [ x*dx = =
n+1

24 14
:3;(2 +=1-lxz +J" de
Z4 =+1
2 2
J-kdx =kx+c¢c
5 2
3x= . 4x§+ Ex 4
“E5/;2 52 T

6 5 4
=—x2+-x*2+5x+c
5 5

2. Question
Evaluate the following integrals:

j-”,}x 5 1
<+t R
\ X X

dx

Answer

Given:

J’ 51,
(“g‘xﬁ)x

By Splitting them, we get,

. 5 1

By using the formula,

19. Indefinite Integrals



X

J- a¥*dx =
loga

2% 1
= +5J-(—)dx—fx‘”3dx
log2 X

By using the formula,

[ Q-

X
zgz +5logx — [x71/3dx

lo

=.

By using the formula,

Xn+1
J-x“ dx =

n+1
X X_§+1
+ 5l —
= log2 OgX _12 1
3
2
* £l Xa
= + blogx —
log2 ' > ¥ T 23
X
= +510gx—ix2f’3+c

3. Question

Evaluate the following integrals:

H\f;( ax” +bx + c")ldx

)

Answer

Given:
J-{w’rx(axz +bx + ¢) Jdx
= J-(w’rxaxz + Vxbx + vxc) dx
By Splitting, we get,
1 1
= aJ- x?x xzdx+b J-xl X Xzdx + l:fx”zdx
5 3 1
= aJ-xde+ bJ-xde+ CJ-XEdX

By using the formula

Xn+1
J-x“ dx =

n+1
5 2 1
axz*1  bxzt! cxzt
=z + 3 + T +cC
2r1 341 14
2 2 2
7T 5 3

axz N bxz . CXz .
“7/275/2 327 ¢




4. Question

Evaluate the following integrals:
[ (2 -3x)(3 + 2x)(1 - 2x)dx
Answer

Given:

=[(2 - 3x)(3 + 2x)(1 - 2x)dx
By multiplying,

=[ (6 - 4x - 9x - 6x2) dx

=[ (6 - 13x - 6x2) dx

By Splitting, we get,

=[6dx -[13 x dx -[6x2 dx

By using the formulas,

Xn+1
J-xn dx = and
n+1

J-kdx=kx+c

We get,

5. Question

Evaluate the following integrals:

i -
m X .
j‘ o+ amt X" mx |dx

VX m

Answer
Given:

m X
J- (— +—4+m*F+x"+ mx) dx

X m
By Splitting, we get,

m X

= < dx + J- - dx + J-xmdx + J- m*dx + J- mxdx

By using formula,

1
J-gdx =logx +c

1
= mlogx + o J- xdx + J- xMdx+ J- m*dx + J- mxdx

By using the formula,



Xn+1
J-xn dx =

n+1
1,140 +1 1+1
= mlogx + m” + il + J-mxdx+ m
1+1 m+1 1+1

By using the formula,

a}.’
J- a¥*dx =
loga

1,2 m+1 X

m X m mx

+ +
2 m+1 logm 2

= mlogx +

6. Question

Evaluate the following integrals:

i 1 2
Ik
f[35 -
Answer
Given:
1 2
o
(vx ﬁ) dx

By applying (a - b)? = a2 - 2ab + b?

- | (&)%(%)2-2(&)(%_) ax

VX

2 142 1
= [+ (&) 2@ () e
J{0D°+(H) -208(%
After computing,
1
= J- (x +-—— 2) dx
X
By Splitting, we get,

1
= J-xdx+f£dx— Zfdx

By applying the formulas:

Xn+1
J-X“ dx =

n+1
[ Qax=1
" x = logx
J-kdx=1{x+c
We get,
1+1

=
1+1

+logx— 2x+cl = 1/2 x% + logx - 2x + ¢



7. Question

Evaluate the following integrals:

I(fodx

N

Answer

Given:

J’(1+x)3d
w

Applying: (a + b)3 = a3 + b3 + 3ab? + 3a%b

dx

1+x%43x2 %1 43x1%xx
=

—
VX

2 z
ﬁf 1+x%+3x +3xdx

—
WX

By Splitting, we get,

fld +fxad +f3x2d +f3xd
= | —dx —dx —dx —dx
vV VX VX VX
1 1 1 1
= J-X_EdX-F J-xa X X zdx + J-sz X xzdx + J- 3x X xzdx
1 3 2 1
= J-X_de-i- J-xidx+ BJ-xde—l— BJ-xde
By applying formula,

Xn+1
J-x“ dx =

n+1
+1 h +1 +1
X =z Xz Xz 3x
= — = +33 +cC

1 7 5 a
Xz Xz 3x= 3xz
=>T+T —— t—5+¢c

2 2 2 2

8. Question

Evaluate the following integrals:

r .
! 2 logx (e }Ll
j«;x- +e =0+ — | bdx

L 2/

Answer

Given:

J- {x2 + elogx 4 (%)w} dx

By Splitting, we get,

X

= J-dex-i- J-el°gxdx+ J- (%) dx



By applying formula,

Xn+1
J-x“ dx =
n+1

X2+1

= 511 + J- elogeXdx + J- (g)xdx

X3+f dxt ] (e)
= — X ax —= 10 -
3 log(D) °\2

=>§ + [ xdx + ql)log(g)x

=]
2

=>X—3+X—2+;log(
3 2 mg(f)

2

] X

E) +cC
9. Question

Evaluate the following integrals:
[ (x® + eX + e®) dx

Answer

Given:
J-(x" + e¥ + a%)dx
By Splitting, we get,

= J-x"dx+J- e¥dx + J- e®dx

By using the formula,

Xn+1
J-xn dx =

n+1

Xe+l
= + J- e*dx + J- efdx
e+ 1

By applying the formula,
a}.’
J-axdx =
loga

Xe+1 ex
= + + J- e®dx
e+1 log.e

We know that,

J-kdx=kx+c

e+l ex

_l_
e+1 log.e

X

= +ex+c

e+l ex

_l_
e+1 log.e

X

= +ex+c

10. Question

Evaluate the following integrals:



i 3 -
[Vx|x* -2 |ax
\ x
Answer
Given:

2
Klx?—=
e )

Opening the bracket, we get,
1 1 2

= J-(xExxg—xEx;)dx
1 1

= J-(XEH —xz ' x 2)dx
7 1

= J-(xi — 2x72)dx

By multiplying,

= J-xgdx— fo‘idx

By applying the formula,

Xn+1
J-x“ dx =

n+1

7T 1

xz1 xzt
= = 2— +C

-+1 ——+1
2 2

=] 1
Xz Xz

2Xz 1

=3 —4x=z+cC

11. Question

Evaluate the following integrals:

1+—|dx

Izl

Answer

Given:

[ Fle
— —rdx
\.& X
By multiplying iﬁ with inside brackets,
WX
[t
= | —=+—=x—dx
\.‘E \."E X

J’[l+l l]d
= [{=+—=x—tdx
1 X; X

Xz



-Gz
e

By Splitting them, we get,

= J-x_gdx—i— J-x‘zdx

By applying the formula,

1 1
= 2%:—2X z+¢C
12. Question

Evaluate the following integrals:

dx

IX6+1
x? +1
Answer

Given:

J’x5+1dX
x2+1

By applying: a3 + b3 = (a + b)(a% + b? - ab)
f(xz)g +(°

X241

(x2+ (D2 + (1)*—x2x l)
=>f (x2+1) dx

X

J’(x2+ DE*+1-x%)
=
x2+1

= J-(x4+ 1—x?)dx
By Splitting

= J-x"‘der 1J-dx—fx2dx

By using the formula,

Xn+1
J-x“ dx =
n+1




J-kdx=kx+c

X5+1 x3+l
- +xX—
5+1 3+1
x5+ x“'+
=>—+x——+c
6 4

13. Question

Evaluate the following integrals:

j-x"13+ X+2

Answer

dx

Given:

1
X e+ x+2
—dx

Vx
By Splitting them,
_1 - 2
X 3 Nx =
:fﬁdx"'f aﬁdx + f aﬁdx
1 1 1 1 1
= J-X_E X X zdx + J-XE XX zdx+ ?.J-X_de
1 1 1 1 1
= J-X_E_de-i- J-XE_EdX-i- fo_idx
2 5 1
= J-X_EdX-F J-xzdx+ ZJ-X_EdX
By applying the formula,

X“+1
J-x“ dx =

n+1
We get,
1 1 241
x7zt xst 2x73t
= 3 +—3 +C
—+1 -+1 —=+4+1
6 3
1 11 2

=Tttt
3 ] 3
E
1 bXe 2

:SXE—I_T—I— 3z +c

14. Question

Evaluate the following integrals:
1+ X))’
L VR)?
Jx

Answer



Given:

dx

J’(l—hﬁ)g

VX

By applying (a + b)?2 = a2 + b? + 2ab

dx

2
J’(1)2+ (VX) +2x 1 xvyx
=
VX
1+x+ 2%
= 7’,_[1}{
vX

By Splitting, we get,

= f( }; )dx

V
= J-X_Ti.der J-x X x‘idx+ ZJ-dx

1
xzt

=

1
—+ J-xl'de+ 2x+C
e
2
1

Xz 1
=5+ | xzdx+2x+c

+2x+c

= ?.Xé +
15. Question

Evaluate the following integrals:
JVx(3 - 5x) dx

Answer

Given:
J- Vx(3 — 5x)dx

By multiplying vx inside the bracket we get,

:f (3\.& - 5X\.&) dx
1 1

= J- (3}{5 —Bxlx xE) dx
1 1 1

= J-[:?:-XE —5x""2)dx

- J-(3x§ — 5x3)dx

By Splitting, we get,



= BJ-xédx— SJ-Xde

By using the formula,

Xn+1
J-xn dx =
n+1
1 2
3xz*!  Bxz'!
=T 3 +cC
-+1 -+1
2 2
2 s
3xz bx=
= ——5*T¢C
2 2

2 >
= 2Xz2—2xX=2+¢C

16. Question
Evaluate the following integrals:
X+D)(x-2
[EDe-D)
Jx
Answer

Given:
(x+1(x—2)
f e

J’x2—2x+x—2
: .

VX

dx

x?2—x-72
e

VX

By Splitting,

J.de f X d f 2 4
= | —=dx— | =dx— | —=dx

VX VX VX
1 1 1
= J-xz xx‘de—J-x XX zdx — ZJ-X_EdX
1 1 1
= J-xz'de— J-xl'de— ZJ-X_EdX
2 1 1

= J-xidx— J-xidx— ZJ-x‘de

By applying the formula,

Xn+1
J-xndx=
n+1
2
XE+1 X_+1 ZX——+1
= 3 i +cC
-+1 E+ 1 ——-+1




17. Question

Evaluate the following integrals:

j-xs rx7 a2

- dx
2
Answer
Given:
XP+x+2
—2'[1X
X

By Splitting, we get,
x> x? 2
= J- (; + = + ;) dx
= J-(XS XX 2+x 2 xx 2+ 2xx%)dx
By applying,
= J-(xs‘z +x7272 4 2x %)dx
= J-(xa +x7*+ 2x7 ) dx
By Splitting, we get,
= J-ngx-i- J-x“"dx+ ZJ-x‘zdx

By applying the formula,

Xn+1
J-x“ dx =
n+1

3+1 X—4+1 ?.X_2+1

X
P3r1 4+l 241 €

18. Question

Evaluate the following integrals:
[ (3x + 4)2 dx

Answer

Given:

J-(3x+ 4)?dx

By applying,

(@ + b)?2 =a?+ b2+ 2ab



= J-((BX)E + 42 +2 x 3x x 4)dx

= J-(C)xz + 16 + 24x)dx
By Splitting, we get,

= J-sz dx+ J- 16dx + J- 24xdx

= 9J-x2+16fdx+ 24J-xdx

By applying,
Xn+1
nd —
fx x n+1
J-kdx =lkx+c
X2+1+16 +24Xl+l+
oy Ry 7

i *+16 +24 2+
= —X x+—x%+c
3 2
= 3x¥+16x+ 12x%+cC

19. Question

Evaluate the following integrals:

dx

2
j-lf L 7% 1 6%
2
X°+2x
Answer

Given:

dx

J‘ 2x* + 7x% + 6x°2
X2+ 2x

Take x is common on both numerator and denominator,

J'X[:ZXS + 7x% + 6X)
= X

X(x+ 2)

J’2x3+7x2+6x
= | —dx

XxX+2

Splitting 7x2 into 4x2 and 3x2

J’ng +4x? + 3x% + 6%
=

X
X+ 2

Common the 2x2 from first two elements and 3x from next elements,

2x%(x+2) +3x(x+2)
= J- dx

Xx+2

Now common the x + 2 from the elements



(x+ 2)(2x* + 3x)
dx
X+ 2

= J-(sz + 3x)dx
Now Splitting, we get,
= J-sz dx+ J- 3xdx

Now applying the formula,

2X2+1 3Xl+l

-
2+1 1+1
2x3

=—+3x+c
3

20. Question

Evaluate the following integrals:

2
syt e12x? e 7x?
j . dx
X°+X
Answer

Given:

dx

J’ Ex* + 12x% + 7x°
X2 4+x

Now spilt 12x3 into 7x3 and 5x3

dx

J’Sx"‘ + 7x3% + 5x3 + 7x?
=
X2 +x

Now common 5x3 from two elements 7x from other two elements,

J’5x2 (x+1)+7x(x+1)
= dx
X2+ x

[(5x2+ 7x) (x+ 1)

x(x+1) ax

= J-[sz + 7x)dx
Now Splitting, we get,
= J-szdx+ J-Txdx

5X2+1 7X1+1

2+1+1+1

= +cC

5x? . 7x? N
= —+— 4
3 2
21. Question

Evaluate the following integrals:



. 2
j- sin- X
1+cos

dx

Answer

Given:

sin®x
—dx
1+ cosx
We know that,

2

sin?x = 1 - cos?x

J’l— cos?x

= | —dx

1+ cosx

We treat 1 - cos?x as a2 - b2 = (a + b)(a - b)

(1) — (cosx)?
—dx
1+ cosx

(1+cosx)(1—cosx) 4
1+ cosx X

= J-(l —cosx)dx
By Splitting, we get,
= J-dx— J- cosxdx
We know that,

J-kdx=kx+c

J-cosxdx = sinx

=X -Sinx + C
22. Question

Evaluate the following integrals:

| (se?x + cosec?x) dx
Answer

Given:

J- (sec?x + cosec?x)dx

By Splitting, we get,

= J- sec’xdx + J- cosec’xdx
By applying the formula,

J-seczxdx = tanx



J-codeczxdx = —cotx

=tanx-cotx +c
23. Question

Evaluate the following integrals:

dx

sin’ x — cos’ x
" . 7 el
sin” x cos” X
Answer
Given:

J’ sin®x — cos®x

sin? xcos?x

By Splitting, we get,

sin® x cos®x
= (2 2w ainZ 2 dx
sin?xcos2x sin? xcos2x

By cancelling the sin?x on first and cos?x on second,

J’ sinx COSX

Jdx

cos?x sinx

We know that,

—— =tanx
COSX
COSX

- = cotx
5Inx

1

=5ecx

COSX

1
——— = C05ecX
SINX

= J-(tanxsec X — cotx cosec x)dx
We know that,

J-tanx secxdx = secx

J- cotx cosec Xxdx = —cotx

=secx - (- cotx) + ¢
=s5ecX + cotx + ¢
24. Question

Evaluate the following integrals:

5c08° X +6sin’ x
I 2 2 <
Ly - vis wr
2sin” Xcos™ X

Answer



Given:

J‘ 5cos®x + 6sin3x
X

2 sin? xcos?x

By Splitting we get,

J‘ 5cos®x i +J‘ 6sin®x d
= | ———dx ————dx
2 sin? xcos?x 2 sin? xcos2x

5 J’ cosxcos? x J’ sin? xsin'x 4
X

=
2

5J’ cosxd +3J- sin'x d
= — X X
2J sin?x 1cos3x

We know that,

COSX
1 dx = cotx

sin? xcos2x sin? Xcos<x

sinx
sinx
dx =tanx
COSX
1
1— dx =secx
sinx

1
J- 1— dx = cosecx
sinx

5
= EJ- cotxcosecxdx + 3 J- secxtan xdx
We know that,

J- cotx cosec Xxdx = —cosecx

J- secxtanxdx = secx

5
= 3 (—cosecx)+3secx+ ¢

5
I=——-cosecx+ 3secx+c

25. Question

Evaluate the following integrals:

[ (tan x + cot x)? dx
Answer

Given:

1= J-(tanx+ cotx)?dx

= J-(tam2 X+ cot?x + 2 tanxcot x)1dx

We know that,

tan2x = sec?x - 1



cot?x = cosec?x - 1

1
tanx =——
cotx

2
= J-(seczx— 1+ cosec® —1+—— cotx) dx
cotx

= J-(seczx + cosec?x— 2 + 2)dx
= J-(seczx + cosec?x)dx

= J- sec?x + J- cosec?xdx
We know that,

J- sec?xdx = tanx

J- cosec? xdx = —cot x

I=tanx - cotx - ¢
26. Question

Evaluate the following integrals:

1—cos2x

|— "= dx
1+ cos2x

Answer

Let] = [15%% 4y

l4cos2x
We know c0s26 = 1 - 2sin?6 = 2cos26 - 1
Hence, in the numerator, we can write 1 - cos2x = 2sin?x

In the denominator, we can write 1 + cos2x = 2cos?x

Therefore, we can write the integral as
: J‘ 2sin®x 4
= | ——dx
2cos?x
sin®x
=1= dx
COSZX

=[= J-tanzxdx

== [(sec’x —1)dx [~ sec?0 - tan%0 = 1]

=:-I=J-sec2xdx—fdx

Recall [ sec?xdx =tanx+cand [dx=x+c

Ll=tanx-x+cC

l—cos2x
Thus, [——dx=tanx—x+c
l+cos2x

27. Question



Evaluate the following integrals:

: COSX

| —— dx
l—cosx

Answer

Let = [ 25 gy

l-cosx

On multiplying and dividing (1 + cos x), we can write the integral as
cosx l+cosx
- [
1 —cosx\l+cosx
J‘ cosx (1 + cosx)
=1=
(1 —cosx)(1+ cosx)

cosx+ cos?x
s[=| ———

1 —cosZx

o= J-cos:-.'+coszxdx [ sin26 + c0526 =1]

sin® x

COSX C0s%X
=[= , + — dx
sin?x sinZx
1 COSX C0S’X
=[= — X ——+—— dx
sinx " sinx sin?x

=[= J-(cosecxcotx + cot? x)dx

= [ = [(cosecx cotx + cosec?x — 1)dx [ cosec?® - cot?6 = 1]
=[= J-cosecxcotxdx + J- cosec®xdx — J-dx

Recall [ cosec?xdx = —cotx+cand [dx=x+c
We also have [ cosecxcotxdx = —cosecx + ¢
Sl =-cosecx-cotx-x+c

COSX
Thus, _[mdx = — COSecX — CotX— X+ C

28. Question

Evaluate the following integrals:

FCOST X —sin” X

| dx
~Jl+cosdx

Answer

- 1
Letlzj-cos x—sin® x
v1+cosdx

We know cos26 = 2c0s26 - 1 = cos26 - sin?6

2 2

Hence, in the numerator, we can write cos4x - sin“x = cos2x
In the denominator, we can write 4x = 2 X 2x

=1+ cosd4x = 1 + cos(2x2x)

=1 + cos4x = 2c0s22x



Therefore, we can write the integral as

C0s2X
= | —————=dx
V2 cos22x

Lo C0s2X dx
V2 cos2x
=1= J-idx
V2
=1= iJ-ldx
V2

Recall [dx=x+c
I ! +
=I=—xx+c

V2
X
=7

+C

cos® x—sin® x X
Thus, f— X=—+4¢C

Vvi1tcosdx W2

29. Question

Evaluate the following integrals:

I‘;dx

"1-cosx

Answer

LetI:f

l-cosx

On multiplying and dividing (1 + cos x), we can write the integral as
1 1+cosx
I=J- ( )dx
1—cosx\l+cosx

I J‘ 1+ cosx
= ]| = X
(1 —cosx)(1+ cosx)

I J’1+cosxd
=[=] —dx
1— cos?x

l+cosx

1= dx [ sin20 + cos26 = 1]

sin®x

1 COSX
=1= ( , + —) dx
sin?x sin?x

1 1 COSX
=[= ( —t——x— )dx
sin?x sinx sinx

=1= J-(cosecszr cosecxcotx)dx

=[= J-coseczxdx+ J-cosecxcotxdx

Recall f cosec’xdx = — cotx+ ¢
We also have _[ cosecxcotxdx = —cosecx + ¢

Sl =-cotx-cosecx + ¢



1
Thus, [ n dx = — cotx — cosecx+ c
—COSX

30. Question

Evaluate the following integrals:

‘ 1

[ dx
l—smx

Answer

Let]= [

1-sinx

On multiplying and dividing (1 + sin x), we can write the integral as
1 1+sinx
I=J- I ( I )dx
1—sinx\1l+sinx
I J‘ 1+ sinx q
= ]| = X
(1 —sinx)(1+sinx)

I J‘ 1+Smxd
=]= | —dx
1—sin?x

= [ = [1=% 4y [V sin6 + cos?6 = 1]

cosZx

1 sinx
=[= ( + ) dx
c0s2X C0s82X
1 1 sinx
=[= ( oo+ * ) dx
C0S2X C0SX COSX

=1= J-(seczx + secxtanx)dx

=[= J-sen:2 xdx + J- secxtanx dx

Recall [ sec?xdx =tanx+ ¢
We also have [ secxtanxdx = secx + ¢

Ll=tanx +secx + ¢

1
Thus, [ ——dx = tanx + secx + ¢
1-sinx

31. Question

Evaluate the following integrals:

r fan X
| ——dx
secxX +fanx

Answer

Let] = j‘&dx

secx+tanx

On multiplying and dividing (sec x - tan x), we can write the integral as
tanx secx — tanx
secx + tanx \secx — tanx

J’ tanx (secx — tanx)
==

X
(secx + tanx)(secx — tanx)



secxtanx — tan®x
==

seciy —tan?x

= [ = [(secxtanx — tan?x)dx [ sec?6 - tan?6 = 1]

== J-[secxtanx— (sec?x — 1))dx
=1= J-(secxtanx— sec?x + 1)dx

=[= J-secxtanxdx—fseczxdx+ J-dx

Recall [ sec?xdx =tanx+cand [dx=x+c
We also have [ secxtanxdx = secx + ¢

Ll=secx-tanx+x+cC

tanx
Thus, [ ———dx =secx—tanx+xX+¢
secx+tanx

32. Question

Evaluate the following integrals:

. cosecx
| dx
cosecx — cotx

Answer

Let— [_Soseex 4y

cosecx—cotx

On multiplying and dividing (cosec x + cot x), we can write the integral as

J’ Cosecx (COSECK + COtX)

cosecxX — cotx \cosecx + cotx

cosecx(cosecx + cotx)

=]= X
(cosecx — cotx)(cosecx + cotx)
I J‘ cosec?x + cosecx cotx
= =
cosec?x —cotZx

= [ = [(cosec?x + cosecxcotx)dx [ cosec?6 - cot?6 = 1]
=I= J-coseczxdx+ J-cosecxcotxdx

Recall [ cosec’xdx = — cotx + ¢
We also have [ cosecxcotx dx = — cosecx + ¢

Sl =-cotx-cosecx +cC

COSeCx
Thus, [ ————dx = — cotx — cosecx + C
cosecx—cotx

33. Question

Evaluate the following integrals:

— L _ax

"1+cos2x

Answer



1

l+cos2x

let]= [

We know cos26 = 2c0s26 - 1

Hence, in the denominator, we can write 1 + cos2x = 2c0s2x

Therefore, we can write the integral as

[
= | —dx
2co82x

R
= ) mszxX

1 2
=:-I=E sec xdx

Recall [ sec’xdx = tanx+ ¢

1
~]=—-tanx+c

Thus, [ ! dx=ltanx+c

1+cos2x 2

34. Question

Evaluate the following integrals:

— L _ax

"1—-cos2x

Answer

Let ] =:f

1-cos2x

We know cos26 = 1 - 2sin20

Hence, in the denominator, we can write 1 - cos2x = 2sin2x

Therefore, we can write the integral as

= [
B ZsinzxX

SRR
=]=— X
2 ) sin?x

1
=1= Efcoseczxdx

Recall f COSECZXC]X =—Ccotx+c

1
=:-I=E(—cotx)+c

I ! tx+
~I=——cotx+c
2

1 1
Thus, [ dx=—-cotx+c
l—cos2x 2

35. Question

Evaluate the following integrals:

o

<[ sin2x

| tan [7 dx
l+cos2x



Answer

Let] = [tan? (Lh) dx

l+cos2x
We know cos28 = 2cos26 - 1
Hence, in the denominator, we can write 1 + cos2x = 2cos2x
In the numerator, we have sin2x = 2sinxcosx

Therefore, we can write the integral as

) 2sinxcosx
I=| tan™ (7) dx
2co82x

sinx
== J-t::m‘1 (—) dx

COSX
== J-tan‘l(tanx) dx

=:-I=J-xdx

Recall [x0gw ==
fX dX n+l

n+i

+c

. =
Thus, [ tan~? (—mzx )dx = x?+ c

l+cos2x

36. Question

Evaluate the following integrals:
[cos™ (sinx)dx

Answer

Let I = [ cos~*(sinx)dx

We know sin® = cos(90° - )

Therefore, we can write the integral as

I=J-cos‘1[cos G—x)]dx
=1= J-(g—x)dx

=[= J-gdx—fxdx

= I=gfdx—fxdx

n+i1
Recall [xndx =*— +cand [dx=x+c
n+1l

T X1+1




2

.'.I:———+
2 2 7°¢

2
Thus, [ cos™*(sinx)dx = ﬂf - % +c
37. Question

Evaluate the following integrals:

sin2x
7de

1—cos2x

[cot™

Answer

Let] = [ cot™* (Lh) dx

1-cosi2x

We know cos26 = 1 - 2sin26

Hence, in the denominator, we can write 1 - cos2x = 2sin2x
In the numerator, we have sin2x = 2sinxcosx

Therefore, we can write the integral as
_;(2sinxcosx
I=| cot (7 ) dx
2s8inZx
COSX
== J-cot‘l( : )dx
sinx
== J-cot‘l(cotx) dx

=:-I=J-xdx

Recall [x0gw ==
fX dX n+l

n+i

+c

2

ThUS,fcot‘l(—smzx )dx=x?+c

l1-cos2x

38. Question

Evaluate the following integrals:

2tanx
_G_de
l+tan™ X

[sin™

Answer

. 2tanx
Let] = [sin~? (72) dx
1+tan<x
2tanB

We know gin 28 =
1+tanZ8

Therefore, we can write the integral as

I=J-sin‘1(51112x) dx



=:-I=J-2xdx

=:-I=2J-xdx
n+1

Recall gy — =

[ x"dx —tc

1+1
=[=2x +cC
1+1

XZ

=]l=2x—+4cC
2
Sl=x2 +C

Thus, [ sin~t (ﬂ) dx=x%+c

1+tanZx
39. Question

Evaluate the following integrals:

[.x3 —8\}()(—1)

| dx

X —-2x+4
Answer

Let ] — [ (Fs8)6on) 4o

%2 —2n+d
We know a3 + b® = (a + b)(a? - ab + b?)
Hence, in the numerator, we can write
x3+8=x3+23
=>x3+8=(x+2)(X%-xx2+2?)
=>x3+8=(x+2)(x%-2x + 4)
Therefore, we can write the integral as

(x+2)x*—-2x+4)(x—1)
I= > dx
X —2x+4

1= f(x+z)(x— 1dx

== J-(x2+x— 2)dx

=1= J-xzdx+J-xdx—J-2dx
== J-xzdx+fxdx—2fdx

Recall qudX:i“Jrc and [dx=x+¢
n+1

2+1 1+1

X X

Sar1tTer AXxFC

=1

x? x?
sl=—=+——-2x+c
3 2



a _ a 2
Thusrf%dx=%+%—2x+c

40. Question

Evaluate the following integrals:

I(a ‘[anx—bcn:}tx}2 dx

Answer
Let I = [(atanx + b cotx)?dx

We know (a + b)2 = a2 + 2ab + b2

Therefore, we can write the integral as

1= J-[(:clt::ln:«;)2 + 2(atanx)(bcotx) + (bcotx)?]dx

== J-(a2 tan?x + 2abtanx cotx + b? cot?x)dx

1
tan @

=1= J-(az tan® x + 2ab + b? cot?x)dx [ cot® =
We have sec?6 - tan?6 = cosec?6 - cot?6 = 1

== J-[a2 (sec’x — 1) + 2ab + b?(cosec?x — 1)]dx
=1= J-(az sec’x —a® + 2ab + b? cosec®x — b?)dx
== J-(a2 sec?x + b? cosec?x — aZ + 2ab — b?)dx
=1= J-[az sec?x + b2 cosec?x — (a% — 2ab + b?) )dx
== J-(a2 sec?’x + b? cosec?x— (a— b)?)dx

=1= J-az seczxdx+J-b2 coseczxdx—f(a— b)2dx

== azfseczxdersz-coseczxdx— (a—b)zfdx

Recall [sec?xdx =tanx+ cand [dx=x+c

We also have [ cosec’xdx = —cotx + ¢

= | = atan x + b%(-cot x) - (a-b)2 x x + ¢

-1 = a%tan x - b2cot x - (a - b)2x + ¢

Thus, [(atanx+ bcotx)?dx= a’tanx — b%cotx —(a—b)%x+ ¢

41. Question

Evaluate the following integrals:

3 2 - 2 x
CXT -3 +5x-T+Xa
| dx

2
X

Answer



3 _ a2 ca z X
Let1=_[x 3X“+5x '}'+xadx

2x2

1J’:==;3—3:x;2+5}=<;—?'+:==;2:=1x

1r/x* 3x?2 bBx 7 x%a
=>1=—J- S dx

< dx

x2 x2 x? x2 x2
I—IJ-( 3+5 7+ ")d
= =3 X - d X
1 5
=;.[=—J-(x—3+——7x‘2+ax)dx
2 X
1 5
- [:EUde—J-BdXJrf;dx—f?x‘zderJ-a"dx]
1 1
= IZEUXdX_3J-dX+ 5f£dx—7fx‘2dx+faxdx]

n+i1
Recall [xndx =*— +cand [dx=x+c
n+1l

We also have [ a*dx = =~ + ¢ and [ 1dx = logx + ¢
loga x

1[ xi+! x—2+1 2%
I=— —3xx+5xl -7 + +
= [ X OEX (—2 + 1) logal €

x? a*
[=—-|z—3x+5logx+7x 1+ +
= 2[2 X 0gX X logal C

S P AL N
T TR T YO T Tgga| T €

334 E 45u—T+xZa% %2 X

Thus, [~ axJ'Z““‘|c1:=<;=E[Y——3}=<;+51-::og:=<;+3+a—a]Jrc
2x 2Lz x log

42. Question

Evaluate the following integrals:

¢ COsX

| —— dx
l+cosx

Answer

Letl:jﬂdx

l1+cosx

On multiplying and dividing (1 - cos x), we can write the integral as
cosx 1 -—cosx
- e
1+cosx\l—cosx
I J‘ cosx (1 — cosx)
= ]| = X
(1+ cosx)(1— cosx)

COSX — COS%X
o | AR A
1 —cos2x

[ = [eosEmeosix 4 [ sin%0 + cos6 = 1]

sin® x

COSX C0s%X
= I: - - i dX
sin?x sin?x




1 cosX cos’x
=1 I = - >< . —_ " dX
sinx = sinx sin2x

=1= J-(cosecxcotx — cot?x)dx
= [ = [(cosecxcotx — cosec®x + 1)dx [ cosec?6 - cot?6 = 1]

=I= J-cosecxcotxdx— J- cosec?xdx + J-dx

Recall [ cosec®xdx = —cotx+cand [dx=x+c
We also have [ cosecxcotx dx = — cosecx + ¢
= | =-cosecx-(-cotx)+x+c
=|=-cosecx+cotx+x+cC
Thus, [ —"*_dx = — cosecx + COtX+ X+ C

l+cosx

43. Question

Evaluate the following integrals:

cl—cosx

| — " dx
l+cosx

Answer

Let [ = [ 1o g

l+cosx

We have cosx = cos (2 X g)

We know cos26 = 1 - 2sin?0 = 2cos26 - 1

Hence, in the numerator, we can write 1 — cosx = 2 sinzi
In the denominator, we can write 1 + cosx = 2 coszg

Therefore, we can write the integral as

=1= J-tanzﬁdx
B 2
== f(seczf — 1) dx [~ sec?6 - tan?6 = 1]
2

X
=[= J-seczidx— J-dx

Recall [sec’xdx =tanx+cand [dx=x+c

X
tans

=1= —X+c

1
2



[=2¢t z +
~l=2tan-—x+¢c
2

l—cosx X
Thus, | dx =2tan- —x+c
1+cosx 2

44. Question

Evaluate the following integrals:

.. 5 6 ) )
_|-J35111x—4cosx— — ————+tan"x —cot” x :dx
]\ Cos"X sIn"Xx

Answer

3

x sin®x

Letl= [ {3 sinx —4cosx+— + tan® x — cot? x} dx

== J-{B sinx — 4 cosx + 5sec’x— 6 cosec’x + tan?x — cot?x}dx
We have sec?6 - tan?6 = cosec?6 - cot?8 = 1

== J-{B sinx — 4 cosx + 5sec’x— 6 cosec’x+ (sec’x — 1)

— (cosec®x— 1)}dx

=1= J-{B sinx — 4 cosx + 5sec’x— 6 cosec’x + sec’x — 1 — cosec®x

+ 1}dx

=1= J-{B sinx — 4 cosx + 6sec’x — 7 cosec®x}dx
== J-Bsillxdx—f4cosxdx+ J-éseczxdx—J-?coseczxdx

=1= 3fsillxdx—4j-cosxdx+ GJ-SECEXdX—TJ-COSeczde

Recall [ sec?xdx = tanx+ cand [ sinxdx = —cosx+ ¢

We also have [ cosec’xdx = — cotx+ cand [ cosxdx = sinx + ¢
= | = 3(-cos Xx) - 4(sin x) + 6(tan x) - 7(-cot x) + C

| = -3cosx - 4sinx + 6tanx + 7cotx + c

5 5]

cos®x sin®x

Thus | [35111){— 4cosx +
Gtanx + 7 cotx+ ¢

45. Question

If f'(x)=x ~ L and f(1) =L find fx).
X 2

Answer
Given f'(x) = X—?lz and f(1) = 5

On integrating the given equation, we have

J-f’(x)dx=f(x—$)dx

We know | f'(x)dx = f(x)

+ tan? x — cot? x} dx = —3cosx —4sinx +



= f(x) = J- (x—é)dx

= f(x) = J-(x—x‘z )dx

= f(x) = J-xdx— J-x‘zdx

n+i

Recall [x0dw ==
fX dX n+l

+c

X1+1 X_2+l
S f(x) =—— ————+c
(x) 141 241
x? x?
f(x) =— ——+
= f(x) SR C

x? 1
=>f(X)=E+;+C

On substituting x = 1 in f(x), we get

12
f(1)=5+i+c
=:-E=E+1+C
=0=1+c
=1+c=
c=-1

On substituting the value of c in f(x), we get

f(x) = X;+§+ (—1)

x* 1
ﬂ:X)=?+£—l

Thus, f(x) = §+ é -1

46. Question

If f'(x) = x + b, f(1) = 5, f(2) = 13, find f(x).
Answer

Given f'(x) = x + b, f(1) = 5 and f(2) = 13

On integrating the given equation, we have

J-f’(x)dx=f(x+ b)dx

We know | f'(x)dx = f(x)

ﬁﬁw=f@+mm
= f(x) = J-XdX-i- J- bdx

= f(x) = J-xdx+bfdx



n+i1
Recall [x"dx =*— +cand [dx=x+c
n+1l

1+1

= f(x) = —

1+1+b(x)+c

X?
=:-f(x)=§+bx+c

On substituting x = 1 in f(x), we get

2

1
f(1)=5+b(1)+c
5 1+b+
=5=—
2 C

5 L b+
=5-——= C
2

On substituting x = 2 in f(x), we get

f(2)= 2;+ b(2)+c

=213=2+2b+c
=213-2=2b+c
=2b+c=11.... (2)

By subtracting equation (1) from equation (2), we have

(2b+c)—(b+c)=11—E

2
13
=2b+c—-b—-c=—
2
b 13
“b =

On substituting the value of b in equation (1), we get

1B, _9
2 2
9 13
ST
c=-2

On substituting the values of b and c in f(x), we get

x? 13
f(X) = E + ?X + (—2)

2

X
000 =5+ —x =2

Thus, f(x) = o135
2 2
47. Question

If £(x) = 8x3 - 2x, f(2) = 8, find f(x).

Answer



Given f'(x) = 8x3 - 2x and f(2) = 8

On integrating the given equation, we have
J-f’ (x)dx = J-(Sxa —2x)dx
We know [ f'(x)dx = f(x)

= f(x) = J-(Bxa —2x)dx
= f(x) = J- 8x3dx — J- 2xdx

= f(x) = Sfxgdx—zfxdx

n+i

Recall [x"dx =>—+¢

n+1l

X3+1 X1+1
= f(x)=8(3+ 1)—2(1+1)+c

=>f(x)=8(§)—2(§)+c

= f(x) = 2x*-x2 +

On substituting x = 2 in f(x), we get

f(2) =2(2% -22 + ¢

=28=32-4+c

=28=28+c

c=-20

On substituting the value of c in f(x), we get
f(x) = 2x% - x? + (-20)

S f(x) = 2x4 - x2 - 20

Thus, f(x) = 2x* - x2 - 20

48. Question

-
If f'(x) = asin x + b cos xand f'(0) = 4, f(0) = 3,f[ _J =5, find f(x).
]

a—

Answer

Given f'(x) = a sin x + b cos x and f'(0) = 4
On substituting x = 0 in f'(x), we get

f'(0) = asin0 + bcos0

=24=ax0+bx1

=24=0+b

Lb=4

Hence, f'(x) = a sin X + 4 cos x

On integrating this equation, we have



J-f’(x)dx= J-(asinx+ 4 cosx)dx
We know [ f'(x)dx = f(x)

= f(x) = J-(a sinx + 4 cosx)dx
= f(x) = J- asinxdx + J- 4 cosxdx

= f(x) = aJ-sinxdx+ 4J-cosxdx

Recall [ sinxdx = —cosx+ cand [ cosxdx = sinx + ¢
= f(x) = a(—cosx) + 4(sinx) + ¢

= f(x) = —acosx+ 4sinx + ¢

On substituting x = 0 in f(x), we get

f(0) = -acos0 + 4sin0 + ¢

=3=-ax1l+4x0+c

=3=-a+c

=2C-a=3 - (1)

On substituting x = E in f(x), we get

g8 ™ s
f(f) =—acos§+4sin§+c
=5=-ax0+4x1l+c

=25=0+4+cC

=25=4+c¢C

Lc=1

On substituting ¢ = 1 in equation (1), we get

l1-a=3

On substituting the values of c and a in f(x), we get
f(x) = -(-2)cos x + 4sinx + 1

- f(x) = 2cosx + 4sinx + 1

Thus, f(x) = 2cosx + 4sinx + 1

49. Question

1
Write the primitive or anti-derivative off (x ) = \/; -
Jx
Answer

Given f(x) = yx + %
v

Let I = [ f(x)dx



1
_ 4
=:-I—J-(\,x+\&)dx

11
=>I=J- X§+—1 dx

X2
1 1
=[= J-(xier_E)dx
1 1
=[= J-XEdX-FJ-X_EdX

xn+1

Recall Ny —
[x"dx="—+c
X%H X—%+1
== + +cC
1 1
§+1 —§+1
a2 1
X2 X2
=>I_?+T+C
2 2
2 3 1
=:-I=§x§+2x§+c

2
I=§X\.X+2\.&+C

Thus, the primitive of f(x) is gxﬁ +2\x+¢c

Exercise 19.3

1. Question
Evaluate: J‘(jx - 3)5 ++/3X +2dx
Answer

Let | = [(2x—3)° + \3x + 2 then,
_ 1
I'=T(2x—3)°+ (3x+ 2)z

_ (2x-3P" (@ x+2]§“
2(5+1) 3G+1)

_ (2x—3)* (3 x+2]§
E)

2© 30

= (2:{—3]6_"_ 2(3:{+2]§
12 9

2
Hence, | = (2?—'—3]6_'_ 2(3x+2)24C
12 g9

2. Question

EvaIuate:J‘ _ 1 e dx

Answer



1
(7x—3)%  +/5x—4

Let | =f dx then,

1
I=[(7x—5)"3 + (5x— 4) 2
(7%=5)"2* | (5x-4)72H
= 4 .
7{—3+1) 5( +:L]

Tz

_ (7x—s5)* (5x—4]§

S

Hence, I = ——(7x—5)72 + ZV5x —4 +C

3. Question

|
Evaluate:J 53 + dx
2-3x 3x-2

Answer

1 1
+

2—-3x v 3x—2

dx

Let| = [

1 1
1= [ + Tx_zdx

2-3x v

We know _[édx = log|x[+C

B R T
-3 3
= —gx.logIZX— 3| +§\,’3x— 3+C

4. Question

F X+ 3
EvaIuate:J —dx
(x+1)
Answer
Let | =“[(x+1]“dx
X+3
=] s O
x+1 2
= f x+14 dx + J‘(:\-.'+1]‘:‘dx

dx

-

= [(x+ 1D dx+ [2(x+1)*dx

1 2
(x+1]3dx + “[ (x+1)*

= Dern]?* 2(e+1) ™4

—3+1 —4+1

— [x+1]‘2_|_ 2(x+1)7?
-2 -3

1 2
2(x+1)% 3(x+1)?

Hence, | = — +C

5. Question



Evaluate:"‘;dx

Answer

Let | =f ——dx

VxE+14+ \,‘E

= e,

VE+1+ \.'E

Now Multiply with the conjugate, we get

_ J‘ 1 VxE+1— \.'E

VE+1+ \.'E : VxE+1— \.'E

_ J‘ VxE+1— \.'E

x+1—x

= I'MX'+ 1-— GE dx

= [(x+ l)g—xg

[=N1%]

— (x+1)
E]

2

Ed
t“”""| (3[Y]

_ 2 2 2 2
Hence I= E(X_'_ 1):z— E[:X)2+C

6. Question

. 1
EvaIuate:J dx
]

J2x+3+42x-3

Answer

1

v 2X+3 44/ 2x—3

Let|= |

v 2X+3 4+ 3
Now, Multiply with the conjugate, we get
=I 1 v {\'IEHE_VM_E:IdX

V2x+3+y2x—3 V2x+3—2x-3

=f (VIx+3—2x-3)
(

y2x+3) 2 —(y2x—3)2

= (VIx+3—2x-3)

2x+3-2x+3

| ———— | e
_ v 2X+3 V2x—3
= ” dx— [ " dx

= éf[2x+ 3)2(1){—2[[2){— 3)§dx

3 2
Hence, I= 2 (2x+3): — = (2x—3)5 + C
18 18



7. Question

- 2X

Evaluate:J ——dx
2x+1)°
Answer
2
Let | =f(2x+1]2
_J‘23-.’+1—1
T (2xe1)
_J‘ 2x+1 _ 1
(2x+1)%  (2x+1)2
— -2
_[(hu (2x+ 1)72dx
_1 B (2x+1)72%1
= 210g|2}==;+ 1] T
_1 (2x+1)~%
= 21(:-g|2}={+ 1| - —
H I= 2log|2x + 1| + ———+C
ence, |= Jloglix 2(2x+1]+
8. Question
- 1
EvaIuate:J dx
Jx+a+yx+b
Answer
1
Letl = | ==
1
=J Terasvas 9%

Now, Multiply with conjugate, we get

_ J- (ux+a—\ix+h}
Vxta+yxtb -\,1-.'+a—\.-'(:(+h]

()
{\,':(+a 2—‘\f-'(z-.'+b]2

J-{\,‘&a \p‘(+h}dx
= jE (x+ a)E—%(x+ b)E]

(x+ b)f:]+C

Hence, |= &
2(a-h)

9. Question

Evaluate:J sin x+f1 + cos 2x dx

Answer

Let | = [ sinx /(1 + cos2x)dx

= [ sinx /(1 + cos2x)dx



= [ sinx V2 cos2xdx
= [ sinx V2 cosxdx

=2 [sinx cosxdx

Now, Multiply and Divide by 2 we get,

Wl

?fz sinx cosxdx

vz
= ?f sinZ x dx
— JZ —cos2x
2 2
1
Hence, |= —2—,5-:05 2x+C
N

10. Question

Evaluatezj'ﬂdx

l—cosx

Answer

Let | =j- 1+cosx dX

1—cosx

l+cosx
= J

l—cosx

J- 2 cos®E
= | —=%
25in? 3

= [ cotzgdx
= [ (coseczg— 1) dx
2
Hence, I= —2 cotz —X+C
11. Question

Evaluate:jl_cﬂdx

l1+cosx

Answer

(1—cosx)

let| = [——

(14cosx)

_ J- (1- cosx’

(1+cosx’

)

2 ::c:sZ
b 4
= [ tan? S dx

= f(seczg —1) dx



_ {tani—;jl _
- 1

2

Hence, |= Ztang —x+C
12. Question

- 1
Evaluate:.'

Answer

—xl dx
Let | = 1—sin =
1

~ 1-sin-
2
Now, Multiply with the conjugate we get,

1+sins
J‘ 1

. X .
1—51115 1+s:n§

. X
J- 1+sin

1— sin
z

dx

J- 1+sine

COF
2

si 11

—f—gdx+ f—%d
=_[sec2§dx+_[tan§ .secgdx

_ {tan 2—2{) T

Hence, I—Ztan +Zsec +C

13. Question

Evaluate:j;dx

1+cos3x

Answer

1

l1+cos3x

Let|= |

=

Now Multiply with Conjugate,

1+cosEx’

_J- 1 Ccos3X
1+cosEx’ 1-cos3x
J- 1- cosa‘(
1— 50523‘(
J- 1- cosEx’
5111231-.'
J- J- cos3X
511123‘( sin®3x



= [(cosec?3x— cosec 3x. cot 3x) dx

cot3x cosec 3x
3 3

1

sin 3x

1 cos3x

1
3 sin3x 37

l-cos3x

Hence, I= +C

3sin3x

14. Question

Evaluate:[ (eX + 1)2 eX dx
Answer

Let | = [ (eX + 1)% eX dx
LeteX* +1=t=eXdx =dt
| = [ (X + 1)% eX dx

=[t2 dt

w |

Now, substitute the value of t

Hence, I= ©*1° ¢
3

15. Question

Evaluate: J

|
e* ——_J dx
X
Answer

Letl=_[(ex+§)2

=f(e2“+e—ix+2)

22X

T

e 2% 4+ 2x

[N

2
1 X 1 —-2x
Hence,I=Ee- +2x—ge *+C

16. Question

Evaluate:jﬂdx

cotX —fan X

Answer

Let | =J~ l+cos4x

cotx—tanx

— J- l1+cos4x

cotx—tanx

1+cos®2x
= I cosx simxdX

sinx cosx

J- 2cos®2x
= ) TosZxsmz=dX
sinxcosx



2cos®2x.sinx.coss
=J‘ COE ‘-.'S]ll‘(COS‘(dX

cos?x—sinx

_ J- cos® 2x.sin2 *dx

cos?2x

= [ cos2x.sin 2xdx

= ;_[[2 sin 2x cos 2x] dx
= gf sin(2x + 2x) + sin(2x — 2x) dx

= ;_[51114x+ 0 dx

_ 1 cosdx
2 4
1
Hence, | = —§c054x+c

17. Question

. 1
Evaluate: dx
J \/x +3 —\f'x +2
Answer
Letl= [ —"—dx

VE+3I—x+2
1
= | ——dx
f VX+3—y/X+2

Now, Multiply with the conjugate

_ J‘ 1 . VEFI Y x+2

VE+3I—x+2 VEFI Y x+2

VEFI Y x+2

—— " dx
(vxr3)*—(Vx¥2)”

— J‘ L,':(+3+l,.'3-.’+2d
Xx+3—x—2

= [(x+ 3)§+ (x+ 2)§dx

2 2

_ (x+3)z (x+2)z
- E E
2 2

3 3
Hence, I = (x +3)z + = (x+ 2):+C
18. Question

[ tan?(2x - 3)dx

Answer

Let | = [ tan®(2x — 3)dx

= [tan?(2x — 3)dx

= [sec?(2x—3) —1dx

Let 2x -3 = tdx = dt/2



= gf sec?t— 1dt
=1 tant -x
2
Substitute the value of t
Hence, I= étan(Zx— 3) —x+C

19. Question

. 1
Evaluate:J - —dx

cos X(l—tanx)-

Answer

1

cos®x (1—-tanx)?

= :

cos®x(1—tanx)?

Let| = [

= !

(cosx—sin x)?

Sy

1-sin2x

= J‘;dx

1+cos{g+2:()

= J‘;dx

ZCOSZ{E+X)
= ;_[ sec? G+ x) dx
Hence, | = g[tan G+ x)] +14C

Exercise 19.4

1. Question

X% LS5k 42
Evaluate:J X TOXT ok
X

+2

Answer

By doing long division of the given equation we get
Quotient = x + 3

Remainder = -4

.. We can write the above equation as

4
=X+ 3——
x+2

.. The above equation becomes

=fx+3—:42 dx

= [xdx+3 fdx—4f:12dx



n
We know jxdx=::;f%dx= Inx
= “; +3x — 4In(x + 2) +C. (Where c is some arbitrary constant)

2. Question

3
Evaluate:J X_dx
X

-

a—

Answer

By doing long division of the given equation we get
Quotient = x2+2x+4

Remainder = 8

. We can write the above equation as
= X242X+4+ —

x—2
.. The above equation becomes
=>_[:=<;2+23=<;+-‘-}+§2 dx
=>_[x2dx+2_[xdx+4fdx+8_[:12dx

n
We know [xdx=——; [1dx = Inx
n+1 X
}.’a }.’2

S S t27+4&x+8In(x—2) +c
= “; +x?+4x+8In(x— 2) + c. (Where c is some arbitrary constant)
3. Question

vl iw s
Evaluate:J X TXT- dx
3x+2
Answer
By doing long division of the given equation we get

. X 1
Quotient = 3 + 3
Remainder = %3
.. We can write the above equation as

X 1 43 1
STEICES
3 e 9 \3x+2

. The above equation becomes

=i+ 8 (2 )ax
3 9 9 M3Ix+2

1
3x+2

=§fxdx+§fdx+4§f dx
We knOijdx=i;f3dx= Inx
n+1 X

2 2
=>E><x—+z><x—+ﬂln(3x+2)+c
3 2 9 2 9



X 4 = + E111(3x+ 2) + c. (Where c is some arbitrary constant)
6 18 9

4. Question

-

EvaIuate:J -

2T
(x-1)°

Answer

The above equation can be written as

J‘ 2x—2+2+3
(x-1)2
2(x—1)+5
:f (x—1)2
1.dx 1.dx
= 2’[ (x-1) 5j‘(:{—1]2

We knowfxdx=£;f%dx= Inx
=2In(x— 1) +5 [(x— 1)72dx

_qy—-1
= 2In(x — 1)+5f%dx

=2In(x— 1) — (:1] + c. (Where c is an arbitrary constant)
5. Question
e
EvaIuate:J X—qudx
(x+1)°

Answer

= J- X 4x42x—1
(x+1)*

J- x(x+1+2x-1
(x+1)2

:fx(x“]dx—l—f 2x-1 dx

(x+1)2 (x+1)2

dx

X 2x+2-2-1
= fmdx+17(x+1]z dx

:J‘x+l—1dx+ j‘?(:{+1]—3 dX

x+1 (x+1)2

3
(x+1)2

dx

1 2
:Idx—fmd}{‘i‘fmdx—f
n
We knOW_[xdx=x—;_[1dx= Inx
n+1 X
=x—In(x+1)+2In(x+1) — [ 3(x+1)2dx
=>x—In(x+ 1)+21n(x+1)+ﬁ+c
=>x+In(x+ 1)+ % + c¢. (Where c is some arbitrary constant)
X

6. Question



- 2x—1
EvaIuate:J —dx

(x—1)°
Answer

In this question degree of denominator is larger than that of numerator so we need to manipulate numerator.

[ 2x+2-2-1
(x-1)2

2(x—1)-1
= .[ (x—-1)2

2 1
= _[de — = dx

n
We knOW_[xdx=x—;_[1dx= Inx
n+1 X

=2In(x—1) - [(x— 1)7%dx

=2In(x—1)— ﬁ + c. (where c is some arbitrary constant)

Exercise 19.5
1. Question

|
EvaIuate:J — dx
2x+3
Answer
In these questions, little manipulation makes the questions easier to solve

Here multiply and divide by 2 we get

1 2x+ 2
=>- [ —=dx
2 JAxt3

Add and subtract 1 from the numerator

1 r2x+2+1-1
:—_[7
2 VZx+3

1 r2x+3-1
=-[——dx
27 \Zx+3

1 2x+3 1 1
=>-[——dx—- [ ——=dx
24 JIx+z 24 JaIx+3

=>§(f V2X + 3dx— [(2x + 3)_?ldx)

2 1
z 1 (2x+3)=

:Ex(2x+f] 1 :
2 2X= 2 %=
z z
2 1
- (Zx+3)z  (2x+3)=
& 2

2. Question
Evaluate:J XX +2dx

Answer
Here Add and subtract 2 from x

We get



= [(x + 2—-2)yx + 2dx
= [(x + Z)de— [2vx + 2dx

El 2
= 2(x+2)2  4(x+2)z
5 3

3. Question

x+4

Evaluate: J

Answer
In these questions, little manipulation makes the questions easier to solve

Add and subtract 5 from the numerator

= J‘ J-.'+E|—5—1dX

vx + 4

Xx+4-5

—d

vx + 4

x+4 3
= | —dx— | =—=dx
VI + 4 “[\,':(+=1-

= (f\,mdx—B_[(x + 4)3(1}{)

2 1
X+ 4)z X +4)2
=>('c+a ]2_5x(t+l Yz 1c
2 2
2
= 2(x+4)z

1
2 —10(x+ 4)z + c

4. Question

Evaluate: J‘(x +2)4f3x +5 dx

Answer
Here multiply and divide the question by 3

We get

= =[3(x + 2)V3x + 5dx

== [(3x + 6)V3x + 5dx
Add and subtract 1 from above equation

==[(3x + 6 + 1-1)V3x + 5dx
= =[(3x + 5—1)V3x + 5dx

-3
=°§1_[(3x + 5)zdx — f%ﬁ?}x + 5dx

s a
= 1x2(3x+5]2 2(3x +5)z
3 3X5 3x3

+ C

s a
= 2(3x+5)z 2(3x +5)z
45 9

+ C

5. Question



- 2x+1
Evaluate:J — dx

J3x+2

Answer

Let2x + 1 =A(3x + 2) + |
2X+ 1 =3xA+2A + |
comparing coefficients we get

3A=2;2A+pu=1

Replacing 2x + 1 by A(3x + 2) + u in the given equation we get

- J-?.(Ex+2]+|.l
V3x + 2

3x+2

1
= A dex +uf

3x+2

V

= (lf\,FBX + 2dx—pf(3x + Z)de)

2 E
2 (3x+2) 1  (3x+2)k=

3 332 3 3>
z z

=

+ c

3 1
= 4(3x+2)z2 2(3x+2)=

+ c
27 9
6. Question
c 3X+5
EvaIuate:J —  dx
7x+9

Answer

Let3x +5=A(7x+9) +
3X+5=7xXA+9A +
comparing coefficients, we get

JTA=3;9%+pu=1

Replacing 3x + 5 by A(7x + 9) + p in the given equation we get

=>J-.]‘.('I":\-.'+9]+|.l
VviX+9

Tx+9 1

:;'L \."}'x+9dx+ u“[\r'}'x+9

= (J\f\,’?x +9dx + pf(7x + 9)_?ldx)

3 1
3 (7x+9)z 8 (7x+9)z
PoX—— + -X — + C
7 ?XE 7 TXE

a 1
= 6(7x+9)z 16(Tx+9)z
147 49

+ C

7. Question



dx

Evaluate: J
x+4

Answer
In these questions, little manipulation makes the questions easier to solve

Add and subtract 4 from the numerator

X+ 4—4

——d

vx + 4

X+ 4-4

——dx
VI + 4

X+ 4 4
= | —dx— | —=dx
VI + 4 “[\,':(+=1-

= (f\,mdx—-‘-}f(x + 4)3(1}{)

3 1
X +4)2 X +4)2
=>(‘(+3 ]Z—4X(‘(+l ]2+C
z z

2
= 2(x+4)z

1
—8(x+ 4):2+c
8. Question

EvaIuate:J. 23X
1+3x
Answer
Let2-3x=A3Bx+1)+p
2-3Xx=3xA+ A+
comparing coefficients we get
BA=-3;A+pu=2
=A=—-1p=3
Replacing 2 - 3x by A(3x + 1) + u in given equation we get

ABx+1)+p
> [S——
vax+1
3Ix+1

1
dex + uf;dx

= A

= (lf\,FBX + 1dx + pf(3x + 1)_?ldx)

z
% (3x+31]§ (3x+1)=

[

=-1 + 3 x

— + ¢
Ix- Ix-
z z

2
= —2(3x+ 1)z

1
A —2(3x+ 1)z +¢

9. Question
Evaluate: J.(Sx +3)42x —1dx

Answer

Let5x + 3 =A(2x-1) +



5+ 3 =2XA-A + |
comparing coefficients we get

2A=5;-A+pu=3

b |

Replacing 5x + 3 by A(2x - 1) + d in the given equation we get
= [V2x—1 A(2x— 1) + pdx

=Af(2x— 1)V2x—1dx + [V2x— 1pdx

= (J'Lf(ZX— 1); dx—p [(2x— l)gdx)

E El
2 11 (2x-1)=

5 (2x-1)
=>—>< = —— X ] + C
2 2)(5 2 EXE

E 2
= (2x—1)z  11(2x-1)=

2 6

+ C

10. Question

Evaluate:

de—a—\/x—bdx

Answer

Rationalise the given equation we get

:f X % Vx+a+yx—b
WX + a—yx—h Vx+a+yx—b

=>f x(y/x + a—vx—h) dx
x+a-x-b

x(y/x + a—vx—h)
[ = —dx

=>:1b_[ x(vX + a— Vx—Db)dx

Assume x = vVt

dt

=

24/

Substituting t and dt

f Ii_ _ f "_—b
:I\E(\wt+a Vvt ]dt

24/t(a—b)
= 2(:_h] [Vt + a—JVE—Db)dt
1 1\2 1/2
ﬁzca_b]f(\ﬁ +a) “dt—f(VE—b) dt

3
-_1 Ar 2Vz _ Ay 25)
zl:a_h](g(\.t-i-a} S(t—a%)s
Butx = vt

1
2(a—b)

G (x + a)f: — § (x— b)z)

Exercise 19.6



1. Question

Evaluate:[ sin?(2x + 5) dx

Answer

2 l1-cos2x

sin‘x =

. The given equation becomes,

1—cos2(2x+5
- e,

We know [ cosaxdx = E—isinax +c
= gf dx — gf cos(4x + 10) dx

X 1 .
== asm(4x+ 10) +c

2. Question

Evaluate:[ sin3(2x + 1) dx
Answer

We know sin3x = -4sin3x+3sinx

= 4sin3x = 3sinx-sin3x

3sin x—sin 3x
4

= gin®x =

J- 3 sin(2x+1)—sin 3(2x+1) dx

= [sin®(2x + 1)dx = "

= We know | sinaxdx = _—:cos ax+c
= g_[ sin(2x + 1)dx — i_[ sin(6x + 3)dx
= %:cos(2x+ 1) + 2—141205(6}{+ 3)+ec

3. Question
Evaluate:[ cos? 2x dx
Answer

Cos#2x = (cos22x)?

2 1+cos2x

~ Ccos“Xx =
2

1+cos4x)2

= (cos?2x)? = ( ;

N (1+cos4x)2 . (1+2 cos4x+cosz4x)
2 - 4

1+ 83
= cos4x = ==

- (1+2 cosdx+cos® 4x 1 cosdx l+cosSx)
4 s 2 g

Now the question becomes

=>§_[dx+$_[cos4xdx+§fdx+§fc058xdx



1 .
We know [ cosaxdx = -sinax +c
a

sin 8x
64

=4 Isindx + X+ +cC
4 2] 2]

24x+8sin 4x+sin8x
- - - - -

64

4. Question

Evaluate:[ sin2 b x dx

Answer

2 l1-cos2x

sin‘x =
2

.. The given equation becomes,

= J- 1—cos2Zb dx

2

1 .
We know [ cosaxdx = -sinax +c¢

=>$_[ dx—if cos(2b) dx

X

1 .
. Esm(sz) +c

5. Question

r. 2 X
EvaIuate:J sin- —dx
5

a—

Answer

2 l1-cos2x

sin‘x =
2

. The given equation becomes,

= _[ 2L—::zszE dx = fl—cosx

dx

We know [ cosaxdx = isinax +c
1 1

:EI dx—;f cos(x) dx

== Esin(x) +cC
2 2

6. Question

r » X
EvaIuate:J cos” —dx
A

-

Answer

l+cos2x
2

We know,cos?x =
.. The given equation becomes,

X
1+cos2- 1+cosx
= —_
_[—12 dx= | d

1 .
We know [ cosaxdx = -sinax +c
a

=>§fdx+§fcos(x)dx



=>4 Esin(x) +cC
2 2
7. Question

Evaluate:| cos2nx dx

Answer

1+ 23
We know,cos2x = ———==%

. The given equation becomes,

l1+cosnx l+cos2nx
o [l gy [ ireosinegy

We know [ cosaxdx = isinax +c
= éf dx + éf cos(2nx) dx

=>4 isin(ZIm) +cC
2 4n

8. Question

Evaluate: J sin X+f1 —cos 2x dx

Answer

= 2sinx = 1 — cos 2x

We can substitute the above result in the given equation
. The given equation becomes

= [ sinxy2sin?x

= [2sin?x

2 l1-cos2x

sin‘x =

= “?zf 1— cos2xdx

= ifdx—if cos 2xdx
V2 VZ

- — %sin(Zx) +c
v 2 242

Exercise 19.7

1. Question
[ sin 4x cos 7x dx
Answer

We know 2sinAcosB = sin(A + B) + sin(A - B)

sin11x + sin(—3x)

.. sindxcos7x = .
We know sin( - 8) = - sinf
sosin( - 3x) = - sin3x

.. The above equation becomes



= é (sin11x — sin 3x)dx
= é ([ sin11xdx— [ sin3xdx)
We know [ sinaxdx = _—:cos ax + ¢

=3(_—1c0511x + Ecc:-s?;x)
2%11 3

llcos3x—3cosllx
66

+C

2. Question

[ cos 3x cos 4x dx

Answer

We know 2cosAcosB = cos(A - B) + cos(A + B)
-, COSAXCOS3x = SoSX* cosTx

.. The above equation becomes
= [ 5 (cosx— cos7x)dx

:g(fcosxdx—fcosi"xdx)

1 .
We know [ cosaxdx = -sinax + c
a

1{ . 1,
== (smx —=sin TX)
2 7

Tsin x—sin 7x
14

+C

3. Question
[ cos mx cos nx dx, m #n
Answer

We know 2cosAcosB = cos(A - B) + cos(A + B)

cos{m-n)x + cosim + n)x
2

JS.cosmxcosnx =

. The above equation becomes

= _[é(cos(m—n)x + cos(m + n)x)dx

1 .
We know [ cosaxdx = - sinax + ¢

1 1 \ 1 .
= —( sinfm—n)x + ——sin{m + I])X)
2 \m-n m+n

- 1 ((m +n}sin(m—n)x + (m-n)sin(m + n)x

) + ¢
2

m?-—n?

4. Question

[sinmx cos nxdx, m#n
Answer

We know 2sinAcosB = sin(A + B) + sin(A - B)

sin{m + n}x + sin{m-n)x
2

S sinmxcosnx =




. The above equation becomes
= _[;(sin(m + n)x + sin(m —n)x)dx
We know |[ sinaxdx = _—:cos ax + ¢

1

(m-—mn)

=>E( = cos(m + n)x— cos(m — I])X)

2\m+n

- 1 (—(m— n)cos{m + nlx—{m + n) cos{m— 11]:\-:)
2

mZ_n?
5. Question

[ sin 2x sin 4x sin 6x dx
Answer

We need to simplify the given equation to make it easier to solve

We know 2sinAsinB = cos(A - B) - cos(A + B)
. sindxsin2x = So82XTcosex

.. The above equation becomes

= [ é (cos2x — cos6x) sin 6x dx

= 5 [ ((cos 2% sin 6x) — (cos 6xsin 6x))dx

We know 2sinAcosB = sin(A + B) + sin(A - B)

sin 8x + sin4x
2

.. SiNBXCos2X =

Also 2sinx.cosx = sin2x

. inl2s
.. sinbxcosbx = 22X

.. The above equation simplifies to

= gf 5 (sin8x + sin4x)dx— fisin 12xdx
= :t ([sin8xdx + [sin4xdx — [sin12xdx)
We know | sinaxdx = _—:cos ax + c

:E(icosﬂx + ﬂcc:-s‘f}x + —cos 12x + c)
4\ 4 12

1{2cos12x—3cosBx—6cos4x
= - +c
4 24

_\2 cos1l2x—3cosBx—6cos4x

= e + c (where c is some arbitrary constant)

6. Question
[ sin x cos 2x sin 3x dx
Answer

We know 2sinAcosB = sin(A + B) + sin(A - B)

sin5x + sinx
2

.. sin3xcos2x =

. The given equation becomes



= [ é (sin5x — sinx) sinx dx
= f é (sin5x sinxdx — sin® x dx)

We know 2sinAsinB = cos(A - B) - cos(A + B)

cosdX—CosS6X
2

.. sinbxsinx =

2 1-—cos2x

Also sin“x =

. Above equation can be written as

= fé(g (cos4x — cos 6x)dx — 5 (1 — cos2x)dx)
= :tf cos4xdx— [coséxdx— [dx + [cos2xdx
We know [ cosaxdx = isinax + c

141 , 5 1,
=;(151114x—351116x—x + 551112}{ + c)

1/3sind4x—2sin6x—12 + 6s5in2x
= +c

4 12

= 3sin 4x-2sin6x—12 + 6sin 2x
48

C

NOTE: - Whenever you are solving integral questions having trigonometric functions in the product then the
first thing that should be done is convert them in the form of addition or subtraction.

Exercise 19.8
1. Question
Evaluate the following integrals:

J.;dx

l—cos2x
Answer
In the given equation cos 2x = cos? x - sin? x
Also we know cos? x + sin? x = 1.

~.Substituting the values in the above equation we get

1
= _[ — - dx
i/ sin®x + cos?x—(—sin®x + cosZx)

1
= _[ — - dx
ysin®x + cos?x + sin®x—cos?x

1

dx

: I a
y 2sin? x

=f1dx

v Zsin x

= J‘ CS'(i:{dX

v 2
1
= —5fcscxdx
J

= —lo
7z 08

tanx

+ c




2. Question

Evaluate the following integrals:

J‘.; dx

JJl+cosx

Answer

In the given equation

cosX = coszz— sinzz

Also, coszz - sinzz =1

Substituting in the above equation we get,

N - dx

I
. . X
I cos?E + 5in2E + (coszj—{—smz— )
y z z z z

:f = dx

I
. . X
| cos® + sin® + cos®e—sin>
y 2 2 z 2

1
L dx
\J'E COSZE

1
= f,_—gdx
\,'2::05!5

1 X
= — [sec-dx
V2 2
1 X X
=Tln|sec— + tan=| + ¢
V2 2 2

3. Question

Evaluate the following integrals:

= J1+cos2X
[ s
l—cos2X
Answer
1 + cos 2x = 2 cos?x

1 - cos 2x = 2 sin?x

(both of them are trigonometric formuales)

=>J- ECoszde

2sin? x
= [ Joorxdx
= [ cotxdx
= |n|sinx| + ¢
4. Question

Evaluate the following integrals:

J- ﬁl—cc:-sx dx
l+cosx



Answer

. X
1-cosx =2 511125

X
1+ cosx =2 -:0525

= [ [tan? g dx
= [ tang dx

X
= —-21In |c055| +c

5. Question

Evaluate the following integrals:

rSeCX
[X g

sec2x

Answer

Here first of all convert secx in terms of cosx

- We get
1
= gecX =—,5ec2Xx =
COSX cos2x
- We get
1

= copx

CO5ZX

cos2x

COSX

. The equation now becomes

= J- cos2x

COEX
We know
Cos 2x = 2 cos?x - 1

. We can write the above equation as

2cos®x—1
= | ——dx
“[ COSX

= [2cosxdx — | dx

cosx
= 2 sin x - [ secx dx

([ secxdx = In|secx + tanx| + c
= 2sinx-In|sec x + tan x| + ¢
6. Question

Evaluate the following integrals:



J- COSQ?( dx
(cosx+smx)”

Answer

Expanding (cos x + sin x)2 = cos?x + sin?x + 2 sinx cosx

We know cos2x + sin?x = 1, 2sinxcosx = sin2x

- (cos X + sin x)2 = 1 + sin2x

. we can write the given equation as

cos2x
=
f 1 +s5in2x

Assume 1 + sin2x =t

d(1 + sin2x) dt
B — —

dx dx
= 2co0s2x dx = dt

dt
S.ocos2xdx = <

Substituting these values in the above equation we get
1
= fz—tdt

=>-lnt+c

[

substitutingt = 1 + 2 sin x in above equation
=§111(1 + 2sinx) + ¢
7. Question
Evaluate the following integrals:
~sin(x —a)
J sin(x —b)
Answer

While solving these types of questions, it is better to eliminate the denominator.

sin(x—a)
= “[ sin(x—b) d

Add and subtract b in (x - a)

sin(x—a + b-b)
= f sin(x—b) dx

- J- sin{x—b + b—a)
sin(x—h)

Numerator is of the form sin(A + B) = sinAcosB + cosAsinB
WhereA=x-b;B=b-a

sin(x—b) cos(b—a) + cos(x—b) sin(b—a)
= f sin(x-hb) dx

sin(x—b) cos{(b—a) cos{x—b)sin(b—a)
:f sin(x—b) dx + f sin(x—hb) dx

= [cos(b—a)dx + [cot(x— b)sin(b—a)dx



= cos(b—a) [ dx + sin(b—a) [ cot(x—b) dx
As [ cot(x)dx = In|sinx |
= cos(b - a)x + sin(b - a)ln|sin(x - b)|
8. Question
Evaluate the following integrals:
FSI(X — o
J sinEx - o*_; dx
Answer

Add and subtract a in the numerator

J- sin(x—o + oo—at)

sin(x + a)

J- sin(x + o—2a)

sin(x + o)
Numerator is of the form sin(A - B) = sinAcosB - cosAsinB

Where A=x+ a; B =2a

- J- sin(x + a)cos(2a)l—cos(x + o) sin(2 a) dx

sin(x + o)

- J- sin(x + a)cos(2a) dx + J-cos(x+ ct]sin(?ct]dx

sin(x + a) sin (x + o)
= [cos(2a)dx + [ cot(x + a) sin(2a) dx
= cos(2a) [ dx + sin(2a) [ cot(x + a)dx
As [ cot(x)dx = In|sinx |

= cos(2a)x + sin(2a )In|sin(x + a )|

9. Question

Evaluate the following integrals:

J- 1+ tanx dx

l—tanx

Answer

Convert tanx in form of sinx and cosx.

sinx

=tanx =

.. The equation now becomes

+ sinx
:f l_smx dx
COSX

cosx +sinx

= COSE
_[ COSX—5INnX dx
COsX

COSX + sinx
= _[7

cosx—sinx
Let cosx - sinx =t

. d{cosx-sinx) _ dt
dx T dx



= - (cosx + sinx)dx =dt

Substituting dt and t

We get

dt
= —

t
=>-Int+c¢

t = cosx - sinx
" - Injcosx - sinx| + ¢
10. Question

Evaluate the following integrals:

* COSX
[—=X g
cos(x —a)

Answer

Add and subtract a from x in the numerator

. The equation becomes

N J- cos(x—a +a)

cos(x—a)
Numerator is of the form cos(A + B)= cosAcosB - sinAsinB
Where A= x-a; B=a

J- cos(x—ajcosa J- sin(x—a)sina

cos{x—a) cos{x—a)
= cosa [ dx— sina [ tan(x —a) dx

As [ tanx = In|secx| + ¢

. In|sec (x —a)}|
=Xco0sa-Sslha————— + C
(x—2)

11. Question

Evaluate the following integrals:

1- 51:11 2x dx
1+sm2x

Answer

We know cos?x + sin?x = 1.

Also, 2sinxcosx = sin2x

1 + sin2x =cos?x + sin?x + 2sinxcosx = (cosx + sinx)?
1 - sin2x =cos2x + sin?x - 2sinxcosx = (cosx - sinx)?

. The equation becomes

e 2
=>_[ (cosx—sin x)
(cosx +sinx)?

:J- (cosx—sinx) d

(cosx + sinx)



Assume cosx + sinx =t
- d(cosx + sinx) = dt

= COSX - Sinx

. dt = cosx - sinx

dt
= | =

t

=In|t] + ¢

But t = cosx + sinx

~.In|cosx + sinx| + c.

12. Question

Evaluate the following integrals:
Ix

J‘ e; — 1dx

Answer

Assume e3* + 1=t
=d(e> + 1) = dt
= 3eX=dt

- @3x = gt
3

Substituting t and dt in the given equation we get

dt

= —
3t
1 pdt
= _ | =
3 t
1
= 5111 It] + ¢

Butt=e3*+1

.. The above equation becomes
=>§111|eax +1] +c

13. Question

Evaluate the following integrals:

rsecxtanx
Jidx
3secx+35
Answer

Assume 3secx + 5=t
d(3secx + 5)=dt

3secxtanx=dt

dt
Secxta nx=;

Substitute t and dt



We get

1 pdt
=

3 t
1
=>§111|t| +c
Butt = 3secx + 5
.. the equation becomes

=>§111|359cx + 5 +c

14. Question

Evaluate the following integrals:

~l—cotx
J - T dx
1+ cotx
Answer

Convert cotx in form of sinx and cosx.

COSX

= CotX = —
sinx

.. The equation now becomes

COSX

= [ 98 dx

1-
1+—
sinx

cosx—sinx

—_sinx
= .I cosX +sinxX dx
sinx

COsSK—Sinx
= f—

CosX + sinx
Assume cosx + sinx =t
- d(cosx + sinx) = dt
= COSX - Sinx
. dt = cosx - sinx

dt
= | =

t
=In|t] + ¢
But t = cosx + sinx
~.In|cosx + sinx| + c.
15. Question

Evaluate the following integrals:

rSeCX COsecX
[ecxcoseex

log(tanx)
Answer
Assume log(tanx) =t
d(log(tanx)) = dt

- =X G~ dt

tanx



= secx.cosecx.dx=dt

Put t and dt in given equation we get

dt
= | =

t
= In|t] + c.
But t = log(tanx)
= In|log(tanx)| + c.
16. Question

Evaluate the following integrals:

- 1
J x(3+logx)
Answer

Assume 3 + logx =t

d(3 + logx) =dt
- ldx =dt
X

Put t and dt in given equation we get

dt
= | =

t
= In|t] + c.
Butt = 3 + logx
=1In|3 + logx| + ¢
17. Question

Evaluate the following integrals:

X
~et+1
J - dx
et +X
Answer

Assume eX + x =t
d(eX + x)=dt
eX+1=dt

Put t and dt in given equation we get

dt
t

= In|t] + c.
Butt =eX + x
=In|eX+1]+c
18. Question

Evaluate the following integrals:



-1
Jxlﬁgxdx

Answer
Assume logx =t
d(logx)=dt

Zdx = dt

x

Put t and dt in given equation we get

dt

B

= In|t] + c.
But t = logx
= In| logx| + ¢

19. Question

Evaluate the following integrals:

J- jsin 2x o
acos X +bsin~x

Answer

Assume acos2x + bsin?x = t
d(acos?x + bsin?x) = dt

( - 2acosx.sinx + 2bsinx.cosx)dx = dt
(bsin2x - asin2x)dx=dt

(b - a)sin2xdx=dt

dt
(b—a]

Sin2xdx =

Put t and dt in given equation we get

1 dt
= =
(b—a)” t

=2 n|t| + c.
b—a

But t = acos2x + bsin®x
1 .

= —n| acos?x + bsinx | + c.
—a

20. Question

Evaluate the following integrals:

J‘ COSX &

2+3sinx
Answer
Assume 2 + 3sinx =t

d(2 + 3sinx)=dt



3cosxdx = dt
cosxdx=%

Put t and dt in given equation we get

1 pdt

= - =
3 t

= E111|t| +c
3

Butt =2 + 3sinx
=§111I2 + 3sinx| + c

21. Question

Evaluate the following integrals:

s l—sinx
Ji dx
X +COsSX
Answer

Assume x + cosx =t

d(x + cosx) =dt

=1 - sinx dx =dt

Put t and dt in given equation we get

dt
= | =

t

= In|t] + c.
But t = x + cosx
=In| x + cosx | + ¢
22. Question
Evaluate the following integrals:
J.L.dx

b +ce®
Answer

First of all take eX common from denominator so we get

Assume be "X + ¢ =t
d(be " * 4+ ¢) =dt
= - be " Xdx= dt

—dt

= e *dx = e

Substituting t and dt we get



—adt
bt

= Injt| + ¢

b
Butt =(be X + ¢)
=fflnlbe"‘ +c+c

23. Question

Evaluate the following integrals:

1
| =&
e’ +1
Answer

First of all, take e* common from the denominator, so we get

1
:Im.dx

1.e7%
= dx
“[ e X411

Assume e "X+ 1 =t
dle *+1)=dt

= - e Xdx= dt

= e Xdx=-dt

Substituting t and dt we get

—dt

t
=Inlt] + ¢
Butt =(e X+ 1)
=Inle™ + 1] + ¢
24. Question

Evaluate the following integrals:

J" cotx dx

logsinx

Answer
Assume log(sinx)=t

d(log(sinx)) =dt

222 dx =dt

sinx
= cotx dx = dt

Put t and dt in given equation we get

dt
= | =

t

= In[t| + c.



But t = log(sinx)

= In| log(sinx) | + ¢

25. Question

Evaluate the following integrals:

-

K

roe

.' 2x dx
et =2
Answer

Assume e2X - 2=t
d(e?* - 2) =dt

= 2e2Xdx =dt

- e2xdx = &
2

Put t and dt in the given equation we get

1 pdt
==

2 t

[N

In|t] + ¢
Butt=e?*-2

= glnlez" -2 +c
26. Question

Evaluate the following integrals:

dx

J- 2¢cosxX —3sin X
6cosX +4sinx

Answer

Taking 2 common in denominator we get

J- 2 cosx—3sinx
2(3cosx + 2sinx)

Now assume
3cosx + 2sinx =t
( - 3sinx + 2cosx)dx=dt

Put t and dt in given equation we get

1 pdt

= _ | =
2 t

= E111|t| +c
2

But t = 3cosx + 2sinx
= ilnl?}cosx + 2sinx| + ¢

27. Question

Evaluate the following integrals:



dx

rcos2x +x +1
" x? +sin 2x + 2x
Answer
Assume x2 + sin2x + 2x =t
d(x? + sin2x + 2x) =dt

(2x + 2cos2x + 2)dx = dt

2(x + cos2x + 1)dx = dt

(x + cos2x + 1)dx =§ dt

Put t and dt in given equation we get

1 pdt
= | =
2 t
= ilnltl +c

But t = x2 + sin2x + 2x
=$111I:«;2 + sin2x + 2x| + ¢

28. Question

Evaluate the following integrals:

. 1
J cos(x+a)cos(x+b)

Answer

1

Letl = f cos(x+a) cos(x+h)
Dividing and multiplying | by sin (a - b) we get,

_ 1 sin(a—hb)
| = sin(a-hb) J‘::c::a(:\-:+a] cos{x+h) dx

_ 1 J- sin{(x+a)—(x+b)} dx

- sin(a-b) Y cos(x+a)cos(x+hb)

_ 1 J-sin(x+a] cos(x+b)—cos(x+a)sin(x+b) d
- sin(a-hb) cos(x+a) cos(x+h)

1

=y J{tan(x + a) — tan(x + b) }dx

We know that,
J-tanx dx = |logsecx| + ¢

Therefore,

_ 1 log(sec(x+a)) . log(sec(x+b))
I = sin(a-hb) [ x+a x+hb } tc

29. Question

Evaluate the following integrals:

P—sinX +2c0sX
J dx

251X +CcosX



Answer

Assume 2sinx + cosx =t
d(2sinx + cosx) =dt
(2cosx - sinx)dx= dt

Put t and dt in given equation we get

dt
t

=In|t] + ¢

But t = 2sinx + cosx

= In|2sinx + cosx| + c.
30. Question

Evaluate the following integrals:

~cos4xX —cos2X
J : , dx
simn4x —sm 2x

Answer

Assume sin4x - sin2x =t
d(sindx - sin2x) =dt
(cos4x - cos2x)dx= dt

Put t and dt in given equation we get

dt
= | =

t
=In|t] + ¢
But t = sindx - sin2x
= In| sindx - sin2x | + c.
31. Question

Evaluate the following integrals:

dx

J- secx
log (secx +tanx)

Answer
Assume log(secx + tanx) =t
d(log(secx + tanx)) =dt

(use chain rule to differentiate first differentiate log(secx + tanx) then (secx + tanx)

secxtanx + sec’x
= —(x=dt

secx +tanx

secx (tanx + secx)
= ———dx=d

t

secx +tanx
= secx dx =dt

Put t and dt in the given equation we get

dt
= | =

t



=In|t] + ¢

But t = log(secx + tanx)

= In| log(secx + tanx) | + c.
32. Question

Evaluate the following integrals:

rCosecx

dx
X
log tan —
3

Answer
Assume Iog(tang) =t
d(log(tang)) =dt

(use chain rule to differentiate)
X
tanE
1
=»>— —=dx=dt
25111;::05;

1

sinx

=

dx = dt

= cosecx dx =dt

Put t and dt in the given equation we get

dt
= | =

t

=In|t] + ¢
Butt = Iog(tang)
= In| Iog(tang) | + c.

33. Question

Evaluate the following integrals:

¥ 1

J xlogxlog(logx)
Answer

Assume log(logx) =t
d(log(logx)) =dt

(use chain rule to differentiate first)

1

xlogx

dx=dt

=

Put t and dt in given equation we get

dt
= | =

t

=In|t] + ¢



But t = log(log(x))
= In| log(log(x)) | + c.
34. Question

Evaluate the following integrals:

sCcosecx
Jidx

l1+cotx
Answer
Assume 1 + cotx =t
d(1 + cotx) =dt
=cosec?x=dt
Put t and dt in given equation we get

dt
= | =

t
=In|t] + ¢
Butt =1 + cotx
= In|1l + cotx| + c.
35. Question

Evaluate the following integrals:

dx

-10x° +10% log_ 10
,' lox _XID L
Answer
Assume 10* + x10 =t
d(10* + x10) =dt
aX = logea
= 10x° + 10¥log,10=dt

Put t and dt in given equation we get

dt
t

=In|t] + ¢

Butt = 10% + x10

= In|10* + x19] + c.
36. Question

Evaluate the following integrals:

—dx

J- l1-smn2x
X +C08° X

Answer

Assume X + cos?x =t



d(x + cos®x) =dt

(1 + (- 2cosx.sinx))dx = dt
2sinx.cosx=sin2x

(1 - sin2x)dx=dt

Put t and dt in given equation we get

dt
= | =

t
=In|t] + ¢
But t = x + cos®x
= In| x + cos?x | + c.
37. Question
Evaluate the following integrals:
- l+tanx
J x +logxsecx
Answer
Assume x + logxsecx =t

d(x + logxsecx) =dt

1 + secxtanxdx = dt

SeCX

(1 + tanx)dx = dt

Put t and dt in given equation we get

dt
t

=In|t] + ¢

But t = x + logxsecx

= In| x + logxsecx | + c.
38. Question

Evaluate the following integrals:

- sin 2x
J dx

a’+b’sin’x
Answer
Assume a2 + bZsin?x = t
d(a? + b%sin?x) = dt
2b2.sinx.cosx.dx=dt
(2sinx.cosx = sin2x)

Sin2xdx = &¢
h2

Put t and dt in the given equation we get



1 pdt
= __ | =
b2 t

= b—ilnltl +c

But t = a2 + b?sin?x

= b—ilnlaz + b?sin®x| + c.

39. Question

Evaluate the following integrals:
r X +1

J x(x+logx)

Answer

Assume x + logx =t

d(x + logx) = dt

=>(1 + i)dx=dt

> () dx = dt

X
Put t and dt in the given equation we get

dt
= | =

t
=In|t] + ¢
But t = x + logx
=In|x + logx| + c.
40. Question
Evaluate the following integrals:
1

[ dx
J J1-%x° (2+ 3sin” X)

Answer

Assume 2 + 3sin"Ix =t
d(2 + 3sin " 1x) = dt
- —_dx=dt

vi1-x

dx dt

= =
y1-x2 32

Put t and dt in the given equation we get

1 pdt

=_-| =
3 t

= E111|t| +c
3

Butt =2 + 3sin " 1x

=b—12111|2 + 3sin7*x| + c



41. Question

Evaluate the following integrals:

s sec X
Jidx

fanx + 2
Answer
Assume tanx + 2 =t
d(tanx + 2) =dt
(sec?xdx) = dt
Put t and dt in given equation we get

dt
t

=In|t] + ¢

Butt =tanx + 2
=In|tanx + 2 | + C.
42. Question

Evaluate the following integrals:

dx

- 2c0s2X +sec” X
Jsmix—mnx—ﬁ
Answer
Assume sin2x + tanx - 5 =t
d(tanx + sin2x - 5) =dt
(2cos2x + sec?x)dx = dt

Put t and dt in given equation we get

dt
t

=In|t]| + ¢

But t =sin2x + tanx -5

= In|sin2x + tanx - 5| + c.
43. Question

Evaluate the following integrals:

dx

s sin2x
Jsh15xsh13x
Answer

sin2x can be written as sin(5x - 3x)
.. The equation now becomes

:f sin(5x—3x) dx

sin 5xsin 3x

sin(A - B) = sinAcosB - cosAsinB



J- sin 5xcos3x—cos5xsin 3x

dx

sin 5xsin 3x

sin5Sxcos 3x cos3xsin3x
- [nducosixy,  peosssiny

sin Sxsin 3x

- J- coszxdx_ j- cosSde

sin 3x sin5x

sin Sxsin 3x

= [cot3xdx— [ cot5xdx
1, 1 .
= Ehllsm?;xl —-In|sin5x| + c.

44. Question

Evaluate the following integrals:

J- l+cotx dx

X +logsmx
Answer
Assume x + log(sinx) =t
d(x + log(sinx)) =dt

COSX
d

1+

X = dt

sin x
(1 + cot)dx = dt

Put t and dt in given equation we get

dt
= | =

t
=In|t] + ¢
But t = x + log(sinx)
= In| x + log(sinx) | + c.
45. Question
Evaluate the following integrals:
o 1

I&E)

dx

Answer
Assume vV x + 1 =t

dvx+1)=dt
- dx=dt

24x

1
= T_dX = 2dt

VX
Put t and dt in given equation we get
:fgﬂ

t

=In|t] + ¢

Butt=vx+1

=2In|Vvx+1|+c



46. Question

Evaluate the following integrals:
[ tan 2x tan 3x tan 5x dx
Answer

We know tan5x = tan(2x + 3x)

tanA + tanB

tan(A + B) =
1-tanAtanB

tanZx + tan3:
tan(2x + 3X) _ tan X+ tan3x

l1-tan2xtan3x

tan(5x) — tan2x + tan3x

1—tan2xtan3x
= tan(5x)(1 - tan2x.tan3x) = tan(2x) + tan(3x)
= tan(5x) - tan2x.tan3x.tan5x = tan(2x) + tan(3x)
= tan(5x) - tan(2x) - tan(3x) = tan2x.tan3x.tan5x
Substituting the above result in given equation we get

= [tan5x — tan 3x — tan 2xdx

= [tan5xdx — [ tan 3xdx — [ tan2x dx

= _Tllnlcos 5x| — %lnlcos 3x| - %lnlcos 2x| + c

=>_T1111|c055x| + élnlcos?}xl + ;lnlcostI + c

47. Question
Evaluate the following integrals:
[ {1+ tan xtan (x + 6)} dx

Answer

tanA—tanB

tan(A-B) =——~ —_
1+ tanAtanB

i _ tanx-tan(x + 8)
~tan(x - (x +6)) = 1 +tanxtan(x + 6)

- tan(@) = tan x—tan(x + @)

1 +tanxtan(x + 6)

= tan(6)(1 + tanx.tan(x + 6 )) = tan(x) - tan(x + 6)

= (1 + tanx.tan(x + 8)) =$(tanx—tan(x + 8)
1
= f@(tanx— tan(x + 0)).dx

= ﬁftanxdx — [tan(x + 8)dx

1
= E(—lnlcosxl — (—In|cos(x + B)| + c.

1
=E[—lnlcosx| + In|cos(x + B)| + c

48. Question

Evaluate the following integrals:



—dx

J- sIn2x

T

sin X+—
6

T .
X — = [sin
6

Answer

sin(A - B) = sinAcosB - cosAsinB
. . . m . T R m
-~ We can write sin (x— E) = sinxcos_ —cosxsin_

sin(A + B) = sinAcosB + cosAsinB

. . . . il . m
. We can write sin (x + ) = sinxcos + cosx sin—

. The given equation becomes

sin 2x

dx

. T . T . i . T
S]llKCOEE—COSXS]n; smxcos;+ COS}.’S]H;

sin 2x

dx

= . 42 1 RE 1
SINX— —CosX- || SINX— + COSX—
2 2 2 2

Denominator is of the form (a - b)(a + b) = a2 - b2

sin2x

:I( dx....(1)

2 gin? x —cos? xi)
4 4
We know sin?x + cos?x = 1

. sin2x =1 - cos?x

Substituting the above result in (1) we get

sin2x

:IG dx

{1—cos?x) -cos? xi)

sin 2x
Eidx... 2
= f {E—coszle (2)

3
Let us assume (1 — cosg? x) =t

3 A
=>d(4 cos x) =dt
= 2sinx.cosx.dx=dt
= sin2x.dx=dt

Substituting dt and tin (2) we get

dt
= | =

t

=In|t| + c

Butt = G — coszx)

In|G— COSQX) | + c.
49. Question

Evaluate the following integrals:

i ex—l N Xs—l
|
em+ X



Answer

Multiplying and dividing the numerator by e we get the given as

ﬂéfmdx---(l)

et + x®
Assume eX + x® =t
= d(eX + x® )=dt
=>eX +ext-1l=dt

Substituting t and dt in equation 1 we get

dt

e t
=In|t] + c
Butt =eX + x®
~InjeX* 4+ x| + c.
50. Question
Evaluate the following integrals:
J;dx
SMXCOsS™ X

Answer

2

We know sin?x + cos?x = 1

:J'S]ll ‘(+CDS X

sinx cos®x

2
sin® x cos®x

J——— J——

sm\'cosz'\-: sinxcos?x

- J‘ sinx d + J"

cos® x sin ‘(

= [tanxsecxdx + [ cscxdx
d(secx) = tanx.secx

~ [tanxsecxdx = secx + ¢

- [tanxsecxdx + [ cscxdx
v [ esexdx = logltanzl + ¢

= secx + log[tan| + c.

51. Question

Evaluate the following integrals:

- 1
J S

c0os3X —cosX
Answer

The denominator is of the form cosC - cosD = —2 sin(

. . 3+1 . 3-1
. COS3X - COSX= —2 sin (Tx) sin (TX)

c+ d) (c d)
sin
2 2



.. COS3X - COSX= - 2sin2X.sinx

- 25in2x.sinx = - 2.2.5iNX.C0SX.SinX
- 2sin2x.sinx= - 4sin2x.cosx

Also sin?x + cos?x = 1

- z
sin® x + cos® x
- ot
—4 5in? xcosx

-1 sin®x -1 cos®x

e L, g LI

4 * sin®x.cosx 4 * sin®x.cosx

=>_—:(f L dx + fw“ dx)

COSX sin® x

-1
= Tf secxdx + [cscx.cotxdx

d(cscx) = cscx.cotx
[ cscxcotxdx = cscx +
- [ secxdx + [cscx.cotxdx

" [ secxdx = log|secx + tanx| + c

=_—:(cscx + log|secx + tanx|) + c

Exercise 19.9
1. Question

Evaluate the following integrals:

dx

clogx
=
Answer
Assume logx =t

= d(logx) = dt
=>de = dt

Substituting t and dt in above equation we get

= [t.dt
= —-+4c
2
But t = log(x)
=>log23-.'

+ c-

2. Question

Evaluate the following integrals:

1_1J
X/ dx

J X(1+x)

log

Answer



Assume log(l + %) =1t

4
=
=
(&)
[
=
I
[=W
—

= =
x(x+1)

.. Substituting t and dt in the given equation we get

= [ —t.dt
= —[t.dt
- +cC

2
But log(l + %) =t
=—Ellogz(1 + 3 +c

3. Question

Evaluate the following integrals:
(1= )
T w

Answer

dx

Assume 1 + Vx =t

=d(1+ vx) =dt

= dx = dt
24x
1

=7dx = 2dt
Vx

. Substituting t and dt in the given equation we get
= [2t2.dt
=2 [t2.dt

212
=—+c
3

Butl + vx =t

3
ﬁz{l-;\’l';} + c

4. Question

Evaluate the following integrals:

J.\,’l +etetdx



Answer

Assume 1 + eX =t

=>d(1l + eX) =dt

= eXdx = dt

.. Substituting t and dt in given equation we get

= [Vt.dt

= [t%2.dt

2
= 2tz
?‘FC

Butl +eX=t

Xya3/z
o 201+ %)%
3

+ c

5. Question

Evaluate the following integrals:

J \3,fc03" X smxdx

Answer
Assume cosx =t
= d(cos x) = dt

= - sinxdx = dt

—dt

sinx

=dx =

. Substituting t and dt in the given equation we get

= 2ginx.
“[ sinx

= [t%2.dt

2tz
"=+
3

Butcosx =t

32
= 2(cosx)

3
6. Question

Evaluate the following integrals:

[
(1— e* )

Answer

Assume 1 + eX =t

=>d(1 + eX) =dt

= eXdx = dt



. Substituting t and dt in given equation we get
= [ St
= [t72.dt

-1

== +c
t

Butl +eX=t

-1
1+Ex+l:.

7. Question

Evaluate the following integrals:
| cot3x cosec?x dx

Answer

Assume cotx =t

= d(cotx) = dt

= - cosec?x.dx = dt

—dt

csclx

. Substituting t and dt in the given equation we get

= [ t3escix.—
CECX

= [—t3.dt
= —[t3.dt
=—+c

But t = cotx

—cot®*x
I — + cC

8. Question

Evaluate the following integrals:

.

4

sn~lx | B

5
J—;dx
1—x°
Answer
Assume sin " Ix =t

= d(sin " 1x) = dt

.. Substituting t and dt in the given equation we get
= [et’dt

= [e?t dt



Butt = sin " 1x

2(sin " 1x)
e2l
+ cC
2

9. Question

Evaluate the following integrals:

J- l+smnx dx

/X —COsSX
Answer
Assume x - cosx =t
= d(x - cosx) = dt
= (1 + sinx )dx = dt
. Substituting t and dt in given equation we get
= f%dt
= [71\2 dt
=2t + ¢
Butt = x - cosx.
= 2(x - cosx)1/2 + c.

10. Question

Evaluate the following integrals:

[ ! —dx

J V1-x° (_sin'lx]_.
Answer

Assume sin “1x =t
= d(sin ~1x) = dt

- & _ 4t

—
W1—x2

. Substituting t and dt in the given equation we get

Butt = sin " 1x

-1

sinTtx

=

11. Question

Evaluate the following integrals:



J" cotX dx

JJsinx
Answer

We know d(sinx) = cosx, and cot can be written in terms of cos and sin

CODSX

SoCcotx =

sinx

.. The given equation can be written as

COSX
= f— ——dx
SIN XY SINX

= J‘ COS; dx

sin®\2x

Now assume sinx = t
d(sinx) = dt
cosx dx = dt

Substitute values of t and dt in above equation

dt
=&

= [t73\2dt
= —2t71\% + C
=>_2sin"1\V?x + ¢

-2
> —— + ¢
VEINX

12. Question

Evaluate the following integrals:

J" fan x dx

AJcosx
Answer

We know d(cosx) = sinx, and tan can be written interms of cos and sin

sinx

Stanx =
05X

. The given equation can be written as

sinx
=>J~————;:::dx
COS X\ COSX

:J- sinx dx

Y
cos?\2x

Now assume cosx = t

d(cosx) = - dt

sinx dx = - dt

Substitute values of t and dt in above equation

—dt
= [ =
32

= — [t73\2dt



=2tV + ¢

=2cos V2% + ¢

2

=
—
yCcosx

13. Question

Evaluate the following integrals:

- cos" X
J dx

Jsinx
Answer

In this equation, we can manipulate numerator

2

Cos3x = cos?x.cosx

. Now the equation becomes,

cos® X.cosX
- J ee o

vEinx
Cos?x = 1 - sin®x

1-sin®x.cosx
Vsinx

Now,

Let us assume sinx =t
d(sinx) = dt

cosx dx = dt

Substitute values of t and dt in the above equation

1 t2
:‘[;%dt-—f;%dt
= [t "2dt— [t3\2dt
2 5
=2t1"2 _Z3 4+ ¢

But t = sinx

. 2 . B
= 2sinx™? — Zsinxz + ¢
=1

14. Question

Evaluate the following integrals:

- sin” x
J dx

\,"C'DS X
Answer

In this equation, we can manipulate numerator

sin3x = sin?x.sinx

. Now the equation becomes,



sin® x.sinx
, [eintxsing ;.

Veosx
sin2x = 1 - cos?x

- 1—cos®xsinx
Ide
Jcoosx

Now ,

Let us assume cosx =t
d(cosx) = dt

- sinx dx = dt

Substitute values of t and dt in above equation

= — [

1 t2
ﬁ—fﬁdt _fﬁdt
= — [t712dt + [t3V2dt
5
= 2t + 2z + ¢
But t = cosx
102 2 5
= _—2cosx™ + Zcosxz + ¢

15. Question

Evaluate the following integrals:

J‘ ! —dx
\f‘ran_l X(1+x7)
Answer

Assume tan "1x =t

d(tan " 1x) = dt

1
1+x=

dx = dt

Substituting t and dt in above equation we get

Butt = tan ™ 1x
= 2(tan " 1x)1/2 4+ .
16. Question

Evaluate the following integrals:

J‘ JIan x dx

SN XCOSX



Answer
Multiply and divide by cosx

[tanx.cosx
= I—"’ LEOEX Ad

SN X.COSX.COSX

yianx
> o dx
tanx.cos“x
sec’x.
=]

——
ytanx,

Assume tanx =t

d(tanx) = dt

sec?x dx = dt

Substituting t and dt in above equation we get
- f\,'i'fdt

= [t71\2 dt

=2tV + ¢

But t = tanx

= 2(tanx)1/2 + c.

17. Question

Evaluate the following integrals:

J.l(logx}z dx
X

Answer
Assume logx =t
d(log(x)) = dt
=ldx = dt

b 4
. Substituting t and dt in given equation we get
= [t2.dt
= [t2.dt
-4+

3
Butlogx =t

o (log(x)) 3
3

+ cC
18. Question
Evaluate the following integrals:

J sin® x cos x dx
Answer

Assume sinx = t



d(sinx) = dt
cosxdx = dt
. Substituting t and dt in given equation we get

= [t5dt

=—+4c
6

But t = sinx

sin” x

= — T C

19. Question

Evaluate the following integrals:
J tan32 x sec? x dx

Answer

Assume tanx =t

d(tanx) = dt

secZxdx = dt

. Substituting t and dt in given equation we get

ﬁfﬁm

ralen

2t
" — 4+

But t = tanx

5
— 2tanzx

=

20. Question

Evaluate the following integrals:

Answer

Assume x2 + 1=t
=d(x? + 1) = dt
=2x dx = dt

dt
=>xdx = <

x3 can be write as x2.x

. Now the given equation becomes

ﬁ_[ %2 xdx
x2+1)3

X2+l=tox?=t-1



({t—1)dt
=[5

1 t 1
:Eft_adt_'[t_adt
> [t2dt— [t
=S 2(—1t 4 2t 4 ¢
2 2
Butt = (x% + 1)

(12 + DT+ (2 + D) +

-1 1
= 2(x% +1) + 4(1 +x2)2 €
:—4{1+x2}2+2(1+x2] 1 c

g(1 +x2)2
21. Question

Evaluate the following integrals:

J(4x——2) x’+x +1dx

Answer

Here (4x + 2) can be written as 2(2x + 1).
Now assume, x2 + x + 1 =t

d(x? +x+ 1) =dt

(2x + 1)dx = dt

= [2(2x + DVx2 + x + 1dx

= I Z\Edt

Butt=x2+x+ 1

= 4(x® +x+ l}afz

3

+c

22. Question

Evaluate the following integrals:

c o 4x+3

J _ dx
2x- +3x+1

Answer

Assume, 2x2 + 3x + 1=t
d(x2 + x + 1) = dt
(4x + 3)dx = dt

Substituting t and dt in above equation we get



Butt =2x%2+3x + 1
=2(2x% + 3x + 1)1/2 4+ .
23. Question

Evaluate the following integrals:

C 1
Jl_\/;dx

Answer

X = t2

d(x) = 2t.dt
dx = 2t.dt

Substituting t and dt we get

2t.dt

1+t

t.dt
1+t

=2

Add and subtract 1 from numerator

=>2(fﬁdt— fidt)

t+1 1+t
=>2(jdt— fﬁtdt)
= 2(t-In|1 + t|)
But t = Vx
=2(Vx-In]1 +Vx|)+c
24. Question

Evaluate the following integrals:
J‘emz" sin 2x dx

Answer

Assume cos?x = t

d(cos?x) = dt

- 2sinxcosxdx = dt

- sin2x.dx = dt

Substituting t and dt

= [ et dt



sel +c.

But t = cos?x
= ecost +cC
25. Question

Evaluate the following integrals:

= l+cosx
73dx
(x +sinx)
Answer

Assume x + sinx =t
d(x + sinx) = dt
(1 + cosx)dx = dt

Substituting t and dt in given equation

dt
= | =

tB
= [t3dt

l'_2
=—+c
-2

-1
== +c
2t2

But t = x + sinx

-1

2(x +sinx)?
26. Question

Evaluate the following integrals:

SCOSX —8inN X
[N S

1 +sin2x
Answer
We know cos2x + sin?x = 1, 2sinxcosx = sin2x

.. Denominator can be written as

€0s2x + sin?x + 2sinxcosx = (sinx + cosx)?

. Now the given equation becomes

J- COSK—SIn x

Assume cosx + sinx =t
~od(cosx + sinx) = dt
= COSX - Sinx

.~ dt = cosx - sinx



= [t72.dt

tL
=—+c
-1

But t = cosx + sinx

-1
-——— + ¢
COSX + SInX

27. Question

Evaluate the following integrals:

- sin 2x

~dx
(a+bcos 2x)

Answer
Assume a + bcos2x =t

d(a + bcos2x) = dt
- 2bsin2x dx = dt

Sin2xdx = =%
2b

-1 pdt
=_— | =
2b* t2

Butt = a + bcos2x

1

=>—— + (.
2b{a + bcos2x)

28. Question

Evaluate the following integrals:

dx

-logx?
=
Answer
Assume log x =t

= d(logx) = dt

»ldx = dt

X

Substituting the values oft and dt we get
= [t2dt
=+
3
But t = logx

a
=>lcng X

+c



29. Question

Evaluate the following integrals:

J- SN X dx
(I+cosx)

Answer

Assume 1 + cosx =t

= d(1 + cosx) = dt

= - sinx.dx = dt

Substituting the values oft and dt we get

&

=
> —[dt
=—[t72.dt
S

Butt =1 + cosx

+1

1+ cosx
30. Question
Evaluate the following integrals:
[ cotx log sin x dx
Answer
Assume log(sinx) =t
d(log(sinx)) = dt

= dx = dt

sinx
= cot x dx = dt

Substituting the values oft and dt we get

= [tdt

= —-—+c
2

But t = log(sinx)

R Y-
= log(sinx)“ x
2

+ C-

31. Question

Evaluate the following integrals:
[ sec x log (sec x + tan x) dx
Answer

Assume log(secx + tanx) =t

d(log(secx + tanx)) = dt



(use chain rule to differentiate first differentiate log(secx + tanx) then (secx + tanx)

secxtanx + sec®x
[ —y | ' dt

secx +tanx

secx(tanx + secx
o secx(tanx *see) gy — dt

secx +tanx
= secx dx = dt
Put t and dt in given equation we get
Substituting the values oft and dt we get
= [ tdt

t2
== +c
2

But t = log(secx + tanx)

2 . :
= log“(secx + tanx)
2

(i

32. Question

Evaluate the following integrals:

[ cosec x log (cosec x - cot x) dx

Answer

Assume log(cosec x - cot x) =t

d(log(cosec x - cot x)) = dt

(use chain rule to differentiate first differentiate log(secx + tanx) then (secx + tanx)

= —cscxcotx + »::s::zxdkr = dt

cosec x—cotx

- cscx(cscx—cotx) dx = dt

cosecx—-cotx
= cscx dx = dt
Put t and dt in given equation we get

Substituting the values oft and dt we get

= [tdt
== +c
2

But t = log(cosec x - cot x)

2 . - ;
= log={cosec x - cot x)
2

+ c
33. Question

Evaluate the following integrals:
[ x3 cos x* dx

Answer

Assume x* =t

d(x%) = dt

4x3dx = dt



x3dx = &
4

Substituting t and dt

= f:tcostdt

1zint

+ cC
Butt = x4
L i 4
= sinx + c
34. Question
Evaluate the following integrals:
[ x3 sin x* dx
Answer

Assume x4 =t

d(x%) = dt
4x3dx = dt
x3dx = &

4

Substituting t and dt
= _[isintdt

—1cost

+ cC
But t = x4
- —cosx* + c.

35. Question

Evaluate the following integrals:

J~x sint %’
4

dx
1—-x

Answer
Assume sin " 1x2 =t

= d(sin " 1x) = dt

2xdx
== = dt

yi1-x*

xdx dt
= = —

y1—x* 2

.. Substituting t and dt in given equation we get
t
= f;dt

1
=Eft.dt



=—-+c
4

Butt = sin " 1x

= (sin"tx?)?

4

+ C.

36. Question

Evaluate the following integrals:
[ x3sin (x4 + 1) dx

Answer

Assume x* +1 =t

d(x* + 1) = dt

4x3dx = dt

x3dx = &
4

Substituting t and dt
= f:tsilltdt

—1cost

+cC
Butt=x*+1
=>_—:cos[x“ + 1) + c

37. Question

Evaluate the following integrals:

J- (x +De* dx

cos’(xe™)
Answer
Assume xeX =t
d(xeX) = dt
(e* + xeX) dx = dt
eX(1 + x) dx = dt

Substituting t and dt

:J' dt

cos®t

= [sec?tdt
=>tant+c
Butt=xeX+1
= tan (xe*) + c.
38. Question

Evaluate the following integrals:



=d(e*®) = dt
= 3x2.e%%dx = dt
= x2 %% dx = %

Substituting t and dt

= _[écost.dt

= isint + c
3
Butt = exg
=>§sinexa +cC
39. Question
Evaluate the following integrals:
[ 2x sec3 (x2 + 3) tan (x2 + 3) dx
Answer

sec3 (x2 + 3) can be written as sec? (x2 + 3). sec (x2 + 3)

Now the question becomes

= [ 2x.sec?(x® + 3)sec(x? + 3)tan(x® + 3)dx
Assume sec (x? + 3) =t

d(sec (x? + 3)) = dt

2x sec (x2 + 3) tan (x2 + 3)dx = dt

Substituting t and dt in the given equation

= [t2dt

==+

=>§(sec(x2 + 3)%) +c

40. Question

Evaluate the following integrals:

Answer

x+1

X

(x—logx)zdx

Assume (x + logx) =t

d(x + logx) = dt



=>(1 +3]dx = dt

X

x+1

dx = dt

=

X

Substituting t and dt
= [ t2dt
==+

3

Butt = x + logx

a
- (x +logx)
3

+ C.

41. Question

Evaluate the following integrals:

J tanxsec” Xy 1—tan” xdx

Answer

Assume 1 -tan?x =t

d(1 - tan?x) = dt
2.tanx.sec?xdx = dt
Substituting t and dt we get

== J.g\."%dt

> [tz dt

2

= 4tz
Z 4

6

Butt = 1 - tan®x

= —2(1—!::.:.1123-.'}3*;2
3

+c

42. Question
Evaluate the following integrals:
sin {1+ (lf:)gx)3 ]-
{ = |

Jlogx ‘ . dx

Answer
Assume 1 + (logx)? =t
d(1 + (logx)?) = dt

log s
=2Lf“dx=dt

logx
X

. dt
= [ sint—



=§f sintdt

= —cost + ¢

Butt =1+ (logx)
=>_?1cos[1 + logx?) + c.

43. Question

Evaluate the following integrals:

-1 (1

J _cos”| — |dx
X" X
Answer

1
Assume - = t
X

= —dx = dt
b 4
Substituting t and dt we get
= [cos’tdt
= 2, _ 1l+cosix
COS“X = ———
. The given equation becomes,
= J- l—cc:ISEth
2
We know [ cosaxdx = isinax + c
1 1
= [ dxt — [ cos(2t) dt
t 1 .
== ;sm(t) +c
But: =t
X
1 1, 1
=’;‘— ;5111 (;) + C.
44. Question

Evaluate the following integrals:

| sec? x tan x dx

Answer
Puttanx =t
d(tanx) = dt

sec2xdx = dt

dt

sec®x

We can write sec?x = sec?x. sec2x

Now ,the question becomes



dt
= [ sec’x.sec’x. tanx—__—

= [sec?x.tanxdt
TanZx + 1 = sec®x
tanx =t

t? + 1 = sec®x

= [(t?2 + 1)tdt

= [3dt + [t.dt

t* t*
=—+ -+
4 2

But t = tanx

4 3
= tan™ x tan® x
4 2

+cC

45. Question

Evaluate the following integrals:

' CDS( e""’_i )

|
Vx

Answer

c

Assume eVX =t

d(e¥X) = dt
VE

=2 _dx = dt
24x
VE

=% _dx = 2dt
VX

Substituting t and dt
=2 [ costdt

= 2sint + ¢

But t = VX

=2 sin(eVX) + c.

46. Question

Evaluate the following integrals:

-1 (1

J —cos”| — |dx
X~ X

Answer

1
Assume - = t
X

= —dx = dt
X

Substituting t and dt we get



= [cos’tdt
= 2, _ 1l+cosix

COS“X = ———
. The given equation becomes,
= J- l—cc:ISEth

2

We know [ cosaxdx = isinax + c

1 1
= [ dxt — [ cos(2t) dt

t 1 .
= - ;sm(t) +c
But: = t

X

1 1, 1
=>Z-_-_ 1511] (;) + C.
47. Question

Evaluate the following integrals:

-sixwf;

J T dx
Jx

Answer

Assume vx =t

d(vx) = dt
- dx = dt
2y x
1
=>.T;d}’t{ = 2dt

Substituting t and dt

=2 sintdt

= - 2cost + C

Butvx =t

=2 cos(Vx) + c.

48. Question

Evaluate the following integrals:

J°%dx
sm-(xe™)

Answer

Assume xeX =t

d(xeX) = dt

(eX + xeX) dx = dt

eX(1 + x) dx = dt

Substituting t and dt



:fdt

sin? t
= [ csc?tdt
=-cott+c

Butt=xeX+1

= - cot (xeX) + c.

49. Question

Evaluate the following integrals:

.

24N

A
J 5}; tan x dX

)

X" +1

Answer
Assume X + tan~"1x =t

d(x + tan " 1x) = dt

1

=1 + = dt
x2 +1
2 +x°
:3-.'2+1= dt

Substituting t and dt
= [ 5tdt

St
=

logs

Butt = x + tan ™ 1x

=1
5}{ +tan “x

=+
logs

50. Question

Evaluate the following integrals:

. ems’tn_lx
| —=&
1-x~
Answer

1

Assume sin " *x =t

d( sin " 1x) = dt

dx
i = dt
.. Substituting t and dt in given equation we get

= J’ Emtdt

mt

=]
2—+c
m

But t =sin " 1x

in—1
emsintx

+ C

m



51. Question

Evaluate the following integrals:

y COS\E

J " dx
Jx

Answer

Assume Vx =t

d(vx) = dt

-2 dx = dt
2y x

- Ldx = 2dt

Vx
Substituting t and dt
=2 [ costdt

= 2sint + ¢

Butvx =t

=2 sin(vx) + c.

52. Question

Evaluate the following integrals:

sin(tan ™" x )
| ————Fdx
1+x°
Answer

Assume tan " 1x =t

d( tan " 1x) = dt

1
%2 +1

=

= dt

Substituting t and dt
= sintdt
=-cost +c
Butt = tan " 1x
= - cos(tan " 1x) + c.
53. Question
Evaluate the following integrals:
J-Sin(log X) dx

X
Answer
Assume logx =t
d(logx) = dt

»ldx = dt

X



Substituting t and dt
= sintdt
=-cost+cC

But t = logx

= cos(logx) + c.

54. Question

Evaluate the following integrals:

Answer
Assume tan "1x =t

d( tan " 1x) = dt

1
%2 +1

=

= dt
Substituting t and dt

= J' emtdt

e mt

=—+c
m

But t = tan "~ 1x

—1
E]I!.‘.'E.]'.I. X

+c

m
55. Question

Evaluate the following integrals:

dx

] -

\/XE +a’+ \/x:' —a’
Answer
Rationlize the given equation we get

(%% + 22— x2—32
X YX* +at—yx*-a

VxZ+a?+yxT—a® x® +a—x%-a?
:f x(y x* +a?—yx%—a%)

e dx

Assume x2 =t

2x.dx = dt
=dx = de
2%

Substituting t and dt

S S g
432

2 Z_Jt_a2
=» S J(Vt+ aZ—vt—a%)d



= = [t + a?)"dt— [(t—a%)*2dt

12 2y2 2o 232
=>432(3(t+a)z 3(t a)z)
But t = x?

:L(E(Xz n az)g_ﬁ(xz_az)g)
437 \3 3

56. Question

Evaluate the following integrals:

J-xtan_l X~

—dx

1+x
Answer
Assume tan " 1x2 =t

d( tan " 1x2) = dt

2x

==t

¥ +1

X dt
= = —

x* +1 2

Substituting t and dt

1
= [ tdt

= (tan™*x%)®
4

+c

57. Question

Evaluate the following integrals:

" ( sin”' x )3

1—-x
Answer
Assume sin " Ix =t

d( sin~1x) = dt

dx

S dt
. Substituting t and dt in given equation we get
= [t3dt
-2 +cC
4

But t = sin " 1x

:{51'11:'x)4 .



58. Question

Evaluate the following integrals:

dx

csin(2+ 3logx)
==
Answer
Assume 2 + 3logx =t

d(2 + 3logx) = dt

Substituting t and dt

=>§f sintdt

=-cost+c

Butt = 2 + 3logx
=>_?1c05(2 + 3logx) + c.
59. Question

Evaluate the following integrals:

-

J xe® dx
Answer

Assume x2 =t

= 2x.dx = dt

sxdx = &
2
Substituting t and dt

t dt
= [e'

1
=2e' +c

Butx2 =t

60. Question

Evaluate the following integrals:




d(1l + eX) = dt
eXdx = dt

dX:ﬂ
e¥

Substitute t and dt we get

2y 4t
= [e¥ 3

= [e*.dt

= [(t— 1)dt
= [tdt— [dt
=>t2—2—t +c

Butt=1+ &

X2
$(1+e]

-1+ e +c

61. Question

Evaluate the following integrals:

-ssec2 \E

Jidx
Jx

Answer

Assume vx =t

d(vx) = dt

- dx = dt

2y x

- Ldx = 2dt

e
Substituting t and dt

=2[sec?t dt

= 2tant + ¢

Butvx =t

=2 tan(vx) + c.

62. Question

Evaluate the following integrals:

J tan32x sec 2x dx

Answer

tan32x. sec 2x = tan?2x. tan2x.sec2x.dx

tanZ2x = sec?2x - 1

= tanZ2x. tan2x.sec2x.dx = (sec?2x - 1). tan2x.sec2x.dx

= sec22x tan2x.sec2xdx - tan2x.sec2xdx



[ sec?2x.tan 2x.sec 2xdx — [ tan2x.sec2x.dx

sec 2x

= [ sec?2x.tan 2x.sec 2x.dx — + c

Assume sec2x =t
d(sec2x) = dt

sec2x.tan2x.dx = dt

seclx

= [t?dt——— +¢c
=>i_sve‘::h:_'_c
3 2

But t = sec2x

(sec2x)?® sec2x
B E

63. Question

Evaluate the following integrals:

J~x— X_ldx

X+2
Answer
The given equation can be written as

Vvx+1

x+2

dx

X
= fmdx + I
First integration be 11 and second be 12.

= For |1

Add and subtract 2 from the numerator

x+2-2
:f Xx+2

Xx+2 2
=>_[x+2.dx—fm.dx

dx
x+2

= [dx—2]
=x-2ln|x + 2| +cl
A1l =x-2Injx + 2| +cl
For 12

:J‘\,':{+1d
X+ 2

Assume x + 1=t

dt = dx
= "’_Tdt
t+1

Substitute u = vt

dt = 2vt.du

t =u?



u2

=2 du

u?+1
Add and subtract 1 in the above equation:

u?® +1-1
u? +1

du

=>2f

=>2fu2+1du—f L du

u+1 u? +1

=2 [du—[ du

u? +1

= 2u-tan " 1(u) + c2

Butu = vt

=~ 2Vt -tan " L(vt) + c2

Alsot=x+1

S 2V(x+ 1) -tan Yx + 1) + 2

=11+ 12

Sl=x-2Injx+ 2] +cl+2vV(x+1)-tan Yx + 1) + c2
l=x-2In|x + 2| +2V(x + 1) -tan " Y(x + 1) + c.
64. Question

Evaluate the following integrals:

. 5%

J X -
js-‘ 577 5% dx
Answer

Assume 55°° _ ¢

= 555" 55"5%(log5%)dx = dt
Substituting t and dt

55% oo
- 55% 55%5% dy — &

:J' dt

(logs®)

1
=
(log52)

[dt + ¢

=
(logs®)

But t = 555:‘

=
= C

65. Question

Evaluate the following integrals:



J.¥
xyxt -1

Answer

dx

Assume x2 =t

2x.dx = dt

dt

Substituting t and dt

:EJ' dt
27 g1
a1

= S sec t+ ¢

Butt = x2
1 _

= -sec 12 + ¢

66. Question

Evaluate the following integrals:

J.\/E dx

Answer
Assume eX - 1 = t2

d(eX - 1) = d(t?)

eX.dx = 2t.dt
2t

=dx = ;dt

eX=t2+1

= dx = ——dt
t2+1

Substituting t and dt

=°f{§l s dt

2 +1

2t
= [t dt

2t%
=
fﬁ+1m
tZ
tT+1

=2 dt

Add and subtract 1 in numerator

t24+1-1
t2+1

=2 dt




% +1
t2+1

1
t2+1

=2 dt

dt—2/

1
t2+1

dt

=»2[dt—2]

:ftztldt =tan"'t + ¢

=2t -2tan " 1(t) + ¢

Butt = (eX - 1)1/2
=2(eX-1)Y2-2tan " 1(eX-1) 12 + ¢
67. Question

Evaluate the following integrals:

J‘ : : ,_1 dx
(x+D(x"+2x+2)

Answer

Wecanwrite x2 +2x+1+1=(x+ 1 +1

1.dx
x+1x+1)2+1

Assume x + 1 = tant

= dx = sec?t.dx

- J- sec®t.dt

tanttan®t + 1

= tanZt + 1 = sec?t.

:J' dt

tant.

cost

dt

sint

= log|sint| + ¢

Buttant=x+1

x+1

= sint = ——
1+x)*+1

The final answer is

= logsin Tianis

68. Question

Evaluate the following integrals:
- Xf‘
Jidx
1+x°
Answer

Assume x3 + 1 = t2

d(x3 + 1) = d(t?)



3x2.dx = 2t.dt

=dx = —dt
3x

x3+1=t

=dx = —dt
3x

Substituting t and dt

=2(x3 4 1) (x¥ + 1) 4 ¢
69. Question

Evaluate the following integrals:

J 475 —x7 dx

Answer

Assume 5 - x2 = t2

d(5 - x2) = d(t?)

- 2x.dx = 2t.dt

=x dx = - t.dx
-t
=>dx = —dt
X
Substituting t and dt
=>_[4X3\."t_2%tdt
= 4 [ x2t?
=>x2=5-t2
=4 [(5—t2)t2.dt
=20 [t2dt— 4 [t*dt
3 5
220 x-—4= +c

=20(5 - x)* —2(5 -x?)%2 + ¢



70. Question

Evaluate the following integrals:
J" 1
Jx +x

Answer

dx

X = t2

d(x) = 2t.dt
dx = 2t.dt

Substituting t and dt we get

:I 2tdt
t2 +t

t.dt
2+t

= 2]’
=2[——dt

= 2(In|1 + t|)

But t = vx

=2(In]1 + Vx|) + c.

71. Question

Evaluate the following integrals:

: 1
——dx
ng(f —1)3 !

Answer
1
| = f—idx
%2(x* +1)s

L ———=dx

w1 k)

let1 + — =t
X



72. Question

Evaluate the following integrals:

r dx

-5
J‘ sl X
Ccos X

Answer

Sin®x = sin®*x.sinx
Assume cos x =t
d(cosx) = dt

- sinx.dx = dt

—dt

sinx

Substitute t and dt we get

:J-sm 'csm'c —dt

cos*x smx

:J- dt{l cos ‘(}
cos*x

o r—at(1-t2)°
=

dt

- f 1 +t4-2t2
=

—ftiddt—f:—:dt+2f:—jdt
=- [t7*dt— [dt + 2 [t72dt

t—a
= —t-2tt 4+

But t = cos x

cos™?

X —
= — —cosx—2cos X + ¢

Exercise 19.10

1. Question
Evaluate the followign integrals:J XE\,X +2dx

Answer
Let] = J-x VX + 2dx
Substituting, x + 2 = t=dx = dt,

= J-(t— 2)%/tdt

=1

J-(t2 — 4t + 4)4/tdt

5 3 1
J-(tﬁ — 4tz + 4t§)dt

=1



bl =1
b3l
Bal

=1= + +c

|
ol o

—t
(Y]

—t

=1

=B N B2

7 8 5 8 3
(x + Z)E—E(x + 2)2 + E(X +2)2 + ¢
 —— 2 7 8 5 8 3
Therefore, | x“vx + 2dx = §(x + 2)2—g(x + 2)z + E(x + 2)2 + ¢

2. Question

Evaluate the following integrals:"‘

Answer

XE
Let] = J- dx
Vx—1

Substituting x - 1 = t = dx = dft,

(t + 1)?
[= | ———dt
= f NG

2+ 2t+1
=:-I=J-7dt

Vi

3 1 1
J-(tﬁ + 2tz + t_ﬁ)dt

2 s 1 4 3
=]l=-=-t2 4+ 2tz + =t2 + C
5 3

=1

5 1 3
(6‘(5 + 30tz + ?.Oti)
15

2 1
=1 = EtE(Btz + 15 + 10t) + ¢
2 1
=] = E(x— DZ(E(x—1)* + 15 + 10(x— 1)) +
2 1
=] = E(:;—1)5[:3(:<;2—2:<; + 1)2 + 15 + 10x—10) + ¢
2 1
=1 = E(x—l)i(sz +4x +8) + ¢

2 1
Therefore, dx = E(x— 1NZ(3x? + 4x + 8) + ¢

J- -

. . " X
Evaluate the following mtegrals:J —  dx
V3x+4

Answer

2
X
Letl = J-idx
V3x + 4

Substituting 3x + 4 = t= 3dx = dt,



f@

dt
34t

=1 =

1 (t2 + 16— 8t
L= [7dt

27 NG

1 3 1 1

=1 = fj-(tz—ﬂtz + 16t 2)dt
16 3 1
=] = 27[5 3 —tz + 32t2]

2 5 16 3 1
—=(3x + 4)2—?(3){ + 4)2 + 32(3x + 4)2] +c

=:-I=—[
2715

2 16
=1= ﬁ(3x+ 4)2——(3x+ 4)2 + —(3}{ + 4)2 +c

Therefore, J- dx
VX + 4

2
= E(BX + 4)2——(3x + 4)2 + —(3}; + 4)2 +c

4. Question

o - 2x —1
Evaluate the following mtegrals:J —=dx
(x-1)°
Answer
LetI 1y
etl = = 1)2 X
Substituting x - 1 = t=dx = dt
2060+ 1)—-1
LGS
t2
2t+ 1
=1 = J- dt
t2
2 1
=1= J-(— + —)dt
t 12
1
=1 = 2loglt| +¥+c
[ = 2loglx— 1] + ! +
=1 = 2log|x —1 C
1
Therefore, J-( dx = 2loglx— 1] + — +c

5. Question

Evaluate the following integrals:".(_ﬁx2 + S)de
Answer

Let] = J-(sz + 3)Wx + 2dx

Substituting x + 2 = t=dx = dt



Sl = f[z(r—z)z + 3]VEdt
=1 = J-[th— 8t + 8 + 3]ytdt
5 3 1
=1 = f[m—ara + 11§]dt
I 4t3 161;é + 22tE -
= = ? 2 5 2 3 2 C

4 7 16 5 22 2
=l=c-xX+22——(xX+ 22+ —(x+2)2+c
7 5 3
4 7 16 5 22 3
-'-J-(sz + 3)Wx + 2dx = ?(x + Z)E—E[x+ 2)z + ?(x+ 2)2 + ¢

6. Question

o x?+3x +1
Evaluate the following mtegrals:J ——dx
(x+1)
Answer
Letl J’x2 + 3x + 1d
ST ) Tarnr &

Substituting x + 1 = t=dx = dt

t—1)2 +3(t—-1) +1
=] = ( ) t;: ) dt

dt

J’t2—2t+1+3t—3+1
=1 =

t2

2 +t—1
>1= | ———dt
-t2

1 1
s1=[(1+1-5)a

t t?

1

=:-I=t+log|t|—¥+c
=:-I=(x+1)+10g|x+1|+x+l+c
Th-f-fx2+3x+ld (x+ 1)+ loghe + 1] + —— +
erefore, iz ®-& oglx cr 1€

7. Question

3

de

Evaluate the following integrals:"‘
1-x

Answer

XE
LetI=J- dx
Vv1—x

Substituting 1 - x = t=dx = - dt,



(1-1)?
[ = — dt
= f NG

t2—-2t+ 1
=:-I=—J-7dt

Vi

1 1

3
=1 = —J-(tﬁ—?.tﬁ + t_ﬁ)dt

2 s 1 4 2
=1 —I:gta + 2t§—§t§] + C
3 1 3
— (6'[5 + 30tz — 20’[5)

I = +
= 15 C

_2 1
=1=—t2(3t + 15—-10t) + c
15
_2 1
=] = E(l—x)E(B(l—x)z + 15—-10(1—x)) +
2 1
=] = E(l—x)§(3(x2—2x + 1)2 + 15 + 10x—10) + ¢

2 1
=1 = E(l—x)i@xz +4x +8) + ¢
2

X
V1 —x

2 1
Therefore,f dx = E[l—x)?(‘&xz +4x + 8) + ¢

8. Question

Evaluate the following integrals:[ x(1 - x)23 dx

Answer
Let] = J-x(l—x)zadx
Substituting 1 - x = t=dx = - dt

=1 = —f[l— t)t23dt

=1= —J-(tza—t“)dt

t?‘l- t25
= —|———|+
= [24 25] ‘

t25 t?‘l-
=]l=————+c¢

25 24

1-x (1—-x*
e

25 24

1 24 )
=>I=ﬁ(l—x) [24(1—x) — 25]

1
I & S -
=1 600 (1—x)**[1 + 24x] + ¢

9. Question



1
Evaluate the following integrals:J ——dx

Answer

1
Let] = J-idx
\.‘E"‘ $x

1
:‘=fmd"

Multiplying and dividing by vx

1
Let{x + 1 = t=>Ex zdx = dt

t—1)?
So,=1 = 4J-[: . ) dt

—2t+l
=1 = J-t—2+ dt
=] =4 ( —2t + logltl)Jrc

4 1 2
=1 = 4(%—2(1@ + 1) + log|(¥%

Therefore, J-

10. Question

¥ 1

Evaluate the following integrals:J IREYIREEEY
X (x -1

Answer

Letl = fl—
_(x

X3



t+1
So,=21 = ?:-J-[: " )dt

of e o

tz
3 (E + logltl) +c

(x3- 1)2

1
PR il A T B |

2
l 2
(xi — 1)

1
\.‘E"‘{.X 2

=1

=1

Therefore, J-

Exercise 19.11
1. Question
Evaluate the following integrals:

J tan3 x sec? x dx

Answer
Letl = J-tangxseczxdx

Let tan x = t, then

=sec? x dx = dt

=1 = ftgdt

t‘l‘
=1=—+c

4

: tan*x .
=1 = C
4
. , tan*x

Therefore, | tan® xsecxdx = 2 +c

2. Question

Evaluate the following integrals:

J tan x sec® x dx

Answer

Letl = J-tanxsec“xdx

=1

J-tanx secZxsec?xdx

=1

J-tanx(l + tan®x)sec’xdx

C

1
+ 10g|(x§—1)| +c



=1= J-(tanx + tan®x)sec®x dx

Let tan x = t, then

=sec? x dx = dt

=1= f(t + t3)dt

2t
=]l==4+—4+c

2 4

: tan?x . tan*x .
=1 = C
2 4
. tanx

Therefore, | tanxsec*xdx = >

3. Question

Evaluate the following integrals:

J tan® x sec? x dx

Answer

Letl = J-tanf‘xsec“xdx

=] = J-tansxseczxseczxdx
=1= J-tan‘_‘x(l + tan®x)sec®x dx
=] = J-(talﬁx + tan’ x) sec®xdx

Let tan x = t, then

=sec? x dx = dt

=] = f(ﬁ + t7)dt

&  t®
=]l=—=+—-+c

6 8

: tan®x . tan®x N
=] = C
6 8
_ . tan®x

Therefore, | tan®xsec”xdx = c

4. Question

Evaluate the following integrals:

J sec® x tan x dx

Answer

Letl = J-secﬁxtanxdx

tan*x

4

tan®x
8

+ C

+ C



=1= J-secsx(secxtanx)dx

Substituting, sec x = t= sec x tan x dx = dt

=1= J-t‘_‘dt

t6
=]l=—=4+c

6

: sec®x .
=1 = C
6
_ sec®x

Therefore, | sec®x (secxtanx)dx = c C

5. Question

Evaluate the following integrals:

J tan® x dx

Answer

Letl = J-tanf‘xdx

=] J-t::m2 xtan®xdx

=1

J-(seczx— 1) tan®xdx
=1 = J-tangxseczxdx—ftangxdx
=1= J-tangxseczxdx—f(seczx— 1) tanx dx

=1

J-tangxseczxdx— J-(seczxtanx)dx + J-tanxdx

Let tan x = t, then

=sec? x dx = dt

=1 = J-tgdt—ftdt + J-tanxdx

2
=] = ——— + log|secx| + ¢

3 glsecx|

: tan*x tan’x + logl I+
=1 = — oglsecx C
4 2 8
_ tan*x tan®x

Therefore, | tan°xdx = i + log|secx| + ¢

6. Question

Evaluate the following integrals:

[ /tan x sec’ x dx
IV

Answer



Letl = fﬁtanxsec“xdx
=1 = J-\,*tanxseczxseczxdx
=1= J-\,*tanx[l + tan®x)sec’xdx

1 3
=] = J-(tanix + tanzx)sec’xdx

Let tan x = t, then

=sec? x dx = dt

1 5
=1 = f(t§+t§)dt
2?3 27
=>I=§t§+?t§+l:
2 3 2 7
=1 =

—tanzx + —tanzx + ¢
3 7

2 3 2 7
Therefore,fﬁtanxsec“’xdx = gtanix + §tan§x + c

7. Question

Evaluate the following integrals:

[ sec? 2x dx

Answer

Letl = J-sec“Zxdx

=] = J-se-:szsecszdx
=1= J-(l + tan®2x)sec?2xdx
=] = J-(SECEZX + tan? 2x sec? 2x)dx

Let tan 2x = t, then

=2sec? 2x dx = dt

1
=1= EJ-(1+t2)dt
I lt+ L 1t3 -
=] = 2 23 C
1 1 2
=1 = 5t3112x+ gtan 2 + ¢

1 1
Therefore,fsec“Zxdx = Etallzx + gtan3 2X + ¢

8. Question

Evaluate the following integrals:



f cosec? 3x dx

Answer

Letl = J-cosec“?}xdx

=1

J- cosec? 3x cosec? 3x dx

=1

J-(l + cot?3x) cosec? 3x dx

=1= J-(c-:)seu:2 3x + cot®3xcosec?3x)dx

Let cot 3x = t, then

= - 3cosec? 3x dx = dt

1

=1= —gf(l + t3)dt

I lt ! lt3+
=1=—zt—z.3 C

I L t3 L t33x +
=1 = —zcot3x—gcot?3x + ¢

1 1

Therefore,fcosec“?:xdx = —§c0t3x— §C0t3 3x +

9. Question

Evaluate the following integrals:

J cot" x cosec? x dx, n # -1

Answer

Letl = J-cotnxcoseczxdx

Let cot x = t = - cosec? x dx = dt

=1 = —J-t“dt

tn+ 1
=1= - +c

n+1

l:':ﬂ:n+ 1}{
=1=-———"+c¢

n+1

COtn+ 1X
Therefore,fcotnxcoseczxdx = —-————+4c
n+1

10. Question

Evaluate the following integrals:

| cot® x cosec? x dx

Answer

Letl = J-cotf'xcosec"‘xdx



=1

J- cot® xcosec? x cosec? xdx

=1

J-cotsx(l + cot?x) cosec®x dx

=1= J-(cotsx + cot” x) cosec®x dx

Let cot x = t, then

= - cosec? x dx = dt

=1= —J-(t‘_‘+t7)dt

t&  t®
=2]l=—-——+47c

6 8

cot®x cot®x
=] = — — +c

6 3

cot®x cot®x

6 8

Therefore,fcot‘_‘xcosec“xdx = —

11. Question

Evaluate the following integrals:

J cot® x dx

Answer

Letl = J-cotf‘xdx

=] J- cot?xcot® xdx

=1= J-(coseczx— 1) cot®*xdx

=1 = J-cotgxcoseczxdx— J-cotgxdx
=1= J-cotgxcoseczxdx— J-(coseczx— 1) cotxdx
=1 = J-cotgxcoseczxdx— J-(coseczxcotx)dx + J-cotxdx

Let cot x = t, then

= - cosec? x dx = dt

=1= —J-tadt + ftdt + J-cc-txdx
4 2

=[=——+ — + log|sinx| + ¢
213 glsinx|
cot*x  cot®x .

== — + + log|sinx| + ¢

4 2

cot*x N cot?x
4 2

Therefore,fcotf'xdx = — + log|sinx| + ¢



12. Question

Evaluate the following integrals:

f cot® x dx

Answer

Letl = J-cot"’xdx

=1 = J-cotzxcot“xdx

=1 = J-(coseczx— 1) cot*xdx

=1 = J-cot“xcoseczxdx— J-cc-t“xdx

=1= J-cot“xcoseczxdx— J-(coseczx— 1) cot?xdx

=1 = J-cot"‘xcoseczxdx— J-(COSECEXCO'EE x)dx + J-cotzxdx

=1= J-cot“xcoseczxdx— J-(c-:)seczxcc-t2 x)dx + J-(coseczx— 1)dx

Let cot x = t, then

= - cosec? x dx = dt

=1 = —ft*dt+ ftzdt—fdt—fdx

I © + e t +
=2]=—-—+——t—-xX+c
5 3
cot®>x  cot®x
=] = — z + 3 —cotx—X + C

cot®’x  cotdx
5

Therefore,fcotﬁxdx ==]= - —cotx—x + ¢

Exercise 19.12

1. Question

Evaluate the following integrals:

f sin? x cos3 x dx

Answer

Letsinx = t

We know the Differentiation of sinx = cosx
dt = d(sinx) = cosxdx

dt

COSX

SO, dX =

substitute all in above equation,

, dt
J sin*x cos® x dx = [ t*cos®x —
COSX



= [ t*cos®x dt
= [ t*(1 —sin?x) dt
= [ t(1-t)) dt

=[(t*—t%)dt

\,n+‘_

We know, basic integration formula, [x" dx = + c for any c#-1

n+1
Hence, [ (t* —t%)dt = ?—g +c
Put back t = sin x
J sin% x cos3 x dx = isins’x —%sin?x +c
2. Question
Evaluate the following integrals:
J sin® x dx
Answer
[sin®xdx = [sin®x sin?x dx
= | sin®x(1— cos?x)dx { since sin®x + cos?x = 1}
= [ (sin®x— sin*x cos* x) dx
= [(sinx (sin®x) — sin®x cos®x) dx
=[(sinx (1—cos?*x)—sin®xcos?x)dx { since sinx + cos?x = 1}
= [(sinx —sinx cos®*x —sin®x cos® x)dx
= [sinxdx —[ sinxcos®x dx — [ sin®x cos?x dx (separate the integrals)
We know , d(cos x) = -sin xdx
So put cos x = t and dt = -sin xdx in above integrals
= [sinxdx —[ sinxcos?xdx— [ sin®xcos?xdx
= [sinxdx —[ t?(—dt) — [ (sin’xsinx) t? dx
= [sinxdx —[ t?(—dt) — [ (1 —cos?x)t? (—dt)
=[sinxdx + [t2dt) + [ (1—t2)t? dt

= [sinxdx + [t2dt) + [ (2—t*)dt

t* t?
= —cosx + — +

= . m+l
Y 4 c(since [xndx = X
35 n+1

o- + cforanyc = —1)
Put back t = cos x
3 tB t5

— t
=—cosxX+ —+——+<cC
3 3 3

_ cos®x cos®x cos®x
S -cosx+ —— +——-—— +c¢
=]

2 1 2 1
= —(CosSX + Ecosgx—:coﬁx + c= -[cosx—gcosax + -cos®x] + ¢
b= =]

3. Question



Evaluate the following integrals:

J cos® x dx

Answer

[ cos® x dx = [ cos®x cos? x dx

= [ cos®x(1— sin?x)dx { since sin®x + cos?x = 1}

= [ (cos®x —cos®x sin® x) dx

= [(cosx (cos®*x) —cos®xsin® x)dx

= [(cosx (1 —sin®x) — cos®x sin®x) dx { since sin®x + cos’x = 1}

= J(cosx —cos x sin®x — cos®x sin? x)dx

=[cosxdx —[ cosxsin®xdx— [ cos®xsin?xdx (separate the integrals)

We know , d(sin x) = cos xdx
So put sin x = t and dt = cos xdx in above integrals
=[cosxdx —[t?dt— [ cosxcos®xsin?xdx
= [cosxdx —[ t2(dt) — [ (cos®xcosx)t? dx
= [cosxdx —[ t2(dt) — [ (1—sin?x)t? (dt)
=[cosxdx —[t2dt) — [ (1—t))t? dt
=[cosxdx —[ t2dt) — [ (2 —t*)dt

3 2 ot

= t t? ; _ 3
=sinx———— + — + c(since [x"dx =
3 3 n+1

+ cforanyc = —1)

Put back t = sin x

- 3 5

—_ . ST X SN X COS™ X

- S5InX— - + = + C
3 3 3

= sinx—ésingx + ésinEx +c

4. Question

Evaluate the following integrals:

J sin® x cos x dx

Answer

Letsinx =t

Then d(sin x) = dt = cos xdx

Put t = sin x and dt = cos xdx in above equation
J sin® x cos x dx = [ t3dt

tb . .{nl-‘_
=_ 4+ c(since [x"dx =
6 n+1

+ c for any c=-1)

_ sin®x

]

+ cC

5. Question

Evaluate the following integrals:



J sin3 x cos® x dx

Answer

Since power of sin is odd, put cos x =t
Then dt = -sin xdx

Substitute these in above equation,

[ sin®x cos® x dx = [ sinx sin?xt® dx
= [ (1 —cos?x) t°sinxdx

= [ (1—t3) todt

= [ (t° —t%)dt
t7 tg . .{nl-‘_

=__—— 4+ c(since [xndx==_+ cforanyc = —1)
7 9 n+1

= %cos?'x + -cos’x + ¢

6. Question

Evaluate the following integrals:

J cos’ x dx

Answer

[ cos” x dx = [ coséxcosx dx

= [ (cos x)?cosx dx

= [ (1—sin'x)*cos x dx { since sin®x + cos?x = 1}

We know (a-b)* = a3b3- 3a%b + 3ab?

Here, a = 1 and b = sin’ x

Hence, [ (1— sinzx)zcosx dx = [ (1— sin’x — 3sin®x + 3sin*x)cosx dx

= [ (cosx dx — sin"xcosx dx — 3sin®xcosx dx + 3sin*xcosx dx) {take cos xdx inside brackets)

= [ cosx dx — [ sin’xcosx dx— 3/ sin®xcosx dx + 3/ sin*xcosx dx (separate the integrals)

Put sinx = t and cos xdx = dt

[ cosxdx — [ t°dt— 3/ t2dt + 3[ t*dt

. t7 3t 3t
=sh——————+2¢
7 3 5

_ t7 3t®
= sm:x;—;—t8 —— 4+

Put back t = sin x

= sinx — sin®x + gsinf‘x— % sin’x + c
7. Question

Evaluate the following integrals:

[ x cos3 x2 sin x2 dx

Answer



Let cosx? =t
Then d(cosx?) = dt
Since d(x") = nx~1 and d(cos x) = -sinx dx
dt = 2x (-sin x?) = -2x sin x? dx
dt

x sin x2dx = — &

hence [ x cos? x? sin x? dx = [ t3 x _%

= -1 tdt

2

&

27 a
— _1 4.2
=—-cos*x* + ¢

8
8. Question
Evaluate the following integrals:
J sin” x dx
Answer
['sin” x dx = [ sin®xsinx dx
= [ (sin'x)?sinx dx
= [ (1— cos'x)®sinx dx { since sin®x + cos?x = 1}
We know (a-b)® = a3 - b3 - 3a%b + 3ab?
Here, a = 1 and b = cos? x
Hence, [ (1—cos'x)*sinxdx = [ (1— cos x— 3cos®x + 3cos*x)sinx dx
= [ (sinx dx — cos xsinx dx — 3cos®xsinx dx + 3cos*xsinx dx) {take sin xdx inside brackets)

= [ sinxdx— [ cos xsinx dx — 3/ cos’xsinx dx + 3/ cos*xsinx dx (separate the integrals)
Put cosx = t and -sinx dx = dt
= [ sinxdx— [ t8(—dt) — 3/ t3(=dt) + 3[ t*(—dt)

t7 3t®  3t°

=—cosx + -+ ———+c
7 3 35
t’ 3t°
=—cosx+ -+t -—+c

Put back t = cos x

— 3 3 5 1 7

= —(C0SX + CO8°X— -C0s8°X + ~Cos’X +c
9. Question

Evaluate the following integrals:

J sin3 x cos® x dx

Answer

Let cos x = t then dt = -sin xdx



dt

dx = -
sinx

Substitute all these in the above equation,

po)

sinx

J sin® x cos® x dx = [ sin®x t3(—

—[ sin®xt>dt

—[ (1 - cos?x)t3dt

—[(1—t)t3dt

—[t%dt— [ t7dt

& 2 . s
=_— 4 — 4+ c(since [x"dx ==
] 8 n+1

+ cforanyc = —1)

& 8

_ cos"x COs“X

=— + = +c
& g

1
cos®x — - cos®x + ¢

W

10. Question
Evaluate the following integrals:
- 1

51N XCOs8T X

Answer

- 1
J ﬁdx = f sin~*xcos Zxdx
S XCOos™ X

Adding the powers : -4 + -2 = -6

Since all are even nos, we will divide each by cos®x to convert into positive power

o -
S0, J .- 4 3 dX =f sin®xcosZx dx
Sl XCOs™ X cos8x

sec®x sec®x
= .[ sin<x dx = ftan"x dx
coc*x
4
J‘ sec x seczxd (sec?x)? sec®x
= — (X = _—
tan*x tan*x

= [Lrrannoisec 4y { since sec?x = 1 + tan’x}
tan*x

— J- (1 + tan®*x + 2tan®x)* sec:xdx (apply (a + b)2 = a2 + b2 + 2ab)

tan*x

Let tanx = t, so dt = d(tanx) = sec®xdx

dt

sec?x

Sol dX =

Put t and dx in the above equation,

sec?x *

J- (1 +tan*x+ 2tan’x) seczxdx — ) {1 +t4+ ZtZ}

tan*x t* sec?x

— f(1+::+2tz}dt



= (1+t™+2t7)dt

2 1
=t—?—2t +c

=t— - +c
t

1

tanx  3tan®x

= tanx —

= tanx — 2cotx — %cotgx + ¢ {1/tanx = cotx)

11. Question
Evaluate the following integrals:
. 1

S XCOS5 X

Answer

- 1 i
J—, 3 — dx = [ sin"*xcos °xdx
sin” Xxcos” X

Adding the powers , -3 + -5 = -8

Since it is an even number, we will divide numerator and denominator by coséx

. 1 L
_ costx
J . 3 3 dx _f sin?xcos®x dx
sin” Xcos” X —e
_ J- sec®x . _ J- sec®xsecix = j- (sec®x)secx
tan?x tan®x tan?x

= f{l + tanzx}aseczx dx

tan?x

We know, (a + b)3 = a3 + b3 + 3a2b + 3ab?
Here, a = 1 and b = tan?x

Hence, f(l + tanzx)aseczx dx = f{l + tan®x+ 3tan®x + 3tan‘x) seczxdx

tan®x tan®x
Let tan x = t, then dt = d(tanx) = se@xdx
Put these values in above equation:

1+ t% + 3t2 + 314
ta

-

dt = [ (7% + 3 + 3t7 + 3t)dt

_ t2 t* 3t? ; n = 3
=—— + — + 3logt + =— + c(since [x"dx =
2 4 2 n+1

¥l

1
2t2

+ 2% + 3logt + 212 + ¢

= L4 itan"‘x + 3log(tanx) + gtanzx +c

2tan®x

12. Question

Evaluate the following integrals:

: 1
J——ax
Sl XCOsX

+ cforanyc = —1 and Jt-1 dt = logt)



Answer

. 1

J.B—dx = [ sin~3xcos ~'xdx
S1N° XCOSX

Adding the powers , -3 + -1 = -4

Since it is an even number, we will divide numerator and denominator by cosx

- 1 _r
R = [ —cos*x
J . 3 dx _f sin@xcosx dx
ST XCOSX C05%%
— J- sec®x — J- sec®xsec®x
tan’x tan®x

— {1 + tanzx}sec!xdx

tan?x

Let tan x = t, then dt = d(tanx) = se@xdx

Put these values in the above equation:

1+ t2

— i m+l
= _tT ’ 10gt +elsinee fxn dx = x+ 1 + C for anyc + —1 and ft—l dt = |Ogt)

n
=—— +1 +
T2 ogt + ¢
1

a _2tanzx + log(taI]X) +

13. Question

Evaluate the following integrals:
- 1

[———dx

sinxcos” x

Answer
We know, sin?x + cos?x = 1

-] z
Therefore 1 _ sin“x+ cos™x

sinxcos?x sinxcos®x

Divide each term of numerator separately by sinxcos3x

— sin®x cos™x _ sinx 1
sinxcos®x sinxcos®x cos?x sinxcosx
1
= siox (——) + =2 (divide second term each by cos?x )
CcOSX cos?x Sinxcosx
cosZx
_ 2 secx
=fanx secx + —
tanx
Therefore,
) 1 3 sec?x
Jﬁdx = [ (tanxsec’x + ——)dx
SINXCOs™ X anx

2
= [tanxsec’xdx + [ =—d

tanx

Put tanx = t, dt = sec?x dx



sec?x

= [tanxsec’xdx + |

dx = [tdt + [ dt

tanx

2
=t? + lott + ¢ = gtanzx + log(tanx) + c

Exercise 19.13

1. Question

Evaluate the following integrals:

- X

~dx
J(8.2 —x’ )3 )
Answer
J“Xi;izdx

(@)

PUT x = a sinB, so dx = a cosB db and 6 = sin~(x/a)
Above equation becomes,

a®sin®B

(a%)(aZ —aZsin2 §)3/2

(acosh dB) {take a2 outside)

= f(azaﬁ(acosﬂ de) = [

- 2
—aZsinZ@)3/2

= | — 2" sin"0 —(acosB dB) = [sin?B+ LT
(a%) 53

3/2(a®-a%sin?@)3/2 cos3@

= [22°° 45 — [tan®6d8 = J(sec?0 — 1)d0 (sec?-1 = tan?6)

cos2 8

= [sec?0dB— [Bde =tan® + c— B
=tanb-0 + ¢

Put 6 = sin—(x/a)

= tan® = sin~ G) —sin~ (E) +c

a
2. Question

Evaluate the following integrals:

Answer
PUT x = a sinB, so dx = a cosb db and 6 = sin—(x/a)

Above equation becomes,

) X Teir’ 7.7
»' 2 2y dx = - J =20 (acos8de) = [—2"° _(acos dB) {take aZ outside)

(aZ—aZsin2@)° (a")*(1-sinZ@)5

_ J- a’sin’ @ a’sin’ @
(a**(1—sin2@)5

5 (acos df) = I (acosB do)

(a®P(1—sinZ8

=a—12f 40 =a—12fsec2(-}d9 = a—t(tanﬂ +c)

cos?8



Put 8 = sin—(x/a)

1 . .
= ;(tansm (;) + c)
3. Question

Evaluate the following integrals:

J‘cos ]J 2cot™! Ji_—x dx
—X

-

Answer

Letx = cos2tandt = cos‘xg

_ 1+x _ 1 +cos2t
1-x - 1-cos2t

We know 1 + cos 2t = 2cos?t and 1-2cos2t = 2sin?t

Hence, J1+c052t _ Jcoszt _ \.m — cott

1—cos2t sin’t
¥ 4 1+x
Therefore , JCOSJQCOT P72 gy = [ cos6 dx
1 1—=x
__ X
Putt = cos X7
- . .
= [cosBdx = [cos=¥dx = [¥dx = +c=% 4 ¢
2 2 22 4

4. Question

Evaluate the following integrals:

Answer
let x = tanB , so dx = sec?0 d® and B = tanx

Putting above values ,

= Jijlxdx = f%seczﬂdﬂ = [sec?8/tanA do

X
= [ cosec?8d® = —cotB + ¢
Put® = tan'x
= —cotb + ¢ = —cottanx + ¢

5. Question

Evaluate the following integrals:

J. : _dx
(x*+2x+10)

Answer



=x? + 2x + 10 = x* + 2x + 1 — 1 + 10 (add and substract 1)

=x*+ 1) -1+10=x*+1)*+9
=(x? + 1)% + 32

Put x + 1 =thencedx =dtand x = t-1

Jd

FAX 2 2 2
(_x3—2x—10)' J1/((x* + 1)% + 3% ) dx

= [——dt

tZ +32

We have,j% = Elog(t_a) + c

a t+a
Herea =3

1
t2 + 32

Therefore,f dt = élog(i) +c

t+3

Putt=x+1

=3log((55) + ¢ = loe((555) + ¢ = 308 (053) + ¢

Exercise 19.14

[y

1. Question

Evaluate the following integrals:

- 1

J ) ) ) dX
a-—b x"

Answer

1 1
Taking out b2, g.[az—zdx
(52)-

1 1 1
= bzf(z_zj_xz b2 (a) .
1 1 2 +X 1 1 +
- 3 . X a
= Ex@log[ﬁ—ﬁ_x] +c{ smcefaz_xzdx = log_— + ¢}
- 1 a+bx
- 2ab 08 a—bx e

2. Question
Evaluate the following integrals:
¥ 1
J S —dx
a’x” —b~
Answer

take out a2

]
=i2_[—1b— dx = ;2*2_(1;?)108[%] + c{sincefrlxzdg =

1

Xx+a

22108,

+ c}



ax—b

1
_b +c

ax+b

3. Question

Evaluate the following integrals:
a'x"+b"

Answer

take out a2

1 1
ol B
XS +—
32

fm dx = i*mtﬁllq[ﬁ] + C { sincej
a a X

b
_dx = E1:3111‘1(—) + c}
+ a° a a
=1 —1(E)
- tan o) tc
4. Question

Evaluate the following integrals:

X -1
[
X" +4

Answer

Add and subtract 4 in the numerator, we get

=_[ %% +d—d-1 =f (x2+4]—4—1dx

%2 +4 %2 +4

e

= [dx—

= GEray) deX {separate the numerator terms)
12+4 2+=1- x2 +4

3 . b
X = x—5><3tan‘1(3) + c{since [ 2—dx = Etan‘l(—) + ¢}
2 2 X< +a° a a

=x—2tan~?! (E) +c
2 2
5. Question

Evaluate the following integrals:

J‘.¥ dx

V1+4x7

Answer

Let | = Jﬁ¥dx S

,"1 N 4)(2 Y1+ (2x)?

Let t = 2%, then dt = 2dx or dx =dt/2

Therefore, “[ (21]2 - _“[ \,1+t2

og[t + V1 + 2] + c {since fz—mdx = log[x +V(a% + x2) + c}}



=§10g[2x +V1T + 2] + ¢

6. Question

Evaluate the following integrals:

Answer

Let bx = t then dt = bdx ordx = %

Hence, J‘%dx =%fﬁdt
a-+b°x
=%log[t + Va? + tZ] + c {since fmdx = log[x +V(a% + x?) + c}}
Put t = bx
=§log[bx + a2 + b2 + ¢

7. Question

Evaluate the following integrals:

Answer

Let bx = t then dt = bdx ordx = %

Hence, J !

1 1
. de =Ef o) dt

1

=éf Sm_l(i) + c{since [———=dx = sin™? G) + c}

yat-x

Put t = bx

=17 -1 (bx
—bfs111 (a) + c
8. Question

Evaluate the following integrals:

Answer

Let (2-x) =t , then dt = -dx , or dx = -dt

¥ 1

H ,J—q_dx=le (—dt)
ence m =1

=-[——dt = —log[(t + Vi + 1)) + ¢ {sincefmdx = log[x +V(a% + x%) + c}}

t2 +17




Put t = 2-x
=—log[(2-%) + J(2-%2+ 1)) + ¢
9. Question

Evaluate the following integrals:

Answer

Let (2-x) = t, then dt = -dx , or dx = -dt

¥ 1

Hence, J—dx fz (—dt)

(2-x)" -1 o
=-fﬁd = —log[ (t + VE2—1)) + c{smcef - az]dx = log[x + V(x*—a?) + c}}
Putt = 2-x

=—log[((2-%) + J(2—-%?2-1)) + ¢
10. Question

Evaluate the following integrals:

- 1
e
X +1

Answer

We will use basic formula : (a + b)2 = a2 + b% + 2ab
Or, a’ + b2 = (a + b)? -2ab

Here, x* + 1 = x* + 1*

= (x*) + (19)*

Applying above formula, we get,x* + 1 = (x2 + 1)2-2 x 1 x x?

=(x*+ 1)*—
J‘X-‘

Hence, J = (= +21] -2
X_ _1 x*+1

Separate the numerator terms,

| (x% + 1)2—2x2d | (x2 + 1) | 2x? i
x2 + 1 x = x2+ 1 X1
=[(x% + Ddx—J 2+ 2o zd { add and subtract 2 to the second term)

=[x+ 1)dx—f%dx—zf 12 + 1dx{2x> + 2-2 = 22 + 1) - 2}
= [ (x> + Ddx— [ 2dx—2[ 1/(x* + 1dx

= tan (%) + c}

Ka -1
=? + X — 2% + 2tan



2

=x?—x + 2tan!'x + ¢

Exercise 19.15

1. Question

Evaluate the following integrals:

. 1

[————ax
4x° +12x+5

Answer

1
4x2+12x+5

1 1

let1=[

Y R T
4] 12— (1)2

O S |t—l+
T2 ox1 Byl T

1 1 Xx—a
since, | ———dx=—lo
[ J-xz—(a)z 2xa g|x+a

2

x—-1 . .
L&— + ¢ [using (i)]
K+E+l

I=glog

- |2x—
8% 2x+s

+

2. Question

Evaluate the following integrals:

- 1
[———udx
X" —10x+34
Answer
1
letI= f x= —10x+34

1
= ——— 4
J-X2—10x+34 X

1
=J-;<2+2x><5+(5)2—(5)2+34dx



S
T ) x—52_9%
Let (x—5)=1t.....(0)
= dx = dt

So,

1
IZJ-tEJr(L%)Edt

I 11: ‘1t+
=3tan (3) C

. 1 1 e
[since, | ———=dx=—tan~ (—
a a

d
x2+ (a)?2
1 —1 /X5 . .
I=_tan (T)+': [using (i)]
= St 4
=—tan" (—) +c
3 ( 3 )
3. Question
Evaluate the following integrals:
- 1
[——ax
I+x—x°
Answer

dletl= | : dx = [ 2

1+x—x® —(x*-x-1)

JE==nt

, 1 1
[smn:e,f mdx = mloglx

1 VE+2x—1
[=—log C
V5 VB —2x+1

: :L1 VB —1+2x
=—10 C
\,"g g\.@+l—2x




4. Question

Evaluate the following integrals:

- 1
2x—x-—-1
Answer
letT= [ ——
1 1 i
‘Ef ;_X_10%
=373
1 1 d
=c X
2 1 /1y /1y o1
x+2xgt(g) —(3) 3

3
TRV P L I
=-x og|—=| +¢
2 3 3
2><4 t+4

1 1 X—a
[smce,J- xz——(a)?dx = mloglx_'_ al + ]

1 3
I=-log |——%|+c [using ()]
3 x—+2
4 4
1= |X_1 +
"3 %1l

5. Question
Evaluate the following integrals:
J; dx

X" +6x+13
Answer
We have,
x*+6x+13=x"+6x+3"-3"+13
=(x+3)*+4

Sol, [ ———dx =

1
—— dx
x2+6x+13 '[(3-:+3]Z+2Z

Let x+3 =t



Then dx = dt

f ! dt 11: ‘1t+
(24220 2l g7e

1 1 X
[sim:e,J- mdx = gtan‘1 (5) + (]

lt X3
5 tan 5

+cC

Exercise 19.16
1. Question

Evaluate the following integrals:

*osecT X
j dx

1—tan” x

Answer

let1=[ sec” x

1-tanZx
Lettanx =t ..... (i)

= gec?x dx = dt

so,
I J’ dt

BN CVEEE

: 1 | |1+t|+ . J‘ 1 q 1 1 |a+X|+
_leﬂgl—t ¢ [since, - ()2 X_Zxaoga—x c]

1 |1+tan:\-:

I= E 10g 1—tanx

+ ¢ [using (i)]

2. Question

Evaluate the following integrals:

S0,
I J' dt

) ()2 412
I=tan't+c

1
[sim:e,J- mdx =tan"tx + ]

I =tan™*(e*) + c [using(i)]



3. Question

Evaluate the following integrals:

dx

J- COSX
sin“x+4sinx+35

Answer

Let1 — [ ==

sin® x+4 sinx+5
Letsinx =t ..... (i)

= cos x dx = dt

dt
t2 +4t+5

So, 1=/

dt

=J-1:2+(21;)(2)+22—22+5
J’ dt

(t+2)2+1
Again, lett+2 =u..... (ii)
= dt =du
I_J’ du

I RTE

=tan"lu+tc

1
[sim:e,J- mdx =tan"tx + ]

= tan~!(sinx + 2) + c [using(i),(ii)]
4. Question
Evaluate the following integrals:
X
- e
| s
e +5"+06

Answer

X
let] = [—=——
etl J592"+Eus-ﬂ“+£>dx
Lete*=1t.... (i)

= p¥dx = dt

1
=] ————dt
ft2+5t+6

_f 5 152 52 d
t2+2tx§+(§) (i) + 6
1
[l
RO



SO,
1
1= [ —
v~ (3)
L L
I= og +c
Zx% u+%
j f L k= log|
[since, X2 (a)2 x=—Zlog[-
=log |2 1l 7€
B 2(t42)-1
I=1log Ef]—| + c [using (i)]
I= logl |+c [using (ii)]

5. Question
Evaluate the following integrals:
J’ eix

4e% 9

Answer

1 1
1=— | ———at

He-(3)

t_
=—1(:-g
t+5

3
2
—%|+c
2

1 1
[SlIlCE,J- Xz_—(a)zdx = mlﬁ

2t—
I=log |2t+3 +c

2e?¥—3 . .
I=log |m| + c [using (i)]

6. Question




Evaluate the following integrals:

Answer

let1= | dx

1
e¥4eX

1
=J- ldx

ex + ox

B
“ e 1™

= p¥dx = dt
[
I NGEEE!
I=tan't+c

1
[sim:e,J- mdx =tan"tx + ]

I =tan™*(e*) + c [using (i)]
7. Question
Evaluate the following integrals:
[——ax
X +2x7+3
Answer

letl= [ -

X+ +2x%+3

= 2x dx = dt
1

1
I= —————dt
Z_J-t2+2t+3

1J‘ 1 it
C2)t24+2t41-1+43

_1J’ 1 it
C2) (t+1)2+2
Putt+1=u...-—- (ii)

=dt =du

=1 f S S,
2) w2+ (v2)°

I 1t ‘1u+
=——tan" " —+¢c
ZVE V"E



1 1 X
[sim:e,J- mdx = gtan‘1 (5) + (]

B it ing (i
I=_gtan™ = +c [using (i)]

-1 3'.'2+
V2

L+ ¢ [using (ii)]

1
I =——=tan
242

8. Question

Evaluate the following integrals:

dx

- 3x°
l

1_ Xl_

Answer

|et I = f 3:(5 dx

1+x12

_J’ 3x° q
Tl 1oz
Let x6 =t .....(I)

= gx>dx = dt

S I
T6) (D2+1

| 11: 14+
= —T1an C
2

1
[since,J- mdx =tan"1x + ]

I= gtan‘l(xé )+ c [using (i)]

9. Question

Evaluate the following integrals:

Answer

let]= [ dx

x®—3°%

- S
- (Xz)z_(aa)zx

= 3x2dx = dt

e
T 3) 12— (a%)2

t—a’
t+ a3

1 1
I=-x aglog

+cC




. J’ 1 q 1 1 |X— al .
[since, X2 (a)2 x = log| C]
1 x?—a? . .
I=—log ||+ clusing (i)]

10. Question

Evaluate the following integrals:

Answer

let1= [ :2

x°+a®

XZ
N f &yt @
letx3=t... (i)

= 3x2dx = dt

e
- 3) t2+(a%)?

I lt ‘1t+
=—+tant—+c¢
3a3 a3

1 1 X
[sim:e,J- mdx = gtan‘1 (5) + (]

1 _1;(3 . .
[ =—tan"*= + c [using (i)]
3a% a?

11. Question

Evaluate the following integrals:

Answer

let]=[——dx

®(x%+1)

_J' X
- xé(x5+l)x

= x5 dx = dt
Y P
S 6) t(t+ 1)

I_lJ’l 1 it
6 (t t—i—l)

e [



(==

1= 3 (logt —log(t+ 1)) +¢

=g g+ ) - s

3-.'6

I=-log— + c[log m - log n= 108%]

& x5 +1
12. Question

Evaluate the following integrals:

- X
| Q==&
X —x"+1
Answer
X
LetI=fmdx
Letx2=t.....-——-- (i)
= 2x dx = dt
Y R S
C2)t2—t+1
1J’ 1 dt
2 1V 12

e-2()+(3) ~(3) +1

lJ’ 1 dt
~2) . 1..3
2 (t—35)2+7

Putt-1/2=u.....----- (ii)

=dt = du

1 1
I= EJ- \I@ 2 du
=
I—itan‘liJrc
TR
2 2

1 1 X
[sim:e,J- mdx = gtan‘1 (5) + (]

1
t__

I =—tan™*—2+ c [using (i)]
2_ —_

2 2

21 | < [using (ii)]
v 3

1 _
[=—tan?!
V3

13. Question

Evaluate the following integrals:

: X
| T e X
3x" —18x~ +11

Answer

X

Let1= f Ix*—18x7+11



Letx2=t..... (i)
= 2x dx = dt

1 1 q
o st

2 _ -
t 6t+3

1 1 ;

_gftz—Zt(B)—Ir GYE-GrRri
1 1

= | —————=dt
"J(t—3)2—%

Putt-3=u..... (ii)

=dt =du
Y PR S
e
V3
u_i
1 1 =
I==x log V3 +cC
6 & Bl T4
“B "'

1 1 Xx—a
since, | ———dx=—lo +c
[ J-xz—(a)z 2xa g|x+a| ]

3100 [ 75 + c tusing i)
Izﬁmg mﬁ + c [using (ii

J3 32—3—% . .
I=_log s + ¢ [using (i)]

14. Question

Evaluate the following integrals:

Answer

To evaluate the following integral following steps:

Now

e* dx — 1 d
f(1+ex)(z+ex) X‘f(1+t)(z+t) t

zf(lit)dt_f(zit)dt

= log [(1+t)] - log [(2+t)] + ¢

1+t _ m
= 10g|2—+t| +c [log m - log n= log—]



1+e¥ . .
= loglml + ¢ [using(i)]

15. Question

Evaluate the following integrals:

- 1
J dx
COSX +cosecx
Answer
let] = ——dx

COSX+Ccosecx
Multiply and divide by sinx
1

_ sinx
I = tosx . cosecx UX

sinx sinx

cosecx

= X
cotX + cosec? x

cosecx
= X
cotx+ 1+ cot2x

cosecx
= X
cot?2x+cotx+ 1

Letcotx =t

-cosec X dx =dt

dt
t2+t+1

SO,I:—f

=f 1 (1)2_(12

Exercise 19.17

1. Question

Evaluate the following integrals:
- 1

J«.}Ex—xg

Answer

dx



let I ==f'f—£——

v 2x—x=

dx

1
———dx
V= (x*—2x)

1
=J- dx
J-[x2—2x(1) + 12 — 12]

1
=J- dx
\f—[(x— 1)2—1]

dx
J- J1-— (x 1)2
let (x-1)=t

dx=dt

1
[= [ —=—=dt
so, 1=/ N

-1
=sin™* t + c [since J- =

I=sin!(x—1)+c
2. Question

Evaluate the following integrals:

- 1
—_dx
J\!S—Sx—xz

Answer

8+43x-x2 can be written as 8-(;8 —3x+ E — 3)

Therefore
8 (2 3 +9 9)
X X 22
41 ( 3)2
= — — X——
2

dx = sin™

1x +c]

4

1 1
S »
J-\.8+ 3x—x? [41 ( 3)2
T \X72

Let x-3/2=t
dx=dt

=sin!| — |+ ¢

-
3
'_\.

L\J‘

dt



1 X
since | ———dx=sin"{-) +c
[ J-\,’az —x? (a) !

— (Zx— 3) +
= sin C
Va1

3. Question

Evaluate the following integrals:

. 1
J .
Answer
1
Let | = [——xdx
1
J—z [xf* t2x—3
. 1 d
1 X
2
v J_[X2+zx+ (1)2 - (1)2_%]
) 1

=— dx
V2 J— [+ 212

lJ’ 1 q
= — E————
=

V2 f%—(x+1)2

Let(x+1)=t

Differentiating both sides, we get,

dx = dt

'i
A
1 t
=—gsin™? +c

1 X
since | ——dx =sin™? (—) +c
since | —— )+l

| Lt 2 (x+1) |+
=—=35In — X IX C
V2 7

4. Question

Evaluate the following integrals:



3x-+5x+7
Answer
1
Ietl—fﬁdx
1 1 q
=— | ——dx
=
V3 2,.9,.7
X+3X+3
-5/ - d
X
!_ 2 2
5 5 7
v+ ) - @)+
1J’ 1 q
=— X
ey -2
XT%) T 36
1t( + ) t
et [x c
dx=dt

_\;"_5 oglt+ |t=— ? +C[5111CE v‘ﬁ X=log|x+xX-—as|+c

L, 5 5\ (459
I—EOgX'Fg'F (X+g) — ? +c

= logle+2+ [x2+ 2474
—\Eogx . X 3 T3 t¢

5. Question

Evaluate the following integrals:
J-—
J(x—a)(p-x)

Answer

dx. (B >a)

letI = dx,(asp > a)

f;
\ G—a)(B—x)

_f ! d
B J—x2—x(a+B) —ap *




=/ = dx
-] B

|
v

Let (x-(a+B)/2)=t
dx=dt

1
S S

I =sin™! (ZXB__D:O:_ B)

6. Question

Evaluate the following integrals:

Answer
let 1= f \,-'?—zi—zxzdx
= L dx
ol
1

=
]




Y S S
) -
4
1t
=—sin!| —
V2 V65
q
1 4 X+4
I=—sin"!| ——> |+
V2 V65
1 ,_1(4x+3)+
—sin C
V2 V65

7. Question

Evaluate the following integrals:

1
= J- dx
J—[x2 +6x —16]

_ J- ! dx
J—Ix2 +2x(3) + (3)2— (3)2 - 16]

= J- ! dx
«J—[(x— 3)2 - 25]

dx
J- V25— l:x+3)

let(x+3) =t

dx=dt
N
\'52 _-t2

t

=sin~! (E) +c
x+3

I =si ‘1( )+

sin T C

8. Question

Evaluate the following integrals:



Answer

7-6x-x2 can be written as 7-(x2+6x+9-9)

Therefore
7-(x%+6x+9-9)
=16—(x*+6x+9)
=16 —(x+3)°

= ()= (x+3)’

1 1
—dX=J- dx
J-\J?'— 6X — X2 J(4)2— (x+3)2

Let x+3=t
dx=dt

1 1
et

n (3)+
=sin"" |- C
4
._1(x+3)+
=sin™" (—— C
4

9. Question

Evaluate the following integrals:

- 1
J - dx
5x° —-2x
Answer
dx dx
we have -[ JoxE-zx f Ila(ﬂ-ﬁ)
v
1 dx

~— 5 T 12 1.2 completing the square
NCHRO)

Put x-1/5=t then dx =dt

dx 1 dx

Therefore [ JoxP—2x VB vll':t]T'&)z

L lt+ [e2 (1)2|+
=—lo —|= C
\.'(g & 5

1l 1+ , 2x+
—\Sogh{ z X 5| C

Exercise 19.18

1. Question

Evaluate the following integrals:



Answer

J-\.m J- f(xz)z + (az)z dx

Let x2 = t, so 2x dx = dt
Or, x dx = dt/2

1

Hence, f—+ Rdx = f—vrt“(az]z

Since, f@dx = log[x +V(x®> + a?) + c

1 1
Hence, - | 7oty
Put t = x2

=2 log(x® + J(x2)2 + (@2 + ¢

ba

[

Eog[x + vWx* + at] + ¢

2. Question

Evaluate the following integrals:

J- sec’x
A4 +tan’ x

Answer

dx

Lettanx =t

Then dt = sec®x dx

secx . J- dt

- r
y 4+tan®x V22 +t2

Therefore, [

Since, fmdx = log[x +V(x% + a%) + ¢

dt
Hence, | ———
f V22 412

= log[tanx + Vtan2x + 4] + ¢
3. Question
Evaluate the following integrals:
X
Jei dx
Jl6—e®
Answer

Then we have, X dx = dt

dx=fL

Therefore, f ZERD

16—eX

dt 1
2= 2]

= log[t + +t%2 + 22] + ¢

1

Vi + (a2)?

dt = > log(t + ¥ + (@) + ¢

dt



. 1
Since we have, [ ——
J

at—x?

dx = sin‘l(z) +c

dt e
Hence, [ —=— = sin (;) +c

4. Question

Evaluate the following integrals:

J‘ CosX
A4 +sin” x

Answer

dx

Let sinx = t

Then dt = cosxdx

COSX dt
Hence, f ——dx = _[m

y 4+sin? x

1

Vix? + a?)

Since we have, [ dx = log[x + V(x®> + a?)] + ¢

d
Therefore, -[\,zz—it?- = log[t + V2 ¥ _22] 4

=log[t + VtZ + 22| + ¢ = log[sinx + Vsin?x + 4] + ¢
5. Question

Evaluate the following integrals:

- sInx

—_—dx
" Jdcos®x —1
Answer

Let 2cosx = t

Then dt = —2sinx dx

dt

Or, sinxdx = -

. sinx d
Therefore, J—dx = f —m

Jacosix —1

Since,f@dx = log[x +V(x?—a?)] + ¢

dt

Therefore, f - m

= —Zlod[t+ ViT—1] +c

= —; log [Zcosx + 4 coszx—l] +c

6. Question

Evaluate the following integrals:



2x dx = dt or x dx = dt/2

x dt
Hence,f N fz(w.-ﬂ)

. 1 . p
Since we have, [ -—==dx = sin 1(3) 1
y a

aZ—x
dt 1, _1(t)
———— = -sin (=) + ¢
So, “[2{\:'22—t2:| 2 3
Putt = x2
=Esin‘1(5) + ¢ = isin? (1) + c
2 2 2 2
7. Question

Evaluate the following integrals:

J. ! = dx
X4f4-9(logx)”

Answer

Put 3logx =t

We have d(logx) = 1/x

Hence, d(3logx) = dt = 3/xdx

Ori/xdx = dt/3

1
%y 4—9(logx)?

dt

\I.'QZ_tZ

Hence, [ dx = f%

1

Since we have, [ dx = sin‘l(f) +c
V a

la?—x2
1 dt 1 . _ t
Hence, [-—= = = sin 1(—) +c
3,/22 42 3 2
Put t = 3logx

1 . _ t s 3logx
=—51111(—)+c=—51111( g)+c
3 2 3 2
8. Question

Evaluate the following integrals:

J- sin 8x dx

N9 +sin® 4x
Answer
Let t = sin24x
dt = 2sin4x cos4x x 4 dx
we know sin2x = 2sins2Xxcos2x
therefore, dt = 4 sin8x dx

or, sin8x dx = dt/4

sin8x d 1J’ dt
— (X = — -
V9 + sintx 4) /32 + 2



1

VixZ + a?)

Since we have, | dx = log[x +V(x2 + a?)] + c

di
=-f == =loglt + ViZ + 32 + ¢

V3T +EE
= :t log[sin®4x + V9 + sin*4x + c
9. Question
Evaluate the following integrals:
- Cos2X

Answer

dx

Let = sin2x
dt = 2cos2x dx

Cos2x dx = dt/2

- C0s2X
J—. - dx =2 [qeve? + (2v2)
AJsin” 2x + 8 z

. 1

Since we have, fmdx = log[x + V(x% + a?)] + ¢
1 (42 2 _ 1 2 R

=5 |V + (2v2)" = Elog[t + 42 + 8] +c

= glog[t +VEE + 8] +c= ;log [sian + 4/sin®2x + 8] +c
10. Question
Evaluate the following integrals:

- sin 2x

dx

\/sinﬁ1 X +4sin’ x—2
Answer
Let t = sin?x
dt = 2sinx cosx dx
we know sin2x = 2sins2xcos2x

therefore, dt = sin2x dx

sin2x dt
. , dx = | ——
Vsin*x + 4sinZx — 2 Viz + 4t —2

Add and subtract 22 in denominator

dt dt
szm - Ji2+ 2x2t+22-22-2
Lett+2=u
dt = du

= fdmﬁ:(t + 2)2—-6) = J-dt/m’r(uz—é)



Since, [ - dx = log[x +V(x2—a?)] + ¢

(zaz

= [dt/V(u*—6) = log[u + VuZ—6 + c

=loglt+2+ [(t+2)?2—6+c

=loglt + 2 + /(t + 2)2—6 + c = log[sin’x + 2 +
Jsin®x + 2)2 -6 + ¢

11. Question

Evaluate the following integrals:

- sin 2x
dx

\/cos4 X—sin-x+2
Answer

Let t = cos?x

dt = 2cosx sinx dx = - sin2x dx

sin2x dt
y cos®*x—sin® x+2 YE-(1-t2) + 2

since, [ sin?x = 1 - cos?x]

dt
f_ NE =2 (1 t2) + f_\,t2+t+1 _f_|tz+t+£+§
& &
- |- ;
(t + 2)2+—
- = [re2 o2
Since, [ - v azjdx = log[x +V(x?—a?)] + ¢
dt 1 1 V3
=J-— 1 3 =10g[t+i+ (t+§)2—(?)2+c
(t+ 5?7+

=10g[t+§+m’t2+t+1+c=10g[c052x+$+

Jcoos*x + cos*x + 1 + ¢

12. Question

Evaluate the following integrals:
T COsX

Answer

dx

Letsinx =t

dt = cosxdx

dx:f L

\..'22_t2

therefore, f

W 4—sin® x

Since we have, f;zdx = Sm—l(f) +c
a

yai-x




dt . _1(t . _1 {sinx
= [—= = sin 1(—) + ¢ = sin 1(—) +c
\..'22_t2 2 2

13. Question

Evaluate the following integrals:

1
[—
2 2
X3./X3—4
Answer

1
Letys — ¢t

1
SO, dt = 1/3xz"'dx

dt L 1‘ld Lo
3 3

Or,d—; = 3dt

xgleg—cl- ytE-22
i - [re2 _ o2
Since, [ e &% = log[x +V(x* —a®)] + ¢
=3/ ,t:tzz = 3log[t + ViZ—4] + ¢
J

1 1
X3 + J(x3)2—4

14. Question

= 3log + ¢ = 3log

1 2
X3 + ¥z —4| + ¢

Evaluate the following integrals:

f —
\/(_1 —x? }{9 + [_sin‘l X ]_ _:;
Answer

Let sin"lx =t

dt = —— dx

Vi1—x2

. 1

dX 1

W ) = [——d
Jim o (s T

Therefore,

Since we have, fmdx = log[x +V(x2 + a¥)] + ¢

)

=f—=—dt = log[t + V9 + 2] + ¢

\..'gz_tz
=log[t+ V9 + 2] +c= log[sin“x + 49 + (sin—lx)E] +c

15. Question

Evaluate the following integrals:



- CosX
dx

\/51'11" X—2sinx—3
Answer
Letsinx =t

Cosx dx = dt

COSX dt

dx = |

y sin®x-2 sinx—3 Y t2-2t-3

Add and subtract 12 in denominator

Jem= = [ ==
T Vg —ai=3 =
vt2 —2t—3 Jt2 -2t + 12 -12 -3 J((t—1)2-22)

Lett-1=u
dt = du

J-’((t—l)z—z2 J-’1,12—22)

Since, f 5dx = log[x +V(x?-a?)] + ¢
— iz — a
fw log[u+\fu 4]+c

Putu=t-1
= log[t— 1+ 4/(t— 1)2—4] +c
Put t = sinx

= log[t— 1+ /(t— 1)2—4] +c
= log[sinx— 1+ /(sinx—1)2 —4] +c

= log[sinx — 1 + V/sin?x— 2sinx— 3] + ¢
16. Question

Evaluate the following integrals:
J cosecx —1dx

Answer

[ Vcosecx — 1dx

Since cosec x = 1/ sinx

[Vcosecx—1dx = [ ——ldx = 1-sinx o

sinx sinx

Multiply with (1 + sinx) both numerator and denominator

1 —sinx 1 —sinx* (1 + sinx)
T | (TR
sinx sinx * (1 + sinx)

Since (a + b) x (a-b) = & - b?,




1 —sinx X (1 + sinx) 1 —sin®*x
= - - dx = . 3 dx
sinx X (1 + sinx) sinx + sin“x)
cos?x
= . iz~ dx
sinx + sin®x)

COSX
= |": dx
vsinx + sin?x

Let sinx =t

dt = cosx dx

COSX dt
therefore, [ ——dx = [ —
y sinx + sin®x V2t

multiply and divide by 2 and add and subtract (1/2)2 in denominator,

dt [dt

Jomn(d) - i

H-@ Je-y-0

2

dt = du

[ dt | dt
(t+3) -G Je-(3)

1

V(x2—a?)

Since, [ dx = log[x +V(x?—a?)] + ¢

dt
= log[u +

=_[72
«J(UQ—@ \

=1 t+1+
= log[ 5

= log[sinx + ; + /sin?x + sinx] + ¢

17. Question

Evaluate the following integrals:

"SI X —COSX
[t

Afsin2x
Answer

JZ==="dx = [(sinx — cosx)/V((sinx + cosx)? — 1) dx

Vvsin2 x
Let sinx + cosx =t

(Cosx - sinx) = dt

sinx—cosx j- dt

Therefore, [ ——=dx =
i (sinx + cosx) -1 yti-1




Since, f 5dx = log[x +V(x?-a?)] + ¢

zf_ix,t?—l = 0g[t+ 2 — ]+c
—logft + Vt2—1] + ¢ = —logsinx + cosx + +/sin2x] + ¢

18. Question

Evaluate the following integrals:

SCOSX —SINX
J dx

A8 —sin 2x
Answer

sinx—cosx

SCOSX —SINX
= J dx = [ — dx

: Mo _i=i z
|"8 _sin 2% y/ 8—(sinx + cosx)? + 1

Let sinx + cosx =t

(Cosx - sinx) = dt

sinx—cosx dt
Therefore, [ - dx = | —
y/8—(sinx + cosx)® + 1 o-t?

X
; = sin” (—
JaZ-x a

) +
g ffsm -

. _1 {sinx + cosx . _1 [sinx COSX . _1 [sinx
=51111(T)+c=51111(7+ )+c=sml(T)+

3
sin‘l(iﬂ) +c
3
X © s _l(sinx) N
= -+ sin™[— C
3 3

Exercise 19.19

1. Question

Evaluate the integral:

y X
oo
X +3x+2

Answer

I=f

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for x2 + 3x + 2 and | can be reduced to a fundamental integration.

xZ+3x+2

As,%(x2+3x+2) =2x+3
“Let, x =A(2x + 3) + B
=>x=2Ax+3A+B

On comparing both sides -

We have,



2A=1=>A=1/2
3A+B=0=B=-3A=-3/2
Hence,

I_J- (2‘(+3

¥2+3¥+2

=_J" 2x+3 gj' 1

¥2+3¥+2 xZ+3x+2

1
xZ +3x+2

J" 2x+3

1
Let, I{ ==
1 27 x®+3x+2

dx and |2 =§ I
Now, I =1;-1I>....eqn1

We will solve 11 and |5 individually.

2x+3

As, 1y == f

tz+31+2

Let u = X% + 3x + 2 = du = (2x + 3)dx

du

u

. 11 reduces to
Hence,
I =§ —=—log|u|+C {~ f— log|lx|+C}

On substituting value of u, we have:

I, = iloglx2 +3x+2|+C...eqn2

As, I = f 272, 4x and we don’t have any derivative of function present in denominator. . we will use
KT 3K+

some speC|aI integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i J- L gx= |X_a|+C“ J- L oax=ly ‘l(x)+c
i ——dx=—Ilo ii X=—tan"" |-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

=27

tz+31+2

3 1

"R b))

= dx

Using: a2 + 2ab + b2 = (a + b)?

We have:

2 1
= dx

: 1 1 x—a
I, matches with _[mdx = log| /2| +C
_ 3 1 (3._-+E] =
2 = 2 b2 & (x+2)+= +CJ
_3 2x+3-1
:IZ_E 10g 2‘{+3+1| +C




=1 =210g| ZZ| +¢ = 210g| 2| +C.ean 3
From eqn 1:

l=1-15

Using egn 2 and egn 3:
|=§10g|x2+3x+2|+— ¥+1|+C

2. Question

Evaluate the integral:
- ox+1

[ —dx
X“+x+3

Answer

I=j‘ x+1

X2 4+x+3

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for x2 + x 4+ 3 and | can be reduced to a fundamental integration.

AS,%(XE-O-X-O- 1) =2x+1

s Let, x =A(2x + 1)+ B
=>X=2Ax+A+B

On comparing both sides -
We have,
2A=1=A=1/2

A+B=0=B=-A=-1/2

Hence,
I_J- (2‘(+1
%2 +x+3
__J" 2x+1 EJ‘ 1

¥2+¥+3 2 ¢ x4x+3

1 2x+1 1 1
Let, I; == dxandl, ==

1 2Jnx2+t+3 2 2 f X% +x+3

Now, I =1;-1I>....eqn1l

We will solve I and |5 individually.

2x+1

Asly ==

%2 +x+3

Letu=x%+ X + 3=du = (2x + 1)dx

du

u

. 11 reduces to
Hence,
1 zf — = loglul + C { I —=log|x| +C}
On substituting the value of u, we have:

=§ log [x*+x+3|+C...eqn 2



As, I, == f 2+ = dx and we don’t have any derivative of function present in denominator... we will use some
X

special mtegrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

10g|—|+C11)J- ta >d =§tan‘1(§)+c

Now we have to reduce |, such that it matches with any of above two forms.
We will make to create a complete square so that no individual term of x is seen in denominator.

1 1
=l=: (2 42(0) w42 ) +3-(3)

‘(2+‘(+3

= dx

Using: a2 + 2ab + b% = (a + b)?

We have:

f dx

2=

X = - tan~! (E) +C
a a

1
sy =§ { ,l—)tan‘l (f—if) +C}

2

=1, = tan~! (2’,‘:1) +C..eqn 3
V11 Y11
From eqn 1:

|=|1—|2

Using egn 2 and egn 3:

-1 (2::1) i

I =2log|x? +x +3| +
2 JI1

1
Vi1
3. Question

Evaluate the integral:

- Xx—3
[yt
X-+2x -4
Answer
Xx—3
| _f x2+2x—4dx

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for x2 + 2x -4 and | can be reduced to a fundamental integration.

AS,%(XE+ZX—4) —2x+2

S Let, x-3=A(2x+2)+B
=2>x-3=2Ax+2A+B
On comparing both sides -

We have,



2A=1>A=1/2
2A+B=-35B=-3-2A=-4

Hence,
I_J- (2‘(+2
X< +2x—4
1, 2x+2
| == dx— 4 dx
2fx2+23-.' 4 f 2+2¥ 4
1, 2x+2
Let, I; == dxand |, = dx
1 2 f X< +2x—4 2 “[ x24+2x—4
Now, | =1; -4l,....eqn1l

We will solve 11 and |5 individually.

2x+2

As, 1y == f

xZ 4+ 2x— Je

Letu = x% + 2x - 4 = du = (2x + 2)dx

du

u

. 11 reduces to
Hence,
1 zf — =7 loglu[+C{ I —=log|x| +C}
On substituting value of u, we have:

Iy =$ log|x*+2x—4| +C ...eqn 2

1
As, |2 - f X2+ 2x—

4dx and we don’t have any derivative of function present in denominator... we will use some
special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i J- L gx= |X_a|+C“ J- L oax=ly ‘l(x)+c
i ——dx=—Ilo ii X=—tan"" |-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

1
2 f xz+2:\-:—4dx

1

f{xz+2(lj s &

Using: a2 + 2ab + b% = (a + b)?

We have:
1
2= oy
= Zlog|=| + ¢
2a
o, =_1 L":’ ..ean 3
2 2stl-:zrg Ve +C...eq
From eqn 1:

|=|1—4|2



Using egn 2 and eqgn 3:

| =1 2 Al 1 x+1—45

. log|x® + 2x — 4| 4(2\;'5103 x+1+u‘5) +C
| =1 24 ox 4] — 2log|tiYE

S loglx® +2x — 4| V,Slog 1ivs

4. Question

Evaluate the integral:

J‘ 2x -3 dx

x> +6x+13
Answer

| _j‘ 2x-3
w2 +6x+13

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make a substitution for x2 + 6x + 13 and | can be reduced to a fundamental integration.

As = (x?+6x+13) = 2x+6

-~ Let, 2x -3 =A(2x + 6) + B
=22Xx-3=2AXx+6A+ B

On comparing both sides -
We have,

2A=2=>A=1

6A+ B =-3=>B=-3-6A=-9

Hence,

NE—

s 2 gy -9 [ —

Let, Iy = s———dxand I = [ ———
Now, I =1; -9, ....eqnl

We will solve 17 and I, individually.

2x+6
X +6x+13

As, 1y =
Letu = x2 + 6x 4+ 13=du = (2x + 6)dx
. I reduces to du
u
Hence,
du .. pdx
I = ITZ loglu| + C {~ ITZ log|x| +C }

On substituting value of u, we have:

Iy =log|lx®> + 6x + 13| + C....eqn 2

1 , . . . . . . .
As, |5 = fmdx and we don’t have any derivative of function present in denominator... we will use some
X X

special integrals to solve the problem.



As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i J- L gx= |X_a|+C“ J- L oax=ly ‘l(x)+c
i ——dx=—Ilo ii X=—tan"" |-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

1
2 f w2 +6x+13

=], = _[ !
27 ) @@ 12 -(3)2

dx

Using: a2 + 2ab + b% = (a + b)?

We have:

1
=] e &
1

I matches with [ ——
X=+a

11X

dx = N tan (a)+C
. =E -1 13

Sl ~tan ( . )+C ...eqn 3

From eqn 1:

=17 -9l,

Using egn 2 and egn 3:

x+3
2

| =loglx*+6x+ 13| — 9 gtan‘l( )+C

| = log|x® + 6x + 13| — gtan‘l (%3) +C

5. Question

Evaluate the integral:

- x—1
3x-—4x+3
Answer
_ x—1
! _f 3% 4x43 dx

As we can see that there is a term of x in numerator and derivative of X is also 2x. So there is a chance that
we can make substitution for 3x2 -4x + 3 and | can be reduced to a fundamental integration.

As, = (3x%— 4x +3) = 6x — 4

~Let,x-1=A(6x-4) +B
=>x-1=6Ax-4A+ B

On comparing both sides -

We have,

6A=1=A=1/6

-4A+B=-1=B =-1+4A=-2/6 =-1/3

Hence,



1 1
| = f-(sx-4j--d

IxZ—dx+3 X
6x—4 1
_fa'cz 4x+3 _Efaxz—4x+3dx
1
Let, |y =-| ——dxandl, =-| ——
1 6'[3 2 —dut dX 2 f Ix2— Je'\-.'+8dx
Now, =11 -1>....eqnl

We will solve I; and |5 individually.

AS, |1 j‘ bx—4

3xZ— Je'\-.'+3
Let u = 3x2 - 4x + 3 = du = (6x - 4)dx

1 d
Iy reduces to - =

Hence,

|1=g T 10g|u|+C{ _[— loglx|+ C}

On substituting value of u, we have:

I, =£ log|3x% —4x+ 3| +C ....eqn 2

As, I, = —fmdx and we don’t have any derivative of function present in denominator... we will use

some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i f ! d 11 |X_a|+C“ f ! d 11: ‘1(X)+c
D x2—a2 " 2a Blyya i) X2+az v g
Now we have to reduce |, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in the denominator.

‘f dX {on taking 3 common from denominator}

L L
21270 oD 1-0)

= dx

Using: a2 + 2ab + b% = (a + b)?

We have:

Ef%dx

27 (9

I, matches with | zi -
X a

2
sy = é Ztan” 1 (YT_EE) +C
2

z
S, = g%_‘tan‘l (3:—;2)+ C= a%rstan‘l (%f) +C ...eqn3
From eqn 1:

I=11-1

Using egn 2 and egn 3:



33-.';2) ic

Y

log|3x? —4x + 3| — —taI 1(

2
&
6. Question

Evaluate the integral:

—dx

J"‘ 2X
2+xXx—-x"

Answer

|=f 2x

2 +x—x2

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for -x2 4+ x +2 and | can be reduced to a fundamental integration.

As,%(—x2+x+ 2)=-2x+1

~Let, 2x = A(-2x + 1)+ B
=22x=-2Ax+ A+ B

On comparing both sides -
We have,
2A=2=>A=-1
A+B=0=>B=-A=1
Hence,

| _f —(— 2»:+1]+1
24+x—x2

j‘( 2x+1) j‘ 1 dX

2+x— '\-.'2 2+x—x2

—2x+1
Let, Il =_f l:2+::_+xz] dx and |2 = f 24+x—x*

Now, |l =1; + 1> ....eqn1

We will solve I; and |5 individually.

AS, Il =_J‘ (—2x+1)

2+x—x2

Letu =2 + X - ¥=du = (-2x + 1)dx

d
17 reduces to — [ Z2

u

Hence,

du .. rdx
|1=—_[T=—log|u|+c {- sz loglx|+ C}
On substituting value of u, we have:

Iy = —log|2+x—x%|+C....eqn 2

As, I, _j ——
special mtegrals to solve the problem.

-dx and we don’t have any derivative of function present in denominator. .. we will use some

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.



J- L gx= |X_a|+C“J- L oax=ly ‘l(x)+c
——dx=— ii X=—tan"" |-
D x2— a2 X 2a g X+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

-3|2 = —-f . dx

xZ—x—2
1
(-2 x(3) -2 -(3)

=$|2 = T dx

Using: a2 4+ 2ab + b2 = (a + b)?

We have:

. 1 1 X—a
I, matches with fmdx =log| | +C
1 x—2)—
Sy =——75x1o +C
27720 e
. 1 2x—1-3 1 2x—4 1 x-2
“1p == log[ 2o+ o= —Jlog [ 27|+ = —J10g[3] + C ean 3
From eqn 1:
| ==|1 +'|2
Using egn 2 and egn 3:
= _ B
o log|2 + x — x| Jlog[ [+ C

7. Question

Evaluate the integral:

- 1-3x%
[——=—ax
3x"+4x+2
Answer
1-3x
! _f Ik +ax42 dx

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for 3x2 + 4x + 2 and | can be reduced to a fundamental integration.

AS,%(BXE+4X+2) —6x+4

- Let, 1-3x = A(6x + 4) + B
=1-3x =6Ax + 4A + B

On comparing both sides -
We have,
6A=-3=>A=-1/2
4A+B=1=B=-4A+1 =3

Hence,



| = Liextd)+3
- =2~
IxZ+4x+2

__J‘ 6x+4 % + J‘ 3

3'{2+4\'+2 A +dxn+2

1 Bx+d 3
Let, i =—= | —— and I, = | ——
1 2 j‘3:\-.'2+=1-:c+2 dx 2 j‘3:c2+t1-:c+2
Now, |l =1; + 1> ....eqn1

We will solve I; and |5 individually.

6x+4
Axd+dx+2

1
Let u = 3x2 + 4x + 2 = du = (6x + 4)dx
. 1 rdu
= 17 reduces to _EIT
Hence,
=_1lygdu_ 1 opdx _
lp = zfu— Sloglu +C { fx—log|x|+c}

On substituting the value of u, we have:

I, = —gln:)gl?)x2 + 4x + 2|+ C...eqn2

As, |5 = fmdx and we don’t have any derivative of function present in denominator... we will use some

special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

. 1 1 X—a . 1 1 (X
1) J-mdx= Elﬁglmlﬁ-c 11) J-mdx=gtall (£)+C

Now we have to reduce |, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

Sy = f _fzdz

3(\'2+ XH= ]

1

d
R e

Using: a2 + 2ab + b% = (a + b)?

We have:

From eqn 1:
=11+ 1

Using egn 2 and egn 3:



= —2log|3x% + 4x + 2|+ — tan? (3f+2)+c
2 V2 V2

8. Question
Evaluate the integral:

widx

J" QX_S
X°—-x-2

Answer

| =J" 2x+3 dX

xE—x—2

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for x2 - x -2 and | can be reduced to a fundamental integration.

As,%(xz—x—2)=2x—l
~Let,2x + 5 =A(2x-1) + B
=2x+5=2Ax-A+B

On comparing both sides -
We have,

2A=2=A=1
-A+B=5=>B=A+5=6

Hence,

| =f (2:;—1]+5dX

X —x—2

R [ I L Ry,

xZ—x— 2 xZ—x— 2

dx

Let, I; =f%dx and I, = |

wZ—x—2

Now,l=1; +1,...eqn1

We will solve 17 and I, individually.
— (2x-1)

As, Il fxz—x—de

Letu =x%-x-2=du=(2x - 1)dx

d
.11 reduces to [££
u

Hence,
du ..ordx
I, = f:= loglu| + C {" f7= log|x|+C}

On substituting value of u, we have:
l; = log|x* —x— 2| +C....eqn 2
6

As, I, = | —
special integrals to solve the problem.

dx and we don’t have any derivative of function present in denominator. .. we will use some

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.



'f L gx= F_ﬂ+C“ f L oax=ly ‘%ﬂ+c
i ——dx=—Ilo ii X=—tan"" |-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

|2 = f o dx

xZ—x— 2

.[ 1 f:_ 2 1
(-2 x+(3) 12 (3)

:|2= r dx

Using: a2 - 2ab + b? = (a - b)?

We have:

=6 —=

T 7 dx

(=) -G)

. 1 1 X—a
I, matches with _[mdx = E{1.;,g —+ C
6 )

Sl = —log|l—=—2|+C

2 7o) e
. 6 2x—1-3 2x—4 x—2
--Iz =§lﬂg m +C= 210g — +C= 210g m +C...egn 3
From eqn 1, we have:
| = |1 + |2
Using egn 2 and 3, we get -

= 2_ 4 =

I =log|x* —x— 2| + 2log[ |+ C....ans

9. Question

Evaluate the integral:

3

rax” +b

| ——dx
xT 4

Answer

a
I=j~:.:.:-.' +hxdx

x* o2

As we can see that there is a term of x3 in numerator and derivative of x% is also 4x3. So there is a chance

that we can make substitution for x* + c2 and I can be reduced to a fundamental integration but there is also
a x term present. So it is better to break this integration.

3
|=f ax dx+f b"czdx=ll+lz...eqn1

x*+c? x*+

I1=f ax” dx=§f s dx

x*+c? x*+c2
d 4 2 3
As, —(x*+c7) = 4x

To make the substitution, I; can be rewritten as

: aJ‘ 4x3 d
=— | ——dx
Y4 ) xt+c?

s let, x* + 2 =u



= du = 4x3 dx
I is reduced to simple integration after substituting u and du as:

1 du_a +C

1 =§ log |x*+c?|+C..eqn 2
As,

bx
|2 - .[ xa+czdx

" we have derivative of x2 in numerator and term of x2 in denominator. So we can apply method of
substitution here also.

As, |y = [ —=_dx

(x2)%+c?
Let, x2 = v

= dv = 2x dx

b dv
f(tz 2+::2 T2 j‘(*.=]2+::2

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

J' 1 q _l1 |X—
D X2—az T 23 %Blk T

2dx=itan 1()+C

Z|+C ii) fﬁd}{:%mn‘l(ﬁyrc

d

I, matches with =
2 J’.:(2+a
ly =22 an1 (¥ e
2 =2~ tan (J+K—EC tan (J+K

b _2
=, == tan! (L)+ K..eqn3

2c c
From eqgn 1, we have:
| = |1 + |2
Using egn 2 and 3, we get -

b 3
|=510g|x“+c2|+—tall‘l(i)+K ----- ans
4 2c c

10. Question

Evaluate the integral:

dx

J- (3sinx —2)cosx
5—cos"x—4sinx

Answer

j- (3 sinx—2)cos x _ J‘ (3sinx—2)cos x

S—cos®x—4 sinx 5—{1—sin® x)—4 sinx

_ (3sinx—2)cos x
o= [ lasnaacosx o
4 +sin® x—4 sinx

Let, sin x = t= cos x dx = dt

I_J«(atz

2 4-t+4



As we can see that there is a term of t in numerator and derivative of £ is also 2t. So there is a chance that
we can make substitution for t2 - 4t + 4 and | can be reduced to a fundamental integration.

As, (12— 4t—4) =2t — 4

s Let,3t-2=A(2t-4)+B
=2>3t-2=2At-4A+ B

On comparing both sides -
We have,

2A=3=A=3/2
4A+B=-2>B=4A-2=4

Hence,
| = Bt 2)
“[tz =1-t+=1-
| Z(zt-9) 4
= > 0 -
ft2—4t+4dt+ftz—4t 4dt
_3 (2t-4) _ 4

Let, Iy 27 24t 4-dt and I ftz At+a
Now,l=1; +1,....eqn1

We will solve 17 and |5 individually.

j‘ (2t—4
t2— 4-t+‘1-

Let u = t2 - 4t + 4 = du = (2t - 4)dx

du

u

-~ I reduces to
Hence,
ly = gfd—l:l =loglu| +C {~ f%= log|x| + C }
On substituting value of u, we have:

lp = log|t? — 4t + 4| +C

] = gloglt— 2|12+C =3loglt—2| +C....eqn 2

4
.. I =
2 f t2-4t+4

4
=>|2=_[de

Using: a2 - 2ab + b%2 = (a - b)?

We have:

_4J'

(tz

.-.|2=_—=i+c...eqn3

From eqn 1, we have:



| = |1 + |2
Using egn 2 and 3, we get -
| = 3loglt — 2| + zi_t+c

Putting value of tin I:

| = 3log|sinx — 2| + : _+C..ans
2—sinx

11. Question
Evaluate the integral:

[

—dx
2X-+6xX+5

Answer

I=j‘ x+2

2x2+6x+ 5

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for 2x2 +6x +5 and | can be reduced to a fundamental integration.

AS,%(ZXE+GX+5) —4x+6

Slet, x+2=A(4x+6)+B
=>Xx+2=4Ax+ 6A+ B

On comparing both sides -

We have,

AA=1=>A=1/4
6A+B=2=B=-6A+2=1/2
Hence,

[ =f i(el-:<+z€~]+fd

X
2xT+6x+ 5

1
_ (4—'{+6] =

_ =z

et S -

2x2+6x+ 5 2x2+6x+ 5

(4x+86)
2x2+6x+ 5

Let, 17 =§_[ dxand I2=§f2 :

xZ+6x+ 5
Now, |l =1; + 1> ....eqn1

We will solve 11 and |5 individually.

AS, I]_ j‘ (4x+6)

2x2+6x%+ 5 .:

Let u = 2x2 + 6X + 5= du = (4x + 6)dx

du

u

11 reduces to
Hence,
Iy =; __—10g|u|+C{ f—— loglx|+C}

On substituting value of u, we have:



I, = ilongxz +6x+ 5|+C...eqn2

As, | = —fﬁdx and we don’t have any derivative of function present in denominator... we will use
2x X

some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

10g|—|+C11)J- ta >d =§tan‘1(§)+c

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

-f =_f =:tf—1 dx

s
x2 +3x4—
z

1 6

- e

2‘(2+61-.'+.:| 2('{2+3\'+ )

Using: a2 + 2ab + b% = (a + b)?
We have:

=)

——— dx

(x 2) G

I, matches with 1x2+a2dx=1112 tan—1x +32112+ Cl; matches with the form | 21 >
X=+a

(22
tan = |+ C
2

. =§ tan~(2x+3)+C...eqn 3

dx = i tan™* G) +C

2 4

A=

From eqgn 1, we have:

=1+ 1

Using egn 2 and 3, we get -

I =i10g|2x2+6x+ 5|+C + itall‘1(2x+ 3)+C....ans

12. Question
Evaluate the integral:
- Sx -2
[—E= dx
1+2x+3x°

Answer

= %2 iy

3T +2x+1

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for 3x2 +2x +1 and | can be reduced to a fundamental integration.

AS,%(BXE+ZX+ 1) =6x+2
S Let,5x-2=A(6x+2)+B

=5Xx-2=6Ax+2A+B

On comparing both sides -



We have,

6A=5=A=5/6
2A+B=-2=B=-2A-2=-11/3
Hence,

| = e

I +2x+1

11

= (6‘(+2 -
o f <+ J”_a_
‘(2+2‘(+1 3x?+2x+1
6x+2 11 1
Let, | ( xandlb=——| —
1= J.31-.'2+2‘(+1‘:1 2 3¢ 3xF+2u+1
Now,l=1; +1,....eqn1

We will solve I and I, individually.

AS, |1 j‘ (6x+2)

A +2x+1

Let u = 3x2 + 2x + 1 = du = (6x + 2)dx

du

u

. 11 reduces to
Hence,

|1=g —=—log|u|+C{ f— loglx| + C}

On substituting value of u, we have:

I, = §1|:>g|3:=<;2 +2x+1|+C...eqn2

11 1
As Iy =—2[ 1
2 3 Y 3x%+2u+1

some special integrals to solve the problem.

dx and we don’t have any derivative of function present in denominator... we will use

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i J- L gx= |X_a|+C“ J- L oax=ly ‘l(x)+c
i ——dx=—Ilo ii X=—tan"" |-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

11 1 -11 1 11 1

=——)———dx=— | ———Fdx=——| ——dx
12 3 ¥ 3xPizx+1 3 7 302+ 9 w24 e
2 =3 3 3
11 6
sl ="7 = dX

(2 (3) 143 -(3)
Using: a2 4+ 2ab + b2 = (a + b)?

We have:

11 1

I, matches with the form [ 21 -
X=+a

1
L, 111 _qf =
--|2——?ETHII (—EL-E)+C
2 2

dx = i tan™* G) +C



. 11 _ 3x+1
--Iz=——,tanl( —
34/2 V2

)+ C...eqn 3

From eqn 1, we have:
| = |1 + |2
Using egn 2 and 3, we get -

|=2 log|3x? + 2x + 1| — 2 tan™! (3“—:1)+ C
6 342 v 2

13. Question

Evaluate the integral:

- X+35
= .
3x-+13x-10
Answer
X+5
! _f ax2+1ax—10dx

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for 3x2 +13x - 10 and | can be reduced to a fundamental integration.

As, % (3x%+13x — 10) = 6x + 13

~.Let, x + 5 =A(6x + 13) + B
=>x+5=6Ax+ 13A+ B

On comparing both sides -

We have,

6A=1=>A=1/6
13A+B=5=B=-13A+5=17/6
Hence,

| = lexe13)+
| & " &
3x%+13x—-10

17

o = | Liext13) dx + [ L dx

ax2+13x—10 3x2+13x—10
1 (6x+13) 17 1
Let, |; == | ———dxand I, =— | ——
1 5-[ 3x2+13x-10 dx 2 6 * 3x%+13x—10
Now, |l =1; + 1> ....eqn1

We will solve 11 and |5 individually.

As | =1f (6x+13)
178 eriax10

Let u = 3x2 + 13x - 10 = du = (6x + 13)dx

. 17 reduces to 2 [du
&6 u
Hence,
=lpdu_1 crax_
=) =:loglul+C{ | _=loglx| +C}

On substituting value of u, we have:



] = élogl?)xz +13x— 10| +C ....eqn 2

17 1
As | =— | ———
2 3x®+13x—10

some speC|aI integrals to solve the problem.

dx and we don’t have any derivative of function present in denominator... we will use

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

10g|—|+C11)J- ta >d =§tan‘1(§)+c

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

17 1 _ 17 1 _
=) 3310 6 3(324.?3_?3 18

17 1
o 1z 10 dx
X +?:{——

2

l? 6

=1, =13 [ 2+2( ] +{J.3:l }_5_ L63)2

Using: a2 + 2ab + b% = (a + b)?
We have:

17 1
— | === dx

27 ()@

I, matches with the form =l +cC

1? 1

(co2e) -2
Sls = - &
2= - X 2><%l-::og +C

13 17
(2 )+
-] -]

6x+13—17| 1

+C= -log
6x+13+17 5]

18

1
S, = =lo
27 6

6x—4
6x+30

|+C .eqn 3
From eqgn 1, we have:
| = |1 + |2

Using egn 2 and 3, we get -

6x—4
6x+30

| = élongxz +13x— 10| + é log

|+c

4. Question

Evaluate the integral:

- (3sinx —2)cosx
J ——dx
13—cos"Xx—7smnx

Answer

j-(asm-c— CcOs X j- (3sinx—2)cos x

13—cos® x— '}'sm‘( 13—{1—sin? x)—7sinx

=] = J- (3sinx—2)cos x
12 +sin® x—7 sinx

Let, sin x = t= cos x dx = dt

al= (Gt=2) ..

t2—7t+12

As we can see that there is a term of t in numerator and derivative of £ is also 2t. So there is a chance that
we can make substitution for t2 - 7t + 12 and | can be reduced to a fundamental integration.



AS,%(‘EE— 7t+12) =2t— 7
sLet, 3t-2=A(2t-7)+B
=2>3t-2=2At-7A+ B

On comparing both sides -
We have,

2A=3=A=3/2

-TA+B=-2=B=7A-2=17/2

Hence,
3t-2)
| = [t
-[t2 ?t+12'dJE
17
l_f (2t 7] f =
t2— '}'t+12 t2—7t+12
3 (2t-7) 1
Let, I == and I, = —
1 2~[t2 ::'t+12Idt 2= t2—7Tt+12
Now,l=1; +1,...eqn1

We will solve 17 and |5 individually.

2t-7
As, | (
1 f t2— ?t+12

Lletu=t2-7t+ 12 =du = (2t - 7)dx

du

u

-~ I reduces to
Hence,
Iy =5 — =loglu| +C {~ f— loglx| +C }
On substituting value of u, we have:
l; = Zlog|t?— 7t + 12| +C....eqn 2

17
As, |2 = —

R dtand we don’t have any derivative of function present in denominator... we will use
+

some speC|aI integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

. 1 1 X—a .
i) J-r—a? dx = ﬁloglx_i_alJrC if) J-XQ

17 1
oy =2
2 2 J’.I:z—'?l:+12

_il_ = dx = % tan~! G)Jr C

17 4
=l2=" {tz—E(E]t+G:|2}+12—(%]2

dx

Using: a2 - 2ab + b%2 = (a - b)?

We have:

17 1
I =?f z z dx

(=2) -G)

I, matches with the form [ 21 ==
N

= +c

X+a

Zdx = zialog



o| i)
(=)=

|+C = 21(:-g|m|+c

_17

22{)

Zt—?' 1
2t—-7+1

+C

| |+ C...eqn 3
From eqgn 1, we have:
l=11 + |5
Using egn 2 and 3, we get -
| =2log|t? — 7t + 12| + —logl |+ C

Putting value of tin I

4—sinx

| = gloglsinzx— 7sinx+ 12| + glogl

3—sinx
5. Question

Evaluate the integral:

—

Jsxf—:sgc—:sdx

Answer

| _J" x+7
IxT+25x+28

As we can see that there is a term of x in numerator and derivative of X2 is also 2x. So there is a chance that
we can make substitution for 3x2 +13x - 10 and | can be reduced to a fundamental integration.

As, % (3x2 + 25x% + 28) = 6% + 25

s Let, x + 7 = A(6x + 25) + B
=X+ 7=6Ax+ 25A + B

On comparing both sides -

We have,

6A=1=A=1/6

25A+B=5=B =-25A+5=5/6

Hence,

| = Liext25)4s
_| = " o
3xZ+25%+28

>

1 _
- I = —(5:{+2.:|] d =
—=—dx S S———
f 3x2+25x+28 f 3x2+25x+28

Let, |1 =éjﬂd and I2——f

Ax2+25x+28 ¥2+2:»¥+28
Now,l=1; +1>....eqn1

We will solve I; and I, individually.

AS, |1 j‘ (6x+25)

3‘{2+23‘{+29

Let u = 3x2 + 25x +28 = du = (6x + 25)dx



du

u

. 17 reduces to
Hence,
=Llpdu_1 T
h=_J— = loglul+C{- [_=loglx|+C}
On substituting value of u, we have:

1= élongXz +25x + 28| +C ....eqn 2

5 1 , . . . . . .
As, | =3f ————dxand we don’'t have any derivative of function present in denominator. .. we will use
2 6% 3x%+25x+28

some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

. 1 1 X—a . 1 1 (X
i) J-mdx=£10glx+al+c ii) J-Xerazdx:gtan (E)Jrc

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.

e P ——fm = _J‘g(‘(z_'_zs 29 dx = EITJerdX
2 3
5 1
dx
=>|2 =13 [ 2+2( ] +{25)} 22 2:)2
Using: a2 4+ 2ab + b2 = (a + b)?
We have:
3 1
| =_J‘ﬁ dx
27 - )
I> matches with the form = =l +cC
25 17
Sy = —>< Hlog (%—,)_E +C
ey ( & :l+?
. _ i 6x+25-17 _ i 6x—8
tlp = 10208 6x+25+17| C= 10210 6\'+42| +C.eqn 3
From eqn 1, we have:
| = |]_ + |2
Using egn 2 and 3, we get -
x—8
I = —10g|3x +25x + 28| + —log 6‘(+=1-2|+ C

16. Question

Evaluate the integral:

Answer

Let, | =J’

X 4xI+1



| = x® x
J‘(:cz]2+:cz+1 X

If we assume X2 to be an another variable, we can simplify the integral as derivative of x2 i.e. x is present in
numerator.

Let, x2 = u
=2x dx =du

= x dx = 1/2 du
=

As,d%(u2+u+l)=2u+l

u2+u+1

Slet, u=AR2u+1)+B
=>u=2Au+A+B

On comparing both sides -
We have,
2A=1=>A=1/2
A+B=0=B=-A=-1/2
Hence,

1 1
| =1 f =(2u+1)—
2

u?+u+1l
1
= lj' (2u+1) EJ‘ =
u2+u+1 2° u?tu+l
2u+1)
Let, I;= 2 ¢ andl———
1 f uZ+u +1d 2 J‘u2+u+1
Now, I =1; +1>....eqn1

We will solve 17 and |5 individually.

— _J" (2u+1)

u2+u+1

letv=u?+u+1=dv=(u+1)du

d".

W

. 17 reduces to
Hence,
|1=; ———logIVI+C{ _[— loglx|+C}

On substituting value of u, we have:

I, = iloglu2 +u+1/+C...eqn2

As, |> = ——_[ 2 1du and we don’t have any derivative of function present in denominator. .. we will use
u= +u+

some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i J- L gx= |X_a|+C“ J- L oax=ly ‘l(x)+c
i ——dx=—Ilo ii X=—tan"" |-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.




We will make to create a complete square so that no individual term of x is seen in denominator.

-1

u2+u+1

=>|2=_Ef - zdu

47 (w2 +2) u+(3 ] +1-(3)

Using: a2 4+ 2ab + b2 = (a + b)?

We have:

____[ - - . -z dll

(l.l.+ ) + (?]
1 uts
Slp=—g E tan™ l(EZ)JrC
2z 2z

. 2u+l
"1y = —gtan” (2 = ) +C..ean3
From eqn 1, we have:

=1+ 1

Using egn 2 and 3, we get -

I — E 2 _L 1 2u+l
410g|u +u+1] 2ﬁtan ( & ) +C
Putting value of uin I:
I =1 oglx +x? +1|——t:=111‘1(2 :1) +C
4 V3
2
ioglx +x? +1|——ta11 (zx,;) +C
J

17. Question

Evaluate the integral:

Answer

Let, | = [ 73 g4y

w*+2x%—4

_J- (x*-3)x

(x2)2+2x2— 4-

If we assume x2 to be an another variable, we can simplify the integral as derivative of x? i.e. x is present in
numerator.

Let, x2 = u
=2x dx =du

= x dx =1/2 du
=/

AS,%(U2+ZU—4)=EU+2

u2+2u—

S lLet,u-3=A(2u+2)+B

=u-3=2Au+2A+8B



On comparing both sides -
We have,

2A=1=A=1/2
2A+B=-3=2B=-3-2A=-4
Hence,

1
2(zu+2)—4

I_f (zu+2)
u®+2u—4

du

.'.I=§f 22 qu—4 [ ———du

u?+2u—4 u®+2u—4
1 Zu+2
Let, I; == and Il =
173 f u?+2u—4 du 2 “[ |.|.2+2|.|.—=1-du
Now, | =1; -4l,....eqn1

We will solve 17 and I, individually.

2u+2

As, 1y = du

u?+Zu—4

Letv=u?+2u-4=dv=(2u + 2)du

1 av
I reduces to - had
-

Hence,

Iy = §I%= loglu| + C {~ f%= loglx| +C }
On substituting value of u, we have:

I, = iloglu2 +2u—4|+C...eqn2

1 , . . . . .
ﬁdu and we don’t have any derivative of function present in denominator.
us+2Iu—

As, 1, = [
. we will use some special integrals to solve the problem.

As denominator doesn’t have any square root term. So one of the following two integrals will solve the
problem.

i J- L gx= |X_a|+c i J- L oax=ly ‘l(x)+c
i ——dx=—Ilo ii ———dx=-—tan"*'|-
) x2— a2 2a gx+a ) x24 a2 a a

Now we have to reduce I, such that it matches with any of above two forms.

We will make to create a complete square so that no individual term of x is seen in denominator.
S |2 = f

1
=l=] (@+2(1) ur(17)— 4 —(1)° du

uZ+2u-4

Using: a2 + 2ab + b% = (a + b)?

We have:
1
|2 = f—<u+1]2_{v,5)2 dll
: 1 1 x—a
I, matches with _[mdx = log| /2| +C

ol =Flﬂg Vsl ¢ ...eqn 3

u+l+y'5




From eqn 1:
| ==|1 - 4|2
Using egn 2 and egn 3:

ut+1—v5

| =1 2 4| — aX
2lcz-glu + 2u—4| 4[:26510 e )+ C
| =loglu+ 2u—4| — = |&
2lcz-glu + 2u—4| Vrslc-g e
Putting value of uin I
I = E 4 2 _ _ i 3{2+1—\."_5
Sloglx® +2x* — 4] =08l

Exercise 19.20

1. Question

Evaluate the following integrals:

xtex+1
et

Answer

X 4x+1

Given[ = [ dx

x?—x

R(x)
ax?+bx+c

Expressing the integral f dx = _[ Q(x)dx+f

2+b'{+c

x2+x+ ld
(x—1)x X

= J-[:( + 1)dx

J'Zx-i-ld +J-ld
= F— X X

By partial fraction decomposition,

2x+1 A B

= = —+
(x—1)x x—1 x

=22Xx+1=Ax+ B(x-1)
=22Xx+1=Ax+Bx-B
=22x+1=(A+B)x-B

~B=-landA+B=2

A=2+1=3
Thus, = 25 _ 3 1
(x—1lx x—-1 =
J=z-p
= [:x—l x)x

1 1
=:-3J- dx—f—dx
x—1 X



Consider [ :11 dx

Substitute u = x - 1 -» dx = du.

1 1
=:-J- dx=J-—du
x—1 u

We know that f%dx = log|x| + ¢

1
J-Edu =loglu| = log|x — 1|

Then,

J-
=
X 1

= 3(loglx — 1|) — log|x|

1 1
dx—f; dx = 3(log|lx — 1|)—J-£ dx

. J" 2x+1

- dx = 3(log|x — 1|) — log|x|

Then,

2x+1
= J-(x— Dx dx+J-1 dx = 3(log|x—l|)—log|x|+J-l dx

We know that [1 dx=x+c

2%+ 1
:'J-( “x dx+J-1dX=3(108|X—1|)—10g|x|+x+c

Sl= xzﬂzldx = —log|x| + x + 3(log|x— 1]) + ¢

}_.2_
2. Question

Evaluate the following integrals:

cxT+x—1
(2l
X" +X-6
Answer
Consider [ = [ Xxl g
%2 +x—6
Expressing the integral [ 2+b¥+c = [Qx)dx+ [ Mi(swc

Letx2 +x-1=x+x-6+5

J’x2+x—1d J’ x2+x—6+ 5 4
= X24+x—6 X= X24+x—6 XZ+x—06 X
[ Grramet )

) \x2+x—6 %

5[( L )a +f1d

N 2+x—6/% %

. 1
Consider [ v
X X—

dx

Factorizing the denominator,



1 1
——dx = J-—d
=:'J-:x;?Jr:«;—E; X (x—2)(x+3) x
By partial fraction decomposition,

1 A . B
ZP(X—Z)(X-F?:-)_X—Z X+ 3

=1=A(X+ 3) +B(x-2)
=1=Ax+ 3A + Bx-2B
=1=(A+B)x+ (3A-2B)
=ThenA+B=0..(1)
And3A-2B=1..(2)
Solving (1) and (2),
2x(1)»2A+2B=0
1x(2)»3A-2B=1
5A=1

S~ A=1/5
Substituting A value in (1),
=>A+B=0
=21/5+B=0

B =-1/5

1 1 1
Thus, (x—2}(x+3) - 5(x-2)  5(x+3)

lJ’ 1 q 1 1 q
“5)x—2%"5)x+3%¢
Letx-2=u—-dx =du

And X + 3 = v-dx = dv.
1J’1d 1J’ld

=;.5 u 4 51 v v

We knowthatf%dx=loglx|+c
~ loglul - =log]v]

= ¢loglu| - Zloglv
11 |x— 2| 1l |x + 3]

= cloglx = loglx

1
=z (loglx — 2| —log|x + 3|)

Then,

1 1
= BJ-(m) dx+J-1dx= S(E(loglx— 2| —loglx + 3|))+J-1dx

We know that [ 1 dx=x+c

= (loglx — 2| —log|x+3|)+x+c



2
fl= 224y = —loglx + 3| + x + loglx — 2| + ¢

%2 +x—-6
3. Question

Evaluate the following integrals:

(1-%7)
[———dx

x(1-2x)
Answer

. 1-x2
Given[ = [ G 0%
Rewriting, we get [ — o 1de

. . P(x)
Expressing the integral f
a:-.'2+hx+c

—lf 72 4 +1f1d
x(2x—1) X X

Consider [ K(;i

de

By partial fraction decomposition,

Xx—2 A+ B
= — = —
x(2x—1) x 2x-1

=>x-2=A(2x-1) + Bx
-2 =2Ax - A + Bx
=>x-2=(2A+B)x-A

~A=2and2A+B=1

“B=1-4=-3
Thus, = —=2 -2 __2
x(2x—1) =x 2x—-1
dx
J-(x 2X — 1)

zfld 3[ L g
= — —
xx 2x—1 X

Consider [ % dx

We know that f%dx =log|x| + ¢

1
= J-;dx =log|x|

And considerfrl_ldx

Letu=2x-1-dx =1/2 du

J’ 1 :LJ-ld
= N R
m—1 2 g™

x=[Qdx+ [ ——

- [ [ (e )

R(x)

ax'2+h‘(+c



We know that f%dx = log|x| + c

J‘ loglul log|2x — 1]
= —
2

Then,

fx_z d zfld 3f L 4
= R — = — —_

x(2x—1) x x x—1F

log|2x — 1|

= 2(log|x|) — 3 (T)
Then,

J-x2—1 i 1J' x—2 d+lf1d
= x(2x—1) x= X(2x— 1) X X

1 log|2x — 1| 1
= E (2(10'ng|) -3 (T)) + EJ- 1dx

We know that [1 dx=x+ ¢

loglx| 3log|2x — 1]

- _2elerm Al 2

ogix 4 2

: 1-—x? i 31|:rg|23==;—1|_|_l ||+X+
R I 4 OBl T e

4. Question

Evaluate the following integrals:

coX +1
[
X" —5x+6
Answer
Consider [ — [ 2
I “[ %2 -5x+6
Expressing the integral [ s - JQx)dx + [ it
axZ+bx+c axZ+bx+c

J‘ x2+1 d J’( Ex—5 +1)d
= e — _—
Xx2—-5bx+6 X X2—5x+6 %

5[ =1 5 +f1d
N X2—5x+6 % X

dx

. x—1
Consider [ ———
XK=—aX

Letx—1= ;(Zx— 5) +§ and split,

J’( x5 3 )d
Z ) Qe —sx+e)  2x2-sx+6))

1 2x—5 dx +3J’ 1 dx
=32 (x2—5bx+6) xZ2—bx+6

Consider [ m dx



1

Letu=x2—5x+6—>dx=2¥__du
2x—5 q J’ZX—B 1 q
(x2—5x+6) x= 0 2x—50

1
= J-—du
u
We know that f%dx = log|x| + ¢

1
= J-Edu = log|u| = log|x? — 5x + 6|

1
xZ—5x+6

Now consider [ dx

1 1
——dx = J-—d
ZPJ-XE—BerG X (x—3)(x—2) X
By partial fraction decomposition,

1 A . B
=>(X—3)(X—2)_X—3 X— 2

=21=A(Xx-2)+B(x-3)
=1=Ax-2A+Bx-3B
=1=(A+B)x-(2A + 3B)
=>A+B=0and2A+3B=-1
Solving the two equations,
=22A+2B=0

2A+3B=-1

B=1

L~B=-landA=1
- [emaat-

- [ [
“Jx—3% x—2%

Consider [ :13 dx

Letu=x-3->dx=du

1 1
=:-J- dx=J-—du
XxX—3 u

We know that f%dx =log|x| + c

1
= J-Edu =log|u| = log|x — 3|

Similarlyf:lzdx

Letu=x-2->dx =du

1 1
=:-J- dx=J-—du
X—2 u




We know that f%dx = log|x| + c

1
= J-Edu =loglu| = log|x — 2|

Then,

P e e L P L Pt
T —sx+6 (x—3)(x—2) *=)x=3% x—2%

=log|x— 3| — log|lx — 2|

Then,

J’ x—1 q 1 2x—5 q +3J’ 1 q
= | s———dx = ————dx ————dx
x2—-5x+6 (x?—-5x+6) X2—-5x+6

1 3
=3 (log|lx? — 5x + 6]) + 3 (loglx — 3| —loglx—2])

log|x? — 5x + 6| . 3loglx— 3| 3logx—2|
B 2 2 2

Then,

f St d 5[ X1 d+f1d
= T — = T = . -
Xx2—-5bx+6 X X2—5bx+6 % X
We know that [ 1 dx=x+c
5f x-1 d+f1d
- -

x2—5x+6x X

5log|x* —5x + 6| . 15loglx— 3| 15loglx— 2|
- 2 2 a 2

+X+cC

5 log|x — 2[log|x — 3| . 15loglx— 3| 15loglx — 2|

> > > +X+cC

=x—b5loglx— 2|+ 10loglx — 3| + ¢

1 f 1y 5 loglx — 2| + 10loglx — 3| +
1= | e dx =x—Sloglx oglx c

5. Question

Evaluate the following integrals:

gl

%2
J s
X© +10
Answer
Given[ = <
I J‘xz+?x+10
Expressing the integral [ 2+bt+cdx =[Qx)dx+ [ Mff:tﬂ

—7x—1
= + 1)dx
J-x2+7x+10 J-(x2+7x+10 )
J’ 7x + 10 q +J-1d
=— | ————dx X
X2+ 7x+10
Consider [ 22

xZ+7x+10



Let 7x + 10 = g (2x+7) — ? and split,

29

=’f 10 J-( 7(2x+ 7)

X2+ 7x+ 10 2(x2 +7x +10)

TJ' 2x+7 29}' 1 )
2 xerxr0 Y 2 eIz i0

Consider |

¥ +Tx+10

Letu=x2+7x+ 10 —» dx = ——du
2x+7

J’ 2x+7 q J’2x+7 1 q
Tlerx+100T ") T u w7

1
=J-—du
u

We know that f%dx = log|x| + c

1
= J-Edu = log|u| = log|x? + 7x + 10|

Now consider fm
X

1
——dx = J-—d
=>J-x2+7x+10 Tl xrx+n S
By partial fraction decomposition,

1 A . B
=>(x+2)(x+5)_x+2 X+5

=21=A(X+2)+B(x+5)
=1=Ax+ 2A + Bx + 5B
=1=(A+ B)x+ (2A + 5B)
=>A+B=0and2A+5B=1
Solving the two equations,
=22A+2B=0

2A+5B =1

-3B=-1

~B=1/3and A=-1/3

T 2(x2+7x+10)

= leﬁerB)dxz f (3(;2) +3(x1+ 5))‘“‘

1fld+lfld
T3 x+29% 73 ) x+5F

Consider [ :12 dx

Letu=x+2->dx =du

1 1
=:-J- dx=J-—du
XxX+2 u

)



We know that f%dx = log|x| + c
1
= J-Edu =loglu| = log|x + 2|

Similarlyf:l_dx

Letu=x+5->dx =du

1 1
=:-J- dx=J-—du
X+5 u

We know that f%dx = log|x| + ¢

1
= J-Edu = log|u| = log|x + 5]
Then,

J- 1 d_J- 1 d—lfld+lfld
Tl 100 T e )x+5) T 3)x+25 73 ) x+5 0

B —log|x + 2| . log|x + 5|
- 3 3

Then,

J’7x+10 ] TJ' 2x+7 29J- 1 ]
Tlxrmx+10 0 2l s+ 10 2 ) v x0T

7 29 —log|x+ 2| loglx+ 5]
_ 7 2 _z
= 2(log|x + 7x+10]) > ( 3 + 3

7log|x®+ 7x + 10| . 29loglx+ 2| 29log|x+ 5|
- 2 6 B 6

Then,

J‘ x? 4 J‘ 7x+ 10 d+J-1d
T lxErx+10 . )2 ix+10Y X

We know that [ 1 dx=x+c

7x + 10
=:-—J-—dx+J-ldx

X2+ 7x+ 10
—7log|x?+ 7x+ 10| 29loglx +2| 29log|x+ 5|
= — + X+c
2 6 6
—7loglx + 2|loglx+ 5| 29loglx +2| 29log|x + 5|
= — + X+c
2 6 6
26log|lx + 2| 4loglx+5
__2sloglx+2| 4loglx+5|
3 3
J‘ x? 25log|lx+ 2| 4log|x + 5|
X2+ 7x+10 3 3

6. Question

Evaluate the following integrals:

ng—x—ldx

X —x+1



Answer

2
Given = [*X =t
I “[ x2—x+1
Expressing the integral [ 2+ht+cdx =[Qx)dx+ [ Mi(:tﬂ

J’x2+x+1d J’( 2X +1)d
= e — B
X2 —x+1 X x2—x+1 X

=2J-(ﬁ)dx+fldx

dx

. X
Consider [ ——

Let x =1/2 (2x - 1) + 1/2 and split,

2x—1 1 d
=>J-(2[x2—x+1)+2(x2—x+ l)) X

1 2x—1

Consider [ —

(Zﬂll

Letu=x2-x+ 1-dx =du/2x -1

2x—1 J’Zx—l du
(x2—x+1) x= u 2x-—1

1
= J-—du
u
We know that f%dx = log|x| + ¢

1
= J-Edu = loglu| = log|x? — x + 1|

Now consider fmdx
e L o
= | X = | ———=—dX
(x2—x+1) (X_3)2+3
2 4
Letu=2 —du
V3
[ 2
= RE = | 323
4.
- [ ——au
\."’EJ-U2+1
'x+c
_y2x-1
ZJ' 1 _ 2tan” ‘u 2tan 1(:_15)
V3 uz+1 N V3



J‘ X q 1 2x—1 q +1J’ 1 q
= _— = — R — e
X2-x+17°2 (x?—-x+1) XT3 (x?—x+1) X

1 , 1 2tan™?! (221)
==(l - x+ 1)+ (————
5 (oglx? = x+ 1) + 5 (——=25)

-1 2x—-1
_ log|x? —x + 1| . tan ( N )
2 v

3]

Nowzf( - )dx+jldx

x2—x+1

We know that [ 1 dx=x+c

-1 2:(—1)
loglx* —x+ 1| tan ( N

X
= Z-J-(gaf:—;f;—I) dx + J‘l_dX== 2 > + Vﬁ; +xX+cC

~ , Ztan‘l( — )
= (log|lx*—x+1]) +
v

: J-Xz +x+ ld (log] , 1+ Ztaxrl(Z:';) -
nl= | ———dx = (log|x*—x _— = Xx+c

x2—-x+1 & V3
7. Question

Evaluate the following integrals:

J* (x-1° dx

X% +2x+2
Answer

(x-1)?
%2 +2x+2

Given[ = [

dx = [ Q) dx + [ —& gk

Expressing the integral f P&) o
a. ax X+C

xZ+bx+c

(x—1)° 4 J’ —4x—1 1
X2 4+2x+2 X= (x2+2x+2 ) dx

J‘ 4x+1 q +-J‘ld
N X2 4+2x+2 X x

4x+1
xZ4+2x+2

Consider |

Let4x + 1 =2 (2x + 2) - 3 and split,

4x + 1 2(2x+ 2) 3
- x|

—_— X = —
X24+2x+2 X24+2x+2 x2+2x+2

)dx

4J’ Xx+1 q 3}' 1 q
N X222 X2+2x+2 >

x+1

Consider [

XE+2x+2

Letu=x2+2x+2 — dx = —du
2x+2



x+1 J’x+1 1 q
X = | ———du
(x2+2x+ 2) u 2x+2

—fld
=) 20

We know that f%dx =log|x| + c

J’ loglul loglx? + 2x + 2|
= —
2

Now consider [

xZ4+2x+2

1
i’fx2+2x+2dxzf(x+1)2+1dx

Lletu=x+1->dx =du

1 1
:J-(er 12+ :LdXZJ-u?{Ldu

lx+¢

= J- L du=tan"lu=tan"}(x+ 1)
uz+1

Then,

J‘ 4x+1 q 4J’ X q SJ’ 1 q
= | ———dx = ——dx— —dx
X24+2x+2 X24+2x+ 2 X24+2x+2

. (lcz-glx2 +2x+ 2|
- 2

) —3(tan"(x+ 1))
=2log|x?+2x+2| —3tan"}(x+ 1)
Then,

XZt2x+2 x2+2x+2

(x—1)° 4x+ 1
d ——J- dx+J-1dx

We know that [ 1 dx=x+c

f s d+J-1d 2loglx*+ 2x+ 2|+ 3tan }(x+ 1)+ x+
= 212X X = oglx X an "(x+1)+x+c

[= Ll)zdx— —2log|x?+ 2x+ 2|+ 3tan {(x+ 1)+ x+¢C
x2+2x+2 &

8. Question

Evaluate the following integrals:

3 2
J~x +x"+2x +1

- dx
X" —x+1
Answer
. 3,.2
leen I _ J- X +:' +23-.'+1dx
X —x+1

P(x)
ax?+bx+c

Expressing the integral f

dx = [Q(x)dx + [

awz+bt+c



+x+2dx

J’x3+x2+2x+1 J‘ 3x—1
= Xx2—x+1 X2—x+1

3x—1
=J-2—dx+fxdx+2fldx
Xt—x+1

dx

. 3x—1
Consider [ ——
X=X

Let3x—1= 3(2}{— 1) +$ and split,

Z’J-Xff_l dx=f( 3(x—1) 1 \dx

x+1 2(x2—-x+1) 2(x2—-x+1)

(2x— 1) 1 1
J-[:XZ—X-O-:L) +§f(x2—x+1)dx

-1
Con5|derf( —
letu=x2—-x+1- dx=—du
Zx—-1
(2x—1) (2x—1) 1
—dx:f——du
(x2—x+1) 2x—1
1
=J-—du
u
We know thatf%dx=loglx|+c
1
= J-Edu = loglu| = log|x? — x + 1|
Con5|derf( e &
(SR
= | X = | ———=—dX
2 _ 2
(x*—x+1) (X_E) +3
2 4
Letu=“3 —>dx——du
[ESENES
= PER A TER
4.
- | —du
\.@J-le-l-l
We know that [ ——dx = tan"x + ¢
x=+1
—1,2x—1
ZJ’ 1 _2tan ‘u 2tan ¢ )
= — =
\,"'5 U2+1 \."§ \."§
Then,
J’ 3x—1 q 3 2x—1 J’
XZ—x+1 (xz—x+1) (x2—x+ l)

3 , 1 2tan~! (h—;)
= —x+ 1)+ (——=¥ 7~
2lic'glx x+1]) 2( 7 )



-1 2x—1
=?)ln:)glxz—x+ 1|+tan ( 7 )
2 v

3]

Then,

J’x3+x2+2x+1 J‘ 3x—1
= X =

——dx+ dx+2 ] 1d
x2—x+1 x2—x4+1 x J-X X J- X

+
We know thatfxndxz %.H and _[ ldx=x+c
I

Jx—1
:J-zidx+fxdx+2fldx
X2 —-—x+1

_ 2x—1
3log|lx*—x+ 1| ftan 1( = ) x?
= + S L+ —+ 2%+
2 3 2

2x—1
2 _ 2 tan‘l( _)
=31-:)g|x X+ 1|+x +4x+ 7

+cC
2 V3

X = - +c
x2—-x+1 2 V3

-1 2x—-1
.-.I=J-X3+X2+2X+ld _ 3loglx® —x+ 1| +x* +4x Tan (ﬁ)

9. Question

Evaluate the following integrals:

X (x*+4)
X" +4
Answer
Gi _ w2 (x*+4)
iven [ _[ - dx
, . P(x) B R(x)
Expressing the integral faszthCdx = [Qx)dx+ [ —
P+ 4) 80
= J-—dx = J-(——+ x*—4xt+ ZO)dx
x?2+4 X2 +4

1
=—80J- 5 dx+fx“'dx—4J-x2dx+20J-1dx
X*+4

1
244

Consider [ —dx

Letu =1/2 x» dx = 2du

[t Fravt

= = —_—

a0 Jaz+a™

1J’ 1
) w1 ™

We know that [

1

dx=tan"'x+c

xZ+1
1 J’ 1 tan "t u tan‘l(E)
= — u= =
2Jur+1 2 2
Then,

= J-de= —BOJ-

> dx+fx“'dx—4j-x2dx+20fldx
X*+4

x?2+4



+
We know thatfxlid;{: %4—.: and f ldx=x+c
I

tan™! G) x5  4x3

=80 — 2 |+ — — +20x+c
2 5 3
= 4Otan‘1(x)+xs X3+20x+c
2 5 3
I J’XE(X4+4)d 40t -1(X)+X5 20k +
T Tx2rg &7 T xwe
10. Question

Evaluate the following integrals:

pl

r X
e

Answer
Given <
= “[ xZ +6x+12
- - P(x) _
Expressing the integral fa:\-:2+bx+cdx [Q(x)dx+ [ Mmﬂﬂ

—6x—1
+1)d
=>J-x2+6x+12 f(x2+6x+12 ydx

6f xt2 d+f1d
= XZtex+12 " %

Consider [

K +6x+12

Let x + 2 = 1/2(2x + 6) - 1 and split,

Xx+2 (2x+ 6) 1
Ry - - )
x2+6x+12 2(x2+6x+12) (x2+6x+12)

J’ x+3 J’ 1 ]
T xrex+12 Jxitrext1z >

Consider [

2+61-.'+12

1
2x+6

J‘ X+3 dx J’x+3 1 q
(x2 + 6%+ 12) u 2x+6 "

—fld
=) 20

We know that f%dx = log|x| + ¢

letu=x2+6x+12=dx= du

J‘ loglul log|x? + 6x + 12|
= —
2

Now consider fm
X

1
 q =J-7d
=>J-x2+6x+12 = &x13)2+3F



Letu=%—>dx=\,’§du
7

J’ 1 q V3
= X=
(x+3)2+3 3u2+3

lJ' 1 q
Bl es1™

We know that [ —

—dx=tan"'x+c
x=+1

1 1 tan~tu tan”* (_x,%g)
_— 1= = v
J- u?+1 /3

v

Then,

J’ X+ 2 q J’ Xx+3 q J’ 1 q

= | ——dx=| ————dx— | ————dx
Xx2+6x+12 X2+ 6x+ 12 Xx2+6x+12

—1,%43

=10g|x2+6x+ 12|_ta11 (ﬁ)
2 V3

Then,

f LS 6f x+2 d+f1d
T xZtrex+12 % XZtext+12 " X

We know that [ 1 dx=x+c
x+3

6f X2 +J-1d
= XZréx+ 127 X
6tan ' (—=)

__ 2 — w3~
= —3log|x*+ 6x+ 12| + 7 +x+c

X+3
=—3log|x?+ 6x+ 12| + 2./3tan }{(—=) +x + ¢
V3
I= J-Xizdx——Blo |x2+6x+ 12|+ 2 J'Et:cm‘l(m)Jr:x;Jrc
Tl rex+129T U8 a V3

Exercise 19.21

1. Question

Evaluate the following integrals:

J

JxT+6x+10

Answer

Givenl= [ =

VxZ+6x+10

. X+
Integral is of form [ ———=—dx
 ax®+bx+c

Writing numerator as px + q = ;\{% (ax®+ bx + c)}+ L

=pXx +q=A2ax +b) +u
=X =A(2X+ 6) + 1



“A=1/2and u=-3
Let x = 1/2(2x + 6) - 3 and split,

J’ J’ 2x+ 6
VxZ+ 6x + 10 2x2+6x + 10

Xx+3 1
—dx— BJ-—dx
Vvx2+ 6x+ 10 V2 +6x+ 10

Conmderf:dx

W xT+HEX+10

1
2x+6

letu=x?+6x+10—=dx = du

X+ 3
—dX=J-—du
VX2 + 6x+ 10 24u

1J-1d
2 \,IEU

We know that [ x"dx =

11+J.

+cC
n+1

171 1
— — = — |"_
ﬁszfﬁdu 2(2\.1.1)

—_—
=\."’E= VX2 +6x+ 10

Cons@erf:dx

xZ+6x+10

1 1
———dx = | ——
VxZ+ 6x+ 10 JE+3)2+1

Letu=x+ 3->dx =du

J- ’(x+3)2+1 J- ’(u)2+1
du = sinh~(u
— (W
=sinh™*(x + 3)
Then,
X Xx+3

——— X = | ——dx
VxZ+ 6x+ 10 VxZ+6x+10

(o3 | ror 1t 1 . —
= X2+ 6x+ 10 —3sinh™}(x+ 3) +

- J-\fx2+ 6% + 10
2. Question

Evaluate the following integrals:
r 2x +1
J—dx

X" +2x -1

dx

3
)dx
VxZ+6x+ 10

1
Y R S
Vvx2+ 6x+ 10

e . fo 1 A . —
dx = /x2+6x+ 10— 3sinh™}(x+3) +c



Answer

. 2x+1
Given Il = f ——
YxZ+2x-1
. X+
Integral is of form [ —————dx
y ax®+bx+c

Writing numerator as px + q = ;\{% (ax®+ bx + c)}+ 1L

=>pXx +q=A2ax +b)+u
252X+ 1=A2x+2)+
SA=landp=-1

Let 2x + 1 = 2x + 2 - 1 and split,

1

2x+1 q J’( 2x+2
— (X =
VvZ+2x—1

Xx+1

x+1

COHSIderfde
letu=x2+2x—1 - dx = —du
2x+2
Xx+1 q J’ q
———dx = | —du
VxZ+2x—1 2yu

1J-1d
—2) A
n+i

We know that [ x™dx = X 4o

n+1

171 1
— | — = _ f
ﬁszfﬁdu 2(2\.1.1)

| —

1

Considerf,—
VT +2x—1

dx

1 1
B S S S,
J-x,x2+2x—l JE+1)2-2

Letu = i; - dx = y2du
]

f L d f 2,
= | ——— QX = | ———du
JE+1D2-2 v2ur -2

1
= du
J-\.le—l

We know that fle__ldx =cosh™'x+c

1
= du = cosh™(u
| — ()

X+ 1)

[2

= cosh™?! (
V

1
—dx— J-—dx
VxZ+2x—1 VxZ+2x—1

VXZ+2x—1  x2+ 2x—

)dx
1



Then,

2x+1 q Xx+1 q J’ 1 q
—dx = —dx— | ——dx
VxZ+2x—1 VXZ24+2x—1 VxZ24+2x—1

x+1
=2\;x2+2x—1—cosh‘1( )+c
V2
2x+1 x+1
sl= | ——dx =2 x2+2x—l—cosh‘1( )+c
VxZ2+2x—1 v \.E

3. Question

Evaluate the following integrals:
j X _'1
Jx+5x—x?

Answer

dx

Givenl=f , 2 dx

y 4+5x—x2

. X+
Integral is of form [ —E——dx
y ax®+bx+c

Writing numerator as px + q = 1{% (ax®+ bx + c)}+ 1L
=>px +q=A(2ax + b) + u

>X+1=A(-2x+5)+p

SA=-1/2and u=17/2

Lletx+1=-1/2(-2x +5) + 7/2

J‘ x+1 —2x+5 7
= | ————=dx = ( +
V—x2+5x+4 2y—x2+5x+4 2V—=x2+5x+4
1 —2x+5 7 1
== —dx+—f—dx
2) \—x2+5x+4 2) \—x2+5x+4
Considerf,_i;—tsdx
y —X=+5x+4

1

Letu=—x>4+5x+4->dx= - du
—2x+5
—2x+5 1
= | ———————dx = —J-—du
V—x2+5x+4 Vu

We know that [ x™dx = <t Ny

n+1

1
= — | =du=—(2yu
f@ (Vi)
—_——
=—2x*+6x+10

Considerf%dx

W —xZ+35x+4

1 1
- | e "
—X X 5
' V=3 +%
2 4

)



Lety =2::J = dx =X 4du
Va4l

2
J‘ 1 d J’ V41 d
= X= | ——————du
532 a1 V41— 41u?
-(—3) +%

du

1
_-J-\.l—l.l2

We know that fﬂ—%dx =sin"}(x) + ¢

J' 1 d . _1(2}{—5)
= 1= s5iln
Vv1—u? ‘M'I'H

Then,
Xx+1 1 —2x+5 7 1
2| M= | ——dx+ - | ——dx
V—x2+5x+4 2) y—x2+5x+4 2) \—x2+5x+4
[x2+5 +4+7( i ‘1(2X_5))+
= —y—x2+ 5% —{sin C
v 2 Va1
1 _ w= e a (st (B2))+
Sl = (X = —y/ X X — | 5 C
V—x2+5x+4 v 2 Va1

4. Question
Evaluate the following integrals:
j fiX _'5

3x7—5x+1

dx

Answer

6x—35

GivenI= [ dx

Y 3x2-5x+1

. X+
Integral is of form [ —————dx
y ax®+bx+c

Writing numerator as px + q =l{%(ax2+ bx + c)}+ 1
=>pX +q=A2ax +b)+u

=26X-5=A(6x-5)+u

SJA=landu=0

letu = 3x?-5x + 1 »dx= du

6x—35

J‘ 6x—5 J‘

= | —————dx = | —du

V3xZ2-5x+1 Vu
n+i

We know that [x"dx = =— + ¢

n+1

1
= | =du=(2yu) +c
| Zau-@)
—
=243x2-bx+1+c

6x—5 o B ———
= dx =243x?—-5x+1+c

I_ -
V3x2—-56x+1



5. Question

Evaluate the following integrals:

J- 3x+1 dx

J5—2x—x?

Answer

3x+1

GivenI= [ dx

y —xF—2x+5

Lﬁldx

Integral is of form [ ——
y ax®+bx+c

Writing numerator as px + q = l{% (ax®+ bx + c)}—i— 1]

=>px+qg=A2ax +b)+u
23X +1=A(-2x-2)+u
SJA=-32and u=-2

Let 3x + 1 = - (3/2)(-2x - 2) -

3%+ 1 —3(-2x—2) 2
LB [ i )
V—x2—-2x+5 2V—x2—-2x+5 +—x2—-2x+5
x+1 1 o
’—x2—2x+5 V—x2—-2x+5

ConS|derfidx

W —x%-2x+5

1
—2x-2

letu=—-x>—2x+5-dx = du

Xx+1 1
= | ——dx = | ———=du
V—=x2-2x+5 24u

1J’ 1 q
2]y !
We know that [ x"dx =

ﬁ__f du = ~(v)

——
=—y—x2—2x+5

xl‘l+J.

+cC

n+1

Conyderf:dx

W —xZ-2x+5

dx
:J- V—x2 — 2x+5 J- (x—i—l)

letu === — dx = 6du

= | ———du
J- J6 - (x+ 1) V6 — 6uZ

du

V1—u?



We know that f“—%dx =sin"}(x) + c

J‘ q . -1(X+ 1)
= u = sin
Vv1—u? V6
Then,
3x+1 Xx+1 J’ 1
= | ——dx =
V—=x2—-2x+5 ’—xz 2x+5 Vv—x2—2x+5
=—3\;—x2—2x+5—2(sin‘1( F))+C
V6
3x+1 —— x+1
2= | —=d =_3\|'_X2_2X+5_25111_1( )+c
V—x2—-2x+5 \,'"g

6. Question

Evaluate the following integrals:

J.L dx
J8+x—x’
Answer

X

GivenI = [ ——dx

V —xT+x+8
+
Integral is of form [ ————dx
y ax®+bx+c

Writing numerator as px +q = A {% (ax®+ bx + c)} +

=>px +q=A(2ax + b) + u
2X=A(-2x+1)+
S“A=-1/2and p = -1/2

Let x = -1/2(-2x + 1) - 1/2 and split,

1

J‘ —(—2x+ 1)
2

diei
—x2+x+8

1 2x—1 J’ 1 i
“2)V=x*trx+8 x2+x+8 V—xZ+x+8

ConS|derf dx

W —xT+x+8

1

letu=—-x?+x+8—-dx = du
—2x+1
2x—1 1
S | —————dx= | ——du
Vv—x2+x+8 Vu
[ &
=— | —du
Vu
1'1+J.
We knowthatj’xndg— 1c

n+1

1
- —fﬁdu - —(2v1)

——
=—24—-x2+x+8

V—=x2+x+8 2V—=xZ2+x+8

)

dx



Con5|derf = +8dx
—\' +x
=:-J- J- dx
—X2+X+8 33 )2
(x~3
Let 4 =2::1 - dx =”—33du
V33
1 /33
=:-J-—dx=f—du
a3 132 33— 33u2
G-y
4 2
du
V1—u?

We know that fﬂ—%dx =sin"}(x) + ¢

= du = sin™*(u)
J-\. 1—u?

— (Zx— 1)
= sin
V33

Then,

X 1 2x—-1 1 1
= | ——dx= | ——— x——f—dx
J-\J—x2+x+8 2) y—=x?+x+8 2) y—x2+x+8

— 1 2x—1
= X*+x+8 sin +c
v 2 V33

. 1 x—1

X ————= 51n 3

~ = J-—dx= —/—x2+x+8-———¥ 4
V=2rx+8 2

7. Question

Evaluate the following integrals:

- Xx+2
| —&
X +2x-1
Answer
. x+2
Givenl = fﬁ:dx
W E=+2x—1

P—Jrqu

Integral is of form [ ———
y ax®+bx+c

Writing numerator as px + q = l{% (ax®+ bx + c)}—i— 1]

=px +q=A(2ax + b) +
2X+2=A2x+2)+
SA=1/2andp=1

Let x + 2 = 1/2(2x + 2) + 1 and split,

X+ 2 X2 ( 2%+ 2 . 1 )d
X
VxZ+2x—1 24x2+2x—1 xZ2+2x—1



Xx+1 1
= | —————dx+ J-idx
Vx2+2x—1 VxZ+2x—1

x+1

Consider [ dx

VT +2x—1

1
2x+2

letu=x?+2x—1—-dx = du

X+1 q J‘ q
————dx=| ——du
VxZ+2x—1 24u

1J’1d
2 ﬁu

We know that [ x"dx =

x]'.I.+J.

+c

n+1
171 1

=— | —du==(2yu
zfﬁ z[‘“ )

=\."’E= JxE+2x—1

. 1
Con5|derf,—
VT +2x—1

dx

1 1
B S S S S
J-x,x2+2x—l JE+1)2-2
Letu = i; - dx = y2du
W

f ! d f V2 d
= —_— (X = —(u
JE+D2-2 V2uz— 2

du

_J-\.le—l

We know that f?%dx = log[\,’x? -1+ x) +c

1 —
=:-J- du = log(yyuz—1+u)

Vuz—1
| (x+1)2 1+x+1
= 0 —_—
Then,
X+ 2 q Xx+1 q +J’ 1 q
——————dx = | ——dx ————dx
VxZ+2x—1 VxZ4+2x—1 VxZ4+2x—1

——— X+ 1)? x+1
=4x2+2x—1+log !—1+ +c
2 V2

=\;x2+2x—1+10g(\,’(x+ 1)2-2+x+ 1)+c

2x+1 ——— —_—
I = ﬁd}{:vx?+2x—1+10g(\,(x+1)2—2+x+1)4—-:

8. Question

Evaluate the following integrals:



X -1
Answer
. x+2
Given[ = “de
yxs—1
Integral is of form _[Pi—qu
y ax®+bx+c

Writing numerator as px + q = ;\{% (ax®+ bx + c)}+
=>px +q=A(2ax + b) + u
2X+2=A(2X)+ U
SA=1/2and p =2

Let x + 2 = 1/2(2x) + 2 and split,

X+ 2 2x 2
= ( + )dx

VxZ—1 2WxZ—1 x2-1
= dx+2J- dx
J-\.Xz—l \-X2—1
. X
Con5|derfﬁdx
letu=x2—1—dx =—du
2x
f 4 f d
= x= | —=du
VxZ—1 2\u
lJ’ 1 q
== | —du
2J) yu
]'.|.+J.
We knowthat_[x“dx—' +c

n+1
171 1

— | —du==(2vu
ﬁzjﬁ u=35(2y1)
=\."'ﬁ=\.'X2—l

. 1
Consider [ ——dx
V-1

We know that IHTL_ldx +c=cosh™ix+c

= dx = cosh™(x
frz-l x)
Then,

f xte f d +zf dx
= X

VxZ2—1 Vx2—1 VxZ2—1
=4x2—1+cosh™}(x)+¢c
X+ 2 —_—
= = Z_ -1
I \,’ﬁdx JxX%—1+ cosh™(x) +c

9. Question



Evaluate the following integrals:

Answer

x—1

dx

GivenI = f

V¥2+1

P—Jrqu

Integral is of form [ ———
y ax®+bx+c

Writing numerator as px +q = A {% (ax®+ bx + c)} +

=>px+q=A(2ax + b) + u
=2X-1=A2X)+
SA=1/2andu=-1
Let x -1 = 1/2(2x) - 1 and split,

x—1 1 )
VxZ4+ 2\.}{24—1 V41l
f dx

\-Xz VX241

. X
Consider [ —=dx
VE=+1

Let u = x? +1—>dx-idu

"\-}k{2 J-?.\.
lJ’ld
=- | —=du

2)

We know that [ x"dx =

x]'.I.+J.

+c

n+1
171 1
— | —du==(2vu
ﬁzf\fﬁ u=3(2vu)
=\."'ﬁ=\.'X2+l

. 1
Consider [ —=dx
WX +1

We know that [ ,i—ldx +c=sinh™'x+c¢
T

= dx = sinh™%(x
| == ®
Then,
= e e
= X
V24 VEZ + Vx4 1
=x2+ 1 —sinh™(x) + ¢
X_ 1 lli— .
1= dx = /x2+1—sinh }(x)+c

VxZ2+1
10. Question

Evaluate the following integrals:



[ x dx

gl

X" +x+1

Answer

X

Given I = [ 5 dx

VY xZHx+l

L*qu

Integral is of form | ———
y ax®+bx+c

Writing numerator as px+q =14 [% (ax®+ bx + c)} +

=>pXx +q=A2ax +b) +u
2X=A2Xx+1)+u
SA=1/2and p = -1/2

Let x = 1/2(2x + 1) - 1/2 and split,

J’ q J’ 2x+1 1 )d
= | ——=dX = — X
Veg+x+1 2WxZ+x+1 24xZ+x+1

1 2x+1

= dx
2 ’x2+x+1 J-*x2+x+l

dx

ConS|derf

w2+l

L du

2x+1

letu=x>+x+1->dx=

2x+ 1 q q
—————dx = | —du
VxZ4+x+1 Vu

_J'ld

We know that [ x"dx =

11+J.

+cC

n+1

1
= | —du=(2yu
| Zau-@)
=2\."’E=2\.'X2+X+l

dx

ConS|derf
xZ+x+1

fﬁ IJ—

Letu =22 - dx = —du

,—d - [ gt
:J- V3uz+3

du

Vuz+1

We know that [ ,i—dx =sinh™!x+c
VX +1



du = sinh~*(u
- [ == — (W)

= sinh™* (ZX i 1)

3]

!
Then,
1 2x+1 1 1

=>f—dx=— —dx——f—

VxZ+x+1 2) VxT+x+1 2)VxT+x+1

. _ 2x+1
sinh 1( ,_)

dx

= Jx24+x+1- 5 2Lt
2x+1
sinh‘l( ,)
= ————dx=x2+x+1—-———— V3 24 ¢
J-\,’x2+x+1 v 2

11. Question

Evaluate the following integrals:

- X +1

|
X" +1
Answer
x+1

i [=[Z—dx
Given f Neam
Integral is of form [ ————t—dx

y ax®+bx+c

Writing numerator as px + q = ;\{% (ax®+ bx + c)}+ 1L

=>pXx +q=A2ax +b)+u
=>X+1=A(2x)+
~A=12andpu=1

Let x + 1 = 1/2(2x) + 1 and split,

X+1 ( 2% . 1 )
=
\-Xz 2vx2+1 xZ2+1
f .
\-X2 V2 +1
. X
Con5|derfv,ﬁdx
Let u = x? +1—>dx-—du
V2 + J-Z\.
lJ’ 1 q
“2J) Vu !
11+J.
We know thatfxndx— 1c

n+1

171 1
— — = — |"_
ﬁszfﬁdu 2(2\.1.1)



==\{ﬁ-==\;X2 +1

L dx

Considerf

\.'I xE+1

1 . —
——dx+c=sinh*x+c
VE=+1

We know that f

1
= | ——dx =sinh™(x
J-\.XE-I- 1 (x)

Then,

x+1 X
= —dX=J-—dX+J-—dX
J-\.X2+1 vxZ+1 VxZ+1

=x2+ 1 +sinh™(x) +c
x+1 —
— - — 2 : -1
I= N’md}{—vx +1+sinh™(x)+c

12. Question

Evaluate the following integrals:

- Ty L5

X 10
J dx

X“+2x+5
Answer

. 2x+5
GivenI = f'ﬁ:§==;=?
W XK=+2X+3
. X+
Integral is of form [ ————dx
y ax®+bx+c

Writing numerator as px + q = 1{% (ax®+ bx + c)}+ 1L

=>px+q=A(2ax + b) + u

22X +5=A2x+2)+
SJA=landpu=3

Let 2x + 5 = 2x + 2 + 3 and split,

J‘ 2x+5 q ( 2x+2 . 3 )d
= | ——dx = X
Vx2+2x+5 Vx2+2x+5 VxZ2+2x+5

X 1
S 2 a1
Vx24+2x+5 VX2 +2x+5

x+1

Consider [ dx

W KT+HZR+S

1
2x+2

letu=x?>+2x+5—-dx= du

x+1 q J’ q
—————=ax = | ——=du
VxZ+2x+5 24u

1J-1d
2 \,IEU
n+i

We know that [x"dx = =— + ¢

n+1




—_—
=\."’E= JXE+2x+5

ConS|derf dx

XE+2x+5

1 1
—dX = | ————=dx
V2 +2x+5 JE+1)2+4

Letu=%—>dx= 2du

= | ——du

J- *(x+1)2+4 J-n“4u2+4
du

Vuz+1

We know that [ ,i—dx =sinh™!x+c
VX +1

= du = sinh~*(u
[ = — (w)

Xx+1
= sinh‘l( )

Then,

2x+5 J’ 1
dx +3J-7dx
’x2+ 2x+5 Vvx24+2x+5 Vx2+2x+5

———— Xx+1
=2y/x2+ 2x+ 5+ 3sinh! (T) +c

2x+5 Xx+1
—_—dx =2 x2+2x+5+3sinh‘l(—)+c
V2t 2x +5 v 2

13. Question

Evaluate the following integrals:

J- 3x+1 dx

J5—2x—x?

Answer

3x+1

GivenI= [ dx

y —xF—2x+5

Adx

Integral is of form [ ———
y ax®+bx+c

Writing numerator as px+q =14 [% (ax®+ bx + c)} +

=px +q=A(2ax + b) +
23X+ 1=A(-2x-2)+
SJA=-32and u=-2

Let 3x + 1 = - (3/2)(-2x - 2) -



= X

B+l ( —3(-2x—2) 2 )d
—_— X = —_
V—x2—-2x +5 2W—=x2—-2x+5 —xZ2-2x+5

Xx+1 1

——dx
’—x2—2x+5 V—x2—-2x+5
Con5|derfﬁdx
Letu=-x2—2x+5 - dx = ——du
—2x-2
Xx+1 1
= | ————=dx = | ———=du
V—x2-2x+5 2Ju
1J’ 1 q
2]t
n+i
We know that [x"dx=~— +¢
n+1
171
—— | —du = —{+v1u
= 2]&“ (va)
—_——
=—y—Xx2—-2Xx+5
ConS|derfﬁdx
= [ —— f dx
V—x2 — 2x+5 (x+1)
Letu=i_61—>dx=\,@du
J
f d f e 4
= | ———dX = | ——=du
£ (w1t 112 6 —&u
V6 — (x+1)2 V6 — 6u?
du
V1—u?
We know that fﬂ—%dx =sin"}(x) + ¢
J’ 4 . _1(x+ 1)
= u = sin
V1 —u? N3
Then,
3x+1 Xx+1 1
= | ————dx =3 | ———=dx— —_
V—X?—-2x+5 V—X?—-2x+5 V—X%—2x+5
T S — o (xt1
=—3v—x2—2x+5—2(5111 ( ,,_))+c
V6
3x+1 —_—— . (x+1
A —dx=—3v—x2—2x+5—251n‘1( )+C
V=xZ-2x+5 Ve

14. Question

Evaluate the following integrals:

Answer

dx



Given [ = [L=gx
v 1+x

Rationalizing the denominator,

J‘ 1—xd J‘ 1—x 1—xd
= =
1+XX 1+xx1—xx

1—x

= dx
V1—x2
. X+
Integral is of form [ ————dx
y ax®+bx+c

Writing numerator as px + q = ;\{% (ax®+ bx + c)}+ 1L

=>px +q=A(2ax + b) + u
=2-X+1=A(-2x)+
“A=1/2andp=1

Let -x + 1 = 1/2(-2x) + 1 and split,

J’ 1—x q ( —2x 4 1 )d
= X = X
V1 —x2 241 —x2 1-—x2

X 1
_ dx+f—dx
J-\.l—XE '\-1—}{2
. X
Con5|derfﬁdx

letu=1-x%—dx = —du
2x

X -1
= dX=J-—dL1
J-\;’l—x? 2\u

101
=— | —=du
2 | a

xn+¢

We know that [ x"dx = +c

n+1
171 1

— | —du==(2vu
ﬁzf\fﬁ u=3(2vu)

\."E=—\.'1—X2

. 1
Consider [ —==dx
v1-x2

We know that f“—%dx+ c=sin"'x+c

1
= dx = sin~(x
| — x)

Then,

1—x X 1
= dx=—f dx+J- dx
V1 —x2 V1 —x2 V1 —x2

=41—x2+sin"}(x)+c



— -1
2= J-’l-i- dx = /1 — x2 + sin (x)+c

15. Question

Evaluate the following integrals:

-
s 2x+1
J Y%
X" +4x+3
Answer
2x+1

. [— [2x

Given f VX2 +4xR+3
+
Integral is of form fpi—qu
y ax®+bx+c

Writing numerator as px + q = 1{% (ax®+ bx + c)}+ 1L

=>px +q=A(2ax + b) + u
=22X+1=A2x+4)+
SJA=landu=-3

Let 2x + 1 = 2x + 4 - 3 and split,

2x+1 2x+4 3
dx=J-( - )dx

VxZ+ 4x+3 VxZ+4x+3 VxZ+4x+3
Xx+2 J’ dx
- ’x2+4x+3 VvxZ+4x+3
Con5|derfﬁdx
Letu=x2+4x+3 - dx = ——du

2x+4d
X+ 2
md“fmd“
1 1
=§fﬁd“

We know that fxn dx =

11+J.

+cC
n+1

171 1
— | — = _ f
ﬁszfﬁdu 2(2\.1.1)

—_—
=\."’E= \.'X2+4X+3

ConS|derf dx

w2 +4x+3

1
= | ———=dx= | ————dx
J-\.’x2+4x+3 Jx+2)2-1

Letu=x+2->dx =du

= | ———du
J-’(x+2)2—l J-*«fu?—l



We know that f?%dx = log[\,’x? -1+ x) +c

1 —
— 2 _
:J-deu—log(vu 1+u)

=10g(\f(x+ 2)2—1+x+2)
Then,
2x+1 q 5 Xx+2 q 3J’ 1 q
———dx = ——dx -3 | ——=dx
VXZ+4x+3 VXZ+4x+3 VXZ+4x+3
=2vx2+4x+3—310g(\,’(x+2)2—1+x+2)+-:

=2vx2+4x+3—310g(vx2+4x+3+x+2)+c

=2y (x+1)(x+3) —310g(|\,’(x+ 1)(x+3) +x+2|) +c
2x+1
[= | ———dx
i raxi3
=2y (x+1)(x+3) —310g(|\f(x+ 1)(x+3) +x+2|) +c
16. Question

Evaluate the following integrals:

J- 2Xx+3 dx

VX' +4x+5

Answer

Givenl = [ 2xt3

VX2 +4x+5

. X+
Integral is of form [ ————dx
y ax®+bx+c

Writing numerator as px + q = 1{% (ax®+ bx + c)}+ 1L
=>px+q=A(2ax + b) + u

=22X+3=A2x+4)+

SJA=1/2and p=-1

Let 2x + 3 = 2x + 4 - 1 and split,

2x+ 3 q J’( 2x+ 4 1 )d
—_——dx = - X
VxZ+ 4x+5 VxZ+4x+5 VxZ+4x+5

X+2 1
—dx—f—dx
VXZ+4x+5 VX2 +4x+5

x+2

Considerf dx

W KT HAR+S

1
2x+4

letu=x?+4x+5-dx = du

X+ 2 q J‘ q
——————dx= | ——=du
VXZ+4x+5 24u



1J’1d
2 ﬁu

We know that [x"dx = =

n+1

n+i

+c

171 1
= Efﬁdu ZE[ZV{H)

——
=\."'E=\.'X2+4X+5

Con5|derf dx

w2 +4x+5

= dx
J-\.’x2+4x+5 J- J(x+2)2+1

Letu=x+2->dx =du

1
= | ———dx= | ———=du
J-\,*(x+z)2+1 vur +1

We know that f%dx =sinh™!x+c
VX +1

du = sinh~(u
Vuz+1 (W

=sinh™(x + 2)

Then,

2x+ 3 q 5 X+2 q J’ q
——————dx = ————dx— | ————=dx
VXZ+4x+5 VX?+4x+5 VX?+4x+5

=2yx2+ 4x+ 5 —sinh™}(x+2) + ¢

2x+ 3 —_—
md}k{: 2\.'){2 +4x+5— SiIlh_ll:X'i' 2)+C
VX X

17. Question

Evaluate the following integrals:

J‘ Sx+3 dx

JxT+4x 410

Answer

Given I = [ —=2

VX2 +4x+10

Integral is of form fildx

 ax®+bx+c

Writing numerator as px +q = A {di (ax®+ bx + c)} +
X

=>px +q=A(2ax + b) + u
=25x+3=A2x+4)+
S A=5/2and u=-7

Let 5x + 3 =2(2x + 4) - 7 and split,



J- 5%+ 3 J- 5(2x+ 4) 7 )d
= — X
V2 + 4x + 10 2Wx2+4x+ 10 Vx2+4x+ 10

X+2 1

—dx
’XE + 4x+ 10 Vvx2 +4x + 10
Con5|derfﬁdx
Letu=x2+4x+ 10 —» dx = —du

2x+4

X+ 2 1
— dx = f—du
VxZ+ 4x+ 10 24u

lJ’ld

We know that [ x™dx =

}‘,11+J.

+c

n+1
1 1 1
| =du==(2vu
ﬁzf\fﬁ u=3(2vu)

_—
=u=x2+4x+10

ConS|derfﬁdx
- [
X2+ 4x+ 10 JE+2)2+6

Let u =x+_: - dx =+6du
Y

| et e
= | ———dx= | ———=du
JE+2)2+6 Veu?+6

du

Vuz+1

We know that f dx =sinh™*x+c

du = sinh~*(u
w— (w)
. h_l(x+2)
= sin
V6
Then,
Ex+3 X+2 1
————— X =5 | ——dx — J-—dx
VXZ+4x + 10 VX2 +4x+ 10 VXZ+4x+ 10

————— L. [x+2
=5y/x2+ 4x+ 10 — 7sinh 1( )+c
V6

= | —=dx =5x2 +4x + lO—?sinh‘l( )+c
VxI+4x +10 V6

18. Question

Evaluate the following integrals:



X" +2x+3
Answer
. x+2
Given I = [ ——dx
VxT+2x+3

. X+
Integral is of form [ ————dx
y ax®+bx+c

Writing numerator as px + q = 1{% (ax®+ bx + c)}+ 1L
=>px+q=A2ax +b)+u

>X+2=A2x+2)+

“A=12andp=1

Let x + 2 = 1/2(2x + 2) + 1 and split,

J‘ X+ 2 ( 2%+ 2 . 1 )d

= | ————=dx = X
VxZ+2x+3 2Vx2+2x+3 Vx2+2x+3

Xx+1 q +J’ 1 q

= | ————=dx ——x
VZ4+2x+ 3 VX2 +2x+3

x+1

Considerf dx

VKT +2x+3

Letu=x2+2x+3 — dx = —du
2x+2

X+1 q J‘ q
————dx= | ——du
VXZ2+2x+3 24u

1J’1d
2 ﬁu

We know that [x"dx ==

n+1

n+i

+c

171 1
= EH[;ﬁjdu ==E[2yﬁi)

s
\{ﬁ ==\;X2'+ 2x+3

1

Consider [ dx

W EZ+2x+3

1

1
B R Y S S
J-\.X2+2X+3 Jx+1)2+2

Letu = i; - dx = 2du
N

=:-J- L dx—J- V2 du
JE+1)2+2 V2ur + 2

1
= du
J-\.le-i-l

1 . —
——dx =sinh™*x +c
VE=+1

We know that f



1
= | ———du = sinh (u
J-\.u2+l (w)

Xx+1
= sinh‘l( )

V2
Then,

X+ 2 Xx+1 1
————dx = —dx+J-—dx
VXZ+2x+ 3 VXZ+2x+3 VxZ4+2x+ 3

— x+1
=\;x2+2x+3+sinh‘1( E)+c
v

X+ 2 x+1
[= | ——dx = x2+2x+3+sinh‘1( )+c
VXZ2+2x+3 v \.E

Exercise 19.22
1. Question

Evaluate the following integrals:

- 1
J il : g dX
4dcos X +9s51n1° X
Answer
. 1
Givenl=| ———
I “[ 4cosex+9sin® x

Dividing the numerator and denominator of the given integrand by cos?x, we get

: J’ 1 4 J’ sec?x
4cos2x+9sin?x 4+9tan?x

Putting tanx = t and sec?x dx = dt, we get

: J’ dt 1J’ dt
= | = —_
4+9t2 9J) 2 4
9

1

aZ+x?

1J' de 1 1
= — m—ax?tall
9 3

1t —1(3t)+
=—tan"" ||+
2
1 _1(3tallx)+
2 C

. J’ 1 q 1t _1(3tanx)+
"7 ) 4cos?x +9sin2x X_6 an 2 ¢

We know that [

dx = “tan~! (E) +c
a a

w | ra| —+
_l’_
™

2. Question

Evaluate the following integrals:

- 1
J . 8 g dx
4dsin- X +5c0s X

Answer



. 1
Given I = “[ 4sin® x+5cos?x
Dividing the numerator and denominator of the given integrand by cos?x, we get

: J’ 1 4 J’ sec?x 4
=T 4s5in?x + 5cos?x X= ﬂrtan?x+5X

Putting tanx = t and sec?x dx = dt, we get

dt 1 dt
=[= = — _
442+ 5 4 t2+(3)
4

We know that f aziw-:z dx = itan_l (z) +C

dt 11,

2tanx

tan™?! (
V5

v
1

1
I= dx =
J-451112x+5c052x AY

)+c

ol

3. Question
Evaluate the following integrals:

- -3
2+sm2x

Answer

. 2
Givenl = [ ——dx
2+s5in2x

We know that sin 2x = 2 sin x cos x

2 2
= J-Z + siandX - J- 2+ 2sinx cosxdx

1
S R .
1+ sinxcosx
Dividing the numerator and denominator by cos? x,

1 sec?x
1+ sinxcosx sec2x +tanx

Replacing sec? x in denominator by 1 + tan? x,

J‘ sec?x d J‘ sec?x
—dx = X
sec?x +tanx 1+tan?x +tanx

Putting tan x = t so that sec® x dx = dt,

J’ sec?x 4 J’ dt
== X = _—
tan?x+tanx + 1 t24+t+1




e e

2

=—tanl()+c
1 t+-
=:-J- s=—tan | —== |+ ¢
ENRE e
) 2 2
2 1(2t+1)+
=—tan C
V3 V3
IJ- 2 Zt_1(2t+l)+
“l=| ————dx=—tan C
2 + sin2x V3 V3

4. Question

Evaluate the following integrals:

dx

J- COSX
cos3X

Answer

COSX

dx

Givenl= [

cos3x
J’ COSX d J’ COSX q
= X = X
oS 3x 4cos3x — 3cosx

1
= | —d
J-ﬂrcos?x—?) X

Dividing numerator and denominator by cos

J‘ 1 i J‘ sec?x i
= | ———— X = | —— X
4cos2x—3 4 —3secix

Replacing sec?x by 1 + tan?x in denominator,

J’ sec?x J’ sec?x
= dx =
4 — 3secix 4 -3 —3tan?x

J‘ sec?x d
= | ——dx
1—3tan?x

Putting tan x = t and sec?x dx = dt, we get

I J’ dt 1J’ 1 gt
S J1-3t2 3)1_
3

2X,

—Z‘loga_ +c
1J' 1.1 ﬁ+t+
= — —x——Io C
3 E.__ 2 3 2\&5 g _£
1 1+ /3t
= log
6\.@ l—v@t




1 l 1+ \,@tanx .
= o C
6\,@ & 1- \,@tanx
. J’ COSX q 1 l 1+ \,@tanx .
Sl = W = (8] C
cos 3x 6v3 °|1— V3tanx

5. Question
Evaluate the following integrals:
- 1
1+ 3sin°x
Answer

1

1+3sin®x

Givenl = |

Divide numerator and denominator by cos?x,

: J‘ 1 i J‘ sec?x 4
== ——dx = X
1+ 3sin?x sec?x+ 3tan?x

Replacing sec? x in denominator by 1 + tan? x,

J’ sec?x 4 J’ sec?x 4
= X = X
secix+ 3tan?x 1+tan?x+ 3tanZx

J‘ sec?x d
= | ——dx
1+4tan?x

Putting tan x = t so that sec® x dx = dt,

J’ sec?x 4 J’ dt
= 1+ 4tan?x X= 1+ 42
lJ’ 1 dt
_4 E+t2
4

We know that [

1

a4x®

_1 —1(x

dx = atan (a) +c
lj’ 1 dt 1 1t -1(t)+

=— | —dt=—x—-tan " |= C
4 i+t2 4 2 2

1 tan-1 (tanx) 4
=—tan C
8 2

I J‘ 1 q lt . (tan};) .
wl=| —————dx=—-tan"|—— ] +¢cC
1+ 3sinZx 8 2

6. Question

Evaluate the following integrals:

- 1
[————dx
3+2c0s° X
Answer

1
3+2cos?x

GivenI= [

Divide numerator and denominator by cos?x,



: J’ 1 4 J’ sec?x 4
=T 34+ 2cos2x X= ?)sec?x+2X

2

Replacing sec? x in denominator by 1 + tan? x,

J‘ sec?x i J‘ sec’x d
= | ———dx= | —dx
3secZx +2 3+ 3tan?x+ 2
J’ sec?x 4
= | ———dx
5+ 3tan?x
Putting tan x = t so that sec® x dx = dt,

J‘ sec?x d J‘ dt
= — (X = _
54 3tan?x 5+ 3t2

1 1 dt
_3 E+t2
3

We know that [ ! dx = ttan! G) +c

aZ+x? a

1J- LN SO IOy I 30 T
=—|= =—x |ztan”!| —= | +¢
3) 212 3 3 5
3 3

V5 can-1 (\,@tanx) .
=—tan | ———|+c

3\.@ \,"g

: J‘ 1 : V5 can-t V3tanx .
]l = X = an™'| ——— | +¢c

3+ 2cos?x 343 V5

7. Question
Evaluate the following integrals:

- 1
J : : dx

(sinx —2cosx)(2sinX +cosx)
Answer

. 1
Givenl= [

(sinx —2cosx)(2 sin x+cosx)

1
= dx
J- (sinx —2cosx)(2sinx + cosx)

= ; ; , X
2s8in?x+ sinxcosx— 4sinxcosx — 2cos?x

Dividing the numerator and denominator by cos?x,

1
= ; ; , dx
2sin?x + sinxcosx— 4sinxcosx— 2cos2x

J‘ sec?x i
= X
2tan?x —3tanx — 2

Putting tan x = t so that sec?x dx = dt.

J’ sec?x 4 J’ dt
= 2tan?x —3tanx—2 x= 2t2 —-3t—-2



t —
4
We know thatf ¥ = ilog XA +C
2a X+
i s
f dt = S x—log|—4 3+
= —~zat = X —z-log 3 5|/ 7€
5 2 2 2,2
) 20 il
P L O
=-log|—|t¢
2
1 Ztanx—

- 5 2tanx+ 1

1 q |2tanx— 4 .
(sinx —2cosx)(2sinx + cosx) =5 % tanx+ 1

8. Question

Evaluate the following integrals:

dx

J‘ sin 2x
sinx +cos* x

Answer

. in 2x
Given] = [—2=F (g
“[ sin® x+cos*x

Dividing the numerator and denominator by cos® x

sin2x 2tanxsec’x
f e [2EORE

,— X =
sin*x + cos*x tan*x+1

Putting tan? x = t so that 2tan x sec x dx = dt
J’Ztanxseczxd J‘ dt
= — X = _
tan*x +1 2+1

(x)+c

J-dt tan }(t) +
= | Ey{-@n (Hh+c

=tan™!(tan’x) + ¢

sin2x 1 2
2= | ——————dx=tan “(tan“x) +c
sin*x + cos*x

9. Question
Evaluate the following integrals:
: 1

.WJ , dx.
cosX(sinX +2cosx)

Answer



1

cosx(sin x+2cosx)

GivenI= [

1 1
=1= dx = J- dx
J- cosX(sinx+ 2 cosx) cosx sinx + 2 cos?x

2

Dividing the numerator and denominator by cos< x,
J‘ 1 J‘ sec?x
= , dx= | ————dx
cosxsinx + 2 cosZx tanx + 2
Putting tan x + 2 = t so that sec x dx = dt,
J’ sec?x dt
= | —dx=| —
tanx + 2 t
We know that f%dx =log|x| + ¢
1
= J-Edt = log|t| + ¢
= log|tanx + 2| + x
I f ! dx = log|t +2|+
= x = log|tanx C
cosX (sinx + 2 cos x) &

10. Question

Evaluate the following integrals:

- 1
J — : dx
sI- X +smn2x
Answer
. 1
iven] = | ———
Given I f sin® x+sin 2x

We know that sin 2x = 2 sin x cos x

1
=1= — - X
sin?x + 2sinxcosx

Dividing numerator and denominator by cos? x,

1 sec?x
= , , dy= | ——————dx
sin?x + 2sinxcosx tan?x + 2tanx

Putting tan x = t so that sec? x dx = df,
J‘ sec?x i J‘ dt
= —_— (X = _
tan?x + 2tanx t2 4+ 2t

1
= dt
J-t2+2t+ 12 —12

1
=J-(1:+:L)2—12dt
1

x=—a?

We know that [

1 x—
dx = —log|—| +c
2a x+a

J’ 1 el |t+1—1+
= | ——  dt== s -
trz—120 2%fir1+1l "€



1l |t .
=—log|——|+cC
2%t 2
1l |tanx 4
_Zogtanx+2 ¢
I J‘ 1 q 1l |tanx +
= | —dx=-log|——| +¢
sin? x + sin 2x 2 gtanx+2

11. Question

Evaluate the following integrals:

- 1
| —dx
cos2xX +3sm° X

Answer

1

cos2x+3sin?x

GivenI= [

We know that cos 2x = 1 - 2sin? x.

1 1
d =J- d
=>J-c052x+351112x x 1—2sin?Zx+ 3sin?x X

1
= | —-d
J-l+sin?x X

Dividing numerator and denominator by cos

1 sec?x
= 7,[1}{ = —————dx
1+ sin?x sec?x +tan?x

Replacing sec?x in denominator by 1 + tan?x,

J’ sec?x 4 J’ sec?x 4
=2 | ——dx=| ——————dx
sec?x +tan?x 1+ 2tan?x

Putting tan x = t so that sec?x dx = dft,
J‘ sec’x i J‘ dt
= | —  dx=| ——
1+ 2tan?x 1+ 2t2
1J’ 1 dt
_2 1_;,.1:2
2

We know that fﬁlwzdx - itan‘l G) iy

2X,

lJ’ 1 dt 1 1t .
= — =— X —1fan
2 1+t2 2 Tl_

2 v 2

il
+
(o]

1
= — -1 'I'_
\Etan (v2tanx)+c

I f ! dx = —tan (V31 +
= X = —tan anx) + c
cos2x + 3sin?x V2 (v )

Exercise 19.23

1. Question

Evaluate the following integrals:



J‘.; dx

S+4cosx
Answer
Givenl = [ -
S+4cosx
_tan2¥
We know that cosx = 1-tan
1+tan2=
[ aemsn®= [
= | ———dx = T —tante X
5+ 4cosx 5+4( tan;)
1+tan

J- 1+tan“-

= dx
X X

5 (1 + tan? E) + 4(1 — tan? 5)

Replacing 1 + tan?x/2 in numerator by sec?x/2,

1+tan - sec-
= J- " dx = J-Tzdx
l + t3112 + 4(1 — tan?2) tan®- +9

Putting tanx/2 = t and sec?(x/2)dx = 2dt,

sec?’ 2dt
e E—|

=;.J-tan?g+‘5' x t2+9

[t
N t249

x = ~tan~! (E) +c
a a

1 1 4t
= thz+9dt= 2(5)‘&111 (§)+c

Zt 1 (tanx) 4
= —tan C
3 3

I J‘ 1 q Zt . (tan:{)_l_
T ) 5 gcosx 30 €

2. Question
Evaluate the following integrals:
- 1
J — —  dx
5—4smx

Answer

GivenI= [

S5—4zinx

X
2tan -

We know that sinx = m
2

—l d —1 d
=>f5—45111x X_J- (ztanf) X

5 —
1+tanz‘1—2{



_J- 1+ tan 3 4
B 5 (1 + tan? g) —4 (2 tanz) :

Replacing 1 + tan?x/2 in numerator by sec?x/2,

J’ 1 +tan’- J- gec2®
= dx = dx
1 + tam2 —4 (2 tanf) 5 + btan? g —8 tang
2

Putting tanx/2 = t and sec?(x/2)dx = 2dt,

J- sec?- 2dt
= dx = J-i
5+ 5ta112— — Stan— 5+ 5t2— 8t

== | ——dt
5ft2—?t+1

We know that [ aZiuzd

wolw

2(1 .
== J- 2dt=g 5 |tan
t—— ) B

2
=—tan—! (
3 an

I J‘ 1 q 2t . (5tanx—4)+
1T )5 _zsinx 3™ 3 ¢

btanx — 4) .
3 C

3. Question

Evaluate the following integrals:

- 1
J — - dx
1-2smx
Answer
. 1
Givenl = [ —
1-2sinx
2t:.=.n§
We know that sinx = —
SImX 1+tan p

2
1+ta112§

[Tzt [ T
= J1—2sinx ¥ 1_2(2tan§)x

_J- 1+ tan 3 i
B 1 (1 + tan? g) -2 (2 tang) :

Replacing 1 + tan?x/2 in numerator by sec?x/2,

J’ 1 +tan®- sec”:
= dx = J-
l + t3112 -2 (2 tanf) 1+ tan2> — 4tan>
2 2 2

dx



Putting tanx/2 = t and sec?(x/2)dx = 2dt,

J- seczg ] J- 2dt
= X = -
1+ta112§—4tan§ 1+1t2—4t

1
=2 | 57— ——dt
J-tz—‘}t-l-l

o
(t—2)2— (V3)

We know that [ —* dx=2ialog'_a+c

x—a
x=—a? X+

1 1 ft—2-V3
= ZJ- sdt = 2(—)‘(311‘ ——=]+c
(t—2)2—(v3) 243 t+2+4/3

1 , [tanx— (2 + V3)
=—tan" +c
V3 tanx + (2 + \,@)
1 1 tanx — (2 ++/3
.-.I=J-7.dx=—tan‘1 ( 2+ ))+c
1— 2sinx V3 tanx + (2 +3)

4. Question

Evaluate the following integrals:

- 1
J — - dx
dcosx—1
Answer
Givenl= |
4dcosx—1
_tan2¥
We know that cosx = 1-tan
1+ta1125
[ st = | =y
= | ————dx = %, OX
—1+4cosx 144 (l—tan:;)
1+tan z

J- 1+ta112§

= dx
_ 2X _ 2X
1(1+tan 2)+-’J:(1 tan 2)

Replacing 1 + tanx/2 in numerator by sec?x/2,

J- 1 + tan? ; J- seczg
= dx= | —— 2 4
-1 (1+ tan? g) +4(1 —tan? z) —5’531125"' 3

Puttingtanz = talldisecg(g)dx = dt,

J- seczg ; J- dt
= | ——2—dx =
—b5tan? E +3 3 —5¢t2

1J’ 1 dt
_5 g_tQ




We know that [ —_dx = = At
e kno a faz_xzdx Zalcz-g — +c
a2
1f 111, 5+t+
= — =—| — |lo C
5)3 42 s\ B[
5 - -—1
1 \.@+ \Etang
= lo +c
Vis 2V Votan®
1 V3 + \,"Etanz
-'-I=J-—dx= lo +c
4cosx—1 NE & V3 - \Etang
5. Question
Evaluate the following integrals:
r 1
J : dx
l—sinx +cosx
Answer
. 1
Givenl= [ ———
l-sinx+cosx
2tan X 1—I::anZE
We know that sj = n =
e kno at sinx m%{a d cosx mg

! d ! d
= ¥ = X
1 — sinx + cosx 1 2tan>  1—tan®
1+tanz§ 1+t:.=.112:—zc

1+ tan?Z
ZJ- X x2 xdx
1 +tan?5 — 2tan;+ 1 —tanzg

Replacing 1 + tan?x/2 in numerator by sec?x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,

J- 1 + tan? E seczg
_ sem [
1+ tan?>—2tan-+ 1 —tan2~ 2 —2tan-
2 2 2 2
J’ 2dt
T 2-2t

By R
Sl 1—t

We know that f%dx = log|x| + ¢

1
= J-ﬁdt=—logll—t| +c

= —logll—tan%l +c

I f ! d 1 |1 t X|+
= x=—1lo —tan—-|+c
1—sinx +cosx g 2

6. Question

Evaluate the following integrals:



- 1
J : dx
3+25mMX+COsSX

Answer

Givenl = [ ——————dx

3+2sinx+cosx

X 2 X
2tan— 1-tan®—

We know that sinx = — and cosx =
z2
1+tan p 1+tan 2

3+ 2sinx +cosx 2tan> 1—tan?>
3+2 = 2
1+ta1125 1+taan

1+ tanzg

_J-3+3ta112§+4ta11§+ l—tan?g

dx

Replacing 1 + tan?x/2 in numerator by sec?x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,

X X
1+ tan? 3 J- secza

=>J- X X }.’d
3+ 3tan?5+ 4tan£+ 1 —tan?E

J‘ 2dt
)2t 4+ 4

1
= | ———at
.J-t2+2t+2

dx
2 tan? E + 4‘&1115 + 4

1
Z.J-(t—i-l)?—i- 2

1
1+x2

We know that [ —dx =tan™*x +c¢
1 -1
ﬁj-mdt=tan (t+ 1) +c

X
= tan‘l[tani +1)+c

1 X
~l= dx = tan™'(tan- + 1) +
J-3+Zsinx+cosx X an (anz ) +e

7. Question

Evaluate the following integrals:

o 1
J —dx
13+3cosx +4smx
Answer
. 1
Givenl=f———
13+3cosx+4sinx
x ®
2tan= 1-tan®=
We know that sinx = — and =
Smx 1+tan S cosx 1+taan
== X = X
13 + 4sinx + 3cosx 2tan> 1—tanZ
13 +4 i) +3 3
1+tan z 1+tan z



J- 1+ tan®=
= dx
13 + 13 tan? ; + Stang + 3 — 3tan? ;

Replacing 1 + tan?x/2 in numerator by sec?x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,

1+ tan®= sec?Z
= f % 2 zdx = f  — dx
13 + 13 tan? 3 + Stana + 3 — 3tan? 3 10 tan? 3 + Stana + 16

J’ 2dt
) 10t2+8t+ 16
2 1

-t
10 2 4 3¢ 42

1 1
=gf—(t+%)2+?2dt

We know that [ ——dx = Etan‘l(i) +c

aZ+x? a

:%fﬁdt=% % tan™'——=2 + ¢
(t+j) +- s

1 5tan= + 2
=gtan‘1 —2 4+

o

6
1 1 ) 5tan§ +2
IZJ- dx =—tan™!| —2— |+ ¢
13 + 3cosx+ 4sinx 6 6
8. Question
Evaluate the following integrals:
" 1
COX —5INX
Answer
H 1
Given] = fi.dx
COSX—5In X
We know that sj 2tan; and 1-tan?Z
S = m% COSX = 1+taan

1 1
—s8InX + CosX EtanE 1—tan

_ 2
l+t3112'!—; 1+tanz‘1—2{

1+ tanzg

= dx
J- -2 tang +1-— tan?g

Replacing 1 + tan?x/2 in numerator by sec2x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,

1 +tan?> sec?Z
= J- X 2 xdx = J- X 2 X dx
-2 tan; + 1 — tan? B —tan? > 2 tan; +1

J‘ 2dt
N t22+2t—1




Y R S
(t+1)2 - (V2)

1
- J-(ﬁ}z—(w 1)2

dt

1 1 at+x

We know that f s dx = ;‘log — +c
ZJ' 1 it 2 | V2Z4+t+ 1| .
= = og C
(ﬁf —(t+1)? 22 TlW2-t-1
1 V2 + tan§+ 1
=—log|———=—|+¢
V2 & V2 — tanz— 1

V2 +tan> +1
2

——|+¢
\E—tanf—l
2

I J- L d L 1
~ J cosx —sinx X_\E o8

9. Question

Evaluate the following integrals:

- 1
J — —  dx
S X +~COSX
Answer
. 1
Givenl = [ ———dx
SINX+COosSX
X X
2tan— 1-tan*-
We know that sj = —zﬁ and =
SImX 1+tan z cosx 1+taan

1 1
= . dX = X ﬁdx
sinX + cosx 2tans 1-—tan

2
1+t3112§ 1+I::.=.nZE

2 2

1 +tan?:

ZJ- X 2 xdx
2 tan; + 1 — tan? B

Replacing 1 + tan?x/2 in numerator by sec?x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,

1 +tan?: sec?>
= J- X 2 xdx: J- X 2 X dx
2 tan; + 1 — tan? B —tan? B +2 tan; +1

_J‘ 2dt

T ) e—2t-1

=_f !
(t—1)2 - [\5)2

dt

Y
(v@}—(t—l)z

1

at—x?

1 2
= 2J- dt = log
(V2)" = (t— 1)2 2V2

atx

We know that [

dx=2ialog +c

a—x

ﬁ+t—1|
C
V2—t+1




V2 + tanz— 1
=—I +c
V2

X

& \E— tan'5+ 1

\ﬁ+tan§— 1
= +C

\ﬁ —tan-+1
2

1 1
I= | ———dx=—=I
J-sinx+cosx X V2 o8

10. Question

Evaluate the following integrals:

r 1
J = dx
5S—4cosx
Answer
Givenl = [ -
S5—4cosx
1-tan?2
We know that cosx = ———
1+taan

—1 d —1 d
= J-5—4cosx X= J-5_4(1—tanzf) X

i
1+tan3=
z

J- 1 +tan 3
= dx
5 (1 + tan? g) —4(1— tan? g)

Replacing 1 + tan?x/2 in numerator by sec?x/2,

1 +tan®= sec®=
= J- —dx = J-ix 2 _dx
l + t3112 4(1 — tan?2) 9tan?- +1

Putting tanx/2 = t and sec?(x/2)dx = 2dt,

J- sec?> ] J- 2dt
= | —==—dx =
9tan? E +1 9t2 + 1

ZJ' 1 dt
_9 t2+2
e

:zJ- L S WY A

RECH I S] R Ll O
9 3 3

2

= gtan‘l (3tanx) + ¢

I J- ! d 21: -1 (3tanx) +
1= e osw X = 3 an anx)+c
11. Question

Evaluate the following integrals:

Frp—

2+s8InX +cosX



Answer

1

Given [ = _[7
2+sinx+cosx
2tanE 1- tan -
We know that sinx = — and —3
Smx 1+tan S cosx = 1+tan2

= - X = = X
2 + sinx + cosx 5 4 2tans 1-tan?
1+ta112}—2{ l+ta112'1—2{

J- 1+ tan? f
= < dx
2+ 2t3112 - — Ztan +1- t3112 =

Replacing 1 + tan?x/2 in numerator by sec2x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,

1+ tan-- secc-
=:-J- = = 3(d:x;=J- dx
2+2ta1125—2ta115+ l—tan?E tan?——Ztan +3
J’ 2dt
S t2—2t+3

1
L "
(t+ 12+ (V2)

x = tan?! (E) +c
a a

1 1 Lt
Z;'ZJ- 2dt—2( )tan‘ (—)
(t+1)2+ (v2) f2
— tan-+ 1
=+2tan *{———
( 7 )
1 o tang +1
= 1= dx = v/ 2tan 1 (———
J-2+sinx+cosx v ( NG )
12. Question
Evaluate the following integrals:
r 1
|- dx
SINX ++/3Cc0osX
Answer
Given[ = [——dx
sinx+y 3cosx
We know that sinx = 2tan? and 1—tanZ2
sinx = m%{ COSX = —ﬁtanz

1 1
= | ———dx= J- dx
J- sinx ++/3 cosx 2tan 3 (1—“1122)

1+tan2> 1+tan?

1+ tan--
ZJ- X 2 xdx
2tan + V3 — 3 tan2 5

Replacing 1 + tan?x/2 in numerator by sec2x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,



J’ 1+ tan®= seczg
= dX = dx
2tan; 3 tan?> —V3tan?> + 2tan +3

2dt
\.@tz —2t— \.@

v 3
a+x
log
1
1 2 1 N
= Tz lzdt_w_?r 2(1) logi_ i+c
1. |[Z+tani-—
=_—log|5———5|+¢c
2 2 tani+ 2
v 3 2 v 3
1 1 |Z+tanl——
-'-I=J-fdx=—lo % +cC
sinx + V3 cosx 2 ——taxlz+:
\!

13. Question

Evaluate the following integrals:

. 1

J\Esinx +C0OsSX

Answer

dx

Given[ = J.,_;

v 35N X+COosSX
Let V3 =rcosB and 1 =r sin®
r=+3+1=2

Andtan® = 1/V3 -6 =1/6

1 1
= J-\,@sinx+ COSX X J-rcos Bsinx + rsin 6 cosx X
IJ’ 1 q
" r) sin(x+0) X
1
= ;J- cosec(x + 8)dx
We know that [ cosecx dx = log |tan§| +c
o
= - J-cosec(x+ 8)dx = —log|tan (2 2)| +c

=%log|tan@+£)|+ c



1 1 X @
= J-mdx= Elogltan(EJrﬁ)l +c

14. Question

Evaluate the following integrals:

- 1
J . dx
SINX —+/3cosX
Answer
. 1
GivenI= [

a =
sinx—y/ 3cosx

Let 1 =r cos® and V3 = r sin®
r=+3+1=2

Andtan®=v3-6=n1m/3

1 1
S ——|

= J-sinx —+/3cosx x rcos Bsin X — rsin 0 cosx

lJ’ 1 q
" r) sin(x—0) X

1
= TJ- cosec(x — 8)dx
We know that [ cosecx dx = log |ta11§| +c

¢ cosecta ey = S1oglan () +
= — — =— ———
. cosec(x — B)dx Slog|tan{5 —3 C

=%log|tan@—g)|+ C

1 1 X T
~I= J-mdx= Elogltan(i—g)l +c

15. Question

Evaluate the following integrals:

. 1
J - ——dx
5+7cosx+sinx
Answer
. 1
Given[= [————
S+7cosx+sinx
X X
Ztan= 1—tan3=
We know that sinx = — and =
SImx 1+tan S cosx 1+tanz§

1 1
= J-S + sinx + 7cosxdx - J- £y ( 2tan§ )+ 7 (1_tanz§) dx

z
% %
1+tan?= 1+tan?=
2 z

1 + tan? E

= dx
J- 5+ 5tan? ; + Ztanz +7— 7tan?§

Replacing 1 + tan?x/2 in numerator by sec?x/2 and putting tan x/2 = t and sec? x/2 dx = 2dt,



1+ tan®: sec?Z
Z J- dx

=>J- X X Kd X 2 X
5+ 5ta1125+ 2ta115+ 7— ?'tan?E —2ta1125+ Ztana +12

J‘ 2dt
T 2242t 412

[
N t2—t—6
E——
T )7 1\ s2
(t-2) -3
1 1 Xx—a
We knowthatfxz_azdx=2—alogE +c
f L L ) |t_5_§|+
=— | 037 gut=—| —Fz Jlog|—FT | T ¢
12 52 =2 _E 2
)
-1 tanz—B
=—Ilog|——| +¢
5 gtan§+2
1 -1 tanz—B
.'.I: dz_l —+
J-5+7cosx+sinxx 5 Ogtan§+2 ‘

Exercise 19.24

1. Question

Evaluate the integral

- 1
[——ax
l—cotx
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

1

1-cotx

Let, I = [

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

inx-+bcos :
If | has the form [ZRXTDcosxre

dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+c =A£ (dsinx+ ecosx+ f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

sinx

dx = J‘Izéégz dx = f

sinx

We have, | = f

l-cotx sinx—cosx

As | matches with the form described above, So we will take the steps as described.



. d .. .
Csinx = A— (sinx — cosx) + B(sinx — cosx) +C
. . : d .
= sinx = A(cosx + sinx) + B(sinx — cosx) + C {~ L. cosx = — sinx }

=sinx=sinx(B+A) +cosx(A—B)+C
Comparing both sides we have:

C=0

A-B=0=>A=B
B+A=1=22A=1=>A=1/2
~A=B=1/2

Thus | can be expressed as:

1 1
| = J- z (cosx+sin x]+§ (sinx—cosx)

sin x—cosx

dx + J- z (sinx—cosx) dx

1 .
| = J- = {(cosx+sin x)
- z -
sin x—cosx

sin Xx—cosx

1 x+sin 1 inx— 3
- Let |1 — _j- (clost+sm\'] dx and |2 — _J- (slm'\-: COSX) dx
2 sinx—cosx 2 sinx—cosx

=|=1; + |5 ....equation 1

1 r (cosx+sinx)
I1 = _f —dX
2 SINX—COS5X

Let, u = sin x - cos x= du = (cos x + sin x)dx

So, |7 reduces to:
du 1
[, =21 (9w _12
1 2f " zlog|u|+C1
Sl = ;loglsinx —cosx| +C, .....equation 2

As, |2 — ;f (sinx—cosx) dx = }j- dx

sinx—cosx ]

S =o4 0, equation 3

From equation 1,2 and 3 we have:
| = iloglsinx —cosx|+C; + §+ C,
sl= ;loglsinx —cosx|+ E +C

2. Question

Evaluate the integral

- 1
[——ax
l-tanx
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some



special functions.

Let, 1= [

1-tanx

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

If | has the form J- as:ln:(+hcos X+c dx
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+ ¢ ZAE (dsinx+ ecosx+ ) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

= f L _sinx f£ dx

1- tan'{ cosx—sinx
“cosx

We have, | = f

As | matches with the form described above, So we will take the steps as described.

d . .
- COSX = Aa(cosx —sinx) + B{cosx — sinx) + C
. : d :
= cosx = A(—sinx — cosx) + B(cosx —sinx) + C {~ S CosX = — sinx }

= cosx=—sinx(B+A) +cosx(B—A) +C
Comparing both sides we have:

C=0

B-A=1=A=B-1
B+A=0=>2B-1=0=B=1/2
S~A=B-1=-1/2

Thus | can be expressed as:

1 . 1 .
| = J- Z (cosx+sin x]+§ (cosx—sinx)

(cosx—sinx)

1 . 1 .
| = J- = (cosx+sin x) = (cosx—sin x)
=z """ 7 fz—

(cosx—sinx) (cosx—sinx)

(cosx+sin x) (cosx—sin x)

Letll=§f dx and I2=—f

(cosx—sinx) (cosx—sinx)
=|=1; + |5 ....equation 1

J- (cosx+sin ‘(]

(cosx— s:n‘(]
Let, u = cos x - sin x=du = -(cos x + sin x)dx

So, |7 reduces to:

1 pdu 1
l{ =2 (9u _ _1
1=—; [4 = —3loglul +C,
sl = —gloglcosx— sinx| + C; .....equation 2
As, |2 j- (cosx—sin x) _ _j- dx

(cosx—sinx)
~ly ==+ C, .....equation 3

From equation 1,2 and 3 we have:



1 . 3
| = —Eloglcosx— sinx|+ C, + §+ C,
1 . X
sl= —Eloglcosx— sinx| + S+ C

3. Question

Evaluate the integral

dx

J-3 +2cosX +4sinx
28X +cosX +3
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

3+2cosx+4sinx
Let, | = [2iicosxtising

2 sinx+cosx+3

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

inx+h 3
If I has the form [2ERXIC0SXE gy
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+c =A£ (dsinx+ ecosx+ f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

3+2cosx+4sinx
We have, | = [=——————(x
2 sinx+cosx+3

As | matches with the form described above, So we will take the steps as described.

"3+ 2cosx+ 4sinx= A%(25111x+ cosx +3) +B(2sinx+ cosx +3) +C

. . : d :
=3 +2cosx+ 4sinx = A(2cosx — sinx) + B(2sinx + cosx+ 3)+ C {~ S cosx = —sinx }

=3+ 2c0sX+ 4sinx = sinx (2B— A) + cosx (B+ 24) +3B+C

Comparing both sides we have:

3B+ C=3
B+2A=2
2B-A=4

On solving for A ,B and C we have:
A=0,B=2andC=-3

Thus | can be expressed as:

| = J- 2(2sinx+cosx+3)-3

2sin x+cosx+3

2(2sinx+cosx+3 -3
RIE—— e

Z2sinx+cosx+3 2sin x+cosx+3



- Let |1 — 2-[ (251’11:{+cosx+3]dx and |2 — _3f 1

2sin x+cosx+3 2s5in x+cosx+3
=|=1; + |5 ....equation 1

_ (2sin x+cosx+3)
h=2[—
2s5in xtcosx+3

So, I; reduces to:

l; =2 [dx = 2x+ C, .....equation 2

1

2sin x+cosx+3

As, 1, =-3]

1

asinx+bcos x+c

To solve the integrals of the form [

To apply substitution method we take following procedure.

We substitute:

X X
2tanz 1 — tan? 5
sinx= —=y and cosx = ——%
1+ tan? 5 1+ tan? 5
1
Sl == -
2 3 f 2sin x+cosx+3
1
=y = _3'[ ( zt:a.ré j (J.—tanﬁ) dx
2 +3 Z ) +3
1+tan? 1+tan
Sl = 3-[ 1+ta112§
2 4tans + 1—tan® + 3(1+tanz§]
z z z
oK
sec®=
=l,=-3] 2 dx

2(2 tan}—; +2+1 tanzi—z{ )

Let, t = tan = dt = ~sec2® dx
2 2 2

1
= f(2t+2+t2]

As, the denominator is polynomial without any square root term. So one of the special integral will be used to
solve I,.

1
p=-3] (2t+2+2)

1
=l =—3] (120t +1

iy =—3[———dt { a2 + 2ab + b? = (a+b)?}

(t+1)2+1

As, |, matches with the special integral form

1 1 X
———dx=—-tan " —+C
X2+ a2 a a

I = —3tan~!(t+ 1)

Putting value of t we have:

Sy =—3tan~! (tanz + 1) +Cy.nn. equation 3
From equation 1,2 and 3:

| =2x+C, —3tan? (tang + 1) + G



Sl=2x—3tan? (tang + 1) + C....ans

4. Question

Evaluate the integral

- 1
j — - dx
p+qtanx
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

Let, | = [

p+qtanx

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

inx+h 3
If I has the form [2FRXIC0SXE gy
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+c =A£ (dsinx+ ecosx+ f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

COSX

We have, | = | —dx = fﬁmdx:j—.dx

ptgtanx pcos x+qgsin x
COSX

As | matches with the form described above, So we will take the steps as described.
S COSX = A%(pcosx +qgsinx) + B(pcosx +qsinx) + C
= cosx = A(—psinx + qcosx) + B(pcosx — qsinx) + C {~ %cosx = —sinx}

= cos x = —sinx (Bq+ Ap) + cosx (Bp+Aq) + C

Comparing both sides we have:

C=0
Bp+Ag=1
Bg+Ap=0

On solving above equations, we have:

_a
T p?+q? 1J+2

andC=0

Thus | can be expressed as:

p .
= (—psinx+qsin \']+D2+CI2 (p cosx+qsin x)

dx

9
| = f p24q
(p cosx+qsin x)

= (- ps:n‘(+qs:nx’ pcosx+qsinx)

{ 3

z z

fp +q dx
(p cosx+qsin x)

I—fpz+

(p cosx+qsin x)



(—psinx+qsinx) (prosx+qsinx)

s letly = 2+q [ dxand I, = qz_[

(prosx+qsinx) (prcosx+qsinx)

=|=1; + I, ....equation 1

J- (—psinx+qsinx)
(pcosx+qsinx)

Let, u = pcos x + gsin x= du = (-psin X + qcos x)dx
So, |1 reduces to:

q du q
h=——]—= loglu| +C
1 p+q® u p+q® gl I 1

slp= ﬁlogl(pcosx + gsinx)| + C, .....equation 2

cosx+qsinx
As, |y = f ® SLILLI, M fdx
2+q {pcosx+qsinx)

T L i
Sy = p2+q2+ Cy..... equation 3

From equation 1,2 and 3 we have:

q . px
| = P2+q210gl(pcosx+ qsinx)|+ C, + WJF C,

j— 4 i
= P2+qzlogl(pcosx + gsinx)| + e +C
5. Question

Evaluate the integral

dx

+ ScosxX+6

J 2¢osX +s8inx+3
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

Let, | = j- Scosx+6

2cosx+sin x+3

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

inx+b X+
If I has the form [ZZ222200 50 gy
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+c =A£ (dsinx+ ecosx+f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

5 x+6
We have, | = [ —=5

2 cosx+sin x+3

As | matches with the form described above, So we will take the steps as described.

“hcosx+6 = A% (2cosx +sinx+ 3) + B(2cosx+sinx+3) +C



=5cosx + 6 = A(—2sinx + cosx) + B(2cosx +sinx +3) +C {~ %cosx = —sinx}

=5c05x+ 6 =sinx(B—2A) +cosx(2B+ A)+3B+C

Comparing both sides we have:

3B+ C=6
2B+ A=5
B-2A=0

On solving for A ,B and C we have:
A=1,B=2andC=0
Thus | can be expressed as:

_ r(—2sinx+cosx)+2(2cosx+sinx+3)
l=f dx

2cosx+sin x+3

(2 cosx+sin x+3)

dx+ [=

—2gin x+cosx
| = J": )

2 cosx+sin x+3 2cosx+sinx+3

. —2sin x+cosx) 2(2cosx+sinx+3)
s Letly = (—dx and b = | —/—/————(x
1 '[ 2 cosx+sinx+3 2 '[ 2cosx+sin x+3

=|=1; + |5 ....equation 1

_ r(—2sinx+cosx)
|y = [ (Zsinxtcosd)

2 cosx+sinx+3
Let,2cosx +sinx+ 3 =u
= (-2sin X + cos x)dx = du

So, I; reduces to:
d
lp = [ =log|u| +C;

~ 1y =log|2cosx +sinx + 3| +C, .....equation 2

As. | _f2(2505x+si11x+3]
' 2 2cosx+sin x+3

=1, =2[dx =2x+C, .....equation 3
From equation 1, 2 and 3 we have:

Il =log|2cosx+sinx+3|+C, +2x+C,
~I=log|2cosx+sinx+3|+2x+C

6. Question

Evaluate the integral

s2sImmxX + 3cosX
J : dx
3smx +4cosx

Answer
Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.



2sinx+3cosx
Let, | = [2sinxr3cosx
4cosx+3sinx

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

If | has the form J- as:ln:(+hcos X+c dx
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+ ¢ ZAE (dsinx+ ecosx+ ) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

2s5inx+3 3
We have, | =J~ sinx C?s‘(dX
4cosx+3 sinx

As | matches with the form described above, So we will take the steps as described.

S2sinx+ 3cosx = A% (3sinx + 4 cosx) + B(4 cosx + 3sinx) + C

=2sinx + 3cos x = A(3 cosx — 4sinx) + B(4cosx + 3sinx) + C {~ %cosx = —sinx}

= 2sinX+ 3cosx=sinx ( 3B—4A) + cosx (3A+ 4B)+C
Comparing both sides we have:

C=0

3B-4A =2

4B+ 3A =3

On solving for A ,B and C we have:
A=1/25,B=18/25andC=0

Thus | can be expressed as:

1 . 13 .
| = J- E(E cosx—4 sin x]+E (4 cosx+3 sinx)

4cosx+3sinx

1 . 18 .
| = J-—(Ecos:(—el-smx] dx + f—(4cosx+asmx] dx

4 cosx+3sinx 4cosx+3sinx

. 1 3 cosx—4 sinx 18 4 cosx+3 sinx
25 4 cosx+3sinx 25 4 cosx+3sinx

=|=1; + |5 ....equation 1

I = 1 J-(Ecosx—ésinx]
25

4 cosx+3 sinx

Let, 4 cos x + 3sinx =u
= (-4sin x + 3cos x)dx = du

So, |7 reduces to:
1 pdu 1
| = | — = —
1= = loglul +C;

Sly= 2—13 log|4cosx + 3sinx| + C, .....equation 2

18 r (4cosx+3sinx)
As, | = = [22052 708 4y
25 4 cosx+3sinx
18x

=>I2=§_[dx = +C; .....equation 3



From equation 1, 2 and 3 we have:

| = Ei log|4cosx + 3sinx| + C1+%+ C,

sl= 2—1_10g|4c05x+33111x| +%+ C

7. Question
Evaluate the integral
J‘;dx
3+4cotx
Answer
Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

1
3+4cotx

Let, I = [

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

inx+h 3
If I has the form [2ERXIC0SXEE gy
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+c =A£ (dsinx+ ecosx+ f) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

sinx

1
X= | —mm dx= | ——
I+4dcotx f3+4m fzsi1ix+4 COSX

We have, | = f

As | matches with the form described above, So we will take the steps as described.

Ssinx = A% (3sinx + 4 cosx) + B(4cosx + 3sinx) + C

d
=sinx = A(3cosx — 4sinx) + B(4cosx+ 3sinx) +C {~ LLcosx = — sinx }

=ginx=sinx(3B—4A) + cosx(3A+4B)+C
Comparing both sides we have:

C=0

3B-4A=1

4B+ 3A=0

On solving for A ,B and C we have:
A=-4/25,B=3/25and C=0

Thus | can be expressed as:

-4 . a .
| = J- E(E cosx—4sin x]+E (4cosx+3sin x)

- X
4cosx+3sinx



a .
— (4cosx+3 sinx)

dx + [zt gy

-2 )
| = J-—(E cosx—4 sin x)
= |z =
4cosx+3sinx

4cosx+3sinx

. 4 r(3cosx—4sinx) 3 (4 cosx+3sinx)
s Let |y =—2 [Geosxrdsing 4o and |, = 2 [cosxtIsing G0
1 25“[ 4cosx+3sinx 2 25“[ 4 cosx+3sinx

=1=1; + I, ....equation 1
I = 4 r(3cosx—4sinx)
1~ _;17

5 4cosx+3sinx

Let, 4 cos x + 3sinx =u
= (-4sin X + 3cos x)dx = du

So, |1 reduces to:

4 pdu —d

i =] ===
1 259 u 2510g|u|+ €y

4 . .
slp= —;log|4 cosx + 3sinx| +C, .....equation 2

=]
As, |2 — ij- (4 cosx+3 slin:\-.']

25 4 cosx+3sinx

=I2=§fdx =+C equation 3
From equation 1, 2 and 3 we have:

| = —2—4_ 10g|4c05x+35111x|+C1+§+Cz

sl = —2—4_ log|4 cosx + 3sinx| +§+C

8. Question

Evaluate the integral

2tanx +3
J dx

3tanx +4
Answer
Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

2tanx+3

Let, 1= [

3tanx+4

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

If | has the form J- asinx+bcos x+c

dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+ ¢ ZAE (dsinx+ ecosx+ ) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

sinx
2tanx+3 2———+3 2 sinx+3 cosx
JRenst gy [Zemgt®  jZsinxidcossg,

Jtanx+4

We have, | =
4 cosx+3 sinx
COSK



As | matches with the form described above, So we will take the steps as described.

S2sinx+ 3cosx = A% (3sinx + 4 cosx) + B(4 cosx + 3sinx) + C

=2sinx+ 3cos x = A(3 cosx — 4sinx) + B(4cosx + 3sinx) + C {~ %cosx = —sinx}

= 2sinx+ 3cosx=sinx ( 3B—4A) + cosx(3A+ 4B)+C
Comparing both sides we have:

C=0

3B-4A =2

4B +3A =3

On solving for A ,B and C we have:
A=1/25,B=18/25andC=0

Thus | can be expressed as:

1 . 13 .
| = J- E(E cosx—4 sin x]+E (4 cosx+3 sinx)

4cosx+3sinx

1 . 18 .
| = —(Ecosx—el-smx]d —(4cosx+3sinx)
22— dx + | BEB——dx
“[ 4 cosx+3sinx “[ 4cosx+3sinx

. 1 Icosx—4sinx 18 4 cosx+3sinx
o Let |y =—_[deand I =—f¥dx
25 4 cosx+3sinx 25 4 cosx+3sinx

=|=1; + |5 ....equation 1

I = 1 J-(Ecosx—ésinx]
25

4 cosx+3sinx
Let, 4 cos x + 3sinx =u
= (-4sin x + 3cos x)dx = du
So, I; reduces to:

1 du 1
[, = 18w _ 1
1= 251|:rg|u| +C,

u
Sl = 2—13 log|4cosx + 3sinx| + Cy ... equation 2

18 r (4cosx+3sinx)
AS, |2 = —_f—dX
25 4 cosx+3sinx

=1, = Ejdx - 121:4_ C, .....equation 3

From equation 1, 2 and 3 we have:

| = Ei log|4cosx + 3sinx| + C1+%+ C,

Sl= z—l_log|4cosx+331nx| +%+ C

9. Question
Evaluate the integral
- 1
J — — dx
4+ 3tanx
Answer

Ideas required to solve the problems:



* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

1
4+3tanx

Let, 1= [

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

If | has the form J- as:ln:(+hcos X+c dx
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+ ¢ ZAE (dsinx+ ecosx+ ) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

COSX

We have, | = | ———dx = fﬁﬁdx:j

4+3tanx 3 sinx+4 cosx
COSK

As | matches with the form described above, So we will take the steps as described.

SCOSX = A%(B sinx+ 4cosx) + B(4cosx + 3sinx) + C

=cos X = A(3cosx — 4sinx) + B(4cosx + 3sinx) + C {~ %cosx = —sinx}

=cosx=sinx{3B—4A) +cosx(3A+4B)+ C
Comparing both sides we have:

C=0

3B-4A =0

4B+ 3A=1

On solving for A ,B and C we have:
A=3/25,B=4/25andC=0

Thus | can be expressed as:

a . < .
| = J- E(E cosx—4 sin x]+E (4 cosx+3 sinx)

4cosx+3sinx

2 . 4 ,
| = J-—(E cosx—4 sinx) dx + f—(4cosx+asmx]

X

4 cosx+3sinx 4cosx+3sinx

. 3 p(3cosx—4sinx) 4 ¢ (4cosx+3sinx)
slet |y =2 (R dx and |, = & [T AR A
1 25'[ 4 cosx+3sinx 2 25'[ 4 cosx+3sinx

=1=11 + |, ....equation 1

3 r(3cosx—4sinx)
Iy = —_f—. dx
25 4 cosx+3 sinx

Let, 4 cosx + 3sinx=u
= (-4sin x + 3cos x)dx = du
So, |1 reduces to:

3 pdu 3
I [—J— —_— e — +
EERETE 2510g|u| €1



sl = %log|4 cosx + 3sinx| + C, .....equation 2

4 4 cosx+3sinx
As, | = 2 [Lcosxt3sing
25 4 cosx+3sinx

=|2=2—‘¥_de =¥+C2 ..... equation 3
From equation 1, 2 and 3 we have:
3 . 4x
| = ;10g|4 cosx + 3sinx| + C; + =t C,
3 . 4x
sl= = log|4cosx + 3sinx| + =T C

10. Question

Evaluate the integral

~Scotx+1
=22
3cotx+2
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

Let, | = j- Scotx+1

3cotx+2

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

If | has the form J- as:ln:(+hcos X+c dx
dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+ ¢ ZAE (dsinx+ ecosx+ ) + B(dsinx+ecosx+c) +C

Where A, B and C are constants

Scotx+1 g——+1 g cosx+sinx
Wehave, | = [—"dx = [-@—= [— ——dx

Icotx+2 I——+12 Icosx+2sinx
As | matches with the form described above, So we will take the steps as described.

“sinx+ Bcosx = A% (3cosx + 2sinx) + B(3 cosx + 2sinx) + C

=sin x + 8cos x = A(—3sinx + 2 cosx) + B(3cosx+ 2sinx) +C {~ %cosx = —sinx}

= sinx+ 8cosx=sinx ( 2B—3A) + cosx (2A+ 3B)+C
Comparing both sides we have:

C=0

2B-3A=1

3B+2A =8

On solving for A ,B and C we have:



A=1,B=2andC=0
Thus | can be expressed as:

_ r(—3sinx+2cosx)+2(3cosx+2 sinx)
l=f dx

Icosx+2sinx

(3 cosx+2sin x)

I=J~(—Esinx+2cosx] dx + j-2

3 cosx+2sinx 3 cosx+2sinx

—3sin x+2 3 2(3 x+2sin 3
- Let |1 =J~ ( : sin x+ clos*-:] dx and |2 — J- (3cosx+ s:lm X) dx
cosx+2 sinx 3 cosx+2 sinx

=|=1; + |5 ....equation 1

—3sinx+2cosx
= [ Casinxizcos) g

3 cosx+2 sinx
Let, 3cosx + 2sinx=u
= (-3sin x + 2cos x)dx = du

So, I; reduces to:
I = _[d—:l =log|u| + C,

~ 1y =log|3cosx + 2sinx| + C; .....equation 2

As. | _f2(3::05:(+251'n:(] dx
12 3 cosx+2sinx

=1, =2[dx = 2x+ C, .....equation 3

From equation 1, 2 and 3 we have:

| = Ei log|3cosx+2sinx| +C, +2x+ C,

~l= z—l_log|3cosx+231nx| +2x+C

11. Question

Evaluate the integral

dx

r4sinxX + 5cosx
J Ssinx +4cosx
Answer

Ideas required to solve the problems:

* Integration by substitution: A change in the variable of integration often reduces an integral to one of the
fundamental integration. If derivative of a function is present in an integration or if chances of its presence
after few modification is possible then we apply integration by substitution method.

* Knowledge of integration of fundamental functions like sin, cos ,polynomial, log etc and formula for some
special functions.

4sinx+5cosx
Let, | = [ZE2XT200% 4y
Ssinx+4cosx

To solve such integrals involving trigonometric terms in numerator and denominators. We use the basic
substitution method and to apply this simply we follow the undermentioned procedure-

asinx+bcos x+c
If | has the form f dsin x+ecos x+f

Then substitute numerator as -

d
asinx+ bcosx+ ¢ ZAE (dsinx+ ecosx+ ) + B(dsinx+ecosx+c) +C



Where A, B and C are constants

We have, | = J- 451:11:(+5505de
3sinxt+4cosx

As | matches with the form described above, So we will take the steps as described.

“4sinx + bcosx = A% (5sinx + 4 cosx) + B(4cosx + 5sinx) + C

=4sinx+ 5cos x = A(5 cosx — 4sinx) + B(4cosx + 5sinx) + C {~ %cosx = —sinx}

= 4ginx+ S5cosx=sinx ( 5B—4A) + cosx (5A+ 4B) + C

Comparing both sides we have:

cC=0
5B -4A = 4
4B +5A =5

On solving for A ,B and C we have:
A=9/41,B=40/41and C=0
Thus | can be expressed as:

9 . 40 S
| = J-H(Scosx—cl- smx]+n (4 cosx+5 sinx)

4cosx+5sinx

9 . 20 -
| = J-—(Scos:(—el-smx] — (4cosx+5sinx)
- &l &l

dx+ [

4 cosx+5sinx 4cosx+5sinx

. 9 Scosx—4sinx 40 4 cosx+5sinx
o Let |y == [Bcosxmtoing gag |, = 20 [ BeosxtSong 4y
41 4 cosx+5sinx 41 4 cosx+5sinx

=|=1; + |5 ....equation 1

I = 9 J-(.Scosx—ésinx]
1 417 4cosx+5sinx

Let, 4 cos x + 5sinx =u
= (-4sin X + 5cos x)dx = du
So, I; reduces to:

9 rdu 9
= [ -2
1= )5 —leglul+ G

Sl = ilogH cosx +5sinx| +C; ..... equation 2

40 r (4 cosx+5sinx)
AS, |2 = —f—_dX
41 4 cosx+5sinx

=1, = Ejdx - ‘%ﬂ. C, .....equation 3

From equation 1, 2 and 3 we have:

== log|4cosx +5sinx| + C, + A C,
41 41
Sl= iln:)g|4c05}=<+ 5sinx| + e
41 41

Exercise 19.25

1. Question

Evaluate the following integrals:



[ x cos x dx

Answer
LetI = [x cosxdx
We know that, [ UV = U [ Vdv — f%Udev

Using integration by parts,

d
I=XJ-cosxdx—J-£xJ-cosxdxl= J-xcosxdx

We have, [ sinx = —cosx, [ cosx = sinx
=X X sinx—J- sinx dx

= Xsinx + cosx+ ¢

2. Question

Evaluate the following integrals:
[log (x + 1) dx

Answer

Let]= [log(x+ 1) dx

That is,
I= J- 1xlog(x+1)dx
Using integration by parts,

d
I =log(x+ 1)J-1dx—f£log(x+ 1)J-1dx

We know that, [ 1 dx = xand [ logx = -

X

1
=log(x+1) xx—fmxx

X L 1
x+1 x+1

=xlog(x + 1) —J-(l—x—) dx

=xlog(x+1) —x+log(x+ 1) +c
3. Question

Evaluate the following integrals:
J x3 log x dx

Answer

Let] = [x3logxdx

Using integration by parts,

I=long-x3dx—J-ilong-x3dx
dx



n+i 1

ehave,[x"dx=_—- and [logx = —
| x* J’l x*
=logxx—— | - x—
EXX Ty T )X

x* 1
=10gx><——gfx3dx

4
x"‘l 1 x4
= — —_— % —
g X TNy
x* x*
= logx——+
g BXT g

4. Question

Evaluate the following integrals:
[ xeX dx

Answer

Let I = [ xe¥dx

Using integration by parts,

d
I=xJ-e"dx—J-—xJ-e"dx
dx

We know that, [ e*dx = e* and %X =1

=xe"—J-e"dx

=xe* —e* +¢

5. Question

Evaluate the following integrals:
J xeX dx

Answer

Let I = [ xe?*dx

Using integration by parts,

d
I=xJ-ez"dx—J-—xJ- e?*dx
dx

X
We know that , [ e™*dx = = and dix =1
n X

Xe2x EE:(
=— | —&

2 2
Xe2x EE:(
= ——+c
2 4

6. Question

Evaluate the following integrals:



[ x2 e dx
Answer
Let | = [x%e *dx

Using integration by parts,

d
=X2J-e"‘dx—f—x2fe‘x dx
dx

X
We know that, [e™*dx = % and %x“ =nx®?!
=x2x —e¥— J- 2% X — e~ ¥dx

Using integration by parts in second integral, = —x%e™*+ 2 (xf e~ ¥ dx — f%xf X dx)
=—x%e ¥+ 2(—xe ¥+ (—e¥)) +c

=—x%’e*+2(—xe*—e¥)+c

I=—e™x+2x+2)+c

7. Question

Evaluate the following integrals:

[ X2 cos x dx

Answer
Let ] = [x?cosxdx

Using integration by parts,

d
=X2J-cosxdx—f—x2fcosxdx
dx

. d _
We know that, [ cosx dx = sinxand d—x“ =nx®!
X
=x%sinx — J-Zx sinx dx

=x?sinx— fosinx dx

We know that, [ sinx dx = — cosx

d
=x%sinx—2 (XJ- sinxdx— J-—XJ- sinx dx)
dx

=x?sinx— 2(—xcosx+fcosx dx)

=x?sinx— 2(—xcosx+ sinx) + ¢
=x?sinx+ 2xcosx— 2sinx+ c
8. Question

Evaluate the following integrals:
| X2 cos 2x dx

Answer



Let I = [x%cos2x dx

Using integration by parts,
2 d 2
=x- | cos2xdx— | —x°| cos2xdx
dx
We know that,

d
J-cos 2% dx = sin2x and &Xz =2x

sin 2x dx
2

2
Then, = K?sinz:«;— [2x

XE
= 0 sin 2x — J-xsin 2% dx

Using integration by parts in [ xsin 2x dx

x? d
=—gin2x— (XJ- sin2x dx — J-—XJ- sin 2x dx)
2 dx

Xz'z (_X 2+1f Zd)
—251I1 X 5 COS £AX 2 COS2X OX

Xz'z (_x 2+1'2)+
= —S8INLX— | —COSLX — SN £X C
2 2 4

x? X 1

=37 sin 2x + ECOSZX - ESH]Z)H_ C
9. Question

Evaluate the following integrals:

[ x sin 2x dx

Answer

Let ] = [xsin2xdx

Using integration by parts,

d
=xfsiandx—f—xJ-siandx
dx

—COSNX sin nx

We know that, [ sinnx = and[ cosnx =

n n

cos2x dx

S —coszx+ |
=3 cos2x 5

X 1 sin2x
= _ECOSZX+_

2
z 2+1'2+
=—_-C0s2X+—-sin2x+c
2 4

10. Question

Evaluate the following integrals:

J- log (logx) dx
X

Answer



Letl:fwdx
X

It can be written as, = [ (E) (log(logx))dx

Using integration by parts,

1 1 1
I =log (logx) J-gdx— J- (xlogxfgdx) dx

1 d1l
We know that, [ logx = -and - =logx

1
=logx(logx) x logx — J-M »x logx dx

1
=logx(logx) x logx — J-;dx

=logx(logx) x logx—logx + ¢
=logx(log(logx) — 1) + ¢

11. Question

Evaluate the following integrals:
[ X2 cos x dx

Answer

Let ] = [x?cosxdx

Using integration by parts,

d
=X2J-cosxdx—f—x2fcosxdx
dx

We know that,

sinnx
COSNX =
n

=x%sinx — J-Zx sinx dx

=x?sinx— fosinx dx

Using integration by parts in second integral,

d
=x?sinx— 2 (XJ- sinxdx— J-—XJ- sinx dx)
dx

=x%sinx — 2(—xcosx+fcosx dx)

=x?sinx— 2(—xcosx+ sinx) + ¢
=x?sinx+ 2xcosx— 2sinx+c¢
12. Question

Evaluate the following integrals:

[ x cosec? x dx

Answer



Let I = [ x cosec’x dx

Using integration by parts,

d
I= xJ- cosec?x dx—f—x J-coseczx dx
dx

We know that, [ cosec?x dx = —cotx and| cotx dx = log| sinx|
=X X —cotx—f—cotxdx

= —xcotx +log|sinx| + ¢
13. Question

Evaluate the following integrals:

[ x cos? x dx

Answer
Let I = [ x cos?xdx

Using integration by parts,

d
I= XJ- coszxdx—f—xj- cos?x dx
dx

2x+1
We know that, cos?x = &

_XJ’[COSZX-I- 1 J’[ J’[COSZX-I— 1 ]dx

We know that,

sinnx
COSNX =
n

x[51112x+ ] 1J’( +51112x)d
T2l TH T T T

2

X oy 1 x? 1( cosZX)_l_
= — —_—— = —— — | —

g ST T X T T T ¢
| Xsi 2 +X2+ 2x+

= 7 Sin2x+ -+ ccos2x +c

14. Question

Evaluate the following integrals:
[ x"log x dx

Answer

LetI = [x"logx dx

Using integration by parts,

I= long- “dx — J- logxfx“dx

We know that,

J‘Xndx_




n+ 1 n+ 1

=1
ngn +1

-J5%
e

11 +1 n-+ 1
Xn+1
= logx n+1 n+1 U- ndx
We know that,
Xn+1
=logx X o1 X" 4

n+1l (n+1)2
15. Question

Evaluate the following integrals:

dx

~logx
jlee

Answer
Let I =f1°g¥ dx = flogx dx

Using integration by parts,

d 1
J-logx—dx— logxf—dx— J-Elogx ;dx

We know that,

n+1

_1 Xl—n J-l Xl—n d

— 108X 1—n X\l—n X

_1 Xl—n J- ( X—n )d

— 108X 1—n 1—n X

_1 Xl—n ( 1 ) _l Xl—n

— 108X 1—n 1—n/\ 08X 1—n
Xl—n Xl—n

1ng(l—n) ((l—n) )

16. Question

Evaluate the following integrals:
J X2 sin? x dx

Answer

LetI = [xZ?sin®x dx

We know that,

1 —cos2x
2

sin®x =



J‘ z(l—COSZX)d
= | x|——)dx
2
Using integration by parts,
J’xzd J’XECOSZXd
“J2® 2 &

=l oo
_6 2 XT"CO52X dX

Using integration by parts in second integral,

~ b feosman- [ o feos2ea
_6 2 X COs 4XdX dXX COs 2X X

x3 1( 251112}{)+1 ZJ’ 51112}‘;Id
B A TR I N

Using integration by parts again,

x? 1(251112X)+1[J’.2d J’d J-'Zd]
=7 ¥ 5% | sin2xdx X | sin2xdx

x? 1 ,sin2xy  1/x cos2x dx
=__E(X )+—(——c032x+ 7)

6 2 2\2 2
x3 1( 251112){)+1( X 5 +1 sian)
% 2" T2 2\ 28Ty T ¢
x° 1(2'2)1 2+1'2+
= 6 2 X7 81N £X 4XC05 X 8SlI'l X C

17. Question

Evaluate the following integrals:
J-ng e dx

Answer

Let] = [ 2x%e* dx

Put x2=t

2xdx=dt

1=ftetdt

Using integration by parts,

d
=tfetdt—f—tfetdt
dt
We have, [ e*dx = e*
=tet—et+c
=ef(t—1)+c
Substitute value for t,

=¥ (x2—1)+c



18. Question

Evaluate the following integrals:
[ x3 cos x? dx

Answer

Let I = [ x*cosx?dx

Put x2=t

2xdx=dt
I lft tdt
=3 Cos

Using integration by parts,

I—l(tf tdt J-dtf tdt)
=3 cos it cos

1
= 2 (t X sint— | sint dt)

1
=3 (tsint + cost) + ¢

Substitute value for t,

1
=3 (x%sinx? + cosx?) + c

19. Question
Evaluate the following integrals:
[ x sin x cos x dx

Answer

. 1 .
LetI = [ xsinxcosx dx = Efx X 2sinxcosx dx

We know that, sin 2x = 2sinxcosx
lJ’ in2

=—| xsin2x
2

Using integration by parts,

1 . d .
=E(XJ-snﬂxdx—fﬁxfsngdx)

We have,
J- Sinnx = —CosSnx andf COSNX — sin nx
n m
l(x 5 +J’c052xdx)
=313 cos2x 5
1( X o + 1 sin Zx)
=3 > C0s2X 23 C

z 2+1' 2x+
=——Ccos2X+ssin2x+c
4 8

20. Question



Evaluate the following integrals:
[ sin x log (cos x) dx

Answer

Let I = [ sinx log(cosx)dx

Put cos x =t

-sinx dx=dt

I=J-—logtdt

Using integration by parts,

=J-1><—logtdt
= (1 J-dt J-dl tJ-:Ldt)
= —|logt 1 °8

1
=—(tlogt—f¥xtdt)
=—(tlogt— J-dt)

=—(tlogt—1t) +¢
=t(l—logt)+c

Replace t by cos x

I =cosx(1—log(cosx))+c

21. Question

Evaluate the following integrals:
J (log x)2 x dx

Answer

Let I = [(logx)%x dx

Using integration by parts,

- (logx)* [ xax— [ £ (ogw? [ xas

= (10gx)2§— J- (Z(Ic)gx) G) J-xdx) dx

- X? (logx)* —2 J-(logx) G) (X;) .

2

X
=3 (logx)? — J- xlogx dx

Using integration by integration by parts in second integral,
2

-La 2[1 J-d fdl fd]
=3 (logx) ogx | xdx iz 108% | xdx

X2 d 1
We know that, [xdx = < andalogx ==

X



_x21 24 x? J’l x?
—z[ogx) 0gx sz

x? x* 1
=—(logx)2—10gx?——fxdx

2 2
_x21 24 x? 1x2+
—z[ogx) 0gxXo —5 5t
~ % (log)? — logxs - X 4
—z(ogx) 0gx z te

I—Xz[l 2_) 1]+
=3 (logx) ogx — |+ ¢

22. Question

Evaluate the following integrals:
J e dx
Answer

Vi=tx=1t°
dx=2tdt
I= zf ettdt

Using integration by parts,

<ol e[ o)
afoe [

=2(te*—e') +c
=2e'(t— 1) +c
Replace the value of t
=2e*(yx—1) +c
23. Question

Evaluate the following integrals:

. i =9

J légtx :) dx
(x+2)°

Answer

log(x+2)
(x+2)2

Letl=[

1
XxX+2

mdx= dt



= [1og})ar

Using integration by parts,
=— J-logt‘ldt
=— J- 1 xlogt1dt

d 1
We know that, Zlogt =~ and [dt =t

d
I= logtJ-dt—J-(ElogtJ-dt) dt
1
=10gtJ-dt—J-(¥J-dt)dt

1
=t10gt—J-;><tdt

=tlogt—t+¢c

Replace the value of t,

1
_ -1_
—X+2(log(x+2) 1)+c

B 1 log(x+ 2)
X+2 Xx+2

24. Question

Evaluate the following integrals:

fX +sSInX
Jidx

l+cosx
Answer

Let] — j- x+sinx

l1+cosx

X X X
1 + cos x can be written as, 2 cos? E and sinx can be written as 2 sini cosf

. X X
X Zsmicosf
e [22002

X

2 2

2 cos 3 2 COoS 3
lf 2X+J-t Xd
=3 xXsec 2 an2 X

Using integration by parts,
oot f oo fun3e
=3 X | sec 2 dxx sec 2 X ::1112 X
1[2t z zft Xd]+ft 4
=3 :Mm2 ::1112 X anz X
tan ft Xd +ft Xd
=X an2 an2 X an2 X

t X+
=xXtan; +c
2



25. Question

Evaluate the following integrals:
[ logyg x dx

Answer

Let I = [log,,x dx
logx
B J- log10 dx

J-l »x logx dx

- log10

Using integration by parts,

1 d
- log10 (logxf = J-EIOgXJ- ! dx)

d 1
We know thatalc-gx ==

X

1 (ogx [
log 10 xlogx L Xxdx

1
- log 10 (xlogx— J-dx)

1
= log 10 (xlogx — x) +¢

X
= loglﬂtl_ logx) + ¢

26. Question
Evaluate the following integrals:
[ cos vx dx

Answer

Let | = [ cosy/xdx

VE=tx =1’
dx=2tdt
= J- 2tcostdt

I= thcostdt

Using integration by parts,
d

I= Z(tfcostdt— J-—tJ-costdt)
dt

=2 (t X sint—f sint dt)

= 2(tsint + cost) + ¢

Replace the value of t, [ = 2(y/xsinyx + cosyX) + c



27. Question
Evaluate the following integrals:

J-x cos ' x

1—-x~

dx

Answer

Let ] — j- :(l::os_lxdx

——
[1—x2

Let t = cos™!x

1
dt = ———dx
V1—x2
Also,
cos t =x

Thus,
I=-— J-t cost dt

Now let us solve this by ‘by parts’ method

Using integration by parts,

d
I=—t(J-costdt—J-—tJ-costdt)
dt

Let

U=t; du=dt
J- costdt=v; sint = dv
Thus,

I=-— [tsint — J-sint dt]

I = —[tsint + cost] + ¢

Substituting

1

t = cos™!x
I = —[cos™*xsint+x] + ¢
I=— [cos‘lx\fl—x2+x]+ C

28. Question

Evaluate the following integrals:

J‘ logx dx

(x+1)°
Answer

We know that integration by parts is given by:



d
J-UV=UJ-VdV—J-—UJ-VdV
dx

Choosing log x as first function and !

(x+1)2

as second function we get,

(Xli—gf)?_dx — logx f (ﬁ) dx — f (%(logx) fﬁ dx) d

IOng—l ( 1)+J’1(1)d
(x+1)2 e ] x \x+ 1/

J‘ logx B logx (x+1)— (%)

x+ 12" Tx+1 x(x+1)

logx dx — logx+J'(l 1 )d
(x+1)2 ) x x+1/"

logx __logx .
f(x+1]2dx_ —., +logx —log(x+1)+c

B gy = —lzf: + log(i) +cC

(x+1)2 x+1

dx

29. Question

Evaluate the following integrals:

| cosec3 x dx

Answer

Let I = [ cosec®x dx

= J- cosec X X cosec?x dx
Using integration by parts,

d
= cosec xJ- cosec’x dx — J-Ecosec xJ- cosec’x dx
know th 2 d
We know that, [ cosec?x dx = — cotx and S, C0secX = cosec Xcotx
= cosecX X —cCotx + J- COSecx cotx X — cotx dx
= —(Cosec Xcotx + J- cosec xcot?x dx

Using integration by parts,

= —C0Sec Xcotx + J- cosec x(cosec’x— 1) dx
= —cosecxXcotx + J- cosec *xdx — J-cosec xdx

X
I =—cosecxcotx—1I+log |tan§| +cy

X
2] = —cosecxcotx + logltanil +0cy

| L tx+11 |t X|+
= 2C(J'SEC}k{C(.'! 2 og ElIl2 Cy

30. Question



Evaluate the following integrals:

J sec’! vx dx

Answer

Let | = [ sec™'y/x dx
VE=tx =1’
dx=2tdt

I= J- 2tsec™t dt

Using integration by parts,

d
=2 [sec‘ltftdt— J-—sec‘ltJ-tdt]
dt

d
We know that, —sec™'t= ——

2 [tz 1t f ! f tdtl
=2|zsec t— | ——
2 2 —1

t2 t?
=2 —SEC_lt—f—dtl
[2 20tz — 1

=t%sec t— J-#dt
wWti—1

= tzsec‘lt—EJ- 2t dt
20 \t2—-1

1
=t259c‘1t—5>< 2JtZ—1+c

Substitute value for t,
I=xsec™Wx—Vx—1+4cC

31. Question

Evaluate the following integrals:
J sin"l vx dx

Answer

Let | = sin™'y/x dx

Vi=tx=1t°
dx=2tdt
=sin !t 2tdt

Using integration by parts,

d
=sin~!t J-tht— J-—sin‘ltf 2tdt
dt

d . _ t
We know that, —sin™ 't = —
dt y1-t2



=t%sin 't — ZJ- ! dt
V1 —12

let us so veJ- Nipes: dt
t2—1+1 t2—1 4
f et ="
dt = sin™'t
V1—12
t2—-1
dt—f [1—t2 dt

t=sin u;dt=cos u du
1+ cos2u
2 dt—f—coszu du=—J-[T]du

u sin2u

2 4

u=sin"*tandt= x

sin~*t  sin( 2sin't)
2 4

1% sin(2sin”lt)

- - sin 3
There fore, [ sin™yx dx = x sin X — - A

in“1v¥x J/xX(1—x%)
sin” /X X(1-—x
=xsin"Vx — s Al (2 )

32. Question

Evaluate the following integrals:

[ x tan? x dx

Answer

Let ] = [xtan?xdx

= J-x (sec’x—1) dx

=J-xsec2xdx— J-xdx

Using integration by parts,

2
= XJ- sec?xdx— J-ixj-seczxdx—x—
dx 2

We know that, [ sec?xdx = tanx

X2
=xtanx—ftanx dx—;

XE
= xtan x — log|secx| — > +c

33. Question



Evaluate the following integrals:

JX[ sec ZX—IJdX

sec 2x +1

Answer

Let] =[x (seczx_l) dx it can be written n terms of cos x
sec2x+1

J‘ (1 — COS 2}{) q
=] *\ 1T coszx/ ™
J’ (seczx)
=|x dx
COSZx

= J- xtan®xdx

= J-x (sec’x—1) dx

=J-xsec2x—fxdx

Using integration by parts,

2
= XJ- sec?xdx — J-ixfseczxdx—x—
dx 2

X2
=xtanx—ftanx dx—;

XE
= xtan x — log|secx| — > +c

34. Question

Evaluate the following integrals:
[ (x + 1)e* log(xeX) dx

Answer

Let I = [(x+ 1)e*log(xe®) dx
xe®* =1t

(1xe*+xe¥)dx =dt

(x+ 1)e®dx = dt

I= J- logtdt

=J-l><logtdt

Using integration by parts,

d
=10gtJ-dt—J-ElogtJ-dt

1
=t10gt—f¥tdt



=tlogt—t+¢c

=t(logt— 1)+ ¢

Substitute value for t,

[ =xe*(logxe*— 1)+ ¢

35. Question

Evaluate the following integrals:
[ sin™ (3x - 4x3) dx

Answer

Let [ sin! (3x - 4x3) dx

X =sinf

dx =cosB8d®

= J- sin"?(3 sinB — 4 sin®6) cos 6 d6
We know that 3sinf — 4 sin®6 = sin 36
= J- sin™* (sin36)cos0d6

We know that, [ sin~! (sin38) = 38

= J- 36cos6d6e

= SJ-BcosBdB

Using integration by parts,

d
= B(E}J-COSB dB—J-ﬁBJ-cosE} d(—})
=3 (Ei X sin B—J-sinﬂ d(-})

= 3(0sind + cosB) + ¢

=3 [xsin‘lir J1-— xz] +c

36. Question

Evaluate the following integrals:

-
HXquX
1+x°

Jsinf1

Answer

Let] = [sin~? (

2x
2) dx
1+x

¥ = tanf = dx = sec?6d0

2x 2tanf
sin‘l( ) =sin™! (7) = sin~!(sin20) = 26

1+ x2 1+ tan26



2X
J-sin‘1 (1+ Xz)dx = J- 20sec?0de

Using integration by parts,

= Z(steczﬁdﬁ—fiﬁfseczﬂdﬂ)
de

=2 (E}tan 06— J- tan® d(—})

We know that, [ tan8 d@ = log|cos8)|

= 2(0tan 6 — log|cosB|) + ¢

= 2 |xtan~?

1
= 2xtan™'x + 2log |(1 +x2)zZ|+ ¢

1
= 2xtan™'x + 2 [Elog(l + x)z] +c

= 2xtan™*x+ log(1+x)*+¢c
37. Question

Evaluate the following integrals:

3x—x°
Jtan (7 dx
1-3x
Answer
-1
Let] = [tan~* (%) dx

¥ = tanf = dx = sec?6d0

We know that, 3tané—tan8®> _ o4
1—3tanf?

_, (3tanb — tan®? ,
I= J-tan m sec<0do

We know that, tan™*(tan3 0) = 30

= J-tan‘l(tanB 8) sec?6do

= J- 30sec?0do

Using integration by parts,

d
— 2 _ 2
= B(BJ-sec Ade J-—de(-}fsec Bdﬂ)

=3 (E}tan 06— J- tan 8 d(—})

= 3(0tan 6 — log|secB|) + c

=3 [xtan‘lx+ loglv ” +c



= 3xtan‘1x+%10g|1 +x%|+c
38. Question

Evaluate the following integrals:
[ x2 sin"1 x dx

Answer

Let I = [ x?sin~*x dx

Using integration by parts,
d
I =sin"'x J-xzdx— —sin!x J-xzdx
dx
3

x3 X

-1
=—gin"'x— dx
3 J- 3V1—x2

x*
I=§sm - h+C——————————-

e
Il = —fﬁdx
Let 1-x2=t2

-2x dx=2t dt

-x dx=t dt

(1— t*)tdt
LS

I, = f(tz —1)dt

t
1—x2)2 1
_U-xr )—(1—x2)§+c2
3
3 (1-x%)2
X 1—x)z 1 1
=—sinlx———+-(1-x%)2+c
3 9 3[: )

39. Question

Evaluate the following integrals:

—dx

X_'

J-sin_l X

Answer

=1

L. -1
= | —sin"'xdx
Xz

Using integration by parts,



Where,

-2xdx=2tdt

I _J’ tdt
RSN

t—1
og|——

N

f1—x2—1|
1

=—log|—|+c¢

2 g\.l—Xz-l-l

: -1, +1l \fl—xz—1|

=—2:5Nn X+ —-10f|l—————
X 2 g\fl—x?Jrl

-1, +11 (\fl—x?—l)(dl—x?—l)

=—2_8In1 X+ —-I10 C
X 2 B\ VT—xz+ 1/ \Vi—xi—1

1 T—x2 - 12))
—— |+

-1 (‘u
=—sin x+ -1
" 51 "X 2 Og(

1—+1—x2
——|+c

-1 .
=—sin""x+log
X

40. Question
Evaluate the following integrals:

Answer

2 -1
Let1=fx tan xdx

1+x2

2, -1
X tan "X
tan~lx=1t;x = tantjijdx
1+x°

dx = dt

1+x2
I= J-ttanzt dt

We know that, tan?t = sec?t—1



= J-t(seczt— 1)dt

= J-tseczt dt— J-tdt

Using integration by parts,

= (tf 2tdt J- d tf 21:c11:) e

= sec T sec 5
tz

= (ttant— J-tant dt) -7

t2
= (ttant — log|sect|) — §+ C

— 1 tan®x
= [xtan‘lx+ loglv 1 +x2|] ———t

tan’x

1
= xtan™'x + Elogll + x| -

41. Question

Evaluate the following integrals:
J cos™1 (4x3 - 3x) dx

Answer

Let I = [ cos™*(4x® — 3x)dx

X =cosB = dx = —sin6do
I=— J- cos1(4cos30 — 3 cos ) sin AdO
We know that, (4cos?*6 — 3 cos8) = cos30

=— J- cos~*(cos30)sin6d6

= —J-SﬂsianB

Using integration by parts,

. d .
=-3 [E}J-sdeB— J-Eﬂfsmﬂdﬂ]
=3[0 cosB + J- cosBd8

= 30cos0 — 3sinf + ¢
I=3xcos'x—31—-x2+¢c
42. Question

Evaluate the following integrals:

1-x%
Jcos_l X,} ]dx
1+x~




Answer

— —1(1?
1= cos (55
Let x=tan t

dx=sec?t dt

,[(1—tan’t ,
1= cos m sec<t dt

P
We know that 2208 _ o5t
1+tan=t

=J-cos‘1(c052t)sec2t dt

=J-2tsec2t dt

Using integration by parts,

= 2[tfsec2tdt—fitfsec2tdt]
dt

= 2[ttant — J-tant dt]

= 2[ttant —logsect] + c

=2[xtan"ix—log|y1 + x2|]+¢c

= 2xtan"*x—log|1+ x%| + ¢
43. Question

Evaluate the following integrals:

Jtan_l[ 2 - de
— <

-
—X
Answer

Let] = [tan™* (A) dx

1-x2

X = tanfd = dx = sec?6d0

_,( 2tanb )
I= J-tan (m) sec<0do

2tan@
=tan20

We know that, =
1-2tanf?

= J-tan‘l(tanz 8) sec?6do

J- 20sec’?0do

Using integration by parts,

d
— 2 _ 2
= Z(BJ-sec Ade J-—de(-}fsec Bdﬂ)

=2 (E}tan 06— J- tan 8 d(—})



= 2(0tan 6 — log|secB|) + c
=2 [xtall‘1x+ loglv 1+ le] +c

= 2xtan~*x +log|1 + x|+ c

44. Question

Evaluate the following integrals:
[ (x+ 1) log x dx

Answer

Let]= [(x+1)logxdx

Using integration by parts,
d
= 10gxf(x+ 1)dx—fﬁlogxf(x+ 1)dx

d 1
We know that, d—logx ==

X

T LS fl 2 )d

= logx| = +x Z\7 Fx)dx

(2L fxd J-d

= (7 +x |logx 5 dx X
2

X )logx— X —x+
= |7 +x|logx - —x+c

x2 xZ
= (E+x)logx— (I+x)+c
45. Question

Evaluate the following integrals:
[ x2tan™1 x dx

Answer

Let I = [x%tan *x dx

Using integration by parts,

Taking inverse function as first function and algebraic function as second function,

1
=tan‘1xJ-x2dx—J-(1+X2)J-x2dx

ox 1 %
=tan "X— —— dx

3 3J1+x2
can-1 x? 1J’ X
= an XB 3 X 1+X2 X
tan™? < 1 X2+f d
= —_————
XT3y T+xz ¥

L 3tan! X2+11 1+ x?|+
=—X"Tan X—— — 10 X C
3 6 68

46. Question



Evaluate the following integrals:
[ (el°9 X + sin x) cos x dx

Answer

Let I = [(e!°8* + sinx) cosx dx

= J-(x+ sinx) cosx dx

=J-xcosxdx+ J-sinxcosxdx

Using integration by parts,

d 1
=xfcosx dx— J-—XJ-COSX dx+—J-sian dx
dx 2

17/—cos2x
=X X sinx— sinxdx+E(T)+c

1
= Xsinx + cosx — E cosZx+c

1
= xsinx + cosx — 1 [1—2sin’x]+c

. 11
I = xsinx + cosx——+ —sin“x+ ¢
4 2
. o, 1
I =xsinx+ cosx+—sin“x+c——
2 4
. o, 1
I = xsinx + cosx + Esm x+ kwhere,k =c— 2

47. Question

Evaluate the following integrals:

.(xtan_lx)

2y 32
(1)

Answer

dx

-1
Letlzj-:ctan :dX

(1+x2)2

tan"lx=t

dx =dt

1+x2

. ttant
B v 1 + tan2t

We know that, /1 + tan?t = sect
ttant

= dt
sect

sint
= | t——costdt
cost




= J-tsint dt

Using integration by parts,

d
=tJ-sintdt—J-—tJ-sintdt
dt

= —tcost+ J-cost dt

= —tcost+ sint+c
Substitute value for t

tan1x X
I= + +c
Vi+x2z J1+x2

48. Question

Evaluate the following integrals:
[ tan! (Vx) dx

Answer

Let 1= [tan™*(yx)dx

x=t2

dx=2tdt
I=J-2ttan‘1t dt
Using integration by parts,
-1 d -1
=2 (tan t | tdt— | ——tan™'t tdt)
dt
We know that,

dt “14 1
e C2(1+12)

t? t?
=2|=t _1T—J-—dt
[2 an 2(1+12)

S t2+1-1
=t*tan~tt— | ————dt
1+ t2

=t2tan " t— 1-— ! dt
1+1t2

=t’tan 't—t+ tan"t+c

=(t’+ Dtantt—t+c

=(x+ Dtan"Wx—x+c

49. Question

Evaluate the following integrals:
J x3tan™1 x dx

Answer



Let] = [x3*tan'x dx
Using integration by parts,
We know that,

d 1

—tan'x

dx T2(1+x2)

1
=tan‘1xJ-x3dx—J-(1+X2)J-x3dx

xt o1 ox®
=tan 'Xx— —— dx

4 4] 1+x?

lf X! d—l[f ! dx + (x? 1d]—lt ‘1+X3
x=7 X+ (X )x-4anx3x

4)1+x? 1+x2
X‘Lt 1y L tan™? +X3 +
=—T1an "¥——|tan “"x — — X C
4 3

50. Question
Evaluate the following integrals:
[ X sin x cos 2x dx

Answer
LetI= [xsinxcos2xdx = ;fx X 2 sinx cos 2x dx

Using integration by parts,

= %J- x(sin(x + 2x) — sin(2x — x))dx

1
= E[x(sin?}x —sinx)dx
Using integration by parts,

1 d
=3 (XJ- (sin3x —sinx)dx — J-Exf(sian — sinx)dx)dx

1[ (—c033x+ ) J‘ (cosBx_l_ )d)
=3 X 3 COSX |— 3 cosx |dx

I 1[ c053x+ _I_l 03 , ]+
=—|-x Xc0SX + —sin3x —sinx| +c
2 3 9

51. Question

Evaluate the following integrals:
I (tan™! x2) x dx

Answer

Let I = [(tan™'x?)x dx

X?=t

2xdx=dt

1
1= > J- (tan~'t) dt



Using integration by parts,

1(1: ‘ltfdt J-dt ‘H:f dt)
= 2 an d't an
We know that,

dt “14 1
e C2(1+12)

—l[tt ‘ltf L dt]
] N (1+12)

tt -1y lJ’ 2t dt
=-tan 't~ | ——
2 4) 1+12

tt 1t 11 |1+ 2]+
= —1an ——10 C
2 4 08

X2

1
=—tan 'x?—=log|1 +x*| +¢
5 y gl I

52. Question

Evaluate the following integrals:
-xsin ' x
Jidx

pl

1—-x

Answer

Let ] — j- xsin™tx dx

Vi-x2

We are splitting this in to two functions

First we find the integral of:

X
dx
J- V1—x2
Put 1-x2=t

-2xdx=dt

X 1rdt —
dx=—=| == —/t=—y/1 —x2
J-\.l—xz 2 '\.‘I’E v v

xsin~1x
= | —— dx

V1 —x2
Using integration by parts,

1
= (sin"'x) x —/1 —x2 —J-

—
—/1 —x2)dx
\,—1—;@( v )

= (sin™1x) x —/1 —x2 — J- dx

=(sin"x)x —/1 —xZ+x+c

=x—4/1—x2(sin"’x) + ¢
53. Question

Evaluate the following integrals:



J sin3 Vx dx
Answer

Let

dx=2tdt

I= thsinatdt

[

1
= EJ-t(Bsint— sin 3t)dt

3sint — sin 3t
4

Using integration by parts,

1_t( 3 t+1 Bt) J-( 3 t+':053t)dt]
=31 cos 3 cos cos 3
1[—9tcost+ tcos3t sin 3t
=— —[—3 sint + }] +c
2L 3
1[—9cost+tcos3t 27 sint— 3sin 3‘1 4
=21 3 9 ¢

1
=1s [—27 cost+ 3tcos3t+ 27 sint— 3sin3t] +¢

1

|
18

54. Question

[3VX cos3yx + 27 sinyx —

27vXcosyX — 3 sin3yX | + ¢

Evaluate the following integrals:

f x sin3 x dx
Answer

Let I = [xsin®*xdx

We know that, sin®x =

J<(

1
= EJ-X(3 sinx — sin3x)dx

4

3 sinx —sin 3x
o _sn),

Using integration by parts,

3sin x—sin 3x

1
I= 3 [XJ-I:3 sinx — sin3x)dx — J- 1](3 sinx — sin 3x)dx]

1 Cc0s3x
=—[x(—3cosx+ )—J-(—
4
1 XC0s 3X
= Z [—3xcosx+ + 3sinx

cos83x

3cosx +

)]

sin3x
C



1
1= e [3xcos3x — 27xcosx + 27sinx — sin3x] + ¢

55. Question

Evaluate the following integrals:

J cos3 Vx dx
Answer

Let

dx=2tdt

let I = 2 [ tcos®tdt

3cost+cos3t

we know that, cos®tdt = :

Jcost+ cos 3t
-2

1
= EJ-t(Bcost— cos3t)dt
Using integration by parts,

l[t(?, int + L 3t)+f(3 ' t+5m'3t)dt]
=3 sin 3sm sin 3

1 [9t sint+ tsin3t . {3 - cos3t }] 4
=3 3 cos ) C

1
=1s [27 tsint + 3tsin3t + 9 cost + cos3t] + ¢

1
I= 8 [27 VX sinyX + 3yX sin3yX+ 9cosyX + cos3vX | + ¢

56. Question
Evaluate the following integrals:
[ x cos3 x dx

Answer

Let] = [xcos®xdx

3 t+ at
we know that, cos3tdt = ="

3cosx+ cos3x
- ()

1
= EJ-X(3 cosx + cos 3x)dx
Using integration by parts,

1
IZE[XJ-(B cosX + cosBx)dx—J-lJ-(Bcosx+c053x)dx]



1[ (3 . Jr51113}‘;) J-(?’ +51113X)d]
=3 X| 3 sinx 3 sinx 3 X

X sin3x cos3x
+ 3cosx + ] C

1
= —|3xsinx +
2l

. 3xsinx 4 X sinx 4 3 cosx . C0s3x 4
=T 12 4 36 | °

57. Question

Evaluate the following integrals:

. h_
Jtan_l X dx
1+x

Answer
Let] = [tan? Jﬂdx
1+x
X = cosB ;dx = —sinfd6
0
1= J-tan‘l(tani) — sinBdé
L J- 0sinfdo
=—5 | 6sin

Using integration by parts,
= 1[BJ- in6do J-dBJ- i BdB]
=—3 sin 0 sin
1
= E[—B cosb + J- cosBdo]

1
=3 [—BcosB + sinB] + ¢

1
I= > [—xcos™ix+ 1 —x2]+cC

58. Question

Evaluate the following integrals:

-4 x
Jsml dx
a+x

Answer

Let]=[sin™? [ dx
a+tx

Let x = atan?8

dx = 2a tan®B sec?8

__, | atan®6 5 5
I=J- sin~t |————— |2atan“0 sec<06d6
a+ atan20

= J- sin~! (sinf)2a tan®0 sec?6dO



= J- 20a tan?0 sec’0do

= Zaf 8 tan’0 sec’0do
Using integration by parts,

=2a (BJ- tan’0 seczﬂdﬂ—flf tan®8 sec? Bdﬂ)

5 BItaan} J’tanzﬂde
I ) 2

2a
= aBtan®6 — ?J-(secz(-} —1)de

= aBtan®B —atanb +ab +c

. F\x X s
=altan™® [-|]-—a [-+atan™! |-+
ala a a
X X
=xtan‘1\g—\fﬁ+ atan‘l\E+ c

59. Question

Evaluate the following integrals:

3. 1.2
fXTSI X
|=——dx

1-x
Answer

1.2

Let ] — j- :(E'\'sin_ X dx

——
[1—x*

sin~!'x? =t

T 2xdx = dt

: x2sin~1x? q
= | —— xdx
V1 —xt

_J’ 'ttdt
= (sm)2

Using integration by parts,

—l[tJ- intdt J-dtJ-'tdt]
=3 sin 3¢ sin

1
=3 [tcost— J- —costdt]

1
=3 [—tcost + sint] + ¢

1
= E[x2 —J1—x%sin™1x%] +¢

60. Question

Evaluate the following integrals:



2 .o -1
s X" sin X
Jidx

(1—3113)32

Answer

P sin”tx

ET
1-x2)72

Letl= [
sinTlx=t

1
———dx=dt
V1 —x2

J‘ sin®t x tdt
1 —sin?t

tsin’t
- | =t
cos2t

= J-ttanzt dt

= J-t(seczt— 1)dt

Using integration by parts,

= ftsecztdt— ftdt
= tf 2tdt f d tf 2tdt v
= secC dt secC 2

We know that, [ sec’tdt=tant

tz
=ttant — J-tant dt_E

tz
=ttant —log|sect| — > +c

I=—%  sinlx+ log|1—x?| — E (sin™'x)? +
V1 —x2 2

Exercise 19.26

1. Question

Evaluate the following integrals:

[ X (cos x - sin x) dx

Answer

Let T = [ e*(cosx — sinx)dx

Using integration by parts,

=J-e” COSX clx—fe”sinx dx

d .
We know that, d—cosx = —sinx
X



d
=cost- ex—fd—cosxj-ex—fexsinxdx
X

= excosx+fexsinxdx— J-e" sinx dx

=e*cosx+c

2. Question

Evaluate the following integrals:

I¢

Answer

lq_ —lex

2 3
X X

Let1=fe“(?z—%)dx
=J-exx‘2dx—2fe"x‘3dx

Integrating by parts

d
=x‘2fexdx—J-Ex‘zj-exdx—zfexx‘gdx

We know that,

n+l
xdx =
J- n+1

=e¥x 72+ ZJ-exx‘gdx— ZJ-exx‘adx

3. Question

Evaluate the following integrals:

+ L 1+sinx

o Lot g,
l1+cosx

Answer

Let] = [ e¥ (ﬂ) dx

1+cosx

; . . X X
We know that,51112x+ cos’x = 1landsinx = 2 51115 COSE

X X X X
. 2 2 .

sin“5 + cos“5 + 2sinscos=
x 2 2 2 2

X
2
2C08 3

=e

< (sinX Ef
e (511124- C052

ZCOSE%

2

. X X
_]_ . SIIIE+COS§

X
Zcosi



*[tans + 1]2
= —g dall—
2

X 2
=—e*|1+ tan—]
2

= —e* |1+ tan? x + Ztanﬁ]
2 2

= —p¥ sec2§+ Ztanﬁ]
2 2

— Ak [1 EX 4+t X:l 1
=g zsec 2 anz (1)
Let tang = f(x)

1 X
f! — 27
(x) = 2se-: 5

We know that,
f e5(F(x) + F' (x)}dx = e¥f(x) + ¢

From equation(1), we obtain

1+ sinx X
a* (7) dx = e*tan—+c
1+ cosx 2

4. Question

Evaluate the following integrals:
[ €% (cot x - cosec? x) dx
Answer

Let I = [ e*(cotx — cosec?x)dx
= J- e* cotxdx — J-e"coseczxdx
Integrating by parts,

d
= cotxfe"dx— J-Ecotxf exdx—fexcoseczxdx

= cotxe*+ J-excosecﬁdx—fexcosen:Exdx

=e*rotx+c
5. Question

Evaluate the following integrals:

-1
Jex[x . de
2%

Answer

[#(5)a
e %2 X

—(axtae  [ax b
Let] = [e¥—dx— [e* —dx




Integrating by parts,

) e
T 2% ¢ dx \2x x szx

e:( e:( e:(
=£+J-2x2dx_f2x2dx
e:{
=£+ C

6. Question

Evaluate the following integrals:

[ e¥sec x (1 + tan x) dx

Answer

Let I = [ e* secx(1 + tanx)dx
=J-ex secxdx + J-e" secxtan xdx
Integrating by parts,

d
= e* secxdx — J- exﬁ secxdx + J- e* secxtan xdx

= e* gecxdx — J- e* secxtan xdx + J- e* secxtan xdx

= e¥*secxdx+ ¢

7. Question

Evaluate the following integrals:
[ €% (tan x - log cos x) dx
Answer

Let I = [ e*(tanx — logcosx)dx
I=J-e"tanxdx—fe"logcosxdx
Integrating by parts,

d
= J- e*tanxdx — {e*logcosx — J- e* (Elogcosx) dx

=J-extanxdx—exlogcosxdx—fextanxdx

= —e*logcosxdx + C
=e*logsecx+

8. Question

Evaluate the following integrals:

[ e*[sec x + log (sec x + tan x)] dx
Answer

Let I = [ e*[secx + log(secx + tanx)]dx



I= J- e*secxdx + J-lc- g(secx + tanx)dx
Integrating by parts
= f e*secx dx + e¥log(secx + tanx) — f e¥secx dx

= e*log(secx + tanx) + ¢

9. Question

Evaluate the following integrals:
[ € (cot x + log sin x) dx

Answer

Let | = [ e¥(cotx + logsinx)dx
=J-exc0tx dx + J-exl ogsinxdx
Integrating by parts

=J-exlogsinxdx+J-e"cotxdx
d
= (logsinx)e* — J- EKEIOgSiHXdX-ﬁ- J-e" cotxdx +¢

= (logsinx)e"—fexcotx dx+fexcotx dx+c

= (logsinx)e* +c
10. Question

Evaluate the following integrals:

Jex Ll_%dx
(x+1)

Answer

xX+1-2
(x+1)?

- f ex{(x+l1)2 * (xfl)z}dx

1 -2
ZJ-E [:X+1)2dx+fe (x+ l)zdX

Integrating by parts

letl=[e

1 -2 —
— X _ X 1 X
*x+ 12 fe (x+ 1)2 fe (x+ 1)2
=ex—l +c
(x+ 1)

11. Question

Evaluate the following integrals:



jex[mn4x—4JdX

l—cos4dx
Answer
LetT — « [ sindx—4
€ I fE (1—::0543-.') dX
J‘ Y[2 sin2xcos2x 4 }
e E' —_
2s5in?x 2s8in?x

= J- e*{cot2x — 2 cosec?2x}dx

=J-exc0t2xdx— J-ex2cosec22x}dx
Integrating by parts,

d
=e*cot2x — J-exgcc-mx dx— 2 J- e* cosec?2x dx

=e¥cot2x + 2 J- e* cosec?2x — ZJ- e*cosec?2x

=e*cot2x+c

12. Question

Evaluate the following integrals:

Answer

2—x
(1-—x)*

J=-x+1
=fe-[ TEE ]dx

zfex{lix_i_(l—lx)?}

1 1 ,
_X=f(x)(l_x)2=f(x)

Letl= [ e*dx

1

We know that, [ e*{f(x) + f'(x)} = e*f(x) + c

— nX 1 +
=e T~ C
13. Question
Evaluate the following integrals:
N ¢
Je" ——dx
(2+x)

Answer

e*dx

Letl= | oy



= J- e [—(X(:f;)_z 1] dx
- f ex[xi 2 (x+12)2}

_f X 1 d J-:{ 1 d
AETY e(x+2)2 X

Using integration by parts,

e:{

1 1
=x+2+fe (x+2)2dX_J-e (x+2)2dx

X 1 +
=g C
X+2

14. Question

Evaluate the following integrals:

J- AJ1—sinx o2

l+cosx

dx

Answer

Let I = J" V1-sinx e—:-.'l‘.,r2 dx

l+cosx

X
puti=t=:-x=2t=> dx = 2dt

V1—sinx _; V1 —sin2t
J-—e fzdx=2f—e‘tdt
1+ cosx 1+ cos2t

“tdt

J’ Vsin2t + cos2t — 2sintcos t
e

1+ cos?2t

e
_ J’\,(cost sint)® |
2cos?t

= J-(sect— tantsect)e™" dt

= J- secte tdt— J-tantsect e tdt
Integrating by parts
=etsect+ J- tantsecte tdt — J- tantsecte tdt

=etsect+c
x X

=@ 25ec—+¢cC
2

15. Question

Evaluate the following integrals:

I¢

Answer

ngX—leX
X



Let] = [ ex(logx - é) dx

We know that

f e*{f(x) + f'(x)} = e*f(x) + c
Here,

1
f(x) =logx; f'(x) = "

1
J- e* (1ogx + ;) dx = e*logx +

16. Question

Evaluate the following integrals:

Jex(legx— lg]dx

X

Answer
Let] = [ e* (logx + ?12) dx

[ erfioger -1 L)
= | ef|logx+_—_+5)dx

1 1 1
=J-ex(10gx——) d:x;+J-ex (—+—2)dx
X X X

Using integration by parts,

= e (togx ) - [[e* g ogx— )a+ [ e (4 1)
=e*{logx — e* g \logx — _Jdx etz &
1 1 1 1 1
=ex(logx——)—J-e"(—+—2)dx+fex(—+—2)dx
X X X X X

(g 1) +
=e*(logx—_J+c

17. Question

Evaluate the following integrals:
X
1~ 2 1
J—{X(logx) B lleng dx
X

Answer

Let] = _[%{:x;(log:«;)2 + 2logx}dx

e
= J- e*(logx)?dx + nglogx dx

Using integration by parts,

d e*
_ aX 2 _ X 2
= e*(logx) J-e = (logx)“ + ZJ- " logx dx

X

b, e:{
;logx dx + Zf;logx dx

= e*(logx)* -2 J- ¢



=e*(logx)* +c
18. Question

Evaluate the following integrals:

J‘e" V1-x7sin'x +1
V1—x°

Answer

dx

Vi-xZsin 1x+1
Let] = [ ———dx

V1-xZ
I=J-exsin‘1x+fex;dx
V1 —x2

Integrating by parts
= e¥sin"*x — J- e* (i [sin‘lx)) dx + J- ex# dx
dx V1-—x2

1

= e*gin~ dx + dx

[ 1 J’ . 1
* f V% V%
=e¥sin"x+¢c
19. Question
Evaluate the following integrals:

[ €% (- sin x + 2 cos x) dx

Answer

Let I = [ e?*(—sinx + 2 cosx)dx
1= J- e?* — sinxdx + Zfezxcosxdx
Applying by parts in the second integral,

_ 22X o3 E 2x E 22X o3
I= e 51nxdx+zze COSX+ 2e sinx dx

= —J-ezxsinxdx+ ez"cosx+fezxsinxdx+ C

=e?Xcosx+C
20. Question

Evaluate the following integrals:

J.e’“[tan_lx— ! _ de

l+x°

Answer

Let] = [e* (tan‘lx+ - )dx

1+x2

. — tan—1 Ty —
here, f(x) = tan x and ' (x) T2

and we know that,



J- e*{f(x) + f'(x)} = e*f(x) + c

1
J- a¥ (tan‘lx+ T xz) dx = e*tan 'x+c

21. Question

Evaluate the following integrals:

[ s -1
Jeh[SHIXCQ?X de

S~ X
Answer
Let] = j- ox (sinxlcc;sx—l) dx
I x

= J- e*(cotx — cosec?x)dx

= J- e*(cotx + —cosec?x)dx

We know that, [ e*{f(x) + f'(x)} = e¥f(x) + ¢

let f(x) = cotx;f'(x) = —cosec?x
sinxcosx— 1
e* — dx = e*cotx+c
sin? x

22. Question

Evaluate the following integrals:

J {tan (log x) + sec? (log x)} dx
Answer

Let I = [[tan(logx) + sec?(logx)]dx

logx =z =2 x=e*=dx =e%dz
1= J-(tanz+ sec’z)e?dz

f(z) = tanz; f'(z) = sec’z

We know that, [ e¥{f(x) + f'(x)} = e*f(x) + ¢
I =xtan(logx) +c

23. Question

Evaluate the following integrals:

Jex ((;_—:4))3 dx

Answer

_ x (x—4)
Letl=Je oz %

ZJ’EK(X—Z)—Z)

x—2)? dx



_fex[(x—lzy N (x—ZZ)z

1
(x-2)*

lax

2
(x—2)*

Let f(x) = and f'(x) =

We know that, [ e*{f(x) + f'(x)} = e*f(x) + c

e!\'

I=———+
x-2)2 °

24. Question

Evaluate the following integrals:

1—sin2
s111 Xde

J eix

Answer

Let I =fezx(ﬂ) dx

1—cos2x

l—cos2x

We have,

cos2x =1—2sin’x

. 23( 1 — sin2x )d
=° 1—(1-—2sin?x) X

J’ 2Y(l — SiIlZX)d
= | e[ — |dx
2sinZx
cosec?x 2sinxcosx
= | e%* - dx
2 2sin?x
J‘ h(coseczx cosx)
= e i dx
2 sinx
, cosec’x
= | ¥ > —cotx |dx

Using integration by parts,

1 2 2 2
=§ e“*cosec xdx — | e“*cotxdx

That is,

|=|1+|2

1
I, = EJ- e*cosec?xdx

I, =J-ez"c0txdx
Consider

1 2x 2
11=E e“*cosec” xdx

take e?* as first function and cosec?x as second function

u = e?*;du = 2e?*dx



J-coseczx dx=J-dv

Letv = —cotx

1

=5 [ez"(— cotx) — J-(— cotx)Zezxdx]
1

=5 [ez"(— cotx) — 2 J- cotxe“dx]

1
=5 (e?*(—cotx)) + J-cotxez"dx

Thus,

1
I= E(ezx(— cotx)) + J- cotxe®dx — J-ezxcotxdx

1
I=5 [e?*(—cotx)] + c

Exercise 19.27

1. Question

Evaluate the following integrals:
[ €% cos bx dx

Answer

Let] = e®™* cosbxdx

Integrating by parts,

- axsinbx J‘ Emsinbn:x;d

=8 b ale b X

_1 ax L3 b aJ- aX o3 b d

—be sinbx 5 e**gin bx dx

o b a[ . COSbX J’ axCOSbXd]

—be sinbx 5 e 5 ale 5 X

1 ax L3 a ax az ax

ZEE . smbx—b—ze . cosbx—b—zfe ¥coshx dx
ax 2

I=§[bsmbx+ acosbx]—ﬁl+c

ax

T a? b2

[bcosbx+ acosbx] +c

2. Question

Evaluate the following integrals:
[ €¥Xsin (bx + c) dx

Answer

Let I = [ e™ sin(bx + c) dx

cos(bx + c) cos(bx + c)
= —e“—b + J-ae“—b dx



1 a
= —Ee"‘"cos(ber c)+ EJ-EM cos(bx +¢)

ax 2

_ a
1=§{asin(bx+ c) — b cos(bx + C)}_b_z“' €1

a? + b2 ax .
1= 5 [ b_Q{a sin(bx + ¢) — b cos(bx+ )} + ¢,

ax

e
= m{a sin(bx + ¢) — b cos(bx+ )}

3. Question

Evaluate the following integrals:
[ cos (log x) dx

Answer

Let I = [ cos(logx) dx

Let log x=t
1

—dx =dt

X

dx=xdt

=J-etcostdt

t.:LE.K

We know that, [ cos(logx) dx =

{asin(bx + c) — b cos(bx + c)}

aZ+b®

Hence, a=1, b=1

t
So, = % [cost +sint] + ¢

Hence,
logx
J- cos(logx)dx = > {cos(logx) + sin(logx)} + c

X

I= > {cos(logx) + sin(logx)} + ¢

4. Question

Evaluate the following integrals:
[ €% cos (3x + 4) dx

Answer

Let I = [ e®cos(3x+4)dx

Integrating by parts

- ezxsin[BX+ 4) B J’ L, SIN(3x+4) dx

3 3
1 2
= 59235111(3x+ 4)— EJ- e®*sin(3x+4) dx

1 2 cos(3x+ 4 cos(3x+ 4
= 59235111[3x+ 4) — 5{—923% + J- 29“% dx}



e23-.'
I= 5 [2cos(3x+4) + 3sin(3x+4)] + ¢

Hence,

e23-.'
I= 5 [2cos(3x+4) +3sin(3x+4)] +¢c

5. Question
Evaluate the following integrals:

/ €% sin x cos x dx

Answer

Let I = [ e?*sinxcosxdx

1
= EJ- e2* 2 sinx cos xdx

= EJ- e2*gin 2x dx
2

We know that,

ax

J- eFsinbxdx = 210 {asinbx—bcosbx}+c

2x

e
=?{251112x—2c052x}+c
2x
IZE?{ZSHIZX_ 2cos2x}+c
EE:\-:
I=?{51112x— cos2x}+c

6. Question

Evaluate the following integrals:
e2X sin x dx

Answer

Let I = [ e?* sinx dx

Integrating by parts,

d
I= sinxJ-ezx dx — J-—sinxJ-ezxdx
dx

: . EE\' J- EE\'d
=SMX—— COSX—dX
2 2

I =si = lf **cosxd
=8MX—— — - | 87 COSXdX
2 2

Again integrating by parts,

s e e
= Ss5mx 2 2 COSX | e X dXCOSX e X

e2¥ 1 e23-.' e2¥
I= sinxT - E[COSXT - J-(— sinx)de




e?* 1 e?* 1

I= sinxT - E[COSXT + EJ- sinxe*dx
e?* 1 e?* 1
1= sinx?—ECOSXT—ZI
I e?* 1 pZ¥
I+E = 3111}{7—5-:05}{7

5 e?*sinx e?*cosx

4 2 4
: 4[e?*sinx e?*cosx N
=— - C
5 2 4
e?x

1= < [2sinx —cosx] + ¢

7. Question

Evaluate the following integrals:
[ €2 sin (3x + 1) dx

Answer

Let | = [ e2Xsin (3x + 1) dx

Now Integrating by parts choosing sin (3x + 1) as first function and e2X as second function we get,

d
I =sin(3x+ l)J- e?*dx — J-(Esin(?)x+ l)fe“dx)dx

2x 2x

a2
1= 75111(3x+ 1) — J-

cos(3x+ 1) dx

Now again integrating by parts by taking cos(3x + 1) as first function and e?* as second function we get,

e2x 3921
I= 75111(3x+ 1) — [cos(3x + l)J- 5

a f?’ d (3c+ 1) [ e d
X 2[:dxc-:)s X e~*dx) dx

e 3 9 L. .
1= 75111(3x+ 1)—;9 *cos(3x+ 1)—; e**gin(3x+ 1) dx

fezxsill(3x+ 1)dx =1

Therefore,

p2x 3 9
I = 75111(3x+ 1) —Eezxcos(3x+ 1)—;1

9 e 3,
I+EI = 75111(3x+ 1)—;9 *cos(3x+1)

131  e%* 3
— = 75111(3x+ 1) —Ee“cos(B x+1)

e2x
I= E{25111(3x+ 1) —3cos(3x+1)}+c

8. Question

Evaluate the following integrals:



[ €Xsin? x dx
Answer

Let I = [ e*sin’x dx

1
I= EJ- e* 2sin?x dx

1
= EJ- e*(1— cos 2x)dx

Using integration by parts,

[ orax [ esconnna
=—| e*dx— < | e*cos2xdx
2 2
ax
We know that, [ e**cosbxdx = a:+h2 {acosbx — bsin bx} +c

1 e*
I= 2 [e" -7 (cos2x + 2 sian)] +cC

e:{ e:{
=5 —E(COSZX—F 2sin2x) +c¢

9. Question

Evaluate the following integrals:

=

J—Esin(logx)dx
X

Answer

Let] = ft—lasin(logx)dx

1
letlogx =t = ;dx= dt = dx = e*dt

We know that

ax

m{a sinbx — bcosbx}+c¢

J- e®sinbxdx =

-2t
e
J- e *tsintdt = ?{—2 sint — cost} + ¢

X_2
I= ?{—2 sin(logx) — cos(logx)} + ¢

=0 {2 sin(logx) + cos(logx)}+
10. Question

Evaluate the following integrals:

[ €2X cos? x dx

Answer

Let I = [ e®*cos®xdx

1
= EJ- e2*2cos?x dx



1
= —J- e?*(1+ cos2x) dx

2
= EJ- e*dx + EJ-e“l:l:rSZ:«;lci:x;
2 2
ax
We know that, [ e**cosbxdx = a:+h2 {acosbx — bsin bx} +c

X

1[e?* e?
I=E[7—?[2c052x+251112x) +c

sz sz

=T+E(2COSZX+ZSIHEX)+ C

e?x e?x

=—+ —(cos2x +s5in2x) +c
4 8 ( )

11. Question

Evaluate the following integrals:
J 2% sin x dx

Answer

LetI= [ e **sinx dx

ax
We know that, [ e**sinbxdx = —

= {asinbx — bcosbx}+ ¢

e—2x
= {—2sinx — cosx} +c

12. Question

Evaluate the following integrals:
Fo2 xS 3

|x7e" cosx’dx

Answer

Let] = [x%e* cosx?®dx

3x%dx = dt

| lf tcost dt
= — e co
3

t.:LE.K

We know that, [ e**cosbxdx = {acosbx — bsin bx} + ¢

aZ+b®

I L t+sint) |+
= —|= (cost + sin C
3|3 ¢ )

1[e
I= 3 [? (cosx® +sinx?)|+c

Exercise 19.28
1. Question

Evaluate the integral:



i L)

J 3+2x—x"dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
J-vxhra? dx=ivx2+a2+?10g |x+vx2+a2 |+C

Let, I = [ /3 + 2x-x2dx

cl=3—-x2—2(Dx)dx = [{3—-(x2—2(1)x+1)+1dx

Using a2 - 2ab + b? = (a - b)?
We have:

= [Ja—(x—1)2dx = [/22— (x— 1)%dx
As | match with the form: [ yaZ —x2 dx = gw’ﬂ n 3;5111-1 G) iC

* =‘(;1 — — 2 i'_lﬂ
ool > JE—(x 1)+251n (2)+C

= | =§(x— 1)v3+ 2x—x2+ 2sin? (?)+C

2. Question

Evaluate the integral:

J X +x+1dx

Answer
Key points to solve the problem:

* Such problems require the use of the method of substitution along with a method of integration by parts.
By the method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [ (x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:
P — X a (X
yaz—x?dx= 7V az —x? +55111‘ (5) +C

2
—— X —— a ——
J-vxz—az dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C



Let, I = [ /(x2+x+ 1) dx

e e Qe (T (e

Using a2 + 2ab + b% = (a + b)?

We have:

|=_[J(x+$)2+ 1—i dx = _[J(X-I-El)z-l-(g)zdx

As | match with the form:

[T ax= % T+ Siog fx+ TR | C
(s+9)+ J(x+2)+ (D)
() J(+2) +(2)

=>I=:t(2x+ 1)\Jx2+x+1+glog|(x+§)+ VX + 1|+c

—- 2
va

=) ooy e 2

2 2

Z
+C

=|=§(2x+l)m’x2+x+l+glog +C

3. Question

Evaluate the integral:

J X —x° dx

Answer
Key points to solve the problem:

* Such problems require the use of the method of substitution along with a method of integration by parts.
By the method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [ (x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
J-vxhra? dx=ivx2+a2+?10g |x+vx2+a2 |+C
Let, I = [ {x-x2dx

=g e 2@ a = S i (o2 () ())&

Using a2 - 2ab + b% = (a - b)?

We have:

=0 e = ) ()




2
As | match with the form: [ va? —x? dx =>va? = x2 + Zsin™* (E) e
a.

1 2 2 1 1
O n- 1 3 ein-1r 2
=5 ) (x=3) +3emm(H) c
== i(ZX— 1vx—x2 +§5111‘1(2x— 1)+C

4. Question

Evaluate the integral:

=

J 1+x —2x° dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [ (x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:
P — X a (X
yaz—x?dx= 7V az —x? +55111‘ (5) +C

2
— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
J-vxhra? dx=ivx2+a2+?10g |x+vx2+a2 |+C
Let, I = [ 1+ x-2x2dx

-'-l=fJ1—2(x2—2G)x)dx= le—Z()@—ZG)X+G)2)+2G)2 dx

Using a2 - 2ab + b? = (a - b)?

We have:
=02 = V) - (- e

2
As | match with the form: [ a2 —x2dx = g\faz —x2 + a?sin‘l (E) +C
a.

M= B ) - (x-2) + ot (3

&

1= 2= 1) o) (x-2) }+ 2o (22) 4 ¢

== 5(4){— DV1+x—2x2+ %sin‘1 (“3_1) +C

5. Question

Evaluate the integral:
J cosxy4—sin” xdx

Answer



Key points to solve the problem:

* Such problems require the use of the method of substitution along with a method of integration by parts.
By the method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [ (x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a —
J-\;x2+az dx=ivx2+az+510g |x+\;x2+az |+C

Let, I = [ cosxv4-sin?xdx

Let, sinx =t

Differentiating both sides:

= cos x dx = dt

Substituting sin x with t, we have:

= Va—t2dt = [V22 —2dt
2
As | match with the form: [ a2 —x2dx = gw\fa? —x2 + 2‘?5111—1 G) +C

=£ —_ 2 f'_lE
cl=o 4 - (02 +osinm(5) +C

Putting the value of ti.e. t = sin x

1 . | — . sinx
=>|=55111x\.4—51112x+25111 1( . )+C

6. Question

Evaluate the integral:

J.ex Nel® +1dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: J’ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-\;az—)@ dx=5\;az—x2 +Esin‘1(£)+c

2
—— X —— a ——
J-vxz—az dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C

Let, | = [ e*\/e2x + 1 dx



Let, eX =t

Differentiating both sides:
=eXdx =dt

Substituting eX with t, we have:
We have:

I=[Vtz2+1 dt = [Vi2+ 12dt

As | match with the form:
2
—— X —— a —
J-vxhra? dx=ivx2+a2+?10g X+yx2+az|+C

fl=VEFT+2log|t+ VT |

[N

=|=

VT +log|t+ VEE+ 1| +C
Putting the value of t back:

X
=1= % VveZx+ l+§10g|ex+ vezx+ 1|+ C

7. Question

Evaluate the integral:

J 9—x*dx

Answer
Key points to solve the problem:

* Such problems require the use of the method of substitution along with a method of integration by parts.
By the method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [ (x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
vx2+ a2 dx=ivx2+a2+?10g |x+vx2+a2 |+C
Let, I = [ 9 -xZdx

f= (VI REdx = [VEE—XPdy

F4
As | match with the form: [ /a2 —x2dx = zwfaz —xZ + *‘?5111-1 (3) +C
a.
sl= g JI —(x)? +gsin‘1(§) +C
8. Question

Evaluate the integral:

J’ 16%° + 25 dx



Answer
Key points to solve the problem:

* Such problems require the use of the method of substitution along with a method of integration by parts.
By the method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx— [ (x)([ g(x)dx) dx

* To solve the integrals of the form: J’ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-\;az—)@ dx=5\;az—x2 +Esin‘1(£)+c

2
—— X —— a ——
vx2—a? dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C

Let, I = [ J16x2 + 25 dx
We have:

I = [V16x2+25 dx = [,/(4x)2 +52dx

=y 2
| = 2
=1=14x2+ (4) dx
As | match with the form:

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C

}

-'-|=4[§ XE+G)2+J2§108 X+ x2+G)2

X+ Jx2+5|+c
16

= | =§ V16x2 +25+2j:'10g

9. Question
Evaluate the integral:
J 4x° -5 dx
Answer

Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
—— X —— a ——
J-vxz—az dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C



Let, | = [ \axZ—5dx

We have:

= [V4x?—5dx = [2 xz—zdx

=l=2f xz—(ﬁ)z dx

2

As | match with the form:

>l=x [x2—2—>log
4 4

10. Question

X+ JXE—E
4

Evaluate the integral:

Jm dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
— X —— a —
VX% —a? dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
vxZ+atdx=_- yx?+a?+—_log |x+vx2+a2 |+C
2 2
— (Faw? 1 9w L At
Let, I = [/(2x2 + 3x + 4) dx

= IJZ{XL" 2 G) X+ G)z—i—z— G)z}dx

Using a2 + 2ab + b%2 = (a 4+ b)?

We have:

2

|=\,"§f\](x+z)2+2—% dx = f\’(x+§)2+(%ﬁ) dx

As | match with the form:

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C



2

o2 6D [ (B B g x4 2)+ [+ ()] 1
C
:|=§(4x+3)\j2{(x+2)2+ (B} s 2Zi0](02)+ 227+ (2] -

C

== §(4x+ 3)»’2x2+3x+4+%log

(x+%)+ h2+§x+2|+c

11. Question

Evaluate the integral:

i -

J 3—-2x—-2x" dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
J-vxhra? dx=ivx2+a2+?10g |x+vx2+a2 |+C

Let, I = [ {3 —2x-2x2dx

-'-l=fJ3—z(x2+2G)x)dx= fJ3—2(x2+2@x+@2)+2@2 dx

Using a2 + 2ab + b? = (a + b)?

We have:

=7 2—2(x+§)2 dx = f\ﬁ\](i—?)z— (X+§)2dx

2
As | match with the form: [ a2 —x2dx = ggﬂ + E‘?Sm—l G) ic

Z ne I bt
—(x+5) +&sinT (F)} +C

2

== i(ZX-O- l)\jz{(%)z _ (X+ 5)2}4_%’25111_1 (2:'_:1) I,

=1 3= % — 2xZ + 2 gin-t (2
= 4(2x+1)\,3 2x— 2x* + —=sin (ﬁ]+c

1= ()

12. Question



Evaluate the integral:
e’
XX +1 dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx— [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: J’ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
yaz —x2 dx=5\;az—x2 +Esin‘1(£)+c

2
—— X —— a ——
J-vxz—az dx=§vxz—az—?10g|x+vx2—a2|+c

[T ax= % T+ Siog fx+ TR |4 C
Let, | = [xyx* + 1dx = [x/(x?)Z+ 1dx

Let, x? =t

Differentiating both sides:

= 2x dx = dt = x dx = 1/2 dt

Substituting x2 with t, we have:

We have:

| =-[VE+1dt = [V + 12t
As | match with the form:

2
— X —— a —
J-\;x2+32dx=ivx2+32+ilog|x+vx2+az +C

s= 2 VeI +2loglt+VET I |} +C

2+1+

$|= W

Slog|t+VEZ+ 1] +C

e |

Putting the value of t back:

2z
== “: JEDZ+ 1+i10g|x2+ JEDZ+L|+C

2
=>|=x:\,’x4+ l+=—tlog|x2+\£x4+l|+c

13. Question

Evaluate the integral:

sz a® —x%dx
Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By



method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
Va2 —x? dx=—y/a? —x7 +55111‘1(£)+C

2
— X —— a —
VX% —a? dx=5\;x2—32—510g|x+\;x2—32|+c

[T ax= % T+ Siog fx+ TR | C
Let, | = [x?\/aé—x6dx = [x2,/a® — (x3)2dx

Let, x3 =

Differentiating both sides:

= 3x2 dx = dt

= x? dx = 1/3 dt

Substituting x3 with t, we have:

si=if J@rE-tdt = [JEE-vd

As | match with the form: [ yaZ —x2 dx = gw’ﬂ n 3;5111-1 G) iC

(=)
Sl= %E Jas— (1)2 +a?sin‘l($) + C}
Putting the value of ti.e. t = 3

2 =] 3
=1=/a6—x6+Zgin™? (13) +C
&6 &6 a

14. Question

Evaluate the integral:

J-Jlﬁ—(logxf 4

X

X

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=2ya? —x? +55111‘1(£)+C

2
—— X —— a ——
vx2—a? dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C



Let, | = f% J16 + (logx) 2dx
Let, logx =t
Differentiating both sides:
=2 dx=at
X
Substituting (log x) with t, we have:

We have:

= [Vt2+ 16 dt = [iZ + 424t

As | match with the form:
2
— X —— a ——
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32|+c

w1 ={EVEF 16+ Zlogl t+VEEF 16|} + C

Putting the value of t back:

== lozgx J(1ogx)?+ 16 + 8 log |logx + /(logx)2 + 16| + C

15. Question

Evaluate the integral:

=

J 2ax —x° dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx— [f'(x) ([ g(x)dx) dx

* To solve the integrals of the form: J’ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-\;az—)@ dx=5\;az—x2 +Esin‘1(£)+c

2
—— X —— a ——
J-vxz—az dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a —
J-\;x2+32 dx=ivx2+32+ilog |x+\;x2+32 |+C

Let, I = [ {/2ax-xZdx

= —x2-20@xdx = [Ja2— (x2—2(a)x+ (3)2) dx
Using a2 - 2ab + b? = (a - b)?

We have:

I=[Ja?—(x—a)?dx = [ /()2 - (x—a)2dx

As | match with the form: [ yaZ —x2 dx = gw’ﬂ n 3;5111-1 G) iC

=X NI T 4 il (X
- % J(@2— (x—a)2+%sm 1(%} +C



2 _
== ;(x— a)Vv2ax—x2+ E‘?sin‘l (L;) +C

16. Question

Evaluate the integral:

[V3-x* ax

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vax2 + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
J-vxhra? dx=ivx2+a2+?10g |x+vx2+a2 |+C

Let, I = [ {3 -x2dx
S = f\"IIB‘_ %2dx = f (\I@)z — x2dx
As | match with the form: [ yaZ — x2 dx = gw’ﬂ n 3;5111-1 G) iC

o =§ V3 —x2 +§sin‘1[%) +C
7

17. Question

Evaluate the integral:

=

J X° =2% dx

Answer
Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx— [f'(x)(J g(x)dx) dx

* To solve the integrals of the form: J’ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-\;az—)@ dx=5\;az—x2 +Esin‘1(£)+c

2
—— X —— a ——
J-vxz—az dx=§vxz—az—?10g|x+vx2—a2|+c

2
— X —— a ——
J-\;x2+a2 dx=ivx2+a2+§10g |X+VX2+B.2 |+C

Let, I = [ {x2 — 2xdx



We have:

= [VxZ—2xdx = [,x2—2(1)x+ 12— 12dx
Using a2 - 2ab + b2 = (a-b)?
l=[J&x-D7-12d&

As | match with the form:

2
— X —— a —
VX% —a? dx=ivx2—32—ilog |x+\;x2—32 |+C

= [G-DP—1-Zlog|x—1+ /x—1D2-1]+C
=>I=?m’x2—2x—§10g|x—1+m’x2—2x|+c

18. Question

Evaluate the integral:

i L]

J 2x —x° dx
Answer

Key points to solve the problem:

* Such problems require the use of method of substitution along with method of integration by parts. By
method of integration by parts if we have [ f(x)g(x)dx = f(x) [ g(x)dx — [f'(x)([ g(x)dx) dx

* To solve the integrals of the form: _[ vaxZ + bx + c dx after applying substitution and integration by parts we
have direct formulae as described below:

2
— X —— a X
J-vaz—xz dx=Zya? —x? +55111‘1(£)+C

2
— X —— a —
J-\.'XE—EIE dx=5\;x2—32—510g|x+\;x2—32|+c

2
—— X —— a ——
J-vxhra? dx=ivx2+a2+?10g |x+vx2+a2 |+C

Let, I = [ 2x-x2dx

= —E2-2Dxdx = [J12— (x2—2(Dx+ (1)?) dx

Using a2 - 2ab + b2 = (a - b)?
We have:

= [ TG b — [ T G D
As | match with the form: [ /aZ — x2 dX:zw’ﬂ —l—a;sin‘l G)—H:
=51 T x2St 5t

— V(D2 —(x—1)2+ SsinT! (/) +C
ﬁ'=§(X—1)m2x—x2+§sin‘1(x—1)+c

Exercise 19.29

1. Question



Evaluate the following integrals -

J‘(x—l}v‘x2 —-x+1dx

Answer

Let | = [(x+ 1)vx2—x+ 1dx

Letusassumex +1 = li(xz—er D+p

a d _ d
= x+ 1= 6 - @+ ()] +

We know di (x™) = nx®* and derivative of a constant is 0.

x
>5Xx+1=A23¢1-14+0)+p
=>X+1=A2x-1)+

5>X+1=2AX+ u-A

Comparing the coefficient of x on both sides, we get

2A=1=) =1
2

Comparing the constant on both sides, we get

M-A=1
=2p—==1

BRI pa

Hence, we have x + 1 = 5(2){— 1 +§

Substituting this value in I, we can write the integral as

1 3
IZJ-[E(ZX_HJFE]VXE_XJF 1dx

1 3
=1= J-[E(Zx— Dyx2—x+ 1+EJX2 —X+ l] dx

1 ——— 3 ——
== J-E(Zx— 1yx?—x+ 1dx+ J-vaz—er 1dx

1 — 3 —_—
== EJ-(ZX— 1)4/x2—x+ 1dx + EJ-\.-XE—X+ 1dx

Let], =~ [(2x— 1)Vx2—x + 1dx

Now, put x2 - x + 1 =t
= (2x - 1)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
I, == | +/tdt
L



x]'.I.+J.

Recall [y dx = 4
n+1
1
: 1 z*t
==z +c
2\1
5+ 1
3
11tz
=>Il=§ ? +cC
2
I L 2t§+
=L =-xztZ+c
273
12
I, =tz +
=10 32 C
1 3
--Il=§(x2—x+1)§+c

Let], = [Vx? —x + ldx

We can write x2 — x + 1 = x2 — 2(x) G) + G)E — (3)2 +1

2

1
=:-x2—x+l=(x—i) -—+1

12
=:-x2—x+1=(x——) +
2

1,2 \;"52
=:-x2—x+1=(x——) +| =
2 2

L,
4
3
4

Hence, we can write I, as

3 e ()

3r2x—-1 —— 3 1 —
=:-IQ=E[ 2 -\.-Xz—X+1+§1II|X—E+VXE—X+1|]+C

3 —— 9 1 —_—
a1y =E(Zx—l)vxz—x+l+ﬁln|x—i+ VX —x+ 1|+|:
Substituting I; and I, in |, we get

1 3 3 9 1
I=§(x2—x+ 1)§+§(2x—1)\;x2—X+I+Ehl|x—£+ JXZ—x+1|+c



2
(x+ DVXZ—x + Tldx = (x2—x+ 13+ (2x— VX2 —x+ 1 +
3 8

%111|X—$+\,’x2—x+ 1|+c

Thus,

2. Question

Evaluate the following integrals -
[(x+132x" +3 dx

Answer

Let | = [(x+ 1)v2x2 + 3dx

Let us assume x + 1 = }L% (2x*+3)+p
d d
B i o
=x+1=2A dX(2x)+dX(l)]+u

d d
+1=;~L[2— +—(1 ]+
= x =)+ ()| +u
We know di (x™) = nx®* and derivative of a constant is 0.
X

>x+1=A2x2x¢1+0)+p
=X+ 1=A(4x) +
=X+ 1=4AX+ |

Comparing the coefficient of x on both sides, we get

AA=1=) =1
4

Comparing the constant on both sides, we get
H=1
Hence, we havex + 1 = i(4x) +1

Substituting this value in |, we can write the integral as

1
I=J-[E(4x)+ 1]\;2x2+3dx

1
== J-[E(-:}x)\fz:;? +3+42x2+ 3] dx

1 —
== J-E(4x)\f2x2+3dx+f\;2x2 + 3dx

1 —— ——
== ZJ-(-‘-}X)\; 2x2 4 3dx + J- V2x2 + 3dx

Let], = :t [(4x)V2xZ + 3dx

Now, put 2x2 + 3 =t
= (4x)dx = dt (Differentiating both sides)

Substituting this value in 11, we can write

1
I, == | +/tdt
L



1 1
=0 = EJ-tEdT
n+1

Recall [ x?dx==—+c

n+1l

1
: 1 =t
=L=—|+—|+c
3\1
2+1
a2
1/ tz
=>11=E ? +c
2
I ! 2tE+
= — ¥ —
=10 2 32 C
1 2
=[,=-1tz2+c
16
1 3
.-.Il=g(2x2+3)§+c

Let 1, = [ V2x2+ 3dx

We can write 2xZ2+ 3 =2 (X2 4 g)

3
=2x"+3=2|x*+ j;

Hence, we can write |5 as

2

2
IJ-22+ > d
3 = X 2 X
2

.
2o 2) 4
X 2 X

2
Recall [ \/x2+aZdx = E VxZ+aZ+ E‘?lnh{ +VxZ+a?Z|+c

2
2 JE 2
3 2
2 + 2 In|x+

-
2+ 3
X —
2
\ \
L=z e S tmfes e df e
27 V4 2 4 2
X 3 3
—
2Xx2 43+ Inlx+ [x2+-||+¢c
232 2x2 2

N

1= VI |y




X 3 3
—
cly=oy2x2+3+——=Inx+ [x2+-|+cC
272V 22 V2

Substituting I{ and I, in |, we get

1 3 X —— 3 ’ 3
I=—(2x*+3)2+ 222+ 3+ —=In|x+ [x2+ [+
6( ) 2'\" 2\.@ 2

2
Thus, [(x+ 1)V2x2 + 3dx = é (2x2+3)2 +§m’2x2 +3+ zi@ln
)

X+ fx2+§|+c

3. Question

Evaluate the following integrals -
[ex-35)V2+3x—x" dx
Answer

Let] = [(2x—5)v2 + 3x — x2dx

Letusassumer—5=}L%(2+3x_x2)+u
d d d
_ — _ _ _ 2
~2x—5 a[dxtz)+dx(3x) & )]+u

d d d |
:2x—5=1[ﬁ(2)+3ﬁ(x)—ﬁ(x )]+u

We know di (x™) = nx®* and derivative of a constant is 0.

x
=22x-5=AN0+3-2x21) +p
=22X-5=A3-2x) +

22X -5=-2Ax+3A +

Comparing the coefficient of x on both sides, we get
2A=2=2A=-1

Comparing the constant on both sides, we get
SA+p=-5

=3(-1) + p=-5

=-3+u=-5

S =-2

Hence, we have 2x — 5 = —(3— 2x) — 2

Substituting this value in |, we can write the integral as

I=J-[—(3—2x)—2]\;2+3x—x2dx

S1= f[—(3 — 202 +3x—x2 - 2/2 + 3x — x| dx

=1= —J-(B— 2x)2 + 3x—x2dx—f2v2+ 3x — x2dx



J-(B 2%)/2 + 3x — dex_ZJ-\fZ'i‘BX_deX

Let, = — [(3— 2x)V2 + 3x —x2dx
Now, put 2 + 3x - x2 =t
= (3 - 2x)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
=:-Il=—J-t§dt
Recall [ xndx= 4+ ¢

n+l
3+t
=:-Il=—1 +c
§+1
3
t2
=>Il=—?+l:
2
2 3
=l =—ztZ+c
o3
2 3
=L=—ctz+c
T3
2 2
1= 5(2+3x x)2+c

Let, = —2 [2 + 3x — x2dx

We can write 2 + 3x — x% = —(x2 —3x — 2)
[ 3 32 32
= X—X _x (x)2 2 2
2+3 z ( 3)2 i 2
= —X°=- -z ——-
X—X _x > 2
2+3 z ( 3)2 U
= —X°=- -z ——
X—X _x > 2
2+3 z 17( 3)2
= — X =——|X—=
X—X 2 X—3

77\ 2 2
=2+3x—x?= yi7 —(X—E)
2 2

Hence, we can write |5 as

o] [T Y

Recall [ a2 —x2dx = Va? —x?+ = 5111‘1 +c




[17
3 2 AELE 3
=1,=-2 @ (E) —(x—§)2+ : ) sin™! "2 +c
: 2 2 2 2 Vi7
2
2x—3 — 17 2x—3
=)Ig=_2_ 1 v2+3X_X2+ESin_1({ﬁ )]+c
1 17 2x—3
f7 1 2v _ w2 =1
2l =—-(2x—3)y/2+3x —x?——sin ( )+c
2 2( )\" 4 '\."’ﬁ
Substituting I; and I, in |, we get
2 3 1 — 17 2x—3
I=—§(2+ 3X_X2)§_E(2X_3)\|‘2+ BX—Xz—TSiII_l( Ny )+c

2
[(2x—5)V2+ 3x— x2dx = —§(2+3x—x2)5—§(2x— 3)VZ+3x—x2—

17 . _ 2x—3
—sin™? (:) +c
4 v17

Thus,

4. Question

Evaluate the following integrals -
[+ 2% +x+ 1 dx
Answer

Let | = [(x+2)vx2+x+ 1dx

Letusassumex+2=;{%(x2+x+1)_|_u
d d d
A — %2y + — —

= x4 2= )+ @+ ()] +

We know di (x™) = nx®* and derivative of a constant is 0.

X
>5x+2=A2%¢14+14+0)+p
2>X+2=A2x+1)+u
5X+2=2AXX+ A+

Comparing the coefficient of x on both sides, we get

2

Comparing the constant on both sides, we get

A+ u=2

Hence, we have x + 2 = §(2x+ 1 +§

Substituting this value in I, we can write the integral as

1 3
I=J-[§(2x+ 1)+E]\fx2+x+ 1dx



1 3
=1= J-[E(2x+ DyVxZ+x+ 1+EJX2 +x+ l] dx

1 —_— 3 —————
== J-E(Zer 1)yx2+x+ 1dx+ J-E\.'XE-FX-F 1dx

1 — 3( ——
=1= EJ-(ZX+ 1)yx2+x+ 1dx+ EJ-VXE+X+ 1dx

Let], = ;f(2x+ DVxZ—x+ 1dx

Now, put x2 + x + 1 =t
= (2x + 1)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write
1
I, = | Ytdt
-1
1J’ 1Id
= [, = - | t2dt
12

x]'.I.+J.

Recall [ x"dx = 4
n+1
1
: 1 7%t
2\1
2+1
3
1(tz
=>11=E ? +c
2
I L 2tE+
= — ¥ —
=14 5 32 C
13
=l =5tz+c
13
1 a
.-.Il=§(x2+x+l)§+c

Let], = [Vx? +x + ldx

We can write x2 4+ x + 1 = x? + 2(x) G) + (5)2 - (5)2 +1

2

1
) —3+1

5 1
=X +x+l=(x+§

4

“+x+1 (+1)2+3
=X X =X+ -
2/ 4

1y* \;"52
=:-x2+x+l=(x+—) +{ =
2 2

Hence, we can write |5 as

23 o) (D)

2
Recall [ \/x2+aZdx = E VxZ+aZ+ E‘?lnh{ +VxZ+aZ|+c




2

=;‘12=

B

e+
Dy o)

3r2x+1 ———— 3 1 —
=:-IQ=E[ 2 Vx2+x+1+§1n|x+i+\;x2+x+l”+c

+

3 — 9 1 ——
a1y =§(2x+ l)vx2+x+l+ﬁln|x+i+ VxZ+x+ 1|+|:

Substituting I; and I, in |, we get
1 3 3 — 9 [
I=§(x2+x+ 1)2+§(2x+ 1)4/x2 +X+I+Ehl|x+£+ VxZ4+x+1|+c

2
Thus [(x+2)VxZ+x + 1dx = %(x2+x+ 1)§+§(2x+ DV +x+ 1+
%111|X+§+\,’x2 +x+ 1| +c

5. Question

Evaluate the following integrals -
J‘(4x +1) x? —x —2x dx
Answer

Let | = [(4x+ 1)Vx2 —x— 2dx

Let us assume 4x + 1 = ldi(xg—x— 2)+u
X

d . d__ d
= ax+ 1= L6 - @ - = @)+

We know di (x™) = nx®* and derivative of a constant is 0.

X
24x+1=A2x*1-1-0)+p
24X +1=A2x-1)+p
24X+ 1 =2+ u-A

Comparing the coefficient of x on both sides, we get

Comparing the constant on both sides, we get
M-A=1

su-2=1

Su=3

Hence, we have 4x + 1 = 2(2x-1) + 3

Substituting this value in |, we can write the integral as

I= J-[Z(Zx— 1) + 3]yx2 —x — 2dx



=1= J-[Z(Zx— Dyx2—x—2+ B\fxxz—x—z] dx

== J-Z[Zx— 1)yx2—x—2dx+ J-Bvxz— X— 2dx

== ZJ-(?.X— 1)4/x2—x—2dx + ?:-J--\.-XE—X— 2dx

Let, =2 [(2x — 1)Vx2 —x — 2dx
Now, put x2 - x -2 =t
= (2x - 1)dx = dt (Differentiating both sides)

Substituting this value in 11, we can write
I, = zfﬁdt

1
=1, = ZJ-tEdt

n+i

Recall [xrdx="—+¢
n+1l
41
=1,=2 I +cC
§+l
3
iz
=>Il=2 ? +cC
2
2 3
3
4 3

=:-Il=§t§+c

4 3
Il=§[x2—x—2)§+c

Let], =3 [x2 —x— 2dx

We can write x2 — x — 2 = x2 — 2(x) G) + (3)2 _ (

2

12
=:-x2—x—2=(x——) )
2

1
4
x2=(eg)
=2x"—x—2=(x—2] —~
2 4

2 2

esa=(e-) -0

Hence, we can write |5 as

2

s f -3 - @) o

2
Recall [ \/x2—aZdx = E VxZ—aZ— E‘?lnh{ +vxZ—aZ|+c



o2 oy - B [0

+cC

2x—1 ——— 9 1 —
=1,=3 2 -\.-Xz—X—?.—§111|X—E+VXE—X—2|]+C

3 —— 27 1 ——
a1y =E(Zx—l)vxz—x—z—gln|x——+ vxz—x—2|+c

Substituting I{ and I, in |, we get

4 3 3 27 1
I=§(x2—x—2)§+g(2x—1)v’x2—x—2—gln|x—£+ Vx2—x—-2|+c

2
[(4x+ 1)VxZ—x—2dx = g(xz—x—2)5+z(zx— DVx2—x—2-—

'ay 1
?lnlx—5+\,’x2—x—2|+c

Thus

6. Question

Evaluate the following integrals -

J’(x _2)42x’ —6x + 5 dx

Answer

Let | = [(x—2)v2x2 — 6x + 5dx

Let us assumex — 2 = }L% (2x2—6x+5)+u
d d d
—2 = 2y _ —
= x—2 =] (2x) - (69 - —(5)| +

d . d d
ﬁx—z=1[z&(x )—e&(x)—&@)h "

We know di (x™) = nx®* and derivative of a constant is 0.

x
>x-2=A2x2x*1-6-0)+p
=2>X-2=A4x-6) +

=>X-2=4AX 4+ L - 6A

Comparing the coefficient of x on both sides, we get

IAN=1=)=1
4

Comparing the constant on both sides, we get

M-6A=-2
=:-u—6(%=—2
4
=:-p—§=—2
2
1
.-.u=—i

Hence, we have x — 2 = i(.—.;x_ 6) _i



Substituting this value in I, we can write the integral as

1 1
—_—
I=J-[—(4x—6)—— V2x2 — 6x + 5dx

4 2
=;‘I=J-I:E(‘q'x_6)\{2X2_6X+5_E\|‘2X2_6X+5 dx
=:-I=J-E(-ﬂ:x—6)\f2x2—6x+5dx—f5v2x2—6x+5dx

1 1
992 _ fw L [
== EJ-HX_ 6)+/2x2 — 6xX + BdX—EJ-vZ){?— 6% + 5dx

Let 1, = [(4x— 6)V2xZ — 6x + 5dx

Now, put 2x2 - 6x + 5 =t
= (4x - 6)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write
1

I, =— | ytdt

-1

1 1
=1, = E[tidt

x]'.I.+J.

Recall fx“dx: +c
n+1l
1
: 1 z*t
sL=-|+——|+c
3|
2+1
3
1tz
=>11=E ? +c
2
I ! ZTE-F
= — ¥ —
=L=gxgtatc
1 2
=L =—-1tz2+c
16
1 3
.-.Il=g(2x2—6x+5)§+c

Let1, = —ij V2xZ — 6% + 5dx

We can write 2x* — 6x+5 =2 (X2 — 3x+§)

=2x*—6x+5=2 _Xz_ Z(X)@) + @)2_ (g)z +gl

[ 3 9 5
= 2x*—6x+5=2 (x——) ——+—l

[ 2
1
= 2x*—6x+5=2 (x——) +—

[ 3y 1y
= 2x*—6x+5=2 (x——) +(—)l




Hence, we can write I, as

=3 P96

2

dx

v Y

2
Recall [ x?+a%dx = Vx?+aZ + lnlx + VxZ +a%[ +c

3
)
= - —— X—— —
: V2| 2 2 2
12
2 3 3\ (1Y’
+ > In (X—E)-i- (X—E) +(E) +c
I il el SO S A e |
=L=—-—= X2 —-3x+-+shnjx—-+ X —-3x+ c
: V2| 4 2 8 2 2
L=~ | e ex+ B+l — o+ [x2—3x+ o[+
=L=—-—= X% — 6X snjx—-+ [x2—-3x+ c
27 2 a2 Y 8 2 2

1 1 3 5

— ’
clb=—2x—3)y2x2—6x+5——=Inlx—=+ (x2—3x+=|+¢c
2 8( )\" 8\1@ 2 2

Substituting I{ and I, in |, we get

1 3 1
= l|'—
I=g(2x2— 6X + 5)2—§(2x—3)\;2x2—6x+5

L S FETRP O
SMEHX 5 X X 2 C

-3
J(x—2)v2xT—6x + 5dx = ~ (2x> — 6x + 5)z — = (2x — 3)V2x? — 6X + 5 —

X—24 f}&2—3x+E
2 2

7. Question

Thus,

—In
82

+cC

Evaluate the following integrals -

J‘(x + ljlv‘x2 +x+1dx
Answer
Let] = [(x+ VX2 + x+ Ldx

Let usassumex + 1 = 1%(;{24_;{4_ 1)+



d d d
— =2y — —
= x4 1 =26+ + ()] +
We know di (x™) = nx® ! and derivative of a constant is 0.
X

>x+1=A2%1+1+0)+p
=>X+1=A2x+ 1)+
2>X+1=2AXX+ A+

Comparing the coefficient of x on both sides, we get
2A=1=) =1
2

Comparing the constant on both sides, we get

A+u=1

Hence, we havex + 1 = §(2x+ 1) +§

Substituting this value in I, we can write the integral as

1 11—
I=J-[E(2x+ 1)+£]Vx2+x+ 1dx

1 1
=1= J-[E(2x+ DyYx2+x+ 1+§\fx2 +x+ 1] dx
1 1
== J-E(2x+ 1)yx2+x+ 1dx+ J-E\;x2+x+ 1dx

1 ——— 1f ———
== EJ-I:ZX-I- Dyx2+x+ ldx + EJ-\.-XQ—FX-I- 1dx

Let, = ;f(2x+ Dvx2+x+ 1dx

Now, put x2 + x + 1 =t
= (2x + 1)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
I, == | tdt
=3[

1 1
=0 = EJ-tEdt
n+1

Recall [ x?dx=>—+c

n+1l

1
: 1/ 2%t
==z +c
2\ 1
2+l
a2
1/ tz
=>11—E ? +c
2



3
2l =-(x*+x+1)2+c

Let12=§_[\,*x2+x+ ldx

We can write x2 + x + 1 = x? + 2(x) G) + (5)2 - (—)2 +1

2

ol
2

=:-x2+x+l=(x+ 7
+x+1 (+1)2+3
== = — —
X“+ X X+ 3
2
Zex+1 ( +1)2+ v3
== = — P
X“+ X X+ >
Hence, we can write |5 as
2 I
1 1 V3
IEZEJ- (X+E) + 7 dx

2
Recall [ \/x2+aZdx = E VxZ+aZ+ E‘?lnh{ +VxZ+aZ|+c

12x+1 ————— 3 1 —
=:-IQ=E[ 2 Vx2+x+1+§1n|x+i+\;x2+x+l”+c

1 —— 3 1 ——
a1y =§(2x+ l)vx2+x+l+ﬁln|x+i+ VxZ+x+ 1|+|:

Substituting I; and I, in I, we get
1 31 — 3 [
I=§(x2+x+ 1)2+§(2x+ 1)/x2 +X+I+Ehl|x+§+ VxZ4+x+1|+c

2
(x+ DVZFx+ Tdx = (x2+x+ 13+ (2x+ V2 +x+ 1 +
3 g

Thus, 2 .
Elnlx+;+\,’x2 +x+ 1| +c

8. Question

Evaluate the following integrals -

=

J'zx—3) x° +4x +3dx

Answer



Let] = [(2x+ 3)VxZ + 4x + 3dx

Let us assume 2x + 3 = A< (x+ 4x+ 3) + 1
d d d
— _ 2 _ _

= 25+ 3 =26+ (40 + —(3)| +

d d d
2+3=;\[— N+4— +—3]+
= 2x H ) (0 + ()| +h
We know di (x™) = nx™ ! and derivative of a constant is 0.
X

22X +3=A2x*1+4+0)+p

22X+ 3=AN2x+4)+
22X+ 3 =2AX + 4\ + |

Comparing the coefficient of x on both sides, we get
2A=2=>A=1

Comparing the constant on both sides, we get
A4 N+ pu=3

=24(1)+pu=3

=24+ u=3

SH=-1

Hence, we have 2x +3 = (2x +4) — 1

Substituting this value in |, we can write the integral as

I= J-[(2x+ 4) — 1]yx2 + 4x + 3dx

== f[(2x+ O)VxE+ax+3 - x2 +4x+ 3] dx

== J-(2x+4)\;x2+ 4% + 3dx — J’\.‘X2+ 4x + 3dx

Let [, = [(2x+4)Vx2 +4x + 3dx

Now, put x2 + 4x + 3 =t
= (2x + 4)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
=1, = J-tﬁdt
n+i

Reca” fxndxz X + C
n+l

3+t
1
§+ 1

=0 = +c



2

2
=L=5+c

3
2

=0 = +c

3

2

2t

3
2 3

~ 1y =§(x2+ 4x+3)2+c

Let], = — [Vx2 +4x +3dx

We can write X2 + 4x + 3 =x2 + 2(x)(2) + 22-22 + 3
>x2+4x+3=(x+2F-4+3
>x2+4x+3=(x+2F-1
=>x2+4x +3 = (x + 2 - 12

Hence, we can write I as
_ Me+2)2 —12
I, = _J-V (x+2)2—12dx

2
Recall [ \/x2—aZdx = E VxZ—aZ— E‘?lnh{ +VxZ—a?|+c

X+ 2 17
=:-Iz=—[( > )V’(x+2)2—12—Elnl(x+2)+V’(x+2)2—12|l+c

x+2) ———— 1 ————
=:-Iz=—[[: > )Vx2+4x+3—5111|x+2+vx2+4x+3|l+l:

1 —— 1 —
Ay = —E(er Z)vx2+4x+3+ilnlx+2+vx2+4x+ 3|+c

Substituting I{ and I, in |, we get

2 3 1 1
I=§(x2+4x+ B)E—E(x+2)\;x2+4x+3+51n|x+2+Vx2+4x+3
+c

2
. J(2x+3)Vx2 +4x +3dx = g(x2+4x+3)5—§(x+ 2WxZ+4x+ 3+

Thu
5111|x+ 2+ X2+ ax+3| +c

9. Question

Evaluate the following integrals -
J(2x —4)Vx —4x+3 dx
Answer

Let | = [(2x—5)Vx2 — 4x + 3dx

Let us assume 2x — 5 = }L% (x2—4x+3)+u
d d d
—5=2l—(x) - — —

= 2x— 5 =) - (40 + = (3)] +

I d
=:-2x—5=1[&(x )—4E(x)+£(3)]+u



We know di (x™) = nx® ! and derivative of a constant is 0.
X

22x-5=AN2x21-440) +p
=22x-5=A2x-4) +

22X -5=2AX + u-4A

Comparing the coefficient of x on both sides, we get
2A=2=>A=1

Comparing the constant on both sides, we get
M-4A=-5

>u-4(1)=-5

>u-4=-5

SH=-1

Hence, we have 2x — 5 = (2x—4) — 1

Substituting this value in |, we can write the integral as

I= J-[(Zx— 4) — 1]yx? — 4x + 3dx

== f[(z:;— 4)VxP—ax+3—x2 —4x+3|dx
=1= J-(Zx—dr)\;x?— 4x + 3dx— J--\.-XE— 4x + 3dx

Let ], = [(2x—4)Vx? —4x + 3dx
Now, put x2 - 4x + 3 =t
= (2x - 4)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
=1, = J-tﬁdt
n+i

Reca” fxndxz X + C
n+l

1

tz+!
=:-Il—l—+c
§+1
3
itz
=>Il—?+(:
2
2 3
=[,==tz2+c
13

2 3
Il=§(x2—4x+ 3)z+c

Let, = — [Vx2 —4x + 3dx

We can write x2 - 4x + 3 =x2 - 2(x)(2) + 22-22 + 3



=>x?-4x+3=(x-22-4+3
=>x?-4x+3=(x-2P-1
=>x2-4x+3=(x-2)2-12
Hence, we can write I as

I, = —J-\,-’(X—Z)z —12dx

2
Recall [ \/x2—aZdx = E VxZ—aZ— E‘?lnh{ +VxZ—a?|+c

X—2 12
=1, = —[( )\,-’(X—Z)z —12 —Elnl(x—z) +(x—2)2 - 12|l+c

2
[:X—Z) o7 _ Av L = 1 I
=2[=- 5 VX —4x+3—5111|x—2+\;x —4x+3| +c
1 —— 1 —_——
--12=—E(x—Z)vx2—4x+3+ilnlx—2+vx2—4x+3|+c

Substituting I; and I, in |, we get

2 3 1 —— 1 ————
I=§(x2—4x+ 3)5—5(}{—2)\;}{2—4x+3+5111|x—2+vx2—4x+3
+c

-3
Thus J(2x—5)VxZ—4x +3dx = g[xz —4x+3)=— ; (x—2)Wx2—4x+ 3+

;111|x— 2+x2—4x+3| +c
10. Question

Evaluate the following integrals -
Jx X" +x dx

Answer

Let | = [ xyx2 +xdx

Let us assumex=1di(;{2+x)+ 1
d d
— 2
=:'X_;'L[d:x;[:x )+ dx(x)]—l_ "

We know di (Xn) = nx??!

X
>x=AN2x414+1)+p
2X=A2x+ 1)+
S>X=2AX+ A+

Comparing the coefficient of x on both sides, we get

2

Comparing the constant on both sides, we get

A+u=0

=-+p=0



Hence, we have x = ;(2x+ 1) _g

Substituting this value in I, we can write the integral as

I—J-[ (2x+ 1)——]\f + xdx

1 1
== J-[E(2x+ 1)\{EX2+X_E‘\|'IX2+X dx
== J- (2x+ 1)/x2 + xdx — J- Vx? +xdx

J-(2x+ 1)4/x2+ xdx——J-\;XE xdx
Let], = ;f(2x+ 1)vx2? + xdx

Now, put x2 4+ x =t
= (2x + 1)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
I, == | tdt
=3[

1 1
=0 = EJ-tEdt

n+i

Recall [ xdx=>—+c
n+1
1
: 1 tz*t
=L=c|l+—]+cC
2\ 1
2—|—1
3
1/ t2
=>11=E ? +c
2
I L 2tE+
= — ¥ —
=1, 2 32 C
1 32
=l =-tZ+c
13
1
N P §(X +x)2+c

Let], = _Elf\,’mdx
We can write x2 4+ x = x? + 2(x) G) + (3)2 - (3)2

2 2
ex=(x43) - (3
= = N (R
X X X 2 2

Hence, we can write |5 as

2

2

=3 o) - @) o



2
X a
Recall [y/x? —aZdx = Vx?—aZ — Tlnlx + VxZ —a%[ +¢

-4l -0

2

112x+1 ey
=:-Iz=—i 2 VXZ+ ——ln|x+ +4/x%2 + |+c

1 — 1 1
--Iz=—§(2x+ 1)yx2+ x+ﬁln|x+2+vx2 |+|:

Substituting I; and I, in I, we get
1 3 1 1
I=§(x2+x)§—§(2x+ 1)yx2+ x+—111|x+2+\;x2 |+c

2
Thus, [ xyx2 + xdx = g(x2+x)5—é(2x+ DVxZ+x+ 111 |x+ +VxZ+x|+c

11. Question

Evaluate the following integrals -
J(x=3)x +3x 18 dx

Answer

Let| = [(x—3)vxZ+ 3x— 18dx

Let us assumex — 3 = ;\% (x*+3x—18)+u
d d d
— 3= —x?) + — ——
= x-3 =]+ (39— —(18)| +

d d d
_a | =rx2 — (%) — —
S x-3 l[dx(x ) +3 () dx(la)]+ "
We know di (x™) = nx® ! and derivative of a constant is 0.
X

>x-3=A2x¢14+340)+up
-3=AM2x+3)+u
>X-3=2AX+3A+§
Comparing the coefficient of x on both sides, we get
2A=1=2=-
Comparing the constant on both sides, we get

A+ u=-3
3(1)+ 3
= — = —
2 H

=-+u= -3



Hence, we have x — 3 = §(2x+ 3) _g

Substituting this value in I, we can write the integral as
1 N =
I=J-[E(2x+3)—i]vx2+3x—18dx
1 —_— 9
=:-I=J-[E(2x+ B)Vx2+3x—18—ivx2+3x—18 dx
1 S —— Y
=>I=J-E(ZX+3HXQ+3X— 18dx—f5vx2+3x— 18dx
1 —_—— e —
=:-I=EJ-(ZX+ 3)yx2+ 3x— 18dx—5f\fx2+3x— 18dx

Let 1, =~ [(2x+3)Vx2+ 3x — 18dx

Now, put x2 4+ 3x - 18 = t
= (2x + 3)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write

1
I, == | tdt
=3[

1 1
=0 = EJ-tEdt
n+1

Recall [ xdx="—+c

n+1l

1
: 1/ tz%
=L=c|l+—]+cC
2\1
2+1
a2
1/ 12
=>11=E ? +c
2
I ! 2t5+
= — ¥ —
=1, > 32 C
1 32
=[;=ztz+
13
1 3
.-.Il=§(x2+3x—18)§+c

Let], = —2 [ VxZ+3x — 18dx

We can write x2 + 33 — 18 = x> +2(x) (2) + G)z - (—)2 ~18

3?2 9
=x?+ 3x— 18=(x+—) ———18

2 4
z 3x— 18 ( —)2——1
X X X

2

2+3x—18 ( +3)2 (9)
== — = — — | —
X X X 5 3



Hence, we can write I, as

== 6 -

2
X a
Recall [ y/x? —aZdx = Vx?—aZ — Tlnlx + VxZ —a%[ +¢

=>12=_% (X;%)J(Hg)z_@)z

9[(2x+3) ——— 81 3 =
——JX?+ 3x— 18_EIH|X+E+\"X2+3X_ 18| +c

9 729 3 -
2l =——(2x+3){x2+3x— 18+ —111|x+ —+ X2 +3x— 18| +c
8 16 2
Substituting I; and I, in |, we get

1 3 9
= 4'7
I=§(x2+3x— 18)2—§(2x+3)\;x2+3x—18
12 | NS e 18|+
g mxto X X C
-3
J(x—3)VxZ+3x — 18dx = - (x> + 3x — 18): —= (2x + 3)Vx? + 3x — 18+

%lnlx+§+\,’x2 + 3x — 18| +c

Thus

12. Question

Evaluate the following integrals -
J(x+3)V3-dx—x7 dx
Answer

Let | = [(x+3)V3 — 4x —x2dx

Letusassumex+3=}Ldi(3_4x_x2)+u
d d d
_ _ _ (w2
= x+3 =] (3) - = (40— )|+

d d . .
:x+3=l[ﬁ(3)—4ﬁ(x)—ﬁ(x )]+ "

We know di (x*) = nx* ! and derivative of a constant is 0.

x
=>x+3=N0-4-2x21)+u
=2X+3=A-4-2x)+

=X+ 3 =-2AX+ u-4A

Comparing the coefficient of x on both sides, we get

-2)\=1=;.;~L=_§

Comparing the constant on both sides, we get



M-4A=3

4(—3)=3
= U 5) =
=>Uu+2=3

Hence, we have x + 3 = —5(—4 —2x)+1

Substituting this value in I, we can write the integral as

1 ———
I=J-[—E(—4—2x)+l]\f3—4x—x2dx

1
=1= J-[—E(—'f}—ZX)JS—4X—X2+\f3—4X—X2]dx

1 —_— ——
== —J-E(—4—2x)v3—4x—x2dx+f\f3—4x—x2dx

1 —_—— ——
=1= —Ef(—4—2x)v3—4x—x2dx+ J-‘ﬁ —4x —x?dx
Letl, = —;f(—‘f} — 2x)V3 — 4x —x2dx

Now, put 3 - 4x - x2 =

= (-4 - 2x)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write
1

I, = ——f [tdt

1 2]V

1 1
=0 = _EJ-tEdt

n+i

Reca” fxndxz X + C
n+l

1
: 1 =t
=[=—c +C
2\1
5+1
3
1{t3
ﬁll—_i? +c
2
I 1 21:§+
= =—z-XztzZ+c
1 273
1 2
[, =—=tz2+
=13 32 C

1 3
11=—§(3— 4x—x%*)z+c
Let, = [ V3 —4x —x2dx
We can write 3 - 4x - x2 = -(x2 + 4x - 3)
=3 -4x-x2=-[x2 + 2(xX)(2) + 22 -22-3]

=3-4x-x2=-[(x +2)2-4-3]



=3-4x-x2=-[(x +2)?2-7]
=3-4x-x2=7-(x+2)?
=3-4x—x2=(v7) - (x+2)?

Hence, we can write I, as

I, =J-J(wﬁ)2— (x+2)2dx

b 4 3.2 . 1 X
Recall [ y/az - x2dx =-va?—x2+ >sin"i -+

=2
=1, = (x; Z)J{\ﬁ)z —(x+2)2+ {N;) sin™* (X+ 2) +c

1 7 X+ 2
-'-Iz=E(X+2)\|‘3_4x_x2+55111_1( )+c

Substituting I{ and I, in |, we get

1 3 1 7 XxX+2
I=—-(B-4x—x*)7+-(x+2 3—4x—x2+—5111‘1( )+c

3
Jax+3)V3—4x —x2dx= —-(3—4x—x%)i+- (x+ 2)V3—4x—x2+
Tt (X2
2Sll'l (,?)‘FC

\/

Thus

13. Question

Evaluate the following integrals -
[Gx+Dy4-3x—2x" dx
Answer

Let| = [(3x+ 1)V4 —3x — 2x2dx

Let us assume 3x + 1 = 1%(4—3x—2x2)+ il
d d d
_ _ _ o 2
=3x+1=2A dx(4) dx(?’x) = (2x )]+ il

S 3x+1=2 ém)— 3%@)—2&@&% '

We know % (x™) = nx® ! and derivative of a constant is 0.
=3x+1=A0-3-2x2x%1) +p
=23X+1=A-3-4x)+ 1

23X+ 1=-4AX + u-3A

Comparing the coefficient of x on both sides, we get
-A=352=-12

Comparing the constant on both sides, we get

M-3A=1



=2p+-=1

5

e u = 4
Hence, we have 3x + 1 = —2(—3 — 4x) — 2
4 4

Substituting this value in I, we can write the integral as

3 5
—_—
IZJ-[_Z[:_3_4X)_E V4 — 3x— 2x%dx

3 5
=1= ”—E(—3—4x)\£4— 3x—2x2—1\£4— 3x— 2x2]dx

3 —— S e ——
=1= —J-E(—B—-‘-}x)v-‘-}—Bx—Zx?dx—J-E\f-ﬂ: —3x —2x2dx

3 5
M4 _2¢ _ 952 T )
=1= _ZJ-(_B_4X)V4_3X—2dex_if"4 — 3x — 2x%dx
Let], = —2[(—3 — 4x)V/2— 3x — 2x2dx

Now, put 4 - 3x - 2x2 =t
= (-3 - 4x)dx = dt (Differentiating both sides)

Substituting this value in |1, we can write
3

I, = ——f [tdt

1 3]V

3 1
=0 = —EJ-tEdT

n+i

Reca” fxndxz X + C
n+l

1
: 3( 2%t
=[=— +C
2|1
2—|—1
3
3(1z
=>11=_E ? +C
2
I > 21:E+
= —— ¥ —
=1, y 32 C
1 2
[,=—=-t2+
=1, 2 24¢C
1 3
--Il=—5(4—3x—2x2)§+c

Let], = —if V4 — 3x — 2x2dx
We can write 4 - 3x - 2x2 = -(2x2 + 3x - 4)

3
=>4—3x—2x2=—2[x2+ix—2]

2

=4-3x—2x"=-2 [:8 +2(x) G) + @ - @2 - zl



3\* 9
=>4—3x—2x2=—2[(x+1) ———zl

16

3\ 41

=4-3x—2x*=-2 (x+—) -—
4 16

(41 3\’
=4—-3x—2x?=2 ——(x+—)
16 4

() -y

Hence, we can write |5 as
[

I, = 5f 2 VaT\' (+3)2

2= 7% 4 T3
\

L 5\."EJ' \,"ﬂz (+3)2d

=L=-— Z x+7) dx

b 4 3.2 . 1 X
Recall [ vaZ —xZdx=-vaZ—x?+ sin™'- +c

=4-3x—2x*=2

r 2
/41
3 y=2 3
svz|(x+3) [(vaTy 3\’ (4) (Xt
=1,=— —(x+—) + sin” | —
4 2 4 4 2 V41

: 5v2 |(4x + 3) 5 3 2+41 , _1(4x+3) .
= = -\ ——X—X —51n C
? 4 8 2 32 Va1

5v2 3 , 205v2  r4x+3
—§(4x+ 3) Z—Ex—x ~ g S ( Vo )+c

205v2  r4x+3
sin™ ( )+C

128 VAL

=,

5
—_—
S —5(4){4- 3)\.'4— 3x—2x%2—

Substituting I; and I, in |, we get

I = — S (4—3x— 2x%)3 — — (4x + 3) VA — 3x — 2x2 — =
=-3 X = 2x7)7 = o= (4x N X — 2%
+c

3 =

(3x+ 1)V — 3x— 2x2dx = —= (4 — 3x — 2x%)z — — (4x +
2 32

VA 3x—oxz _ 205VE, o (4x43

34— 3x— 2x2 e Sin ( )+c

Va1

Thus

14. Question

Evaluate the following integrals -
| (2x+ 5)¥10 - 4x - 3x” dx

Answer

Let| = [(2x+ 5)V10 — 4x — 3x2dx

+cC




Let us assume, 2x + 5 = A< (10 — 4x — 3x2) +
d d d
_ _ _ 2
=2Xx+5=4 —dx(lo) I (4x) i (3x )]+ 1

d d d
2x+5=2|-=(10) — 4—(x) — 3 —(x? ]+
= 2X dx( ) dX(X) dx(x [+ 1
We know di (x™) = nx®* and derivative of a constant is 0.
X
=22x+5=AN0-4-3x2x%1) +p
22X +5=A(-4-6X)+

=2X + 5 =-6AXx + - 4A

Comparing the coefficient of x on both sides, we get
—6)\=2=:-_:'._=—g=—E
& 3

Comparing the constant on both sides, we get

M-4A =5

4 1) 5
= —_ _— =

H 3

+4 5
= —_ =

H¥3

11

1 11

Hence, we have 2x + 5 = _E[:_4 — 6X) +5

Substituting this value in |, we can write the integral as

1 11—
I=J-[——(—4—6x)+—]\f10—4x—3x2dx
3 3
1 — 1
=:-I=J-[—g(—-‘-}—éx)\flo—4x—3x2+?v10—4x—3x2]dx
1 —_— 1 —
=:-I=—J-g(—4—6x)v10—4x—3x2dx+J-?\flﬂ—drx—?)x?dx

1 11
10 — Av — 2w2 10 — Adw — 2v2
== —EJ-(—-‘-} — 6X)4/10 — 4x — 3x2dx + ?J-V 10 — 4x — 3x2dx
Let 1, = —= [(—4 — 6x)V10 — 4x — 3x7dx

Now, put 10 - 4x - 3x2 =t

= (-4 - 6x)dx = dt (Differentiating both sides)

Substituting this value in 11, we can write
1

I; = ——f [tdt

1 3]V

1 1
=1, = —gftﬁdt

xn+1

Recall [xPdx=

+c

n+1l



[

W =
o
[ =]

(%]
+ o
= =
-+
]

=1, =
2
3
1/ tz
=;'I]_—_§ ? +c
2
I - 2‘EE+
= —— ¥ —
=10 3 32 C
2 3
=L=—tz+cC
! 9

2 3
1= —5(10— 4x—3x)I+c

11 0 2w _ 92
Let, = — [ V10— 4x— 3x2dx

We can write 10 - 4x - 3x2 = -(3x2 + 4x - 10)

410
10 —4x —3x2 = -3 |x +—x — —
= X X _X 3X 3

2

= 10—4x—3x? =-3 _x2 + 2(x) @ + (E) — (E)

3

[ 22 4 10
= 10 —4x —3x? = -3 (x+—) ————

[ 2 34
= 10—-4x—3x?=-3 (x+—) ——l

34 242
=10—4x—3x?=3 ——(x+—) l

2
. V34 2\’
= 10—-4x—-3x"=3 3 —(x+—)

Hence, we can write I, as

o () - (Y
3 3
N
B ) -y
=L, =— — ) — x4+ dx
3 3 3

x a® |, _4yx
Recall [ VaZ —xZdx=_va? —x2+ sin™' - +¢

11

I, = d
2 3 X

+
3

3 2

: 11V3|(3x+2) (10 4 2+34 o
=L=———|7"—"3X—X"+_Zsln
z 3 6 3 3 18

3

3

V34
3

_1V3 _(H%) j(m)z_(x+z)z (r)

2 10
3




: 11\5(3 +2) 10 4 , 3743 _1(3x+2)+
=[,=- X - X X% — sin c
: 18 3 3 54 V34

1873 _1(3x+ 2)+
sn C
V34

11
—_—
2l =——(3x+2)y/10— 4x— 3x2 —
18
Substituting I; and I, in |, we get

2 2 11 —_—
I=—§(10—4x—3x )z—ﬁ(3x+ 2)4/10 — 4x — 3x2
1873 3x+2
- sin™ ( )+C

27 V32

2
J(2x+5)V10— 4x— 3x%dx = — = (10 — 4x — 3x2): — ——(3x +
! M ae a7 187W3 . _q [3x+2
2)W10 — 4x — 3% S, sin ( )+c

J34

Thus

Exercise 19.30

1. Question

Evaluate the following integral:
c 2x+1

J (x+D(x-2)

Answer

Here the denominator is already factored.

So let
2x + 1 A B ,
(x + D(E—-2) x+ l+x—2 """ M)
2x + 1 _A(x—2)+B(x+ 1)
T+ DE-2) 0 &+ DE-2)

=22x+ 1=A(x-2)+B(x+1)..... (i)

We need to solve for A and B. One way to do this is to pick values for x which will cancel each variable.
Put x = 2 in the above equation, we get

=22(2)+1=A(2-2)+B(2+1)

=3B=5

= B = E

3

Now put x = - 1 in equation (ii), we get
=22(-1)+1=A(-1)-2)+B((-1)+1)
=2-3A=-1

L
= AT3

We put the values of A and B values back into our partial fractions in equation (i) and replace this as the
integrand. We get

[+ =50
1 x—2%




1 5

3 3
i’flx+1+x—2 dx
Split up the integral,

- 5/ [l 5 =l

Let substitute u = x + 1= du = dx and z = x - 2= dz = dx, so the above equation becomes,

= 5 [+ 5[l

On integrating we get

11 + 51 + C
= sloglul + Zloglz|
Substituting back, we get
1 5
= 510g|x + 1] + 510g|x—2| + C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

f ZXH L = loglx + 1) + 21 2l + C
&+ Dx—2) & = 3loglx + 1| + gloglx—2]|

2. Question

Evaluate the following integral:

J‘ - ! - dx
X(x-2(x—-4
Answer

Here the denominator is already factored.

So let
1 A B C ,
X(x—2)(x—4) _;+m+x—4 """ M
1 B A(x—2)(x—4) + Bx(x—4) + Cx(x—2)
= x(x—2)(x—4) x(x—2)(x—4)

=1=A(Xx-2)(x-4)+ Bx(x-4) + Cx(x - 2)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 0 in the above equation, we get

=1 =A(0-2)(0-4)+ B(0)(0-4) + C(0)(0 - 2)

=21=8A+0+0

= A ==

8
Now put x = 2 in equation (ii), we get
=21=A(2-2)(2-4)+B(2)(2-4) + C(2)(2-2)

-1=0-4B+0



B 1
= = ——
4

Now put x = 4 in equation (ii), we get
=21=A4-2)4-4)+B(4)(4-4)+C(4)4-2)
=21=0+0+8C

c 1
- +~3

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

f E * L

1 1
=:-J-§+ 4+ 8 Jlax
X

Split up the integral,

[ Rlo—3/ l=lox + 5/ [=le
~ 8 ) k=2l T ) k—d™
Let substitute u = x - 4= du = dx and z = x - 2= dz = dx, so the above equation becomes,
o o3 e+ 5 [
=>_ p— —_— p— p— p—
8 ) 2T ) W™
On integrating we get
11 11 +ll + C
= clog|x| - ;log|z| + Zlog|ul
Substituting back, we get
11|| 1l| 2|+1l| 4 + C
=>_ _— — p— —
8n:rg:x; 40gx gogx

. 1
We will take 5 common, we get

1
= 5[108|X|— 2loglx— 2| + loglx — 4| + (]

Applying the logarithm rule we can rewrite the above equation as

1 X
= g[lﬂg|m + IOQIX—‘H + C]

= %[log|%

Note: the absolute value signs account for the domain of the natural log function (x>0).

]+c

Hence,

fm a[l EEX 23}3]”

3. Question

Evaluate the following integral:



cxT+x—1

[
X“+X-6

Answer

First we simplify numerator, we get

x2+x-1

X2+ x—-6

x2 +x—6+5
X2 +X—6

x2+x—6+ 5

X2 +x—6 X2+ x—6
5

X2+ x—6

Now we will factorize denominator by splitting the middle term, we get

5
1 + ———
X2 +x-6
5
X2+ 3x—2x-6
5
=1

T iE A+ 3 -2+ 3)

5

iR s Yoy

Now the denominator is factorized, so let separate the fraction through partial fraction, hence let

5 A B .

(x + 3)(x—2)_x+3+x—2 """ (M
5 _ Ax—2) + B(x + 3)

T x+3x-2) (x+3)(x-2)

=5=A(x-2)+B(x + 3)...... (i)
We need to solve for A and B. One way to do this is to pick values for x which will cancel each variable.
Put x = 2 in the above equation, we get

=25=A(2-2)+B(2+3)

=5=0+5B
=2B=1
Now put x = - 3 in equation (ii), we get

=5=A((-3)-2) +B((-3) + 3)
=5 =-5A
=>A=-1

We put the values of A and B values back into our partial fractions in equation (i) and replace this as the
integrand. We get

fp+- A B]d
X+ 3 Xx—2 x




”1+ -1, l]d
=
X+ 3 X—ZX

Split up the integral,

= [rax- [ [5]ax + [ =] e

Let substitute u = x + 3= du = dx and z = x - 2= dz = dx, so the above equation becomes,

= [1as- [[Jau + [[] ez

On integrating we get

= x - log|u| + log|z| + C

Substituting back, we get

=x-log|x + 3| + log|x-2| + C

Applying the logarithm rule, we can rewrite the above equation as

_2|+c
T3

X
= x + log|x

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

J’x2+x—1d o |x—2 L
——dx = x 0
X2+ x—-6 gx+3

4. Question

Evaluate the following integral:

J- 3+4x-x"
(x+2)(x-1
Answer

First we simplify numerator, we get
3 + 4x—x?

(x+ 2)(x—-1)

—(x*—4x—3)
X2 + x—2

—(x?+x-5x—-2-1)
X2 +x-2

—(x*+x-2) . Bx + 1
X2 +x-—2 X2 +x—-2

bx +1

=1+ (x+ 2)(x—1)

Now the denominator is factorized, so let separate the fraction through partial fraction, hence let

5% + 1 A B ,
(x+2)(x-1) x+2 x—-177 M)
bx + 1 A(x—1) + B(x + 2)

= (x + 2)(x—1) (x+ 2)(x—1)



=5x+1=A(x-1)+ B(x + 2)...... (i)

We need to solve for A and B. One way to do this is to pick values for x which will cancel each variable.
Put x = 1 in the above equation, we get

=>5(1)+1=A(1-1)+B(1 +2)

=6=0+ 3B

=>B=2

Now put x = - 2 in equation (ii), we get

=25(-2)+1=A((-2)-1)+B((-2)+2)

=2-9=-3A+0

=>A=3

We put the values of A and B values back into our partial fractions in equation (i) and replace this as the
integrand. We get

[+ el
=>J-[_1+xi2+xfl]dx

f[1+ >, 2](1
= X+ 2 x—lx

Split up the integral,

S P I P [ L PN

Let substitute u = x + 2=du = dx and z = x - 1= dz = dx, so the above equation becomes,

=~ [10x + 3 [fau + 2 [ [] @z

On integrating we get

= —x + 3loglu|l + 2loglz|] + C

Substituting back, we get

= —x + 3loglx + 2| + 2loglx— 1] + C

Note: the absolute value signs account for the domain of the natural log function (x>0).
Hence,

3+ 4x—x°

mdx = —x + 3loglx + 2| + 2log|x—1| + C

5. Question

Evaluate the following integral:

|
[t

|

Answer

First we simplify numerator, we get



X2+ 1
x2—1

x2—-1+ 2
x2—-1
x2—1+ 2
x2—1 x2—1
. 2
x—Dx+ 1)

=1

Now the denominator is factorized, so let separate the fraction through partial fraction, hence let

2 A B ,

(x+ DE-1) x+ 1P x—1 M
2 _Ax-1) + Bx+ 1)

&+ 2)(x—1)  (x+2)(x-1

= 2=Ax-1)+Bx+ 1).... (i)

We need to solve for A and B. One way to do this is to pick values for x which will cancel each variable.
Put x = 1 in the above equation, we get

=22=A(1-1)+B(1+1)

=22=0+2B

=>B=1

Now put x = - 1 in equation (ii), we get

=22=A((-1)-1)+B((-1)+1)

=22=-2A+0

=A=-1

We put the values of A and B values back into our partial fractions in equation (i) and replace this as the
integrand. We get

““(x_:uzm]dx
=:'J-[l—l_:x;i1+:==;—Bl]m{

fﬁ+ -1 l]d
=
x+1 x—1 X

Split up the integral,

= [rax- [ [ + [ =] e

Let substitute u = x + 1= du = dx and z = x - 1= dz = dx, so the above equation becomes,

- Jroce s+ [

On integrating we get

= x—loglu| + log|z|] + C

Substituting back, we get



= x—loglx + 1| + log|lx— 1] + C
Applying the logarithm rule we get

_1|+c
1

X
= x + log|x

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,
fx2+_ld 41 |X_1|+—C
= 0
x2—-1 % X g X+ 1

6. Question

Evaluate the following integral:

bl

- X
J - - - dx
(x-D(x-2)(x—-3)
Answer
Denominator is already factorized, so let

X2 A N B C
(x— D(x-2)(x—3) x-1 x-2  x=-37"

X?

T x-DE-2)(x-3)
B Ax—2)(x—3) + B(x—1)(x—3) + C(x—1)(x—2)
N x—1D(E—-2)(x-3)

= x> =AX-2)(x—3) + Bx—1)x—3) + C(x—1)(x—12) ...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 1 in the above equation, we get

= 12=A1-2)(1-3)+B(1-1)(1-3)+C(1-1)1-2)

=21=2A+0+0

= A = —
2

Now put x = 2 in equation (ii), we get

= 22=A(2-2)(2-3)+B(2-1)(2-3)+ C(2-1)(2-2)
=24=0-B+0

>B=-4

Now put x = 3 in equation (ii), we get

= 32=A(3-2)(3-3)+B(3-1)(3-3)+C(3-1)(3-2)

=29=0+0+2C

= L = —
2

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get



ILA + B C]d
1 T x—2 "Tx—3l*

1 ., 2
2 — 2
+ d
:J-[lerxz XxX—3 X
Split up the integral,

- 3 [l o o+ 5 e

Let substitute u =x-1=du=dx,y =x-2=dy =dxand z = x - 3= dz = dx, so the above equation
becomes,

> 3 [lan=s[[5Jos 3/ e

On integrating we get

1 9
= Eloglul— 4logly| + Eloglzl +C
Substituting back, we get

1 9
= Eloglx— 1| — 4loglx — 2| + Eloglx—BI +C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

X2

f(x— DaE—DE—3) &

1 9
= Eloglx— 1| —4loglx — 2| + Eloglx—BI +C

7. Question

Evaluate the following integral:

. 5%
J (x+D(x> -4
Answer

5x _ bx
(x+ DE2—-4) (x+ DE-2)(x+2)

The denominator is factorized, so let separate the fraction through partial fraction, hence let

bx A N B N C
x+ DE-2)x+2) x+1 x-2 x+2777

(0

bx
T x+ DE-2)(x + 2)
Ax—2)(x+2) +B(x+ D)(x+ 2) + Clx + 1)(x—2)
- (x + Dx—-2)(x + 2)

=5Xx = A(X - 2)(X + 2) + B(x + 1)(x + 2) + C(x + 1)(x - 2)...... (i)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = - 1 in the above equation, we get
=5(-1)=A(-1)-2)(-1)+2)+B(-1)+1(-1)+2)+C((-1)+ 1)((-1)-2)
=2-5=-3A+0+0



5
= AT3

Now put x = - 2 in equation (ii), we get
=5(-2)=A((-2)-2)(-2)+2) +B((-2) + 1)((-2) +2) + C((-2) + 1)((-2) - 2)
=-10=0+ 0 + 4C

o s

== 2

Now put x = 2 in equation (ii), we get

=5(2) = A((2) - 2)((2) + 2) + B((2) + 1)((2) + 2) + C((2) + 1)((2) - 2)
=210=0+12B+ 0

L _ 1o s
TP T 76

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

IL‘A 2 4 ¢ ]d
1 x—2 x+2%
S _>5
3 3

+ +
=;.J-x+1 X—2 X

dx

+ (vl en

2
Split up the integral,

= gJ-Li 1]dx_gf%]dx+gJ-L«i z]dx

Let substitute u=x+ 1=>du=dx,y =x-2=dy =dxand z = x + 2= dz = dx, so the above equation
becomes,

> 5 Bz [les 5/ e

On integrating we get

51||51||+51||+C
= 3loglul - Slogly ¢ loglz
Substituting back, we get
5 5 5
= gloglx + 1|—Eloglx—2| + gloglx +2]+C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

f >% dx = Jloglx + 1] - 2loglx— 2| + ~loglx + 2| + C
x + Dxz—4) "~ 3% 2 0Bi% 6 8%

8. Question

Evaluate the following integral:

5

J-x—l

—dx
X(x =D

Answer



x2+ 1 X2+ 1
x(x2—-1)  x(x-1(x+ 1)

The denominator is factorized, so let separate the fraction through partial fraction, hence let

X2 + 1 A B C ,
x(x—D(x+ 1) x * Xx—1 * X + l"'""(l)
x* +1 CAE-DE+ 1) +Bx(x+ 1) + Cx(x—1)
= X(x— D+ 1) (x— 1D+ 1)

=2x*+1=A-DxE+1) +Bx(x+ 1) + Cx(x—1)..... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 0 in the above equation, we get

=02 + 1 =A(0-1)(0 + 1) + B(0)(0 + 1) + C(0)(0 - 1)

=21=-A+0+0

=>A=-1

Now put x = - 1 in equation (ii), we get
>(-12+1=A(-1)-1)((-1)+1)+B(-1)((-1)+ 1)+ C(-1)((-1)-1)
=22=0+0+C

=C=1

Now put x = 1 in equation (ii), we get

=12+ 1=A(1-1)(1+1)+B(1)(1+1)+C(1)(1-1)

=22=0+2B+0

=>B=1

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

J‘ x2+ 1

X(x—1)(x+ 1)
J’[A+ B N C q

= X x—1 x+1 %

”_1+ LR S
= _—
X x—1 x+1 %

dx

Split up the integral,

- = [ Rlox + [l + [l

Let substitute u = x + 1= du = dx, y = x - 1 = dy = dx, so the above equation becomes,

> = les [ Flev + [l

On integrating we get

= —log|x| + logly| + loglu| + C
Substituting back, we get

= —loglx| + loglx — 1| + loglx + 1| + C



Applying the rules of logarithm we get
= —loglx| + logl(x—1(x + 1)| + C

x2—1

= log

EX:

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

J'x2+1d o
x(xz—l)x_ o8

9. Question

x2—1

[+ c

Evaluate the following integral:

dx

J" :X - 3
(x> —1)(2x +3)
Answer

2x—3 _ 2x—3
(x2—1)(2x + 3) (x—D(x+ 1(2x+ 3)

The denominator is factorized, so let separate the fraction through partial fraction, hence let

2x—3 A N B . C
(x—1D(x+ D(=x+3 (x-1) x+1 2x+3777

(9

2x—3
T x-Dx+ D(2x + 3)
A+ 1)(2x+3) +Bx—-1D2x+3) +Cx—-LE+ 1)
- (x—1)(x + 1)(2x + 3)

=22x-3=A(Xx+1)2x + 3) + B(x-1)(2x + 3) + C(x - 1)(x + 1)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = - 1 in the above equation, we get
=22(-1)-3=A(-1)+1)(2(-1)+3)+B((-1)-1)(2(-1)+3)+C(-1)-1)((-1)+ 1)
=2-5=0-2B+0

B 5
= = —
2

Now put x = 1 in equation (ii), we get
=2(1) -3 =A((1) + 1)(2(1) + 3) + B((1) - 1)(2(1) + 3) + C((1) - 1)((1) + 1)
=2-1=10A+0+0

1

A= ——
= 10

Now put x = —g in equation (ii), we get



-+ Il
== =
,--_‘1-\/,.———-..\
ek
| ra |
e
! +

'_i
e =
.—‘_“-‘.‘“"‘—"/
[a%] ——
— 5=
| —
b !
—_——
+

+

ol

p—— [#%)

S

+

(@]
i
e

|

N

|

'_l
S——
Ea
.--l—'-m.

B |

R

+

'_l
S——

5
= —6 =0+ 0 +C

24

= C =
5

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

f [(x— 1)(xzi_1?(2x + 3)] dx
A

B C
= + + dx
(x—1) x+1 2x+ 3]
[ _ 1 5 _24
10 2 5
+ + d
:>J-(x—1) x+ 1 2x+3|"

Split up the integral,

S | T P R PO M N

Let substitute

u=x+ 1=du=dx,
y =X-1=dy =dx and

Z =2+ 3 = dz = 2dx = dx = %so the above equation becomes,

o B 2 -2

On integrating we get

11||+51|| 121||+C
= — — — _—
10 ogly 2n:}gu 5 og|z
Substituting back, we get
11| 1|+51|+1| —121 [2x + 3] + C
= — — — — —
10 0g|x 2 0g|x R 0g|2x

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

J‘ 2x—3 q
2—1)(2x + 3)
11| 1|+51|+l| 12l 2x + 3] + C
=10 oglx 2 oglx 5 0g|2x
10. Question

Evaluate the following integral:



3

- X
J : : : dx
x-DE-2)(x-3)
Answer

First we simplify numerator, we will rewrite denominator as shown below

3 3

X X
(x— 1)(x—2)(x—3) x*—6x2 + 11x—6

Add and subtract numerator with ( - 6x2 + 11x - 6), we get

x°—6x% + 11x—6 + (6x7—11x + 6)
X3 —6x2 4+ 11x—6

- 6x*—11x + 6
== X2 —6x2 + 11Xx—6
6x2 —11x + 6
= =1

+
(x—1)Ex—-2)(x—3)
The denominator is factorized, so let separate the fraction through partial fraction, hence let

6x2—11x + 6 A B C

x-DE-2)(x-3) (x—1) t ot y—3-—®

6x2—11x + 6
T x-Dx-2)(x-3)
Ax—2)(x—3) + B(x—1D(x—3) + C(x—1)(x—2)
B x—1D(x—2)(x—3)

S6X2-11Xx + 6 = A(X - 2)(X - 3) + B(x - 1)(x - 3) + C(x - 1)(X = 2)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 1 in the above equation, we get

=6(1)2-11(1) + 6 =A(1-2)(1-3)+B(1-1)(1-3)+ C(1-1)(1-2)

=21=2A+0+0

= A = —
2

Now put x = 2 in equation (ii), we get

6(2)2-11(2) + 6 =A(2-2)(2-3) +B(2-1)(2-3)+ C(2-1)(2-2)
=28=0-B+0

=>B=-8

Now put x = 3 in equation (ii), we get

=6(3)2-11(3) + 6 = A(3-2)(3-3) +B(3-1)(3-3) + C(3-1)(3-2)
=227=0+0+2C

o2
- LT

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

6xZI—11x + 6
”1 HCENCEDIED) b




[ A B C
=:-J-1+ + + ]dx

-8
=>J-1+ 2 _ +X2 dx

Split up the integral,

= [1ax 4 o [ [ a8 [ [5]ax + Z [ [=5] ax

Let substitute
u=x-1=du=dx,
y =X-2=dy =dx and

z = X - 3= dz = dx, so the above equation becomes,

o3[ [lau=s [[os 5 [ o
= X+ 5] |du . \j 5 ~|dz
On integrating we get
1 27
= x + Elog|u|— 8log|y| + Elog|z| + C
Substituting back, we get
1 27
= x + Elogh{— 1| —8log|x — 2| + Elog|x—3| + C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

XE

| e=ve—ae=9
1 27
=X+ 5105|X— 1| —8log|x—2| + Elog|x—3| + C

11. Question

Evaluate the following integral:

dx

J- sin 2x
(I1+smx)(2+sinx)
Answer

The denominator is factorized, so let separate the fraction through partial fraction, hence let

sin2x A . B |
(1 + sinx)(2 + sinx) (1 + sinx) 2 + Sinx"""'[:l)
sin2x A(2 + sinx) + B(1 + sinx)

= (1 + sinx)(2 + sinx) - (1 + sinx)(2 + sinx)

= sin2x = A(2 + sinx) + B(1 + sinx) = 2A + Asinx + B + Bsinx
= 2sinxcosx = sinx(A+ B) + (2A + B) ...... (ii)

We need to solve for A and B.

We will equate similar terms, we get.



2A+B=0=B =-2A

And A + B = 2 cos x

Substituting the value of B, we get
A-2A=2cosx=A=-2cosX
Hence B = -2A =-2( -2 cos x)
= B = 4cos x

We put the values of A and B values back into our partial fractions in equation (i) and replace this as the
integrand. We get

J‘ [ sin2x q
(1 + sinx)(2 + sinx) X

o+ * 7 e
=
(1 + sinx) 2 + sin X

J’[ —2cCosX . 4cosxx]d
= (1 + sinx) 2 + sin X

Split up the integral,

2 cosx dx 4+ J’ 4 cosx

= — | ————dx —dx
(1 + sinx) 2 + sinx

Let substitute

u=sinx = du = cosxdx,

so the above equation becomes,

1 1
= ‘med“”fu g du

Now substitute

v=1l+4+u=dv=du

z=2+4+u=dz=du

So above equation becomes,
= -2 id*i.='+-ﬂ:J-Edz
(v) z
On integrating we get
= —2log|v| + 4log|z|] + C
Substituting back, we get
= 4logl2 + u| —2log|l + ul + C
= 4log|2 + sinx|— 2log|1 + sinx| + C
Applying logarithm rule, we get
= log|(2 + sinx)*| —log|(1 + sinx)?| + C

(2 + sinx)*

= log (1 + sinx)?2

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,



sin2x

4 (2 + sinx)*
(1 + sinx)(2 + sinx) X

(1 + sinx)?

= log

12. Question

Evaluate the following integral:

dx

J" :X
(x> +1)(x*+3)
Answer

Denominator is factorized, so let separate the fraction through partial fraction, hence let

2% A&+ B Cx+D .
(x2 + 1)(x2+3) (x2+1) * x2 4+ 377 M
2x _(Ax +B)(x* +3) + (Cx+ D)(x* + 1)
T+ (2 + 3) (x2 + 1)(x2 + 3)

= 2x = (Ax + B)(x* +3) + (Cx+ D)(x* + 1)
= 2x = Ax* + 3Ax + Bx*+ 3B+ Cx* +Cx +Dx? + D
=2xx=(A+0x*+(B+D)x*+ (3A+Cx+ (3B+ D).... (ii)

By equating similar terms, we get

A+C=0=>A=-C.......... (iii)
B+D=0=>B=-D............ (iv)
A+ C=2

= 3(-C) + C = 2 (from equation(iii))
=2C=-1

So equation(iii) becomes A =1

And also 3B + D = 0 (from equation (ii))
= 3(- D) + D = 0 (from equation (iv))
=>D=0

So equation (iv) becomes, B =0

We put the values of A, B, C and D values back into our partial fractions in equation (i) and replace this as
the integrand. We get

J-[(xz + j)({xz + 3)]dx

J’[AX+B +CX+D
(x2+ 1) x*+ 3

dx

(x+ 0 (1)x+0d
=:'J-(:«;?Jrl) x2+3]x

Split up the integral,

- J-(xzx—+1)dx_“x2)jr :J;]dX

Let substitute




u=x>+1= du=2xdx = dx = —du

v=x?+3= dv =2xdx = dx = —dv
so the above equation becomes,
-3/ Bl
2J (u) TN I Y
On integrating we get
11 11 + C
::, — —_
5 log|ul - - log|v]
Substituting back, we get

1 1
= Elogh{z + l|—ilc-g|x2 +3]+C

1
= E[l(:-glx2 + 1| —loglx® + 3|]] + C
Applying the logarithm rule we get

1
= —[log

Note: the absolute value signs account for the domain of the natural log function (x>0).

(x? + 1)

+C
x2 + 3

Hence,

X2+ 3

2x d—l (x2 + 1)
J-(x2+1)(x2+3)x_5[ |I+C

13. Question

Evaluate the following integral:

: 1
J - dx
xlogx(2+logx)

Answer

Let substituteu = logx = du = 1 dx, so the given equation becomes
X

! dx = —1 d i
J-xlogx[z + logx) x= J-Ll[:?. + u) e (1)

Denominator is factorised, so let separate the fraction through partial fraction, hence let

1 A B )
m = E + m(ll)
1 A(Z + u) + Bu

u(z +u) u(2 + u)
=1 =A(2 +u) + Bu...... (ii)
We need to solve for A and B. One way to do this is to pick values for x which will cancel each variable.
Put u = - 2 in above equation, we get
=>1=AR2+(-2))+B(-2)
=21=-2B



1
= B = ——

Now put u = 0 in equation (ii), we get

=1=A(2 + 0) + B(0)

=21=2A+0
A 1
- AT3

We put the values of A and B values back into our partial fractions in equation (ii) and replace this as the
integrand. We get

et
]
- |

Split up the integral,

a3
DAY TR B PR

Let substitute

==

+ B ]d
2+ wl™
1
2
+(2+u)du

=R

z =2+ u=dz = du, so the above equation becomes,
o= 2 B

= 2Ju 4 2 A z

On integrating we get
11 11 + C

=> p— —_
5 log|ul - - log|z]

Substituting back the value of z, we get
11 11 2+ + C

= 5loglu| - 5log|2 + u|

Now substitute back the value of u, we get
1

= E[logllogxl —log|2 + logx|] + C

Applying the rules of logarithm we get

11 | logx |
=> — S
282+ logx

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

J‘ 1 dx — 1l | logx | LC
xlogx(2 + logx) ] logx
14. Question

Evaluate the following integral:



J- Xt +x+1
(x*+D(x+2)
Answer

Denominator is factorised, so let separate the fraction through partial fraction, hence let

x*+x+1  A&x+B Cx+0D ,
(x2+ 1)(x+2) x2+1 Xy 2 e (D)

X +x+1 _(AX+B)(X+2)+(CX+D)(X2+1)
=>(x2+1)(x+2)_ (x2 + D(x+ 2)

=>x+x+1=(Ax+BxE+2)+(Cx+D)*+ 1)
=2x2+x+1=Ax>+2x+Bx+2B+ Cx*+Cx+Dx?+D

=x*+x+1
=Cx*+(A+D)x*+ (2A+ B+ Cx+ (2B + D)...... (ii)

2A+B+C=1

=2(1-D) + B+ 0 =1 (from equation (iii) and (iv))

= 2(2D - 1) + D = 1 (from equation (v), we get
=24D-2+D=1
=5D =3

=D =

wolw
—
<
-

Equation (vi) in (v) and (iv), we get
B 2 (3) 1 !
- \5 5

A132
7 5 5

We put the values of A, B, C, and D values back into our partial fractions in equation (i) and replace this as
the integrand. We get

J

J"AX-I—B Cx+ D
=

X +x+1
(x2+ D+ 2)

dx

+ dx
X2 + 1 X+ 2

=>J-_(%)x+%+(0)x+gdx

X2 + 1 X + 2

Split up the integral,



1J’ 2% d+1J’ 1 d+3fL(l]d
ﬁ_ —_ ) — —
sl + 10 5l 1% 7] x+ 2™

Let substitute
u=x%+1=du=2xdx,

y = X + 2=dy = dx, so the above equation becomes,

1fld+lf 1 d+3”1]d
ﬁ__ — — —
sJu s e+ 1T s Y

On integrating we get

11 ||+lt -1 +31 ly] + C
=:-5(:-gu 5311 X BOgy

(the standard integral of = tan"'x)

1
%2 +1

Substituting back, we get
1 1, 3
= gloglx + 1] + gtan‘ X + gloglx + 2|+ C

Note: the absolute value signs account for the domain of the natural log function (x>0).
Hence,

2 +x+1
(x2+ D+ 2)

1 1, 3
dx = Eloglx + 1] + Etan‘ X+ gloglx + 2|+ C

15. Question

Evaluate the following integral:

J- ax’ +bx+c
(x—-a)(x-b)(x—0)

dx , where a, b, c are distinct.

Answer
Denominator is factorised, so let separate the fraction through partial fraction, hence let

ax’ +bx+c A B C |
G-dE-bE-0  @-a x=b x-c D

ax® + bx + ¢
T G-aGE-bE-o
A(x—b)(x—c) + B(x—a)(x—c) + C(x—a)(x—b)
- (x—a)(x—b)(x—c)

sax2+bx+c=AX-b)(x-c)+B(x-a)x-c)+ C(x-a)x-b)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = a in the above equation, we get

=a(a)? +b(a)+c=A(a-b)a-c)+B(a-a)(a-c)+ Cla-a)a-b)
=al+ab+c=(a-b)a-c)A+0+0

B a® +ab + c
~(a-b)(a-0o

Now put x = b in equation (ii), we get

= A

= a(b)?2 + b(b) + c = A(b-b)(b-c) + B(b-a)b-c)+ C(b-a)b-b)



sabZ2+b2+c=0+(b-a)b-c)B+0

B a* +ab + ¢
- (a-b)a—-o)

Now put x = c in equation (ii), we get

= a(c)®* + b(c) + c
= A(c—b)(c—c) + B(c—a)(c—c) + C(c—a)(c—h)

= ac’+bc+c=0+0+ (c—a)(c—Db)C

24+ bc+ec
(c—a)(c—b)

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

ax® + bx + ¢
J-[(x—a)[x— b)(x

J" A . B N C]d
= (x—a) x—-b x-c x

= C =

[a® + ab + ¢ a®+ ab + ¢ ac? + bc + ¢
J’ (a—-b)la—o (a—b)(a—c) (c—a)(c—b)
= + d
(x—a) x—b X—C

Split up the integral,

a®* + ab + ¢ 1d+aa+ab+chl]d
= (a—b)(a—c)) x—a X (a—b)(a—¢) N

+maew ] ke

Let substitute

u=x-a=du=dx,
y =X-b=dy =dxand

Zz = X - ¢ = dz = dx, so the above equation becomes,

a®* + ab + ¢ ZLId a+ab+CJ'[] +bc+CJ'[]
~ G@-bn@-o0 eEDeEnI AT R (c—a)(c—b)
On integrating we get

a® + ab + c a® +ab + c ac’ + bc + ¢

= GG o8t G gVt ey el + ¢

Substituting back, we get

a®*+ ab + c a® +ab + ¢
= —(a—b)(a—c) log|x—a| + —(a—b)(a—c) log|x —b|
acz + bc + ¢
+mlog|x—c| + C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,



ax? + bx + c 4
J-(x—a)(x—b)(x—c) X

_ag+ab+c1 Jr::13+:=1b|+-:1 o
= Goba—gslral T mTyE= o leelx bl
+ac2 +bc+c1 L

(c—a)(c—p) o8¢

16. Question
Evaluate the following integral:
" X
J ——————dx
(x=+D(x-1)
Answer

Denominator is factorized, so let separate the fraction through partial fraction, hence let

X A& +B Cx+ D .
(x2 + 1)(x—-1) (x2+ 1) * x—1 - (@)
X _(A&x+BE-1)+(x+D)E+1)
T+ D(x-1) (x2 + 1)(x—1)

=>x=(AX + B)(x-1) + (Cx + D)(x2 + 1)
=>Xx=Ax?-AX + Bx-B + Cx2 + Cx + Dx2 + D
>x=(C)x2+(A+D)x2+ (B-A+ C)x + (D - B)......(ii)

By equating similar terms, we get

C=0........... (iii)
A+D=0=A=-D........... (iv)
B-A+C=1

D-B=0=>D-(2-D)=0=2D=2=D=1
So equation(iv) becomes A = -1
So equation (v) becomes,B=2-1=1

We put the values of A, B, C, and D values back into our partial fractions in equation (i) and replace this as
the integrand. We get

f [(x2 ¥ f)(x— 1)] dx

Ax + B +CX+D
(x2 + 1) x—1

(-x+1 (Ox+1 q
- J- (x2 + 1) x—1 x

dx

Split up the integral,

= fﬁdx—fﬁder J-L%]dx

Let substitute



1
Uu=x*4+1= du = 2xdx = xdx=idu

v=Xx—1= dv = dx

so the above equation becomes,
J- L d d + J-[ ]d
= | —— x—— —du v
(x? + 1)
On integrating we get
1
= tan‘lx—ilog|u| + log|v] + C
(the standard integral of— tan~1x)
Substituting back, we get
1
= tan‘lx—iloghz + 1] + log|x—1] + C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

1
dx = tan‘lx—ilogmz + 1] + log|lx—1] + C

X
J-(XE + 1)(x—1)
17. Question

Evaluate the following integral:

- 1
J , _ , dx
(x-D(x+1)(x+2)
Answer

Denominator is factorized, so let separate the fraction through partial fraction, hence let

1 A 5 c
F-DETDE+2) x-D x+1 x+27"

(D

1
T x-DE+ DE+ 2)
B A+ D(E+2) +BEE-DE+2)+Cx-1)(E+1)
B (x—1)(x + D(x + 2)

=21 =AKX+1)(x+2)+B(x-1)(x+2)+C(x-1)x+1)...... (i)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 1 in the above equation, we get

=2>1=A1+1)(1+2)+B(1-1)(1+2)+C(1-1)(1+1)

=21=6A+0+0

A 1
= = —
6
Now put x = - 1 in equation (ii), we get

=>1=A(-1+1)(-1+2)+B(-1-1)(-1+2)+C(-1-1)(-1+1)
=21=0-2B+0



B 1
= = ——
2

Now put x = - 2 in equation (ii), we get
=21=A(-2+1)(-2+2)+B(-2-1)(-2+2)+C(-2-1)(-2+1)
=21=0+0+3C

c_ 1
- +T3

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

J-[(x— 1)(x —l—l 1)(x + 2)]dx

J" A . B N C]d
= (x—1) x+1 x+ 2 X

1 1

[ 1

6 2 3
+ + d
=:'J-(:x;—l) x+ 1 x+2|%

Split up the integral,

= %J-[(xil)]dx_%fLi 1]dX * %J-L(i zldx

Let substitute

uUu=x-1=du=dx,
y =X+ 1l=dy = dx and

z = X + 2= dz = dx, so the above equation becomes,
[ Blon-3 B+ 3 Bl
= 6J lu ! 2) ly y 3) 1z z
On integrating we get
11 11 [yl + 11 + C
:) p— —_ p—
¢ log|u| — S logly| + Zlog|z
Substituting back, we get
1 1 1
= glog|x— l|—£10glx + 1| + glogh{ +2]+C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

1

f(x—l)(x T DEr )&
—11 1 11|+1|+11 + 2|+ C
= Zlog|x— 1] - loglx Sloglx + 2|

18. Question

Evaluate the following integral:

pl

J" X
(x* +4)(x* +9)



Answer

Denominator is factorised, so let separate the fraction through partial fraction, hence let

x* _ Ax+B  x+D |
K+ i d 2+ 9 @
x? _ (Ax + B)(x*+9) + (Cx+ D)(x* + 4)
- (x2+ 42+ 9) (x2 + 4)(x2 + 9)

= x? = (Ax + B)(x% + 9) + (Cx + D)(x? + 4)

= x? = Ax® + 9Ax + Bx? + 9B + Cx® + 4Cx + Dx? + 4D

= x*=(A+0x*+(B+ D)x*+ (9A + 40)x + (9B + 4D)...... (ii)

By equating similar terms, we get

A+C=0=>A=-C........... (iii)
B+D=1=B=1-D.......... (iv)
9A +4C =0

= 9( - C) + 4C = 0 (from equation(iii))

9
9B+ 4D =0= 9(1-D)+4D=0= 5D =9 = DZE

So equation(iv) becomesB = 1—- = —

|
| o

So equation (iii) becomes, A= 0

We put the values of A, B, C, and D values back into our partial fractions in equation (i) and replace this as
the integrand. We get

x2 d
f(xz T+ 9T

J"AX+B +CX+D
= [(x2+4) x2+4+9

Jax

=>J-_(0)x—% O + ¢

+ d
(xz2 + 4) X2 +9 |

Split up the integral,

1
dx + 3fmdx

EJ-[:XE + 4)
Let substitute

u=-== du = ;dx = dx = 2duin first partthe

ra |

v==-= dv = gdx:- dx = 3dvin second parthe t

Wl

so the above equation becomes,
J-((BV)E + 9) J-((?.U)E + 4)

J-(‘B'v? + 9) J-(‘f}u? + 4)



3J’ 1 ZJ’ 1
ﬁ_i _— ) — -
slvz+1 0 5wz 1™

On integrating we get

31: -1 21: Tu+C
= —@n ~v——-—tan u

5 5

1

%2 +1

(the standard integral of = tan"'x)

Substituting back, we get
3 X 2 X
Ttap (Y — Zeapn (2
= 5ta11 (3) 5tan (2) + C
Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

2 3 5
J-(XE + 4)){()@ T = gtﬂn‘l@ —gtan™ (E) +C

19. Question

Evaluate the following integral:

- SsxT -1
J , _ dx
X(x-D(x+1)

Answer

Denominator is factorized, so let separate the fraction through partial fraction, hence let

52-1 A B C |
x(x—Dx+ 1) x * x—1 * X+ l"'""(l)
Ex?—1 CA(-D(x+ 1) +Bx(x+ 1) + Cx(x—1)
= x(x—Dx+ 1) X(x—1)(x+ 1)

=5x2-1=A(x-1)(x + 1) + Bx(x + 1) + Cx(x - 1)......(i)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 0 in the above equation, we get

=5(0)2-1=A(0-1)(0 + 1) + B(0)(0 + 1) + C(0)(0 - 1)

>A=1

Now put x = 1 in equation (ii), we get
=5(1)2-1=A(1-1)(1+1)+B(1)(1+1)+C(1)(1-1)
=24=0+2B+0

>B=2

Now put x = - 1 in equation (ii), we get
=5(-12-1=A(-1-1)(-1+1)+B(-1)(-1+1)+C(-1)(-1-1)
=24=0+0+ 2C

=2C=2

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get



dx

Ex?—1
J-[x(x— Nx+ 1)

A B C
=:-J-[—+ + dx
X x—1 x+1

J-Lt+ 2 + 2 d
= —
x—1 x+1x

Split up the integral,

= [[ox + 2 =] ax + 2 [ [ 5] ax

Let substitute

u=x-1=du=dx,

y = X + 1= dy = dx, so the above equation becomes,

= [[ax + 2 [ au + ZJ-E]dy

On integrating we get

= log|x| + 2loglul + 2logly| + C

Substituting back, we get

= log|x| + 2loglx—1| + 2log|x + 1] + C

Applying logarithm rule, we get

= log|x| + log|(x—1)%] + log|(x + 1)?| + C

= log|x(x*—1)?| + C

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

f 1 o (x2—1)%| + C
o= D g 1) X = loglxlx |

20. Question

Evaluate the following integral:

X7 +6x—8
[
X° —4x

Answer
Denominator is factorized, so let separate the fraction through partial fraction, hence let
x2+ 6x—8

x3—4x

x2 + 6x—8
o ox(x2—-4)

x? + 6x—8 A B C
= -+ +
X(x—-2)(x+2) x x—-2 x+2

(i)

x? + 6x—8 _A(x—=2)(x + 2) + Bx(x + 2) + Cx(x—2)
= x(x—2)(x+ 2) X(x—2)(x + 2)




= X% + 6x - 8 = A(X - 2)(X + 2) + Bx(x + 2) + Cx(x - 2)......(ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 0 in the above equation, we get

= 02 + 6(0) - 8 = A(0 - 2)(0 + 2) + B(0)(0 + 2) + C(0)(0 - 2)

=»-8=-4A+0+0

>A=2

Now put x = 2 in equation (ii), we get
=2224+6(2)-8=A2-2)(2+2)+B(2)(2+2)+C(2)(2-2)

=28=0+8B+0

=>B=1

Now put x = - 2 in equation (ii), we get
=(-22+6(-2)-8=A((-2)-2)((-2)+2)+B(-2)((-2)+2)+C(-2)((-2)-2)
=-16=0+0+8C

=2C=-2

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

J‘ x? + 6x—8 i

X(x—2)(x + 2)
(R

= X Xx—2 Xx+ 2 x

J-Lz+ ! + —2 d
= X—2 x+2x

Split up the integral,

- 2[Rl [len2f [

Let substitute

X

u=x-2=du=dx,

y = X + 2= dy = dx, so the above equation becomes,

B [ Bl

On integrating we get

= 2log|x| + loglu| —2log|y| + C
Substituting back, we get

= log|x| + log|x— 2| —2log|x + 2| + C
Applying logarithm rule, we get

= log|x(x— 2)| —log|(x + 2)?| + C

= log




Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,
J’ x>+ 6x—8 N x(x—2) L C
X(x—2)(x + 2) x =08 (x + 2)2

21. Question

Evaluate the following integral:

B

J- X" +1

R dx
2x+D(x" -1

Answer
Denominator is factorized, so let separate the fraction through partial fraction, hence let

x>+ 1
(2x + D(x2-1)

B x2+1
S (2x+ DE-DE+ 1)

(2x+ DE-DE+1) 2x+1 x—1 x+177

x2+ 1
"+ DE-DE+ 1)
Ax-DE+ 1) +B2x+ DN+ 1) +C(2x + D(x—1)
- (2x + DE—D(x + 1)

=>x2+1=A(x-1)(x+1)+B@2x+ 1)(x + 1) + C(2x + 1)(x - 1)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which will cancel each variable.
Put x = 1 in the above equation, we get

=124+ 1=A1-1)(1+1)+B(2(1)+ 1)1+ 1)+ C2(1)+1)(1-1)

=22=0+6B+0

5 1
= = —
3
Now put x = —é in equation (ii), we get
12
—=] +1
=’( 2)
a(( 1) 1)( 1+1)+B(z( 1)+1)( +1)
2 2 2
+e(2(-3) + 1)(-5-1)
2 2
> 3A+ID+(JI
1T g
A 5
- R=T3
Now put x = - 1 in equation (ii), we get

=>(-12+1=A(-1-1)(-1+1)+B2(-1)+1)(-1+1)+CR(-1)+1)(-1-1)



=22=0+0+2C

=2C=1

We put the values of A, B, and C values back into our partial fractions in equation (i) and replace this as the
integrand. We get

J

J-- A B ]d
=

x+1 " x—1 " x+ U
5

3
+
=>f2x+1 X

x2 + 1

2x+ DE-DE + | &

. 1
1 Xx+1

| |wal =

dx

Split up the integral,

s e+ 5 ol + [l
=>__ —_— — _— —_—
3) l2x + U T3 k-1 Y b
Let substitute

u=x-1=du = dx,

y =X+ 1l=dy = dx and

z = 2x + 1 = dz = 2dx so the above equation becomes,

1

[ [
= 7372 T3 ™ vl Y
On integrating we get

5 1
= —gloglzl + glog|u| + logly| + C
Substituting back, we get

5 1
= —glog|2x + 1] + glog|x—1| +loglx+ 1] + C

Note: the absolute value signs account for the domain of the natural log function (x>0).
Hence,

x2+ 1

=+ DEe—n™

5 1
= —glog|2x + 1| + glog|x—1| + log|lx + 1] + C

22. Question
Evaluate the following integral:
¥ 1

| 1. . dx
xi‘ﬁ(logx}

+7logx 42l

J

Answer

Let substituteu = logx = du = 2 dx, so the given equation becomes
X

1 1 |
J-X{fi(longﬂ + 7logx + 2}dx - f{éu? + 7u + 2}d“"“'(1)



Factorizing the denominator, we get

1
i+ D+ )

The denominator is factorized, so let separate the fraction through partial fraction, hence let

1 A B )
i r DGEu+d m+l Gurzyo@
1 A(3u + 2) + B(2u + 1)

“u+ DGBu+ 2 (2u+ D(3u+2)
=1 =AU+ 2) +BQu + 1)......(0)

We need to solve for A and B. One way to do this is to pick values for x which will cancel each variable.

Putu = —g in the above equation, we get
1= a(3( 2)+z)+3(2( 2)+1)
- T 3 3
1 1B
= = ——
3
= B = -3
Now putu = —éin equation (ii), we get
1= a(3( 1)+z)+3(z( 1)+1)
S = _— - —
2 2
1 1A
- T3
= A =2

We put the values of A and B values back into our partial fractions in equation (ii) and replace this as the
integrand. We get

“(Zu ¥ 1)1(311 + 2)] du

”211 T 1 Bur 2)] du

”211 T 1 Bur 2)] du

Split up the integral,

:>zf2 10 ”3 +2]

Let substitute

z=2u+ 1=>dz =2duandy = 3u + 2= dy = 3du so the above equation becomes,

- [t [P

On integrating we get
= log|z| —log|y| + C

Substituting back the value of z, we get



= log|2u + 1| —log|3u + 2| + C

Now substitute back the value of u, we get
= log|2(logx) + 1| —log|3(logx) + 2| + C
Applying the rules of logarithm we get

2[logx) + 1
3[logx) + 2

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

J‘ 1 dx = 2(logx) + 1
x{6(logx)? + 7logx + 2} X =08 3(logx) + 2

+C+C

23. Question
Evaluate the following integral:

C
e

Answer

1
x(x=D +1)

1

Multiply numerator and denominator by x" =+, we get

1 Xn 1 Xn 1
—d J-—d J-—d
J-x[xn + 1) x= x(x» + 1)xn-1 x= xn(x™ + 1) X

Let x" = t = nx" ~ ldx = dt

So the above equation becomes,

J- X11—1 d 1J- 1 dt
x2(xn + 1) =0 t(t + 1)

The denominator is factorized, so let separate the fraction through partial fraction, hence let

1 A+ B .
tft+1) t t+ g @
1 Alt+ 1) +Bt

Tt Dttt 1)
=1=A(t+ 1) + Bt......(ii)
Putt = 0 in above equations we get
1 =A(0+ 1)+ B(0)
=>A=1
Now put t = - 1 in equation (ii) we get
1=A(-1+1)+B(-1)
»>B=-1

We put the values of A and B values back into our partial fractions in equation (i) and replace this as the
integrand. We get



J- X11—1 d 1J- 1 dt
x2(xn + 1) =0 t(t + 1)
1714 B
:_IP+_—{M
nt Lt t+1

1 1 -1
:_IP+__ﬁm
n t t+ 1

Split up the integral,

1 1 1
= —U-—dt—f dt]
n t t+1

Let substitute

u=t+ 1= du = dt, sothe above equation becomes,
1171 1

= —U-—dt—f—du]
nt) t u

On integrating we get
1

= H[lc-gt— logu] + C

Substituting back the values of u, we get
1

= —[log|t| —log(|t + 1])] + C

Substituting back the values of t, we get
1

= H[log|xn|—log [x* + 1|]] + C

Applying the logarithm rules, we get

1 Xn
_1| ”+c
= Il[og x4+ 1

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

oo = Slosll] + ¢
X(x® + 1) =l v 1

24. Question

Evaluate the following integral:

Answer
Denominator is factorized, so let separate the fraction through partial fraction, hence let

X _ AX+B  Cx+D |
(x2—a2)(x2—b?)  (x2—a?) + (Xz—bQ)"""'(l)

X C(Aax+ B)(x?*—b?) + (Cx + D)(x*—a?)
T GE—an(z-b?) (x2—a2)(x2 — b?)

= x = (Ax + B)(x*—b?) + (Cx + D)(x*—a?)



= x = Ax®— Ab%x + Bx?—Db?B + Cx? —a%Cx + Dx%—a’D

(A+ COx*+ (B + D)x* + (—Ab* — Ca’)x + (—b’B
—a?D)...... (ii)

= X

By equating similar terms, we get

A+C=0=>A=-C........... (iii)
B+D=0=B=-D......... (iv)
-Ab%-Ca?=1

= - (- C)b? - Ca2 = 1 (from equation(iii))

=-b%(-D)-a’D=0

So equation(iv) becomes B =0

1

So equation (iii) becomes, A = —
bZ_aZ

We put the values of A, B, C, and D values back into our partial fractions in equation (i) and replace this as
the integrand. We get

dx

J’ X
(x2 —a?)(x* - b?)

J"AX—i—B N Cx—i—D]d
Tl Tl

dx

f(‘ﬁ)““ (ﬁ)“ﬁ
= G2-a?) | (x2—b7)

Split up the integral,

1 J’ 1 dx 4+ 1 J’ 1 q
= b2 — 32 (Xz_az)x b2 — a2 (Xz_bz)x

Let substitute

u=x2-a?=du = 2dx

2 _ p?= dv = 2dx, so the above equation becomes,

1 1du 1 1dv
= — J-u + J-V
b? —a? 2 b? —a? 2

VvV =X

1 J’ld . 1 J’ld
T 2w - u T 2z —any) v

On integrating we get

log|u| + log|v] + C

1
= T2 - a?) 2(b2 — a?)

Substituting back, we get



1

[ 2__ 2] _ 2_ .2
:z(bz_ag)[loglx b*|—loglx*—a%|]] + C

Applying the logarithm rule we get

2

x?2—b
S|t ©

1
= 202 ag)[log

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

2

x2—b

- R S
f(xz—aZ)(xz—bz) * = 2(b2—32)[0g l+ ¢

25. Question

Evaluate the following integral:

: X +1
J(_x3—4)(_x3—25) .

Answer

Denominator is factorized, so let separate the fraction through partial fraction, hence let

x? +1 _ AX+B  Cx+D .
(Xz + 4)(}{2 + 25) o (XQ + .:1_) T %2 4 25(1)
x*+ 1 _ (Ax + B)(x* + 25) + (Cx + D)(x* + 4)
= [:Xz + 4)[:}{2 + 25) o [:XQ + 4)(X2 + 25)

= x*+1=(Ax+ B)x*+ 25) + (Cx + D)(x* + 4)
= x? + 1 = Ax® + 25Ax + Bx? + 25B + Cx® + 4Cx + Dx? + 4D

= x*+1=(A+ Cx*+ (B + D)x*+ (25A + 4C)x + (25B
+ 4D) ...... (i)

By equating similar terms, we get

A+C=0=>A=-C.......... (iii)
B+D=1=>B=1-D.......... (iv)
25A+4C =0

= 25(-C) + 4C = 0 (from equation(iii))

24 8
25B+ 4D =1= 25(1-D)+4D=1= 21D = 24 = D=ﬁ=?
So equation(iv) becomes B = l—g = —%

So equation (iii) becomes, A =0

We put the values of A, B, C, and D values back into our partial fractions in equation (i) and replace this as
the integrand. We get

x2+ 1 d
(x2 + 4)(x2 + 25)




J"AX-I—B Cx+D
=

xz2 1+ 4) " x2 ¢ 25] d

=>J-_(0)x—% ©Ox + 2

+ d
x2 + 4)  x2+ 25|

Split up the integral,

1J’ 1 d+8J’ 1,
7+ Y 7w+ 25 @

Let substitute

u =

ba |

= du = ;dx = dx = 2duin first partthe

vV =

|

= dv = %dx:- dx = 5dvin second parthe t

so the above equation becomes,
SJ' 5 q 1J’ q
7] Gz + 25 7] (wz + "

SJ’ 5 1J’ ;
7) 2sve + 25 T 7) (az + o)

SJ’ 1 1J' 1
= — | — _— —
35) vz + 10 1a)uz + 108

On integrating we get

= —tan‘lv—itan‘lu + C
35 14
(the standard integral of— tan™'x)

Substituting back, we get

3 X 1

= —tan~!(=)— —tan™! + C
35 (5) 14 (2)

Note: the absolute value signs account for the domain of the natural log function (x>0).

Hence,

x2+ 1 q 8’[ _I(X) lt _1(X)+C
(2 + ) + 25) 35 .

26. Question
Evaluate the following integral:

3
l-x +x+1
Coxt -1
Answer

Let

+x+1 7% + 1
sz x2— 1 dx:f(x+ xz—l)dx

Now,




2x+1 A
Let =
x2—1 x+1 x—1

2Xx+1=A(x-1)+B(x +1)
Putx=1

2+1=Ax0+Bx?2

3=2B

B 3
2

Putx=-1

~2+1=-2A+Bx0
-1=-2A

I—J-d +1J‘ dx +3J‘ dx
TR k1 T2 k-1

J’dx_l I dJ-d _xz
o = loglxland | xdx = -

Therefore,

I Xz+11|+1|+31| 1 +
= > 5 0g|X 2 0g|X C
27. Question

Evaluate the following integral:

| 3xq—2
(x+1)*(x+3)
Answer
- 3x—2 dx
(x+ 12 x+ 3)
3x—12 A B C

(x + 1)3(x + 3)=x+ 1+(x+ 1)2+x+3
3x -2 =A(x + 1)(x + 3) + B(x + 3) + C(x + 1}
Putx=-1
-3-2=A%x0+Bx(-1+3)+Cx0

-5=2B

B 5
2

Putx =-3

~9-2=Cx(-2)(-2)
-11 = 4C

11

C:
4



Equating coefficients of constants

-2=3A+3B+C

2 —3a+3x—-1
- = W —_———
2 4
A 11
T4
Thus,
. 11 dx BJ' dx 11 dx
T 4)x+1 2)(x+1)2 4)x+3
I 111|+1| 111|+3|+C
=g s 2x+ 1) 4 8%

28. Question

Evaluate the following integral:

l- 2x+1 1
(x+2)(x-3)
Answer
= 2x + 1 dx
(x + 2)(x—3)2
2x + 1 A B C

(x + 2)(x— 3)2 T X+ 2+ x—3 * (x —3)2

2x + 1 =A(x-3)2 + B(x + 2)(x - 3) + C(x + 2)

2x + 1 = Ax? - 3Ax + 9A + Bx2 - 5Bx - 6B + Cx + 2C
Putx =3

7 =5C

-11 = 4C

11
4

Equating coefficients of constants

-2=3A+3B+C

2 —3a+3x_—_1

—7 = b
2 4

L1

T4

Thus,

. 11 dx 5J’ dx 11J’ dx
o 4Jx+1 2)(x+1)2 4)x+3



11
2 logx + 3|+ ¢C
xr Dz osx+ 3l

I 111 [x + 1]
=3 oglx
29. Question

Evaluate the following integral:

; x%+1
! 5 dx
(x-2) (x+3)

Answer

B x> + 2
= (x—2)2(x + 3)

dx

X2+ 2 A . B . C
(x—2)2(x+3) x—-2 (x—-2)2 x+3

X2 +1=A(X-2)(x+3)+B(X+3)+ C(x-2¥

Putx = 2
4+1=Bx5
5=5B
B=E= 1
5
Putx =-3
10=C x 25
c_lo 2
26 b

Equating coefficients of constants

1=-6A+ 3B +4C

8
1= -6A+3+¢

I_Bj’dx J‘ dx ZJ’ dx
- 5)x-2 (x—2)2 5Jx+3

3 2
I = Eloglx—zl— + Eloglx + 3 +cC

1
(x—2)
30. Question
Evaluate the following integral:

(x-1) (x+2)

| dx

Answer

X
= J-(x—l)z(er 2) dx



X A N B N C
(x—1)2(x+2) x—1 (x—-1)2 x+2

x=A(Xx-1)(X +2) +B(x +2) + C(x - 17
Putx =-2

-2=9C

Equating coefficients of constants

0=-2A+2B+C

0 2A + 2 L 2
= — P
3 9

A 2
9
Thus,
2J’dx+1j' dx ZJ' dx
9/ x—1 3J (x—1)?2 9)Jx+ 2

2 ogl 1|+1( _1) 2 loglx + 2| + C
g o8I 3\x—1)/  9%8%

._.
Il

2 x—1 1

- 9l°g|x+ 2l 3m—p T ©

31. Question

Evaluate the following integral:

Answer

XE
L= J-(x—l)(x + 1)2 dx

x? A . B 4 C
(x—D(x+1)2 x—1 x+1 (x+1)2

x> = Ax+ 1)+ B(x—1x+ 1) + C(x—1)
Putx =1

1=14A



C=-=
2

Equating coefficients of x?

1=A+B

1 1+B
4

. 3
4

Thus,

1J’dx +3J’ dx 1J’ dx
4/ x—1 4)x+1 2] (x+ 1)

1 3
I = Eloglx—ll + Eloglx + 1| + C

—+
2(x + 1)
32. Question

Evaluate the following integral:
coxTax—1
! 5 dx

(x+1)" (x+2)

Answer

. 2 +x—1 d
Sl x+ D2+ 2) X

x2+x—-1 A . B . C
(x+ 12(x+2) x+1 (x+1)2 x+2

X2+ x-1=AX+1)(x+2)+B(xX+2)+C(x + 1%

Putx =-2
1=C
c=1
Putx =-1
-1=8B
B=-1

Equating coefficients of constants
-1=2A+2B+C

—-1=2A-2+1

A=0

Thus,

I_OJ‘dx +‘:1)J- dx _I_J‘ dx
R BT (x + 1)2 x+ 2
I = (_l )+1|+2|+c

= T \x+ /) T8



1
=|—=)+loglx+ 2| +C
((x + 1)) gx + 2|

33. Question
Evaluate the following integral:
l-:xf—?x—3

X7 (2x+1)

dx

Answer

: J-2x2 + 7x—3 i
) ox2(2x+ 1) X
2x2 + 7x—3 A B C

— = —+ —+
X2(2x + 1) x x* 2x+1

2x? + 7x—3 = Ax(2x + 1) + B(2x + 1) + Cx?
Equating constants
-3=8B

Equating coefficients of x

7=A+ 2B
7=A-6
A=13

Equating coefficients of x2

2=2A+C
2=26+C
C=-24
Thus,

13dx 3dx dx
e
X x2 2x + 1

3
I = 13loglx| + ;—121-:)g|2x + 1]+ C

34. Question

Evaluate the following integral:

5

SSXT4+20x+6
A
X +2NT+X
Answer

: J’5x2+20x+6 J’5x2+20x+6

xT+ 2x2 +x X(x + 1)2
5%% + 20x + 6 A+ B N C
X(x+ 12 x x+1 (x+ 1)

5% + 20x + 6 = A(x + 1) + Bx(x + 1) + Cx

Equating constants



6=A

Equating coefficients of x2
5=A+8B

B=-1

Equating coefficients of x
20=2A+B+C

20=12-1+C

C=9

- 6dXJ’ J‘

) ox x+1 (x+ 1)2
I = 6log|x| —loglx + ll_x+ 1 + C

35. Question

Evaluate the following integral:

[ 18 dx

(x—ﬁ}(xz—él)

Answer

- f(x+ 2)(x2 + 4)

18 A +BX+C
x+2)x2+4) x+2 x2+4

18 = A(X* + 4) + (Bx + C)(x + 2)
Equating constants

18 = 4A + 2C

Equating coefficients of x
0=2B+C

Equating coefficients of x2
0=A+8B

Solving, we get

9J’ J’xdx 9J’ dx
X+ 2 +( )x2+4 x2 + 4

I 91 Ix + 2] 91 |2+4|+9t ‘1(X)+c
—40gx gogx 4311 2

36. Question

Evaluate the following integral:



[— > dx
(.x‘—l)(x—ﬁ}

Answer

5
IZJ-[:XQ—F].)(X-I-Z)

5 AX+B+ C
(x2+1)(x+2) x2+1 x+2

5= (Ax + B)(x + 2) + C(x* + 1)
Equating constants

5=2B+C

Equating coefficients of x
0=2A+B

Equating coefficients of x2
0=A+C

Solving, we get
A=-1B=2C=1

Thus

. J’—x+2d+J' dx
B x?+lX X+ 2
J’—xdx_l_zJ’ dx _I_J’dx
x4+ X2 4+ 1 X+ 2

1
I = —Eloglxz + 1| + 2tan'x + loglx + 2| + C

37. Question

Evaluate the following integral:

[ —

l (x—l}(xz—l)

Answer

X
IZJ-(X+ D2+ 1)

X A +BX+C
(x+DE2+1) x+1 x2+1

x =A(X?>+ 1) + (Bx + C)(x + 1)
Equating constants

0=A+C

Equating coefficients of x
1=B+C

Equating coefficients of x2



0=A+B

Solving, we get

A j-B 1C !
20 272
Thus
1J’ dx 1J’ xdx 1J’ dx
2)Jx+1 2)x2+1 2)x2+1
1 1 1
I = —cloglx + 1] + Zloglx® + 1] + Jtan™'x + C

38. Question

Evaluate the following integral:

. 1
l+xXx+x"+x
Answer
. J’ 1 dx
)1+ x+x2+xd ) (x2+DE+D
1 Ax + B C

(x2+1)(x+1):x2+1+x+1
1= (Ax+B)(x + 1) + CO&¢ + 1)
Equating constants

1=B+C

Equating coefficients of x

0=A+B

Equating coefficients of x?

0=A+C

Solving, we get

A j-B 1C L

20 272

Thus

. 1J’ xdx _I_lJ‘ dx +1J‘ dx
2)Jx2+1 2)x2+1 2 x+1
1 1,1

I=—Zloglx +1|+5tan x+510glx+ 1] + C

39. Question

Evaluate the following integral:

| ,}1 - dx
(x+1) (x" —1)

Answer



1
= (x+ 1)2(x2 + 1)

1 A N B +CX+D
(x+ 1D2(x2+1) x+1 (x+12 x2+1

1=AKX+1)x%+ 1) +B(x?+ 1) + (Cx + D)(x + 1)
=ACH+HAC+AX+A+BE2+B+Cx3+2Cx2+Cx+Dx2+2D+D

=A+C)x3+(A+B+2C+D)2+(A+C+2D)x + (A+B+D)
Equating constants

1=A+B+D

Equating coefficients of x3
0=A+C

Equating coefficients of x2
0=A+B+2C+D
Equating coefficients of x
0=A+C+2D

Solving we get

AlBlc lDO
20 20 27

Thus,
lj’ dx N lj’ dx 1J’ dx
2)x+1 2)J(x+1)2 2)Jx*+1

1
—  _loglx® + 1] + C
2@+ ) aosx 1l

1
I = -1 + 1| —
ZOng I

40. Question
Evaluate the following integral:
l- 2x

| dx
x -1

Answer

I_J‘ 2x q _J’ 2x q
T e (x—l)(x2+x+1)x

2x A N Bx + C
(x—1D(x2+x+1) x—-1 =x2+x+1

2x = A(x? + x + 1) + (Bx + C)(x - 1)
=(A+B)X?+(A-B+C)x+ (A-C)
Equating constants,

A-C=0

Equating coefficients of x

2=A-B+C



Equating coefficients of x?

0=A+8B

On solving,

We get

a_lp_ 2. 2
3 3 3

B EJ’ dx 2 (x—1dx

3Jx—1 3)x2+x+1

B ZJ' dx 2 1 (2x—2)dx

3/x—1 32)x2+x+1

B ZJ' dx 17 (2x+ Ldx J’ dx
- x—1 3

3 X2+ x+1 X2+ x+1
ZJ' dx 17 (2x+ Ldx +J’ dx
S3)x-1 3)x2+x+1 e (V3
(x+3) + (7
21 [x—1] 1l x2 + x + 1| + 2 t ‘1(2X'+ 1) + C
= —108|X— — - 10g|X X —Tan
308 36 V3 V3

41. Question

Evaluate the following integral:

i 1
| (x2 + 1)(_:(2 + 4) .

Answer

I_J-(x2+1)(x2+4)x

1 AX-l—B_I_CX-I-D
(x2+ 1)(x2+4) x2+1 x2+4

1= (Ax + B)(x® + 4) + (Cx + D)(x% + 1)
=(A+C) x>+ (B+D)x2+ (4A+C)x + 4B + D
Equating similar terms

A+C=0

B+D=0

4A+C=0

4B+D=1

We get,A = 0B =

|

C 0D = —

L]

Thus,

1 1
szgdx _J- ng
X2+ 1 X2+ 4
1 1

= —tan 1x— —tan‘1§ +C
3 6 2




42. Question

Evaluate the following integral:

/ (x2 —1))(;_:%);3 —4) .

Answer

2

= f(xu DEE + 40

x2 AX+B+CX+D
(x2+ 1)(3x2+4) x2+1 3x2+4

x2 = (AX + B)(3x%2 + 4) + (Cx + D)(x% + 1)
=(BA+C) x>+ (B3B+D)x*+ (4A+ C)x + 4B + D

Equating similar terms

3A4+C=0
3B+D=1
4A+C=0
4B+ D=0

Solving we get,
A=0,B=-1,C=0D=14
Thus,

. J’—dx J’4dx
S xz+ 1 ) 3x2+ 4

4 dx
I = —tan"'x + —J-

3 2\?
e
V3
4 \,-"5 \,@x
I = —tan'x +-.—tan"'— + C
3 2 2
2 [3x
I = ?tall_lL—taIl_IX +C
V3 2

43. Question

Evaluate the following integral:

. 3x+5
.|3a_\—dX
X —x"—x+l1
Answer
3Jx+ 5 Jx +5
I=J- dx=J-
x3-x2-x+1 (x—D2*(x+ 1)
3x+ 5 A B C

(x—1)2(x+ 1) zx—l+[x—1)2+x+ 1

3x+5=A(x-1)(Xx + 1) + B(x + 1) + C(x - 1Y



Putx=1
8 =2B

B =4

Putx =0

5=-A+B+C

A==
2

3x+ 5 d 1J’dx+4j' dx +1J’ dx
x—D2x+ 1)~ 2)x-1 x—12  2)x+1

11| 1| * +—11| + 1]+ C
= ZIIX (X—l) ZIIX
H|x+l t .
2%l T &x-D

44. Question
Evaluate the following integral:

x° 1

XB—X

| dx

Answer
x¥—1 x+ 1
X3 4+ x X3 + X
XxX+1
=J-1dx—J- 3 dx
x4+ x

Xx+1 A+BX+C
x(x2+1) x x2+1

X+1=Ax+1)+ (Bx+ C)x)
Equating constants
A=1

Equating coefficients of x
1=C

Equating coefficients of x2
0=A+8B

B=-1

dx —x + 1dx
o[
X Xt +1



. J’dx+J' xdx J’ dx +J'd
- X x2+ 1 x2 + 1 X
1
= —loglx| + Eln:)glx2 + 1]—tan!x + x + ¢

1
I = x—loglx| + Eln:)glx2 + 1| —tan™*x + ¢
45. Question

Evaluate the following integral:

| X :X_l dx
(x+1) (x+2)

Answer

2 +x+1

= (x+ 1)2x + 2) dx

x2+x+1 A . B . C
(x+ 12(x+2) x+1 (x+1)2 x+2

X2+ x4+ 1=AKX+1)(Xx+2)+B(x+2)+C(x + 1%

Putx =-2
3=C
cC=3
Putx =-1
1=8B
B=1

Equating coefficients of constants
1=2A+2B+C
1=2A+2+3

A= -2

Thus,
5 J’ dx N (UJ- dx N BJ' dx
Jx+1 (x + 1)2 X+ 2

—2In|x + 1|—(

._.
Il

._.
|

—— | + 31 + 2+ C
(x + 1)) njx + 2|

46. Question

Evaluate the following integral:

‘ 1
|——d
x(x“l—l) *

Answer

Let



1
b= J-x(x“ + 1)dx

1 A+BX3+CX2+DX+E
X Xt + 1

X(x*+ 1)

1=Ax*+ 1)+ (BX3 + Cx2 + Dx + E)(x)
Equating constants
A=1

Equating coefficients of x*

0=A+8B
0=1+8B
B=-1

Equating coefficients of X2
D=0
Equating coefficients of x
E=0

Thus,

I =

dx J‘ x2dx

X Cxt 41

1
loglxl—gloglx"‘ + 1] + C

41 x| 1l [x* + 1] + C
4lZ}g}ti 4lZ}g}ti

1 1
= Zloglx“l—;loglx“ + 1 +cC

1 4

—lag

+C
4

X+ + 1

47. Question

Evaluate the following integral:

‘ 1
| —— dx
x(x3—8)

Answer

Consider the integral,

1
b= J-x(xg + S)dx

Rewriting the above integral, we have

XZ
L= J-xa(xg + S)dx

: 1J' 3x? d
3 xg(x3+8)x



Substitute x3 = t

3x2dx = dt

I_:LJ‘ dt
3 t(t+ 8)

1 A B

e — +
tt+8 t t+8

1 =A(t+8)+8Bt

Equating constants

1=8A
R 1
8

Equating coefficients of t

0=A+B
5 1
-8

1 1J-dt 1 1( dt
3%8)t 3%8lt+s

L jogt— Lloglt + 8] + C
= 24198t~ 57 log] |

11 3 11 2+8+¢C
= 24108%" ~ ploglx |

3l 11|3+8|+c
T 24 98X T 408

1l ! log|lx® + 8] + C
=3 0g X 22 oglx
48. Question
Evaluate the following integral:
P 3
! —dx
(l—x}(l—x‘)

Answer

3
= J-(l—x)(l + xz)dx

3 A +BX+C
(1-x)(1+x2) 1-x 1+ x2

3=A(1+ x2) + (Bx + C)(1 - x)

Equating similar terms



A-B=0
B-C=0
A+C=3
Solving

A 313 3c 3
2 2T 2

Thus,
. BJ’ dx +3J‘ xdx +3J‘ dx
C2J1—-x 2J1+x2 2)1+ x2

3 3 ., 3.
= —Elogll—xl + Elogll + x*| + Etan‘ X+ C

3 1+ x?
I = —-|log|l—/——

+ 2tan x| + C

4| %[(1-x)2

49. Question

Evaluate the following integral:

| c?sx dx
(1-sinx) (2+ sinx)

Answer

Let

Sinx =t

Cos x dx = dt

I J‘ cosx q
= X
(1—sinx)3(2 + sinx)

- dt
- f(l—t)a(z +1)

1 A . B . C N D
(1-032+1t 1-t (1-02 (1-1% 2+t

1=A1-t2Q+t)+B1-t)2+t)+CR+t)+D(1-t3

Putt=1
1=3C
c 1

T3
Putt=-2
1=27D
5 1

27
A 113 -
277 9



dt
f(l—t)3(2+t)
1 1 1 dt 1 dt 1 [ dt
27 ﬁdtJrﬁJ-(l—t)z - Ef(l—t)g +ffz +t
1

1
+ —1 2+t +C
mom I

1
= —7oEl U+ 5 * sa—oe

Put t = sin x

1 1
+
9(1—sinx) 6(1—sinx)?2

1 1
= —ﬁlogll—sinxl + + floglz + sinx|

+ C
50. Question

Evaluate the following integral:

_I‘&dx
<(x=1)

Answer

: J‘ 2x? + 1 i
= — (X
X3(x2 + 4)

Put x2 =

2xdx = dt

2t + 1 A+ B
tt+4) t t+ 4

2t +1=A(t+ 4) + Bt

Equating constants

1=4A
Aot
4

Equating coefficients of t

2=A+B
- 1 7
B 4 4
2x% + 1 1 7

- = — 4 —
x3(x2 +4)  4xT  4(x? + 4)

Thus we have
J’2x2+1d 1J’dx+?J' dx
xz(x2+4)x_4 X2 4/ x*+ 4

1 7
== gtan‘lg) +C

51. Question

Evaluate the following integral:



: COsSX
J : —dx
(I-sinx)(2-sinx)

Answer

We have,

I J’ COSX 4
~J (1 —sinx)(2 — sinx) X
Letl-sinx=t

= - cos x dx = dt

dt
.-.1=—ft(1 + 1)

__[atD-t
R t(L + 1)
1 1
::-IZ—J-(———)dt
t 1+t
=|=-(Int-In(1 +1t)) +c

=|l=In(1+t)-Int+c

In(1 + t)
Ty
Int
_ In(2 - sinx)
~ In(1— sinx)
Therefor J’ os¥ _ 27 sy
erefore, | @ — s O~ In(1 = sinx)

52. Question

Evaluate the following integral:

. Ty oL
J 2x 1 dx
(x=2)(x=3)
Answer

2Zx+1
Let,I =

TR b

et 2x + 1 A . B
¢ (x—2)(x—3) x—-2 x-3

Now,

= 2x + 1=A(x - 3) + B(x - 2)
=2x + 1=(A+B)x-3A-2B
Equating similar terms, we get,
A+B=2and3A+2B=-1

So, A= -5, B=7

= 5J- ax +7J- ax
R Xx—2 x—3

=1=-5log|x-2|+7log|x-3]+cC




=1=log|x-2|"2+log|x-3]" +c

(x—3)7

PEEE +c

= [=log

2Zx+1

(x—3)7
G—2x=—3)"

Hence, x = log m +c

53. Question

Evaluate the following integral:

- 1

l l dX
e
Answer

1
et = [ e T o ®

Let, x2=y

A B

Then,(y_'_ 1)(y + 2)=y+ 1 +y+ 2

= 1=A(y + 2) + B(y + 1)
=»1=(A+B)y +2A + B

On equating similar terms, we get,
A + B=0, and 2A + B=1

We get, A=1,B=-1
. J’ dx J’ dx
Tl xz 41 X2 4+ 2

1 X
= [= tall‘lx——rtall‘l(—) +c
V2

1 q 4 1 (X
S(:-,J-(Xz TG+ 2) X = tan X—Etall (\f_i) + c

54. Question

Evaluate the following integral:

- 1
Jx(_x4 —1) .

Answer

1
Let, I = J-mdx

1 A B C D

Let———— ==+ - +
x(x*—-1) x x+1 x—-1 x2+1

S>1=AX+ 1)(X-1)(X2 + 1) +Bx(x - 1)(x2 + 1) + cx(x + 1)} + 1) + Dx(x + 1)(x - 1)

For, x=0,A=-1

F 1,C !
or,x=1C=—
4



F 1B !
or,x=-1,B=—
4

F 2,D L
or,x=2,D=-
4

. dx+1J' dx +1J’dx+1J' dx
- x 4)x+1 4)x-1 4)Jx2+1
1 1 1
= I= —Inlx| + Elnl(x+ 1] + Elnlx— 1] + Etan‘lx +c
1 1
= I= —In|x| + E(lnlxz— 1)) + Etan‘lx +c

1 1 1
— 4 _ 2 _ _ -1
= I= 4111|x | + 4111(){ 1) + 4t:;m X+ c

1 2
_ - 1
=:-I—4111 | + FptanTx + ¢
Th f L=ty
us, | ————dx=-In|—— C
x(x*—1) 4 4
55. Question
Evaluate the following integral:
-1
J m dx
X =1
Answer
Let,I J- ! d
et,l= | ——dx
(x*—1)
1 A B C

Let, = + +
e(x“—l) xX+1 x—1 xZ+1

51=AX-1)(X2+ 1) +BX+ 1) + 1)+ c(x + 1)(x - 1)

F 1B L
or,x=1B=—
4
F LA !
or,x=-1A=—
4
F 0,A !
or,x=0,A=—2
2

. 1J’ dx +1J’dx 1J’ dx
T o4)x+1 4)x—-1 2)Jx2+1

I ll|(+:L)|+11| 1] 11: 1x +
= | = 411){ 411){ zanx C

I 11 X—1| 11.‘ .

= =In ——tan™'x + ¢

DA S PR I

S J- ! d l1 |X_l lt 1x +

0,] ——dx =-In ——tan'x + ¢
(x*+—1) 47 x+ 11 2

56. Question

Evaluate the following integral:



Answer

2x

Let,I = J-(Xz + l)(Xz n 2)2 dx

Let X2 + 2 = t = 2x dx = dt

dt
1= [ e
1

Now, let,

A B C
- -1 1 &
=1=A2*Bt(t-1)+C(t-1)
Fort=1, A=1

Fort=0,C=-1

Fort=-1,B=-1
o Jt—1 t t2

1
= [= lﬁglt— lI — logltl + ? ¥

2% L
So’fﬁxz T D6e § 22X ~loglt— 1l —loglt] + + + ¢

57. Question

Evaluate the following integral:
s
(x-1)(x"+ 1)

Answer

XE
Let, I = J-(x— DGZ + 1)dx

Let x* A . B
¢ (X_l)(xz'i'l)_x_l %2 + 1

=>XZ=A(X2+1)+B(X—1)

Forx=1A=

N N N

For,x=0,B=

I 1J’dx _I_lj' dx
_2 x—1 2/ %2 +1

| 11 I ]_I 4+ l-t -1 T
= 1=5108lXx— —tan~!'x + ¢
2% >




Hence,

X2
f(x— Dz + D&
58. Question

Evaluate the following integral:

Answer

et = | e T ®

Let x2 =y

2
X
Thus, y

y A

(x2 + a2)(x2 + b2) (y + a2)(y + b?)

Now,

=y =A(y + b%) + B(y + a?)
=y =vy(A + B) + (Ab? + Ba?)
Equating the coefficients, we get,

A + B=1, and Ab? + Ba’ = 0
az
On solving we get, A = —

My Ty yra  yrb

bz — a2’ szz_az

: a’ J’ dx . b* J’
" b2—a?)x?+a? b2-a?)x2+ b2

b X a X
_ 1) -1(Z
= 1= bz — 22 tan (b) bz — a2 tan (a) + cC
Th f - dx = o tan™ (
us (x2 + a?)(x? + b?) X pzr—az

59. Question
Evaluate the following integral:

¥ 1

J —dx
cosX(5—4sinx)

Answer

Let,I J- dx
ehi= cosx (5 — 4sinx)

Multiplying and dividing by cos x

Let1 J‘ cosxdx
et,] = ,
cos2x(5—4sinx)

' J‘ cosxdx
= =
(1 —sin?x)(5—4sinx)

Let, sin x = t, cos x dx = dt

X

b

)

l1 | 1|+lt 1x +
—203){ 2311 X C

b2 — a2



dt
“1= J-(l —12)(5 — 41)

A B C
= + +
(1—-t2)(5—-4t) 1-t 1+t 5-4t

Now, let

= 1=A(1 + t)(5—4t) + B(1—t)(5—4t) + C(1—-1t?)

Fort= 1A=
ort=1A=—
2
Fort= —1B = —
ort=—1B=—
18
o 516
ort=y+=7%

: 1J’dt+1J’dt 16}’ dt
2)J1—-t 18J1+t 9J)5—4t
I 11 [1—t] + 11 |1+t|+41 |5 — at] +
= I=—= — — - -
20g lgog 90g C

1 1 4
So,I = —Elogll—sinxl + Elogll + sinx| + 510gl5—4sinxl +c

60. Question
Evaluate the following integral:

. 1

J : dx
sinX(3+2cosx)

Answer

1
Let,I = d
¢ J-sinx(B + 2cosx) %

Multiplying and dividing by sin x

I J‘ sinx q
= X
sin?x (3 + 2cosx)

sinx

~ = d
(1 —cos2x)(3 + 2cosx) X

Let cos x = t, - sin x dx = dt

B dt
SO’I_f(tZ— 1)(3 + 2t)

A . B . C
(t2—1)((3+2) t—1 t+1 3+ 2t

Now, let

=>1=A(t+1)(3+2t)+B(t-1)(3+2t) +C(E-1)

1
For,t=1,A=—
10

For,t 1,B L
OI! - » - 2

For,t 3C4
or,t = > C=3



I 1 dt IJ' dt +4J’ dt
T10)t—-1 2)Jt+1 5)3+ 2t

1 1 2
= I=Eloglt—1|—ilog|t + 1] + glogl?; + 2t + ¢

61. Question

Evaluate the following integral:

J; dx

SiNX +sin2x

Answer

1
Let,I = J-édx
sinx + sin2x

1
= I=J- - , dx
sinx + 2sinxcosx

Multiplying and dividing by sin x

. sina g
= 1= f e oante comn
sin“x + 2sin“x. cosx

I J‘ sinx q
= = X
1—rcos?x + 2(1— cos?x)cosx

Let cos x = t, - sin x dx = dt

dt
1= J-(tE— 1) + 2(t2— 1)t

dt
= sz(tz—l)(l + 20)

Let L A + 5 + ¢
et, =
(tZ—1)(1+2t) t—1 1+t 1+2t

= 1=A(1+t)(1 +2t) + B(t—1)(1 + 2t) + C(t?—1)

FtlAl
ort=1,A=-
6

Fort 1,B !
ort=-1B=
2

Fort j-E :
ort=—-,C=—3
2 3

So.1 1 dt+lJ' dt 4J' dt
O Tel =17 2)i+¥1 31+t

1 1 2
= I=gloglt—1| + Elog|l + t|—§logll + 2t] + ¢

1 1 2
S(:-,I=glog|cosx— 1] + Elog|l + cosx|—§log|1 + 2cosx| + ¢

62. Question

Evaluate the following integral:



= x+1

Jx(l—xe")

dx

Answer

Let,I f x+1 g
ehi= }={(1+}=§e“)X

(x + 1)(1 + xe*—xe¥)
:;.’ I = dX
x(1 + xex)

(& + 1)(1 + xe¥) (x + 1)(xe™)
= 1= J- x(1 + xex) X_J- x(1 + xex)

(x+ 1) (x + 1)(e¥)
= ‘=de"‘dex

=, [ = log|xe®| —log|1 + xe*| + ¢
=1 | xe”
=, = |09 |———
g 1 + xex
. x+1 d l | xe® N
ence, | ——dx=log|—— C
x(1 + xex) & 1+ xex

63. Question

Evaluate the following integral:

J.(x2 +1)(x* +2)
(x7+3)(x*+4)

Answer

dx

(x2 + D(x?+2) x*+3x*+2
(x2 + 3)(x2 + 4) x*+ 7x2 + 12

(x* + 7x% + 12) —4x*—10
B x* + 7x2 + 12

) 4x? + 10
X4 4+ Tx2 + 12

4x% + 10 4x% + 10
Now, =
x4 4+ 7x2 4+ 12 (x2 + 3)(x2 + 4)

4x* + 10 AX+B+CX+D
(x2+3)(x2+4) x2+3 x2+4

Let,

= 4x" + 10=(Ax + B)(x* + 4) + (Cx + D)(x* + 3)
For, x=0, 10 = 4B + 3D .... (i)

For, x=1, 14 = 5A + 5B + 4C + 4D .... (ii)

For, x=-1,14 = - 5A + 5B - 4C + 4D .... (iii)

Also, by comparing coefficient of x3 we get, 0=A + C (iv)
On solving, (i), (ii), (iii), (iv) we get,

A=0, B= -2, C=0, D=6



(x> + DE* + 2) B 2 6

O’(x2+3)(x2+4)_ X2 +3 x2+ 4
(x> + D(x* + 2) 2 6
dx=J-(l + - )dx
(x2 +3)(x2 + 4) X2 +3 x2+4

2 . X
=X + —J,_tan Xx—3tan" - + ¢
V3 2

x2 + D(x% + 2 2 X
( )( ) X + —tan lx-— Btan‘li +c

Theref(:-re,j(x2 F3GE T D) X = 73

64. Question

Evaluate the following integral:

J. 47 +3
( )
Answer

L“_J’ 4x* + 3 d
SR I RIS YR Y SR R

Let x2=y

_ 4x* + 3 B 4y* + 3
T 2EE A+ 2D+ + D

Lot 4y2 + 3 A N B . C
S+ +3)y+4 y+2 y+3 y+4

=4y2 + 3=Aly + 3)(y + 4) + B(y + 2)(y + 4) + C(y + 2)(y + 3)

19
Fory=-2A= >

Fory=-3,B= -39

F 4.C 67
ory=—40=—
y 2
Thus. I 19 dx QJ' dx +67 dx
=S T2 x2+3 2)x+4
19 X 39 X 67 X
= [=——tan? (—)——tan‘l(—) + —tan (=) + c
2\.@ \,‘E \,"'5 \.@ 4 (2)

65. Question
Evaluate the following integral:
4
r X
[
(x—1)(x"+ 1)

Answer

4 4

X X
x—1D(x2+1) =x2—-x2+x-1

(X -x2+x-1D+1x-x2+x-1)+1
B x3—x2 + x—1




=x+ 1+

(x—1)(x2+ 1)

A . Bx + C
x—-1Dx2+1) x—-1 x2+1

Now,let
= 1=Ax*+ 1) + (Bx + Q)(x—1)

For 1A !
or,x =1, =3

1
FOI‘,X=O,C=A—1=—E

For 1B L
or,x=—-1,B= >

f X d—fd+fd+1fld
N ACEE T R Y

2

2
66. Question

Evaluate the following integral:

" X
| &
X" —x"-12
Answer

2 2

X X
x4—x2—12 (x2—4)(x2 + 3)

Let X A + 5 + ¢
et, =
(x2—4)(x*2+3) x-2 x+2 x2+3

X 1 1 1
=— +x + Eloglx— ll—glc-g(x2 + 1) —Etan‘lx +c

1

2

J

Sx2=AX+ 2) (X2 + 3) + B(x - 2)(x2 + 3) + C(x - 2)(x + 2)

For 2,A L
or,x = 2, =3

For 2,B L
or,x=—-2,B= 7

For 0,C >
or,x =0, =3

J‘ x? 1J’ dx 1J’ dx BJ’ dx
o | ———dx=- —= + - —
x*—x2-12 7)x—-2 T7)/x+2 7)x2+3

1l| 2| 1l|+2|+31:‘lx+
=—log|lx— 2| — =log|x —tan'— + ¢
7 g 7 & 7\,"'5 \;"'5
67. Question

Evaluate the following integral:

2

J‘Iff dx

Answer

X+ 1

x2+1

dx



X2
Let,I = J-l—x“dx

x? A . B N C
1—-x* 1-x 1+4+x 1+ x2

Let,
S>x2= Al + X) (X2 + 1) + B(1 - x)(x2 + 1) + c(x + 1)(1 - x)

F 1A !
oLx=1A=—-
4

Forrx=-1,B=

B = e

For,x=0,C=—

. 1J’dx+1J' dx 1J’ dx
T4 1-x 4)14+4x 2)1+x2

I l1 [1 |+11 1 + x| 11: 1x +
=I= 403 X 4(:-g X 2:;111 X+ c

. 1l |1+X| 1t g g
= [=-lo ——tan""x + ¢
281 x| 2
H J-xzd 1 |1+X| Loty +
ence, x=-lo ——tan""Xx + ¢
1-xt 1 %1 x| 2
68. Question
Evaluate the following integral:
- Xj
XT+x°-2
Answer
Let,I f L
SR [T
x? A B C

Let, = + +
x¥*+x2-2 x+1 x—-1 x2+42

= x2=A(x - 1)(x2 + 2) + B(x + 1)(}2 + 2) + C(x2 - 1)

F LA !
or,x=1LA=—
6

F 1,B !
or,x=—1B=—-
6
F 0,C 2
or,x=0C=—=
3
. 1J’ dx 1J’ dx ZJ' dx
T 6)Jx+1 6)Jx—1 3)x2+2

1= Lloglx + 1] — S logx — 1| zt_l( )+
= I=loglx ¢ loglx 3\5311 C

69. Question

Evaluate the following integral:



Answer

(x2+ D(x>+4) x*+5x2+ 4
(x2 + 3)(x2—5) x*—2x2-15

(x*—2x?—-15) + 7x? + 19

x*+—2x2— 15
- 7x% + 19
N x4 —2x2— 15
7x% + 19 7x% + 19
Now

‘x4 —2x2—15 (x2 + 3)(x2—5)

7x% + 19 AX+B+CX+D
x¥—2x2—-15 x2 + 3 x2 -5

Let,

= 7x* + 19=(Ax + B)(x*—-5) + (Cx + D)(x* + 3)
For, x=0,19 = - 5B + 3D .... (i)

For, x=1, 26 = - 4A - 4B + 4C + 4D .... (ii)

For, x=-1,14 = 4A - 4B - 4C + 4D .... (iii)

Also, by comparing coefficient of x3 we get, 0=A + C (iv)

On solving, (i), (ii), (iii), (iv) we get,

A=0,B 1 cC=0D 69
- il - 8 r - il - 8
(x% + 1)(x? + 4) 11 6 1
&2+ 3)x2-5 = B8x2+3 8x2_5
(x2 + (2 + 4) 11 1 69 1
X=J-( -— + = )dx
(x2 + 3)(x2-5) 8x2+3 8 x2—5
LR x—+5 N
=x———tan"1x 0 c
8\;@ 16\,‘% & X + \.'(g
Thus, I LRI TL L I 1
us,| =x ———tan™'x ) C
8\.@ 16\.”3 & X + \.’E

Exercise 19.31
1. Question

Evaluate the following integral:

Answer

re-writing the given equation as



2

——dx
f (x—l) +3
X
Letx—iast
X
1
(1+;)=dt

[
2+ 3

Using identity [

1
xZ+1

dx = arctan(x)

—arctan (=) +
—arctan|—) + ¢
V3 V3

Substituting t as x — z
X

1
\% arctan (X‘%E)

2. Question

Evaluate the following integral:
J cotO de

Answer
let cotB as x?

—cosec?Bdf = 2xdx

0 = x4
T 1+cot20 %
do=——= 4
BT
2x°
'[_1+x4dx

re-writing the given equation as

1 1
1+=+1—3
F‘sz
1 1
1+ 1-
- —F—ax - — % —dx
(x—g) +2 (x+—) —2

Letx—3=tandx+5=z
X X



So (1+xi2)dx=dtand (1-3)dx = dz

xZ

dt dz
ﬁp+z‘f@V—z

-

1
xE+1

L (t) L
2ElICElIl a

\,‘E ?.V"E

d

z _1
(z)2—-1 2

Using identity [ dx = arctan(x) and [

Z—\,"E
& Z+\,"§

+cC

Substituting t as x — landzasx+-
X X

1 X— % 1 X+ 1 V2
—Earctan — log

V2 | 2v2 ki ly
X

3. Question
Evaluate the following integral:
J" XE T 9
x'+81
Answer

re-writing the given equation as

1+
| a7 dx
X2+_
Xz
1+%
o dx
(x—g) +18
letx — 2=t

9
(1+—2)d){= dt
X

dt
t2 + 18

J

1
xZ+1

Using identity [ dx = arctan(x)

1 t
——=arctan (—) +c

3 \.E 3 \.E

Substituting t as x — z
X

1

1 X—3x
——arctan +c

3\.@ 3\;@

4. Question

Evaluate the following integral:

-log

z—1
=24
z+1



Answer
re-writing the given equation as
1

w2
X2+ 1+F

B | =

B3| =

letx—~=tandx+-=z
X X
(1 +xi:)dx — dt and (1—%2)dx=dz

%[f (t)Ed:El—B - (z)(ziz— 1]

1
xE+1

d El-:)g

Using identity [ dx = arctan(x) and [ (z]:—l =3

z—1
=24
z+1

1r1 " (t) 11 |Z—1|]
—|—=larctan|—=| — < 1o
215 ¢ 3/ 2%

Substituting t as x — landzasx +-
X X

1
2 \.@[:HIC an 73 5

5. Question

Evaluate the following integral:

-x® —3x +1
T +x-+1
Answer

re-writing the given equation as

3 1
171_§+Fdx
X2+1+—2
1
1"‘_ 3X
| ’;2 dx— [ T dx
(_1) X*+x2+1
X = +3



Substituting t as x — % and z as x2
X

(1 + ?12) dx = dtand 2xdx = dz

f dt BI dz
(D2+3 27 z24+z+1
dt 3 dz
I (D)2 + 3_EI ( 1)2 3
Z+ 7 +-E
Using identity [ Yzl+1dx= arctan(x)

1 " ( t ) 3 arct (ZZ + 1) N
—arctan|—= ] — v 3 arctan C
V3 V3 V3

Substituting t as x — é and z as x2

1 X— 2?41
i X\ _ /3
arctan \,BaLCtan( 5 )+c

\'@ \'@ v

6. Question
Evaluate the following integral:
- oxT+1
X' —x"+1

Answer

re-writing the given equation as

1

1+ 2

1

——dx
x2 —'l'+'§§

1
1+
J—% ax

1
(x-5) +1
Substituting t as x — é
1
(1.+——5)1dx== dt
X

dt
2+ 1

J

1
xZ+1

Using identity [

dx = arctan(x)
arctant+ c

Substituting tas x — :
X

1
arctan (x - —) +c
X

7. Question

Evaluate the following integral:



J-xg—l

dx
xt+1

Answer

re-writing the given equation as

Assumet=x+ =
X

M=(1—%}m

J. dt
t2—-2
) . . dz 1 z—-1
Using identity [ D1 Slog §|+ ¢
1 t—+2

—lopg——+¢
2\.@ gt+ \,‘E

Substituting t as x + :
X

8. Question
Evaluate the following integral:
- x+1
X +T7x7+1
Answer

re-writing the given equation as

1
14+
| x* dx
X2+7+—2
1+
v
(x-3) +9

1
Assumet=x— -
X

1
dt = (14——2)(1){
X



dt
I (D2+9

1
xE+1

Using identity [ dx = arctan(x)

~arct (5)+
—arctan|—= | +¢c

3 3
Substituting t as x —é

1
1 X—3

—arctan
3

+cC

9. Question

Evaluate the following integral:

- (x-1)

e

—— dx
T +x-+1

Answer

re-writing the given equation as

fx2—2x+1
—dx
Xx*+x2+1
2 1
1—-S+=
IX—deX
X2'+]_+'E§
1
1"‘? ZX
J—— &~ [ g dx
( 1 x*+x2+1
X——g) +3

Substituting t as x — % and z as x2
X

(1 + ?12) dx = dtand 2xdx = dz

dt BI dz
(D2+3 2" z2+z+1
dt dz

= 2
SRS

1

J

J

Using identity [ dx = arctan(x)

xZ+1
1 " ( t ) 2 " (ZZ + l) .
—d4drctan | ——= | — —=arctan C
V3 V37 3 V3

Substituting t as x — é and z as x*?

1

L ocran( 22X -2 ff+¢)+
——=4arctan — ——=arctan C
V3 V3 V3 V3

10. Question



Evaluate the following integral:

Answer

re-writing the given equation as

1
X2+ 3 +'§j

() (d),
2 x2+3+$

1 1
1 1+3 1-23
_fixd _fixd
2 - hs  (xel) a1

Assumet=x—éandz=x+é
dt=(1+%)dxand dz = (1 %)dx
1[_[ dt f dz ]

2l (1245 7 (2?+1

1
xZ+1

Using identity [ dx = arctan(x)

1 t 1
——arctan (—) -3 arctan(z) + c

2\.@ \.'(g

Substituting t as x — landzasx +-
X X

! t T x ! t ( + 1) +
——=arctan — —arctan | x — C
2\.@ \.'(g 2 X

11. Question

Evaluate the following integral:

J‘ : dx

sin® X +sin”xcos’x + cos* x

Answer
Re-writing the given equation as
Multiplying sec*x in both numerator and denominator

J

sec*x 4
X
tan*x+ tanZx+ 1

=]

Assume tanx =t

(tan’x + 1)sec’x
tan*x +tan?x+ 1

sec2xdx=dt



(t?+ 1)dt
t+t2+1

1+
=[] ———adt
241+

=]

Lk
t
C at

(t-1) +3

1
Assume z = t—;

=

1
=dz=1+—
t2

dz
zZ2 4+ 3

=/

1

=i dx = arctan(x)

Using identity [

~arctan (=) +
=—=arctan | — C
E] e

1

1 . -1

=—arctan| —
V3 V3

+c

_1 f@nx —enx
—arctan | ———=1&
V3 V3

+cC

Exercise 19.32
1. Question

Evaluate the following integral:
- 1

————dx
" (x—1)yx+2

Answer

assume x+2=t2

dx=2tdt
_[ 2dt
(t2—-3)
Using identity | (z;‘:_l =2log ||+
11 t—{§+
—10 C
Jg gt+ﬁ§
— 0 I
Jg & ﬁX+2+J§

2. Question



Evaluate the following integral:

J‘ 1 dx
(x=1)/2x+3

Answer

assume 2x+3=t2
dx=tdt

dt
Je=s
2

2dt
G

Using identity [ (;:_1 = ilog

z—1
=24
z+1

t—\,"g +
C
t++/5

log

V5
1 J(@2x+3) =5

—lo
56 V2X+3+45

A

3. Question

Evaluate the following integral:

- Xx+1

| ———F—dx
(x—1)vyx+2

Answer

re-writing the given equation as

/

(x—1)+2
——dx
(x—1Wx+2

Now splitting the integral in two parts

+/

(x—1)
- - - —d
(x—1Wx+2 X (x—1Vx+2 X

xl‘l+l

For the first part using identity f % dx =

n+l

2vx+ 2

For the second part

assume x+2=t2

dx=2tdt
f 4dt

(t2—-3)

) . . dz 1 z-1
Using identity [ D1 Slog §|+ ¢
2 oo |t \E|+
—log|——|+¢
V3 L V3




2 JE+2) =43
_0 I
\.@ V'X+2+\,"'§

Hence integral is

2 [(x+2) -3
2»’x+2+—10gu +c
V3 \,"X-I-?.-I-\.@

4. Question

Evaluate the following integral:

3

" X

—dx
J (x—1)y/x+2
Answer

re-writing the given equation as

(x*—1)+1
——dx
(x—1Wx+2
-1 + d
———dx ——dx
(x—1Wx+2 (x—1Vx+2
(x+ 1) 1
x4+ [ —————d
”[\,*x+2 X Jﬂ(x—l)\;x+2 X
(1) i
| dx+ [ Vx+2dx+ [

—dx
fx+2 (x—1Dvx+2

v

xn+1

For the first- and second-part using identity J’ x%dx = -
n+

2 3
§(x+ 2)2+ 24x+2

For the second part

assume x+2=t2

dx=2tdt
i 4dt
(7 =3)
; . . dz 1 z—1
Using identity [ (z]2-1=El°g —|+c
2 | t—+3 N
“lo c
V3 & t++3
2 l JE+2) —+3 N
Bl PO LAl S el (PP
'\-@ & \.X+2+\."§
Hence integral is
2 3 — 2 Jx+2) -3
—(x+2)z+2vx+2+—=lo +c
3( ) X V3 g \.’X+2+\.’§

5. Question

Evaluate the following integral:



Answer
re-writing the given equation as

(x—3)+3
——dx
(x—3x+1

(x—3)
(x—3)vx+1 x+ [

—dx
(x—3)Wx+1

x]l'l'J.

For the first part using identity _[ xdx =

n+1l
WX+ 1+c
For the second part

assume x+1=t2

dx=2tdt
i 2dt

(12 —4)

. . . dz 1 z—1
Using identity [ e = 5lo8 |;|+ c
ll t—2 .

2 Bliral ™
1. |J&x+2) -2
2 wX'F2'+ 2

Hence integral is

1 |[J&x+2) -2
—log|—F——|+c+2vVx+1
2 g yX‘%2'+ 2

6. Question

Evaluate the following integral:
¥ 1

Answer

dx

let x=t2
dx=2tdt

/

2dt
tt+1

Dividing by t2 in both numerator and denominator

(s8]

1
2+




e (-

e )

Lett—%=zandt+%=y

(1+ti2)dt=dz and (1—$)dt=dy

dz dy
s
y
. . . 1 dz 1 z—1
Using identity [ =5 Ux = arctan(x) and [ @ = 2108 ;|+ c
1 . (Z) 1 | |y—\,"§ N
—arctan|{—|——=lo C
\.’E \.’E 2\-@ gy—i—v"i

Substituting t — % =zandt+ % =y

1 t—% 1 t+%—\ﬁ
——arctan - log +c
V2 V2 | 22 t+%+ V2
1 1
x —— e —_.9
1 VX \."E 1 \.X'i‘vl,g V2
—arctan = — J,_lcrg 1 +c
V2 V2 V2 X +—=+V2
VX

7. Question

Evaluate the following integral:

" X
d
"(XE—QX—Q) X+1 )
Answer

assume x+1=t2

dx=2tdt

J

2(t? — 1)dt
t++1

Dividing by t2 in both numerator and denominator

z(l—t%)dt

1
2+

z(l—t%)dt
() -2

Let (t+%)=z

/

1
(1——)dt= dz
t2



2dz
z2 — 2

J

dz _11
(z)2-1 2 08

z—1

z+1

Using identity [

+C

Z—V'E
Z-I-V'E

1
— 10
Nri

+C

Substituting (t + %) —z

Substituting t = x + 1

1 VEXFI+ -2
—log

~
L N it

-
‘Xfl +c

++2
VX+ 1 v

8. Question

Evaluate the following integral:

J. 1 dx

(x —1)vx* +1

Answer

1
assumex—1 = "

1
dx = —t—zdt

dt

V2t2+ 2t + 1

dt
1y 1
(t+2) +3
Using identity | %= log[x + VX2 + az)+ C
yx“+a

L 1 t+1+
__0 p—
V2 8 2

Substituting t = ——
x—1

1l 1 +1+ ( 1 +1)2+1 .
7z Blx—1"2"J\x=172) T3]
9. Question

Evaluate the following integral:



[

(x+1)vVx"+x+1
Answer

1
assumex+ 1 = "

1
dx = —t—zdt
dt
vi+t—1t2
dt
K 5 1)’
(-2
Using identity [ — jx = = arcsin G) +c
yas—x
1
—arcsin (t_ i) +c
V5
2

Substituting t = —
+1

X
—arcsin| ——— | +¢c

10. Question
Evaluate the following integral:

, 1
J[X —ltsz +1 o

Answer

1
assume ¥ = T

1
dx = _t_zdt

tdt
1-)it e

-/

Let 1+4+t2=u?
tdt=udu
udu
I (uz —2)u
f du
(uz—-2)

dz

Using identity [ e

1 z—1
=-log |—|+ C
2 z+1



U—\.’E
U+\.’E

1

lo
2\.@ &

+cC

Substituting y = /1 + t2

1 l \,1+t2—\;§+
Qa C
W2 ElVire+v2

Substituting t = =

X

1
og C
232
v 1+$+\,2

11. Question
Evaluate the following integral:

Taea®

Answer

assume x2+1=u?

xdx=udu

/

udu
du
e

1
xZ+1

1 u
—arctan (—) +c

V3 V3

Using identity [ dx = arctan(x)

Substituting y = /1 + x2

1 ‘ V1 +x2
—@HICTHII —@ +cC

V v
12. Question
Evaluate the following integral:

' 1
="

Answer

1
assume ¥ = T

1
dx = —t—zdt

tdt
(t2+ 1) (VEE—1

-/




Let t2 - 1=u?

tdt=udu

udu
-J (uz+ 2)u
du
(uz+2)

-/

1
xZ+1

1 u
——arctan (—) +c

V2 V2

Using identity [ dx = arctan(x)

Substituting y =12 — 1

1 " (\. 12— l) .
——arctan C
V2 V2
Substituting t = E
1
1 x2 1
——arctan| ——— | +¢c
V2 V2

13. Question

Evaluate the following integral:

Answer

1
assume x = T

1
dx = —t—zdt

tdt
(3t2 + 2) (V1 — 4t2

-

Assume 1-4t2=y?
-4tdt=udu
1 udu

(Ll dw
")

Using identity [ (;:_1 = ;log

z—1
=24
z+1




llu_?+
Q C
2+/33 & 11

3

Substituting y = /1 — 4t2

1 a'—z_f
]

ag
2V33 | e, [
1— 4t +f3

Substituting t = =
X

-
S

14. Question

+c

Evaluate the following integral:

Jrin iy

Answer

assume x2+9=u?
xdx=udu

udu

I (uz —5)u
du

J (uz2 —5)

Using identity [ (;:_1 = ;log

z—1
=24
z+1

U—\.’g
U+\.’§

1
2 \.'(g

log +c

Substituting iy = /9 + x2

1
2 \.'(g

\,9 —\,5

VO + x2 +\,"'§

log +c

Very short answer

16. Question

Write a value of [

1+2¢°
Answer

Take eX out from the denominator.

1
y= J-ex(e—x +2) dx



E—x
= —————————-d'
Y J-(e—x+ 2) *
Let,eX+2 =t
Differentiating both sides with respect to x

dt .
dx ¢
= -dt = eX dx

—dt
V= —_—
. t

Use formula fidt = Int

Y=-Int+cC
Again, pute™* + 2 =t
Y=-In(eX+2)+cC

Note: Don’t forget to replace t with the function of x at the end of solution. Always put constant ¢ with
indefinite integral.

17. Question

Write a value of | (tan “X)" )f)-
1+x°

dx

Answer
Let, tan'lx =t
Differentiating both sides with respect to x

dt 1
dx 1+ x2

= df =

1+ x2

y= [t3 dt

tn+1

Use formula [ t"dt =
n+1l

t‘t‘
y= —+c¢c
) 1

Again, put t = tan1x

(tan~1x)*

+rc
4

18. Question

_ . osec’x
Write a value of | ——————dx
(5+tanx)

Answer
Let, tanx =t

Differentiating both side with respect to x



4t = (SECI)Q = dt = sec?x dx
dx

—n+
Use formula [ 1 gy = e

(a+t)"n o -n+1

(5+1)73
y= ———

+c
-3
Again, put t = tan x

1

p— _ +
Y 3(5+ tanx)3 ¢

19. Question

, FSINX +CcosX
Write a value of | ———— dx

J1+sin2x
Answer

We know that

1 + sin2x = sin?x + cos2x + 2sinxcosx = (sin X + cos x)

sinx + cosx
V= — zdx
J (sinx + cosx)

(sinx + cosx)

V= :
. (sinx + cosx)

y= [dx
Use formula [c dx=cx, where c is constant
y=X+c

20. Question
Write a value of [log, xdx

Answer
y= [1 x log,xdx
By using integration by parts

Let, loge X as Ist function and 1 as lind function

Use formula [ I x 11 dx =1 [11dx — [ (1) (f11dx)dx

y=log,x J-dx— J-(%logex)(fdx)dx

1
v = (log, x)x — J-(;) (x)dx
y=X loge X- [dX
y=X10ge X -X + C

21. Question



Write a value of [a* e*dx

Answer

We know that a and e are constant so, a* e* = (ae)*
¥ = J-(ae)x dx
X
Use formula [ ¢* = lc— where c is constant
ogC

(ae)”

log(ae) T

a‘e”
y= ——+c¢
. loga +1

22. Question
Write a value of [ga2%*+ins 4o
Answer

We know that e?tP = e2gb

2
y = J-EE.J( Elnxdl'

2z
y= J-e” x dx

Let, x2 =t

Differentiating both sides with respect to x

dt
ax
1dt d
I P
5 x dx
1
y= J-Ee”dr

Qa+£:|r

Use formula [ ga+bf — -

= ——+c
=272
Again, put t = x2

2x2

S
y= c
il 4

23. Question
Write a value of J‘(e“eg‘-a + g?loEet )dx
Answer

We know that by using property of logarithm

E,xlogga — Elogga‘r = a* and Ealogg.r — elc:g‘;‘..r‘:I = x°



y= [a*X + x@ dx[]

y= [ aXdx+ [ x@ dx

X at+i
Use formula [a* dx = — and [x%dx = =
loga a+l
a* Ia+1
V= + +c
. loga a+1
24. Question
_ : COsSX
Write a value of | ——————dx

sinx logsinx

Answer
Let log(sin x) =t
Differentiating both sides with respect to x

dt COSX COS X
— = —— =dt=——dx
dx sinx sinx

[ La
Y= 1z

Use formula fidt = logt

y=logt+c
Again, put t = log(sin x)
y = log(log(sin x)) + ¢

25. Question

. sin 2x
Write a value of [— — dx
a“sin“x+b cos x

Answer

We know that cos?x = 1 - sin®x

(a2sin?x + b%cos?x) = a2sin?x + b?(1 - sin?x)
= (a2 - b?)sin?x + b?

_J’ sin 2x dx
Y= )= b2)(sinx)? + b2 *

Let, sin?x = t
Differentiating both sides with respect to x

dt .
— =2sinxcosx
dx

= sin 2x

= dt = sin2x dx

_J‘ dt
Y= ] @ = v+ b2

log(ct+d)

Use formulafTiddt — 2EC



log[(a® — b?)t + b?]

V= +c
(a? - b?)
Again, put t = sin?x

log[(a® — b*)(sinx)? + b?]
(@~ b7

26. Question

X
Write a value of |

dx

X

3+a
Answer
Let, 3+ %=t
Differentiating both sides with respect to x

dt

il loga

1
r= J- [loga)tdt

Use formula _[idt = logt

_ logt

= +c
loga
Again, putt = 3 + a¥

_ log(3+a")
~ loga

27. Question

_ . 1+logx
Write a value of | ———M—

dx
3+xlogx

Answer
Let, x(log x) =t
Differentiating both sides with respect to x

ar _ '1+l =1+ logx
gr = ¥yt losx= 0gx

= dt = (1 + log x)dx

[ w
Y= I3+t
Use formula fﬂ—;dt = log(a+1)

y=1log(3+t)+c
Again, put t = x(log x)
y = log(3 + x(log x)) + ¢



28. Question

. sin X
Write a value of [ _ dx

a

Cos X

Answer
Let,cosx =t
Differentiating both sides with respect to x

dt .
— = —sinx
dx

= -dt = sin x dx

-1
v=|Fa

—n+1
Use formula ftindf _

—n+l
t—2
y=-= +c
Again, put t = cos X
1
V= m +c
29. Question

_ FSINX —CcosX
Write a value of | ————dx

A1+ sin 2x

Answer

We know that
1 + sin2x = sin?x + cos?x + 2sinXcosx

= (sin X + cos x)?

sinx — cosx
¥ = dx

J(sinx + cosx)?

sinx — cosx
y= J-( )dx

(sinx + cosx)
Let,sinx +cosx =t

Differentiating both sides with respect to x

dt |
- = C05X — sl Xx

dx

= -dt = (sin x - cos x)dx

f_ldt
Y= )
Use formula f§= logt

y=-logt+c

Again, put t = sin x + cos X



y = -log(sin X + cos x) + ¢

30. Question

P 1
Write a value of ! 7,1(1?(
x(logx)
Answer
Let, logx =t

Differentiating both sides with respect to x

dt 1
dx X
1
= dt = —dx
X
1
y= E;df
—n+
Use formula [ =gt = ° il
£ —n+1
t—n+1
= +c
Y -n+1

Again, put t = log x

__(1ng)_n+l

+c
-n+1

31. Question

Write a value of |- eax Sin bxdx

Answer
we know [f(x)g(x)= f(x) [g(x)-[f' (x) [g(x)
Let [ ™ sinbx dx = i

Given that [ e™ sin bx dx
i= sinbxfe‘”— J-bcosbe-e”

Eax Eax
i=sinbx —J-bcosbx m

a
Eax b2
- J- e™sin bx dx
a a

ax

i=sinbx — —|bcosbx

a a

ax b 2

— —coshxe™ +—i
2 a2

i=sinbx

( bz) asinbx e™ — bcosbx e™
i
az

~ asinbx e”—bcosbxe‘”( a? )
1 =

a2 a2 — pz

e™(asinbx — bcosbx)
aZ__bZ

J- e™sinbx dx =



32. Question

Write a value of Je‘“‘ cosbx dx.s

Answer
we know [f(x)g(x)= f(x) [g(x)-[f' (x) [g(x)
Let [ e™ cosbx dx =i

Given that [ e™ cosbx dx

i= cosbxfe”—f—bsinbxfe”

eﬁ)(' ELIJ(
i=cosbx + J- bsinbx
a a
ax 1 Ea.r b2
i=rcosbx +—|bsinbx ——J-e”cosbxdx
a a a a
ax b 2
i=rcosbx

+ —sinbxe™ ——i
a? a?

1+

. ( bz) acosbx e® + bsinbx e™
1 =
az

i:

acosbx e™ + bsinbx e® a?
az

a? + b2

e™(asinbx + b cos bx)
a? + b2

J- e™coshxdx =

33. Question

Write a value of Jex [l — 1, de.
X X

Answer

1 1

given [ g* (x —) dx

e* e* e*
=J-—dx— —2—J-——]+c
X X X

34. Question
Write a value of Je‘”‘ laf(x)+1f'(x)]dx.

Answer

given [ e®|af(x)+ f'(x)|dx

= afe‘”f(x)derJ-e‘”f’(x)dx



=a

] + J- e™f'(x)dx

=f(x)e®™+c

35. Question

Write a value of J.«\M—x: dx.

Answer

2

we know that [ /g2 —xZqy = @ + %Sm—l (9 e

Given [ /4 — x2

_x\l?‘z_xz +£5111 l(i)
2 2 2

36. Question

Write a value of J 9+x” dx.

Answer
[ - S § 2
we know that_[\sz T aZdy = %4_ %logh‘ +xZ F azl +el

Given [ x2+9

=J-l'2+32

I\II2+32+321 + 2+32|

=————+—log|x +/x

2 5 108 v
xvVxZ+9

= +§log|x+\f1 |+c

37. Question

Write a value of [,,ixl —9dx

Answer
we know that_[\jl-z_azdl- zﬁ_gloglx_k\sz 2| +e

Given f Vvx2—9dx

J-vxz—?:?d;t

;n,*x?— 32 32
——10g|x+\f;t?— |
2
xvxZ—9

> —510g|x+\f12— |+c



38. Question

Evaluate: | X
1+x°

Answer

let1+x3*=t¢

Differentiating on both sides we get,

3x%dx =dt
*d ldt
xidx = -
3
substituting it in _[X_zdx we get,
1+x3
! dt
) 3t
11 t+
=3logt+c

1
= glog(1+ xH+ec
39. Question

Evaluate: |idx
X +06X"+5
Answer
let x* +6x*+5=1¢
Differentiating on both sides we get,

(3x2+ 12x)dx = dt

3(x%+ 4x)dx = dt
1
(x%+ 4x)dx =§dt

Substituting it in fﬂdl— we get,

xF+6xT+5
ldt
) 3t

1
= +
3log(x® +6x2+5) ¢

40. Question

Evaluate: |@dx
Jx

Answer
let x =t

Differentiating on both sides we get,



dx = dt

24x

1
—dx = 2dt

v
substituting it in | S“i"xd - we get,

VX

=f23ec2rdr

=2 tan t+c

=2tanyx+ ¢

41. Question

~si1w§ d

Evaluate: J

X
Answer
let Jx =t

Differentiating on both sides we get,

1
—dx=dt
2vx

1
—dx = 2dt
vX

mnux

substituting it in f dx we get,

=[2 sin tdt
=-2 cos t+c
=—2cosyx+c

42. Question

‘CDS‘\/)? dx

Evaluate: J
X

Answer
let yx =t

Differentiating on both sides we get,

1
—dx =dt
2Vx
1
—dx = 2dt
vX

cosvx

substituting it in _[ dx we get,

=[2cos t dif]

=2 sin t+c



=2sinyx+¢

43. Question

Evaluate: J-(l—IDgX)
X
Answer

letl +logx=t

Differentiating on both sides we get,
1
—dx =dt
X
P o (1+logx)®
Substituting it in [ ——=— we get,
X

=[t2 dt

tE
=—+c
3

1+logx)?

44. Question

Evaluate: J sec” (7—4x)dx.
Answer

let7-4x =1t

Differentiating on both sides we get,

-4 dx = dt
dx 1dt
¥=Tg

substituting it in [ sec?(7 — 4x)dx we get,
f ! 2tdt
= | ——zsec
4

=tan t+c
=tan (7-4x)+c

45. Question

X
Evaluate: J log x dx.
X

Answer

given f@ dx
X

xlogx
=J- B dx
X

=[log x

=x log x-x + ¢



1. Question

) - l+cotx
Write a value of Jl—dx
X +logsinx

Answer
let x + log sinx=t
Differentiating it on both sides we get,

(1+cot x) dx=dt - i

Given that [ =%

x+logsin x
Substituting i in above equation we get,

dt
t

=logt+c
= log(x + log sin x ) + ¢

2. Question

Write a value of Je'm“x"dx.

Answer

Consider [ e3109x x4

a
E,Elogx logx

=e
=x3

i g3 logx y4 _ i ¥3x4dx
= [ x/ dx

x® N
=—+c

3
3. Question

Write a value of sz sinx°dx.

Answer
let x3 =t
Differentiating on both sides we get,

3 x2 dx = dt
x2dx = Edt
3

substituting above equation in [ x2sinx® dx we get,

J-l intdt
= | zsin
3

! t+
=——-cost+c¢
3



L a.
=——cosx>+¢
3
4. Question
Write a value of J tan’ xsec” x dx.

Answer
lettanx =t

Differentiating on both sides we get,
sec? x dx = dt

Substituting above equation in [tan3x sec?x dx we get,

5. Question
Write a value of Jrex (sinx +cosx )dx.

Answer

we know [eX (f(x) +f (x))dx[]= e* f(x)+c
Given, [ €X (sin x + cos x ) dx

Here f(x) = sinx and f'(x) = cosx
Therefore [ ¢*(sinx +cosx)dx = e*sinx + ¢

6. Question
Write a value of J tan® xsec” xdx.

Answer

let tan x=t

Differentiating on both sides we get,

sec?x dx = dt

Substituting above equation in [ tan3x sec?x dx we get,
=[tb dt

t?
=—+c
7

7. Question

. r COSX
Write a value of J—dx_

342s8inX



Answer
let 3+2sin x=t
Differentiating on both sides we get,

2cos x dx=dt

1
cosx dx =—dt
2

CO5X

Substituting above equation in [ dx we get,

3+2sinx
L dt
2t

11 t+
=logt+c

1
= 5105(3 + 2sinx) + ¢

8. Question
Write a value of Jex secx(1+ tanx )dx.

Answer

given,

] e sec x( 1+ tan x) dx = [ € (sec x + sec x tan x) dx
=eXsecx +cC

weX (f(x) +f'(x)) dx=e*f(x)+c

9. Question

il
Write a value of J logx dx.
X
Answer
let log x" =t

Differentiating on both sides we get,

1 1
—nx" tdx = dt
Il’!

n
—dx = dt
X

1 1
—dx =—dt
X n
logx™

Substituting above equations in [ ==—dx we get,

X



10. Question

n
Write a value of J~(10gx) dx.
X
Answer
let log x=t

Differentiating on both sides we get,

1

—dx =dt

X

Substituting above equations in _[de we get,
X

J-tndf

rl’!+l

+c
n+1

(logx)mtt
T on+1 T

11. Question

Write a value of J elEsimx ey dx.

Answer

given [el°9SinX cos x dx

=[sin x cos x dx (el°9% =x)

Letsinx =t

Differentiating on both sides we get,

Cos x dx=dt

Substituting above equations in given equation we get,
=[tdt

tz
=—+c
2

12. Question
Write a value of Jshf X cosX dx.

Answer

let sin x=t

Differentiating on both sides we get,

Cos x dx=dt

Substituting above equation in fsin3 x cos x dx we get,

=[t3 dt



13. Question
Write a value of J cos xsinx dx.

Answer

let cos x=t

Differentiating on both sides we get,

-sin x dx=dt

Substituting above equation in fcos4 X sin x dx we get,

=/[-t4 dt

14. Question
Write a value of J.‘[anxssec3 x dx.

Answer

given [ tan x sec3 x dx

= [ (tan x sec x ) sec® x dx

Let sec x=t

Differentiating on both sides we get,

tan x sec x dx=dt

Substituting above equation in [ tan x sec x dx we get,
=[t2 dt

tg
=—+c
3

15. Question

dx.

Write a value of J
l+e*

Answer

given fﬁdl

- [ (11
N 1+ ex X




Let 14+e* =t
Differentiating on both sides we get,
EX dx=dt

Substituting above equation in given equation we get,

=y

=t-logt + ¢
=1+e* -log(1+e* )+c

46. Question

Evaluate: ij dx.

Answer
Given, [ 2% dx.

2% . P a*
= 1oz T C[since, [a*dx = oga ]

47. Question

-1—sinx
Evaluate: Ji dx.
Cos X

Answer

1—sinx

Given, [

cosZx

1 Sin x
= — dx
coStX cos?x

=[sec2x-tanx.sec x dx [since,cosx =

SEeCX
= tan x-sec x + C
48. Question

-1

X

dx.

Evaluate: J.X

Answer

: x3-1
Given, f? dx.
x* 1
o 2T

- 1 -
= X—I—zdl
n+i

[since, [ x™ dx="—]
n+1

F2 I_2+1
=—- +c
2 —2+1




2 -1

X X 4
-_——- [
2 -1
a R
= - [

R

49. Question

-

—-xXx"+x-1

Evaluate: J.X
x—1

Answer

. - -
Given, [£= 1 5
x—1

J’xz(x—l)-l-x—l
— dx
x—1
— Wdl
x—1

=/(x? +1)dx [since, [ x™ dx

xa+ +
=—+x+c
3

50. Question

[‘m—l

Evaluate: Je_ dx.
1+x°
Answer

-1

tan
Given, [ £ .
f 1+x2 dx.
Let tan ix=t

dy -1,y —
6— (Tan™'x) =dt

o] dx = dt

1+x2

tan
Now, fglﬂz dx.
=[ et dt
=ef+c
= ptantx ¢

51. Question

S |
Evaluate: J—dx

NI

Answer

Given,

dx.

n+i1

X

n+l

]



1
— dx.
J‘ml——xE

=sin"Ix + ¢
(It is a standard formula).

52. Question
Evaluate: J secX(secx +tanx ) dx.

Answer

Given, [sec X (sec x + tan x ) dx
=] (sec? x + sec x. tan x) dx
=tanx+secx+c

53. Question

1

Evaluate: J .
X" +16
Answer

1
x2+16

Given, [ dx.

We know that, [

1 1 _1 X
dx = —tan™*-
x%+a? a a

By comparison, a=4
lf X .
=3 an 2 c
54. Question
Evaluate: J(l—x}\f; dx.

Answer

Given,[(1—x)y/x dx
= J-(\IIIE_ I\."E) dx

1 1
= J-(xi— x.x2)dx

i 3
= | x2—x2dx
1 2
=+1 =+1 n+1
2z 2 .
=2 _ 2 4clsince, [ x™ dx="—]
o+ Z+ n+l
3 3
X2 X2
=5 — 5 +c
3 5
2 2
2 3 2 s
= —x2 —=x2 +rc¢
3 5

55. Question



+ X +C0S6X
Evaluate: J—d)&
3X° +s1m6x
Answer
Given,
+ X +C0S6X
[ dx,
3X° +s1m6x
2 +sinbx =t
Let 3x
= i(3;»(2 + sinéx) =dt
dx

= 6X + cos 6x. 6=dt

dt
= X +cosbx = E

Substituting the values,
6t
1
= log t +c

log(3x2 + sin6x) +c

1
[

56. Question

S x—-1) .
If J . J e’ dx =f(x)e" + C, then write the value of f(x).
2
Answer

. -1
Consider, [ = e* dx
X

It is clearly of the form,
[ e+ rear = e+ e

By comparison, f(x)= = ; fl(x)= -

1
x x2

1
=e"-—+c
X

Therefore, the value of f(x)= 1
X
57. Question
If J e’ (tanx +1)sec x dx =e* f(x) + C, then write the value f(x).

Answer



Given, [ e*(tanx + 1)secx dx

It is clearly of the form,
fer[,ﬂ:x)+ FI0O]dx = e*f(x) + ¢
By comparison, f(x)=1+tanx ; fl(x)=secx

= eX (1+tanx) +C
Therefore, the value of f(x)=1+tanx

58. Question

. 2
Evaluate:J - =
1-cos2x
Answer
Given,[ —>
1-cos2x

2
We Know that, cos2x=1-2sin" X
= 1-cos2x=2sin2x

Substitute this in the given,

= [—2_dx

2sin®x

= [——dx

sin? x

= [cosec? x dx
= -cotx +cC

59. Question

Write the anti-derivative of

3&—%}

Answer

Anti-derivative is nothing but integration

Therefore its Anti-derivative can be found by integrating the above given equation.
1
= | 3JVx + —=dx
Vx

1 1
= J-3x§+x'§ dx

I_+1 .—§+1 In+1
=3 + + ¢ [since, | x™ dx =

1., 1.4 [ J- n+ 1]

2 2

3 1

X2 X2
iy orTte

2 2

3



3 1
= 2(xZz + x2) +c

60. Question
Evaluate: J cos”' (sinx )dx

Answer
Given, [cosl(sin x ) dx

Let us consider, [cosldx

We know that, [ f(x).g(x) dx= f(x) [ g(x) dx- [ [f(x) [ g(x)] dx

By comparison, f(x) =cos1x ; g(x)=1
=costxx | 1dx —J- x dx
J- Y l —x2

= xcoslx— =

1 1
= xcostx — Ej-(l—xz)'i (—2x) dx

= xcostx — %% +c (since, [[fCx)™ f1(x)]dx = fo"

2
=x cos1x - (1-x2)1/2 4+¢

=xcos'x— 1—x2 +¢

Therefore, [cos™ x dx = xcos™*x— V1—x2 +¢
Replace ‘x’ with 'sinx’ :-
T (sinc )2

6 [ cos™Y(sinx) dx = sinx.cos(sinx) — /1 — (sinx)? + ¢

= sinx.cos  x (sinx) —/cosZ2x + ¢

=sinx.cos1x (sinx) -cosx+c
61. Question

1

Evaluate: J—dx
SI-XCos™ X

Answer

Given, [ —————dx

sin® x.cosZx

in2 2 . .
=[S XHOTX gy [since, sin?x+cos?x=1]
sin® x.cos® x

_j- sin® x cos® x

sin®x.cos?x  sin?x.cosx

=/

=[ (sec?x + cosec?x)dx

cosz s:n2 x

=tanx —cotx+cC

n+1



62. Question

- 1
Evaluate: J—dx
X(1+logx)
Answer
. 1
Given, J.x(1+.!'r:a‘;;|'x]
Let 1+log x=t

d
= a(l +logx) =dt

=>—_dl' = dt

X
1
= [ zat
=logt +c
=log (1+logx)+c
MCQ
18. Question
Mark the correct alternative in each of the following:

X+3 .
EvaIuateJ 7~,e}‘dx =

(x+4)
X
A _© +C
X+4
X
B < +C
X+3
C : +C
(x+4)’
b _.c
(x+4)
Answer
x+3 X g
IWE‘ dx

=J~ x+4 E'rdl"f 1 E‘xdl'

(x+4)2 (x+4)%

—fX(l dx L d-)
R U T e R I P

1 1
[ fO =753 [:l)__(x+4)2]




{feX f(x)+f x ]=eX f(x)}
18. Question
Mark the correct alternative in each of the following:

X+3 .
EvaluateJ 7~,e}‘dx =

(x+4)
x
A _© +C
X+4
X
B < +C
X+3
! C
C 5 T
(x+4)
.5 __.c
(x+4)
Answer
X+3 g
f{x+4]2€ dx
K+ x
“[(x+4]2 j( 4]2 dx

=Je ( 2 (ij)?-dI)

[ & =3 x+4° f[:)__(xj-ﬂ:)?]

x 1
=e* () +c
X f(x)+f x ]=eX f(x)}
19. Question

Mark the correct alternative in each of the following:

s sinx
EvaIuateJ ———dx

3+4cos™ X

A. log(3 +4cos® x)+C

5 1 o] CDSX‘_C
N 3 J
1 1( 2cosx
C.—Q\Etan wﬁ J—C
2¢0sX
D. tan +C
E

Answer



J- sinx _ dx

3+4(cosx)
= cos x=t then ;

=-sin (x)dx=dt

_ o [_dt _1 g
- f3+=1-t2 (f a+bt2 o tan I)

=— irtam‘1 \Et put (cosx =t)

24/3

1 ; _1(Zcosx)+c
=-——tan

2\.@ \,"'5

19. Question

Mark the correct alternative in each of the following:

s sinx
EvaluateJ ———dx

3+4cos™ X

A. log(3 +4cos® x)+C

5 L o] COSX c
23 NG
1 1 2cosx
C. — tan +C
23 NE J
2¢0sX
D. a
ﬁ\/_tan J_ J C
Answer
“[ 3+4(cosx)? dx

= cos x=t then ;

=-sin (x)dx=dt

I _
N fz+4t2 (f a+bt2_ Jas A0 I)

=— %tan‘l \Et put (cosx =t)

24/3

1 ; ‘1(ZCOSIJ+C
=-——tan

243 V3

20. Question

Mark the correct alternative in each of the following:

- [ 1-sinx
Evaluate Je}‘[inx
l—cosx

i X
A —e* tan—+ C



i X
B. e*cot=+C

1 . X
C.——e*tan—+C
] ]

- -

1 X
D. ——e*cot=+C
] -

- -

Answer

. 1—sinx
Given, | e¥(————
1—cosx

_ xsmx_ 1
=—Je (o

l-cosx

—)dx {[ e [F(0) + ' ()]Fe*f ()

sinx

= f0) = T———: () = —

1—rcosx 1—rcosx

x( sinx )
= —§g _—
1 —cosx

) [ sinx ]
1—-:051 2

X
=—e*cot- tc
20. Question

Mark the correct alternative in each of the following:

+ [ 1-sinx
Evaluate Je}‘[l—de
—cosX

i X
A —e* tan— + C

-

i X
B. e*cot—+C
]

—

1 . X
C.——e*tan—+C
-5 -5

| . X
D. ——e*cot—+C
“ -

— -

Answer

Given,J- x(l::l:;i)dx

= fer (T )+ F0IFef ()
L Ssinx

ST = s T =~ T cosy

x( sinx )
= —g —_—
1—cosx

sinx ]
1 — cos;t 2



X
= —excoti +c

21. Question

Mark the correct alternative in each of the following:

- i

Evaluate,' ] __.jdx
(e"—e")
—X
A __© _+C
et +e
B. — ! +C
et +e "
-1
C. . _ -2_C
(¢" =1
bt ¢
et —e "
Answer

. 2
leenf m dx

2€2x
= —d'
(e2x 4+ 1)2 g

if t=e2X +1

;then 4 _ 2e2%

dx
dt 1
—=——+C
te t
! +
= —-———+c
e2x +1
—e™X
=——+C
ex +e*

21. Question

Mark the correct alternative in each of the following:

¥ 2
Evaluate,' _ zdx
(¢7 =<7
A — L C
et +e
B. — 1 +C



c.. 2 +C
(e* 1)

D ! —+C
et —e "

Answer

Givenf l:gx+ dx
g

I]Z
J-(ezx+ :L)2
if t=e2X +1
ithen 28 _ 2%
dx
dt 1
—=——+c
t2 t
! +
——F +c
e +1
_E—X
=—+C
ex+e =

22. Question
Mark the correct alternative in each of the following:

X

—

Evaluate J ;521(;:};).) dx =

A. 2 loge cos (xeX) + C

B. sec (xeX) + C
C. tan (xe*X) + C
D. tan (x + &%) +C
Answer

let (t)=xg*;

df_ 1+ x
dx_e( x)

J-(sec t)?dt

(cos )2
=tant
(put (t)= xg¥)
= tan (xeX) + ¢
22. Question

Mark the correct alternative in each of the following:



EvaIuateJ md}( =

[ ]

A. 2 loge cos (xeX) + C
B. sec (xeX) + C

C. tan (xe*X) + C

D. tan (x + &%) +C
Answer

let (t)=xeg*;

df_ 1+ x
dx_e( x)

dt
(cost)?

= J-[sec t)%dt
=tant

(put (t)= xeg*)

= tan (xeX) + c

23. Question

Mark the correct alternative in each of the following:

. 2
sin” x
dx =

Evaluate J
cos ' x

1
A Ztan‘x+C

1
B. —tan®x +C
3

1
C.Ztan°x+C

D. none of these

Answer

| = (tanx)? (secx)?dx

= tanx =t [E = (secx)z]
dx

tg
= [t?dt =gt

== %(tanx)3+c
23. Question

Mark the correct alternative in each of the following:

. 2
sin” x
dx =

Evaluate J
cos ' x



1
A Ztan‘x<C

1
B. —tan®x +C
3

1
C.Ztan°x+C

D. none of these
Answer
| = (tanx)? (secx)?dx
=t |2 _ )2
= tanx =t [dx_ (secx) ]
3

t
= [t%dt =3 +c

== %(tanx)a+c

24. Question

Mark the correct alternative in each of the following:

. 1
The primitive of the function f(x)=|1- LJau;
= .

<2

1

it+—

D. a *
X

log_a
Answer

1= (1 - x—g @ *xdy

1
=letx+—=1;
X

1 B dt
x2  dx
=Jat dt

a>0ls



+i
[Ix x
=1

"o g.a
24. Question

Mark the correct alternative in each of the following:

The primitive of the function f(x) =

1 % x+— .
1——_FJa * a=0's
%2

1

X+—

D. a *
X

log_a
Answer

1= (1 — x—lz) a**xdx

1
=letx+—=1;
X

1 dt

X2 dx
=Jat dt

at
=]

1
=logga (putt= l+;)

x+l
a x

=]=
log.a

25. Question

Mark the correct alternative in each of the following:

. 1 .

The value of Jidx is
X +xlogx

A.1 + logx

B. x + logx

C. x log(1 + logx)
D. log (1 + logx)

Answer

[y

x(1+loggx)



Slet(1+1oge x)=t [? - l]
X X

1
= J-Edf =log,t

=l|=log(1l+log x)+C
25. Question

Mark the correct alternative in each of the following:

- 1
The value of Jidx is

X +xlogx
A.1 + logx
B. x + logx
C. x log(1 + logx)
D. log (1 + logx)

Answer
=[——

Slet(1+loge x)=t [? - E]
X X

x(1+logg.r

1
= J-Edf =log,t

=|=log(1l+log x)+C
26. Question

Mark the correct alternative in each of the following:

J. [(x dx is equal to
l1-x

A sinTx +C
B. sin_l(v{; —Jx(l—x)]—(‘

C. sin_l{ x(1- x)} C

D. sin ! +/x — JX(1-%)

Answer
let x=(sint)?; ( dX=2sint cos t dt)

(sm t)? .
I—J- X 2sintcostdt
1- (sm t)?

I= [ (sin t)2 dt
I=[(1-cos 2t)dt
I=[1dt -[cos 2t dt



in2
I=t— S”; ‘ +c [t = sin! yx](cost = V1 —x)

I=sin}(Vx) - (Vxvi—-x)+c
26. Question

Mark the correct alternative in each of the following:

J. [(x dx is equal to
l1-x

A sinTYx +C
B. sin_l[—v”_—ﬂfx(l—x)]—(?

C. sin_l{ x(l—x)}-—(‘

D. siil_l\/';—ﬂ,fx(l—x) +

Answer
let x=(sint)?; ( dX=2sint cos t dt)

(sm )2 .
X 2sintcostdt
1— (sm t)?

I= [ (sin t)2 dt
I=[(1-cos 2t)dt
I=[1dt -[cos 2t dt

sin2t

I=t— +c [t =sin*yx](cost =1 —x)

I=sin"(yx)— (VxV1i—-x)+c¢
27. Question

Mark the correct alternative in each of the following:
J X ff £ 1
e (f(x)+f'(x)jdx =

A eXf(x) + C

B.eX +f(x)+C

C.2eXf(x) + C

D.eX-f(x) + C

Answer

let 1={ e*(f(x) + f'(x))dx
Open the brackets, we get
I={J X f(x) dx + [ eXf(x) dx}
=U+[ eX f(x) dx

U=Je* f(x)dx



To solve U using integration by parts
U = f(x) [e* dx - [If (x) [e*]

= f(x) eX -] f(x) eX

=U+ [ eXf(x) dx

| = eX f(x) + [f(x) eX dx - [ eX f(x) dx
I=eX f(x)+c

27. Question

Mark the correct alternative in each of the following:
[ { - RN
e i (x)+f'(x)fdx =

A eXf(x)+ C

B.eX + f(x) + C

C.2eXf(x) + C

D.eX-f(x) + C

Answer

let 1= e*(f(x) + f'(x))dx

Open the brackets, we get

I={J e* f(x) dx + [ e* f(x) dx}

=U+[ eX f(x) dx

U=Je* f(x)dx

To solve U using integration by parts
U = f(x) [e* dx - [[f(x) [eX]

= f(x) eX - f(x) e

=U+ [ eXf(x) dx

| = eX f(x) + [f(x) eX dx - [ eX f(x) dx
I=eX f(x)+c

28. Question

Mark the correct alternative in each of the following:

SINX +COSX

—————dXis equal to
1 —sin 2x

A Jsin2x +C

B. Jeos2x +C

C. = (sinx - cosx) + C

The value of J

D. %log (sinx - cosx) +C

Answer



= fwdx (V1—=sin2x = +{sinx — cosx})

sinx —cosx

. dt .
Let t=sin x-cos x (d— =sinx + cos I)
X

dt
I=|—
t

I=*log(sin x-cos x)+c¢
28. Question

Mark the correct alternative in each of the following:

SN X +CcosX

———— dXis equal to
1 —sin 2x

A Jsin2x + C

B. Jcos2x +C

C. = (sinx - cosx) + C

The value of J

D. %log (sinx - cosx) +C

Answer

= fwdx (V1—=sin2x = +{sinx — cosx})

sinx —cosx

. dt .
Let t=sin x-cos x (d— =sinx + cos I)
X

dt
I=|—
t

I=%*log(sin x-cos x)+cC
29. Question

Mark the correct alternative in each of the following:
If stinx dx = =Xcosx+a.then ais equal to

A.sinx + C

B.cosx + C

C.C

D. none of these

Answer

using integration by parts

=[x sin x d[J

__J'. dx J’dx J‘
= x | sinxdx dl_(x) sinx)

| = x cos x + [ cos x dx
(" [sin x=-cos X)
=XCOS X+ sinx+c¢C
29. Question

Mark the correct alternative in each of the following:



If stinx dx = =xcosx+ao.then ais equal to

A.sinx + C

B.cosx + C

C.C

D. none of these

Answer

using integration by parts

=[x sin x dJ

-« fsnca= o
= x | sinxdx dl_(x) sin x)

| = xcos x + [ cos x dx

(" [sin x=-cos Xx)

=XCosXx+sinx+c

30. Question

Mark the correct alternative in each of the following:

J*COSEX—].dX _
cos2x+1

A.tanx-x+C

B.x+tanx + C

C.x-tanx +C

D.-x-cotx + C

Answer
. 1-2(sinx)*-1
I= J’.2(::»35.7(]2—1+1
(sinx)?
| = — | ——=dx
(cosx)?

| = - [ (tan x ) dx

= - [ (-1 + (sec x)? dx
= (x-tan x) + c
30. Question

Mark the correct alternative in each of the following:

J‘COSEX_IdXZ
cos2x +1
A.tanx-x+ C
B.x+tanx + C
C.x-tanx+C
D.-x-cotx+ C

Answer



_ 1-2(sinx)?-1
I'= j‘2(::('.:sx]z—1+2l

o [ Gin0”
(cosx)?

= - [ (tan x )} dx
| =- [ (-1 + (sec x)? dx
= (x-tan x) + ¢

31. Question

Mark the correct alternative in each of the following:

dx is equal to

rCOs2X —cos20
J COSX —cosB
A. 2(sinx + x cosB) + C
B. 2(sinx - x cosB) + C
C. 2(sinx + 2x cosB) + C
D. 2(sinx - 2x cos8) + C
Answer

|= j- {2 (cosx]z—1}—{2(5056‘]2—1}dx

cosx—cosf

(cosx)? — (cos9)?
dx

cosx —cos @

(cosx —cos8)(cosx +cos8)
I=2 dx
cosSXx —cosd

I=2[(cos x+ cos 8) dx
= 2(sin x+x cos 6) + ¢
31. Question

Mark the correct alternative in each of the following:

SCOS2X —c0s206 . .

J dx is equal to
COsX—cos0

A. 2(sinx + x cosf) + C

B. 2(sinx - x cos®) + C

C. 2(sinx + 2x cosB) + C

D. 2(sinx - 2x cosB) + C

Answer

|= j- {2 (cosx]z—1}—{2(5056‘]2—1}dx

cosx—cosf

[ EJ' (cosx)? — (COSS)zdx

cosx —cos @

(cosx — cosB)(cosx +cos @)
I= ZJ- dx
cosx —cos@

I=2](cos x+ cos 8) dx



I= 2(sin x+x cos 0) + ¢

32. Question

Mark the correct alternative in each of the following:

. X

J N — X5 equal to
(4x-—1)

SEUPRER
5% x-

o ae 2] e
5 x=

SEUER
10x !t x-

o L]
104 %~

Answer

I=I(4x2+1]° X

IQ
x12(4+ 2 6

1
x3(4+ 5)°

Let(4+x—12)=t; ;—jdx=df

dt
jz[—zzé

171
=’=E[f—s]

1 1.
I=E([4+x—2] )+c

32. Question

Mark the correct alternative in each of the following:

- Xg
dexis equal to
1l +
NETPREN
X N




1
10

L) e
-

Answer

1= [

X
{4x2+1)°

19
x12(4+ 2 6

1

= f7x3(4+x—2)5dx

Let(4+x—12)=t; ;—jdx=dr

I_J’ dt
) —2te

- 55l
~10les

I 1(4+1‘5)+
= o\ ¢

33. Question
Mark the correct alternative in each of the following:

3 L3/

J.Xi_'d);:a(l—x:) T £ b1+ x° + C.then
1+x~ '
3
B. a:—l‘b :1
3
3
D. a:l‘b :—1
3
Answer

1.3
I=J- dx=fx2dt=fr2—1dt
V14 x2 ( )

ra
I=§—t[put(t)=vl+x2]



3
1+ x2)z

[a=2]; [b=-1]
3

33. Question

Mark the correct alternative in each of the following:

J.Xi_'dx :a(l—xz.) T £ b1+ x° + C.then
1+x~ '
3
B. a :—l‘b :1
3
3
D. a :l‘b :—1
3
Answer

I= J-ﬂ_dx_f 2dt—f(r2—1)dt

rS
1= —t[pue(®) = 1+ 7]

3
1+ x%)=
3
[a=11]; [b=-1]
3
34. Question

Mark the correct alternative in each of the following:

3
Jx—dx
X+1

2 3

A-x—i——E——Mgh—ﬂ—
2 3
2 3

B. X—X——X——10g|1—x‘—
2 3

c . ox* X

— —logfl+x|+
2 3



X° X

D x -+ —logll+x|+C
2 3

Answer

_J’x3+1d_ J‘ 1
N x+1 X x+ll
x+D(x2—x+1 1
_[¢ )( )dI_J’_dI
x+1 x+1

=J-(x2—x+l)dx—f - dx
x+1

xa I2
=——— +x—log(l1+x)+c
3 3 g(1+x)

34. Question
Mark the correct alternative in each of the following:

3

J‘X—dx

x+1

A x* X
-X—T—T—log‘l—x‘—C
5 x* x°
-X—T—T—lﬁgh—x‘—(?
c x*  x°
-X—T—T—logh—x‘—C
b x? x°
-X—T—T—log‘l—ﬂ—f
Answer

_J'x3+1d_ J‘ L

“Jxr1 @ 1
(x+1)(x*—x+1) 1

= dx—J-

x+1 x+1dx

1
= |¢x2— & - )
—J-(x x +1)dx J-x_l_ld;t
IS 1.2 _ | _
—?—?+1— og(l+x)+c

35. Question

Mark the correct alternative in each of the following:

r 1
If J 2, dX 3 log |1 + x2 +b tan!

1
x—zloglx—2|—C.then



1 2
A a:——_b:——
10 5
-
B a:__b :—:
10 5
-
10 5
-
10 5
Answer
1
U= J‘(J(+2](J('Z+1] A

U J’ A d_+J’Bx+cd_
Tl x+2 X x2+1 X
1 A Bx+c

__t _ A - 5 ] ,
DD ez toa (compare coefficient of x2,and x both side)

[‘q=§; B=_1. C:%]putthevalueofA,B,CinU
: .
0= | g [

X
U—1U ! d-+f - d-+f 2 dx |
sl x 2T e ™

1 1
U= E[Iog()(+ 2) — Elog(xz +1) +2tan‘1X] +C

35. Question

Mark the correct alternative in each of the following:

¥ 1
If J 5 1-) dXalog |1 + x? +b tan-l

-
A a:——_b:—:
10 5
-
10 5
-
C a:—i_b::
10 5
-
10 5
Answer
U= [—

(x+2)(x%+1) x



U J’ A d_+J’Bx+cd_
Tl x+2 X x2+1 X
1 A Bx+c

f— Hpay . R .
e+ )P A1)  xez t—= (compare coefficient of x?,and x both side)

—
M
Il
=

:B=—=": C:%]putthe value of A,B,CinU

=

[Ti

—=-Xx+-
U= d'+f7“ 5 dx
J-x+2 X x24+1 X
U 1U ! d-+f - d-+f 2 d']
Tslx 2T e YT ™

1 1
U= E[Iog(XJr 2) — Elog(xz +1) +2tan‘1X] +C

Revision exercise

106. Question

1

dx

xy 1+x3

Answer

2
Let y — sinst

Differentiate both side with respectto t

X _ 2 nitcost = dx = Csinitcost dt
— = —f5Iin Cas = {1X = —8In Cas
de 37 ° 3> 7

1 2 1
V= 3 3Sin stcost dt
sinzty1+ sin?t

2
¥ = gfcosect dt

2
¥ = EIII(COSECI —cott) +¢

. 3
Again, put ¢ — gin=1y;

3 3
v=3 In(cosecsin™ xz — cotsin " xz) + ¢

= =1
y=3h

+c
Xz
2 ’17
y= —Inx+ 5111(1—\& —x3)+c
107. Question

s SINX +CcosX
EvaluateJ T dx
sIn X +Cos X

Answer

(sinx + cosx)
sin*x + cos*x



dx

J‘ (sinx + cosx)
) (sin?x + cos?x) 2 — 2sinZxcos?x

J‘ (sinx + cosx)
] 1—2sin2xcos?x

J‘ 2(sinx + cosx)
)] 2 —4sin?xcos?x
J‘ 2(sinx + cosx)

N 2 — sin22x
Let sinx - cosx=t,

(cosx+sinx)dx=dt

-t

2
= dt
f{ﬁ— 1+2)(V2+1—t2)

1
ZJ_zj-([ﬁ+ 1+2) (V2—-1-12)

—if(;)dr—if Y
V2l \(VZ+1+12) V2 ({ﬁ—l—ﬁ))

)dt

o (e e
V2l \((WVZ+y2+ ) ((Vz-1y2-22)

)dt

—

r—w’§+1 1 t
,, ——|| - [—tan ((—=)] +c
v2|2yVZ +1 r+w’§+1 V2 V2-1 VV2 -1

108. Question
P

Evaluate Jx' tan " x dx

Answer

[ x%tan~tx dx

Here we will use integration by parts,

J-u.dv=uv—fvdu

Choose u in these oder LIATE(L-LOGS,I-INVERSE,A-ALGEBRAIC, T-TRIG,E-EXPONENTIAL)
So here,u=tan-lx

—tan"'x [x%d ——fx (d(tan~'x))/
dx +c

[ x%dx = (x;) +0)

xgt . 1J’ x3 i
AT A T

Putting 1+x2 =t,

2xdx=dt



- dx dt
X 1—2
x? can-1 x 1J’ xx? i
AT A T
x3 (t—1dt
=|— 1t _1'__J-
(3 4an — X t 2

tan~ JL——J-(I_]-)

x tan t'x 1[.! t+t]+
=|73 |t x—[-log c
Resubstituting t

xg 1 1 2 2
=\3 tan~ x—g[—log(l+x )+ (1+x9)]+c
109. Question

Evaluate J‘mn_l \/:: dx

Answer

[ tan™! x dx

Ju. dv=uv-[v du

Choose u in these odder
LIATE(L-LOGS,I-INVERSE,A-ALGEBRAIC,T-TRIG,E-EXPONENTIAL)

Here u=tan’l,/y and v=1.

v
J- tan~'x dx

d(tan"*Vx)

~xtan™? "E—J-x
v dx

,
= xtan lwﬁ—%f 1V+lx dx
Put =t

ide dt

2Vx ’

dx=2tdt

and x=t2

tz
= Itall_l\.q—fmdf

2
=xtan~tyx [J-lJrr J-;dt]
1+1t2 1+1t2

= xtan~lyx — [Vx — tan"Wx] + ¢



110. Question
Evaluate J.Sin_l\l';dx
Answer

J‘sin_] VX dx

J-u.dv=uv—fvdu

Choose u in these order LIATE(L-LOGS,I-INVERSE,A-ALGEBRAIC,T-TRIG,E-EXPONENTIAL)

u=sinl /y v=1

1 VX
J- sin!x =x.sin"/x — EJ- dx

Vi—x
Put ,”."E =t
dx=2tdt
t2
= xsin"tx — J- = dt

Now put t=sinu;

dt=cos u du;

J1—1t2=41—sin%u

=cos u

_— sin® u cosu du
=xsintVx — | ———

——

V1 —sinZu
. sin® u cosu du
=xsintyx— | ———

cosu

=x.sin"tyx — _[ sinZ udu...(Here we can substitute sin?x=(1-cos2u)/2)

N 1 - cosZu
=x.sintyx

— cos2u
= xsin !y U- u]

u 1
= xsin"tx — [— - —sinZu] +c
v 2 4

Put 4 = sin™*/x

r

-1

_ . sin~tyx  Wx(1-x
I=x.sin 1\,’?—[ — - "g N +¢

111. Question
Evaluate J.SCC_] \E dx
Answer

[ sec™ yxdx

J-u.dv=uv—fvdu



Choose u in these order LIATE(L-LOGS,I-INVERSE,A-ALGEBRAIC, T-TRIG,E-EXPONENTIAL)

Here u=gec—1,/x and v=1.
xdx
-1 frdy = x -1 ._J-
sec xdx = xsec” " x —_—
f ' 20/x — 1
. J‘ dx
=x8eC  Xx— | ——
2vx—1
Put x-1=t dx=dt
. dt
= XxsecTx— | ——=
2\t

2
= ISE‘C_:LI—E(\.E)-F c
=xseclx— (Vx—1)+c

112. Question

Evaluate J.tan_l 1_}( dx
+X

Answer

Put x=cos2t;dx=-2sin2t

= [tan7? fﬁdx=f tan™! fﬂ (—2sin2t)dt
1+x 14+cos2t
J’t . 1 —cos2t S sin2t\dt
= an — (—2sin
1+ cos2t ( )

=— J- tan~?! tant sin2t dt

= —ZJ-ESE?I?.E dt

9 rCOSZI_I_ lj’ ot dt
=—-2[— — | cos
sin2t
= tcos2t — +c
xcos 1x m’l—x2+
= — C
2 2
113. Question
Evaluate J.sin_l dx
a+x

Answer

f | _l x
sin dx
da+x

Put x=atan?t;dx=2a.tant.sec?t dt




atan?t
a+atan2t

X
=J-sin‘1 dx = J-sin‘l
Na+x

= ZaJ-t.tant.seczt dt

5 t (tan®t) J‘ tan® t atl +
=2a - c
2 2

2a.tant.sec?t dt = J-t.Za.tant. sec’t dt

t(tan’t) tant t
= 2a] > - + 5] +c

a[t(tan®t) — tant +t] +¢

X X
xtan‘l\l;— Vax + atan‘l\l;Jr c.

114. Question

Evaluate Jsin_l(SX _4x° ) dx
Answer

Put x=sint ;dx=costdt

J- sin™(3x — 4x3)dx = J-sin‘l(Bsint — 4sin® t)costdt ... .. (3sint — 4sin®t) = sin3t.
= J- sin~*(sin3t)costdt = J- 3t cost dt

=3J-tcostdt

By by parts,

=3[t sin t-[sin t dt]+c

=3[t sint + cos t]+c
=3xsintx+31—-xZ+c
115. Question

Evaluate 'H.Sill_l X')B dx

Answer
3
J- (sin"tx) dx

Put x=sin t;

dx=cos t dt
3
J- (sin"*x) dx = J- (sin~*(sint))*cost dt
J- t*costd = [t¥sint — 3 J- t?sint dt] = [t®sint — 3[—-tcost + 2 J- tcost dt]]

= [ta sint + 3t*cost — 6 J- t cost dt] = [t3sint + 3t2cost — 6[tsint + cost]] + ¢



= [t®sint + 3t%cost — 6tcost — 6cost] + ¢

=[(sin*x)*x +3(sin"'x)2y1—x2—6xsin"tx—641—x2]+cC
vV v

116. Question

Evaluate J.CDS_] ( 1-2x? ) dx

Answer

Put x=sin t

;dx=cos t dt;

J- cos™}(1—2x%)dx = J-cos‘l(l — 2sin? t)costdt = J-cos‘l(l —sin? t — sin? t)costdt

J- cos *(cos®t — sin® t)costdt = J-COS_I(COS?.E)COSEdf
2 [ tecost dt =2[tsint + cost]+C
Ans = 2xsin"tx + 21— x2+¢
117. Question
-
F XS X

Evaluate J — 7 dx
(1-x%)

Answer

xsin~tx
J- dx
(1—x2)W1—x?
we can put sin"Ix=t;dx/(1-x?)1/2=dt;(1-x%)=cos?t and x=sint.

tsint
> dt = | ttant sect dt
cos?t

By by parts,

| t tant sect dt =t sect — [ sect dt.......

sint
| sect tant dt = dt
cosZt

=t sec t-log (tant + sect) + C'
Put cost=u;

-sin t dt=du
= sin™! x sec(sin™? x) — log(tan(sin™* x) + sec(sin"* x)) + C’J- —u"%du

=-(-ul)+c
=sect+ C

118. Question

2y l—SiIIZXJdX

Evaluate J.e

l+cos2x

Answer



Put 2x=t dx=dt/2

1J’ t(l+sinr)dt lj’ b t_l_l . 2tdt
2] € \Thcost) @ =7 | (eTtang T oevsec™s)

lf ‘t tdr+lJ-t 2fdr
=3 (e anz) 7| € secs

! t 1 L t tan%

119. Question

Evaluate J v1-sinx e %2 4x

l+cosx

Answer

I
s X x
x Isin®Z+cos?a—2 sinecose
z z 2z

_f e 2:::::52'E =

2

. X X
J- _E(S”IE_COSE) _
e i ————

x

2 cos2=

2
. X x
x SIIIE COSE
ZJ-E H x X
2c0525 2!20525

J’[lt X x = 1 X 'E]d'
= zanzsec e z zsecze X

2
lJ’t X X _fd_ 1J’ X _fd_
= | tangsecsezdx — o | seco e zdx
1 X X

- ft o sdx - xf dx fd xf dx) dx
=3 | angsec;ezdx 2[sen:2 e zdx dx(secz) (e zdx) dx

x

1J’t X X _fd_+ X x+1flt X X e =
=3 | @angsecsezdx + e esecs + o | Stangsecy (_E)
2

X x
=sec; (ez)+c

120. Question

2

x (1_X)
(L)

Evaluate Je dx
Answer

_J’ L (14 x7—2x)
=) e

J‘ dx 2xe*dx
= Ex —
1+x2 (1+x2)2

zj'ex[ 1 _ 2x

e G e e (F) + F1(0)) = e¥f(x) + )




121. Question

mtan_l};
r e
Evaluate J —32 dX

(1+x7)

Answer

mJ’ tan~'x g
(1+x2)W1+x?
Put tan"Ix=t,dx/(1+x2)=dt, 1+x%2=sec?x;

tdt
=g coct =e™ | teostdt

=eg™m [tsint — J- sinfdt]

= e™[tsint + cost] + ¢

xtan x 1
=™ + c
Vi+x2 1422
122. Question
q
P X-
Evaluate J dx

(x-1) (x+1)

Answer

x?
= d
J-(x— 1)3(x+ 1) X
By using partial differentiation,

x2 A4 B C D
G-+ D -0 G-z G-1°

x2=Ax—1)P*+Bx—-1)*(x+D+Ccx—-1D'(x+1)+D(x+ 1)
By substituting the x2 coefficients and other coefficients we can get,

A=-1/8;B=1/8;C=3/4;D=1/2;

zfa(;ixlﬁfa(ff l)+J-4l:l:'3§xl)2+ J-z(xd—x 1)3

= Llog(1 4 2) + Slog(x — 1) = 1( ! )+
T Tgosl T gl a(x—1) a\1—x2)"°

123. Question

dx

Evaluate J
x -1

Answer

_— x d-_ X d.
_J-(xa—l) X_J-(x—l)(x2+x+l) x
_ 1 x—1

_f(3(x—1)_3(x2+x+1))




1J- 1 1J- -1
3/ x—1Y T3 vz 1™

1l (= 1) :LJ' (2x+ 1) i J‘ 3 i
=308 s 2+ 0% ) 2t v oy

L [ 1 1[114—12]
=—log(x—1)—=

3 log( )—3

(2x+1)
Il_ J.(\'.J(2+x+1]
put x2+x+1=t;
(2x+1)dx=dt
dt _

|1=2 - Iogt+c——log(1 +x+1)+

C

3 dx 3 dx

Now, 1273 fxz+x+l T2 f{x+§)2+§
put (2x+1)/,/3 =
2dx/y/3=dt
dx=/3dt/2

3 2 du 3 2 2x+1
= — | ——=—-.—tan"*u+c=+3tan? +c

23 uz+1 2743 V3

 =Zlog(x — 1) —=[>log(x2 + x + 1) —
So, answer is 3 ST ]+c
V3tan 1=
V3
124. Question
: 1

EvaIuateJ E dx

2
I+ Xx+xX"+x

Answer

_J’ dx B dx
S 1Ex x4 x3 ) (L x0(1+x2)

We can write the integral as follows,

f[2(1+1) ”2(1;11) ] IOg(Hl)__[f ;“j—xl J-xzdi 1

_ll (s 1) :L1 (x*+1 can=t ]+
=5 log(x 2[(:-g 5 an " x]+c¢
125. Question

¥ 1
EvaIuateJ o X

(x‘—ﬁ)(x'—ﬁ)
Answer
J-(x2+5)(x2+2)

1 A B

By partial fractlons,(szrs](szrz] =2t oo



Solving these two equations,2A+5B=1 and A+B=0
We get A=-1/3 and B=1/3

=l =

1J’ dx +1J' dx 11t _lx+1 1t _1'+
T3l rrs 3l ey 3B VB 32 V2
126. Question

a4

X" =2

J _ dx
)

X" —X

Answer

By partial fractions,

x2 -2 x%—2 A B C D

= = = + -
¥2-5 (x—-Dx(x+1D(x2+1) x—-1 x x+1 x2+1

So by solving, A=- @ ;B=2; C=- @ ;D = -3/2
_J’ dx +J’2d_ 1J’ dx 3J’ xdx
)T )X e x 1 2) e rt

1 1 3
= —Elog(x— 1) + 2logx —Zlog(er 1) —Zlc}g(;»f2 +1)+c

127. Question

Evaluate J

Answer
Let, x = sin?t

Differentiating both side with respect to t

dx
— =2gintcost = dx = 2sintcost dt

dt

1—sint
y = ——2sint costdt
: 1+ sint

1 —sint 1—sint
V= J-j[: )x( )Zsinf costdt

(1+sint) (1—sint)
v = ZJ-(l—sint)sintdt

1—cos2t
V= ZJ-sint— Tdf

2( ; t 4 sinZt) 4
= —cost — — c
Y 2" T4

Again, put t = siny/x

A Ilr—_ . N |"_'
_ sim/x  sin(2sinyx
y=2 (— cossinyx — >+ ( 2 )) +c




128. Question

a4

- X" +xX+1
J(x—lf(x—:)

dx

Answer

B x2+x+1 i
B (I+1)2(I+2)l

by partial fraction,

x2+x+1 A . B . C
(x+1)2(x+2) x+1 (x+1)2 x+2

So we get these three equations,
2A+2B+C=1

3A+B+2C=1

A+C=1

So the values are A=-2;C=3;B=1

x24+x+1 d__J’( 2dx)+J' dx +J’3d1‘
(x+1)2(x+2) x= x+1 (x+ 1)2 x+2

1
=—2log(x+1) +3log(x+2) ————+¢

x+1

129. Question
csindx —2 o
J l—cos4x o
Answer
Put 2x=t;
2dx=dt;dx=dt/2

sindx —2 1 [e®(sin2t —2) 1 [ ef(2sintcost — 2)
Z_J-m IZ_EJ-W ZZJ- cos?t

2 2 1
= EJ- efcottdt _EJ- efcosec’tdt = > [J-etcotfdt - J- efcosec? tdt]

1
=§[etcort+fetcosecztdr— J-etcoseczrdt]

+c

1[e**cot2x
) 2

130. Question

COtx + cot3}x
dx

Evaluate J{
1+ cot3 X

Answer

dt



J’ cotx(1+ cot®x) J’ cotxcosec?x
B 1+cotdx - 1+ cot3x

Put cot x=t, -cosec?x dx = dt;

B J’rdr _ J‘ tdt
N 241 (t+D(t2—t+1)

By partial fractions it's a remembering thing

That if you see the above integral just apply the below return result,

(t+1) 1
=—f - ]dt
3(t2—t+1) 3(t+1)
~Llogt+ 1) IJ- a-t 3 dt
~39% 3 [2(r2 —t+1) 2(2—t+ 1)]
1 1 1 dt
—_ - 2 _ I -
_3log(t+1) 6lnz:g(t t+1) Zf(t_i)erE
) 4
—11 (t+1) 11 (t2—t+1) ! 2t Y Ct)) -
=3log clog 2[\5 an Ny ]+c
— Llog(cotx + 1) — Llog(cot?x — cotx + 1) — =t ‘1(2C0tx_1)+
—30g(cox ) ¢ log(cot™x — cotx 73 an 73 c

16. Question

dx

Evaluate J

et +1
Answer

1 -
f n;r-”f+1d)L

We can write above integral as

J’1+ex—ex
= | ————dx
ex+1

1+e* —e¥
= J"exﬂdx+ fef+1 dx

(1) (2)
Considering first integral:
1+e*
J- dx
1+ex

Since the numerator and denominator are exactly same, our integrand simplifies to 1 and integrand
becomes:

= [ dx

=X

dx = x - (3)

1+e*
f 1+e”

Considering second integral:



_Ex
d_
J-ex+1 X

Letu =1+ &%, du = eXdx

Apply u - substitution:

J-% (—du) = —Injy|

Replacing the value of u we get,

¥ - x —
fgrﬂd;t =—In|1+ e*|+ C--—-(4)

From (3) and (4) we get,

1+e* —e*
=:-J- dx+J- dy =x—In|l+e*|+C
e¥+1 e¥x+1

1
J- dy= x—In|l1+e*|+C
eX+ 1

17. Question

X
Evaluate J © _1(1);
et +1
Answer
et-1
'[n:-:-’f+:LdJL

We can write above integrand as:

[ G
ex+1 ex+1 X

e* 1

= J‘erx+1dx_ IE-"+1 dx

(A) (B)

Considering integrand (A)

E,J('
A=J- dx
ex+1

PuteX+1l =t

Differentiating w.r.t x we get,
e*dx = dt

Substituting values we get

e* dt
A=J- dx=J-—dx=111|rI+C
ex+1 t

Substituting the value of t we get,

A=1Inle*+1|+C

2 A= _[idx = Inle* + 1| + ¢ (i)
ef+1

Considering integrand (B)



[
B ex+1;'L

We can write above integral as

J’l+e"—e"
= | —————dx
e*+1

1+e* -
‘—Y—I‘—T—lﬁ fgr+ldl + fﬁdl
(1) (2)
Considering first integral:
1+e*
J- dx
1+e~

Since the numerator and denominator are exactly same, our integrand simplifies to 1 and integrand
becomes:

= [ dx
=X

. J"1+£!‘r

1+grdx =x-(3)

Considering second integral:

dx
J- e*+1

Letu =1+ &, du = eXdx

Apply u - substitution:

1
— (—du) = -1
J-u (—du) nju|
Replacing the value of u we get,
i - x (4
_[B_r+ldl = —In|1+ e*|+ € -—-(4)

From (3) and (4) we get,

1+e* —e¥
=:-J- dx+J- dy =x—In|l1+e*|+C
ex+1 e+ 1

=S I S SR x
..B_fgrﬂdx_ x —In|1+ e*| + C -(ii)

From (i) and (ii) we get,

e* 1
J-ex+1dl_ J-ex+1dl= (Inle*+ 1| - (x—In|1+e*]))+C

=2Inle*+1|—-x+C

e -1
J- dx =2Inle*+1| —x+C
e¥ + 1

18. Question

. 1
EvaIuateJ ——dx
e’ +e"

Answer



1 -
“[ e e dx

We can write above integral as:

1 -
=J- ldx

€x+?

= [ dx (1)

e2%41
LeteX =t
Differentiating w.r.t x we get,
eXdx = dt

. integral (1) becomes,

[
ez

= tan'l(t) + C ( [ ~_dx = tan‘l(x))

x+1

Putting value of t we get,

=tan'l(eX) + C

1
J-—dx =tan 1(e®)+ C
ex+ex
19. Question

Evaluate J cos X dx
sin X
Answer

J- cos’ x

sinx

We can write above integral as:

J- (cos®x)?.cosx dy (1)

gsinx

Put Sinx =t
Differentiting w.r.t x we get,
Cosx.dx = dt

.~ integral (1) becomes,
cos?x)?
_ f (cos™®)" .
[
= [0 gy (2 sin?(x) + cos?(x) = 1)

t
e

ZJ’(l)g— (%)% — 3(1)(t2)(1—t2)dr= J’l— t® — 3t? + 3t*

t

1 s 3t? 3t
=f—dt— —df—f—df+f—dt
t t t t

t

dt



t® 3t? 3t
=10g|f|—E—T+T+C

Putting value of t = Sin(x) we get,

sin®x 3sin®x 3sin*x

=log|sinx| — - +
glsinx|——¢ 2 4
J’cos”xd | . sin®x 3sin*x N 3sin*x
x = log|sinx | — —
sinx el | 6 2 4

20. Question
EvaluateJ sin x sin 2x sin 3x dx

Answer

| sinx sin 2x sin 3x dx

We can write above integral as:

= 5 [ (2 sinx sin2x) sin 3x dx --(1)

We know that,

2 sinA.sinB = cos(A-B) - cos(A+B)

Now, considering A as x and B as 2x we get,

= 2 sinx.sin2x = cos(x-2x) - cos(x+2x)

= 2 sinx.sin2x = cos(-x) - cos(3x)

= 2 sinx.sin2x

cos(x) - cos(3x) [ cos(-x) = cos(x)]

. integral (1) becomes,

1
= EJ-(COSI —cos3x)sin3xdx
1
= EJ- (cosx.sin3x — cos3x.sin3x)dx

1
=3 U- (cosx.sin3x) dx — J-(cos 3x.sin3x) dx ]

1
=2 U 2(cosx.sin3x) dx — J- 2(cos3x.sin3x) dx ]

Cosidering [ 2 (cosx.sin 3x) dx

We know,

2 sinA.cosB = sin(A+B) + sin(A-B)

Now, considering A as 3x and B as x we get,

2 sin3x.cosx = sin(4x) + sin(2x)

~ [ 2(cosx.sin3x)dx = [sin4x + sin2xdx --(2)
Again, Cosidering [ 2(cos3x.sin3x)dx

We know,

2 sinA.cosB = sin(A+B) + sin(A-B)

Now, considering A as 3x and B as 3x we get,



2 sin3x.cos3x = sin(6x) + sin(0)
= sin(6x)
«» [ 2(cos3x.sin3x)dx = [sinéxdx --(3)

. integral becomes,
1
=2 U 2(cosx.sin3x) dx — J- 2(cos3x.sin3x)dx ]

= :t [[ (sin4x + sin 2x)dx — [ sin6xdx ] [From (2) and (3)]
1
ZEU- sindx dx + J-sinz;t'dx —J-sinéxdx ]

1[—cos4x+(—c052x) (—Coséx)]+c
T4 4 2 6

c+ b
cos(ax )Jr Cl

[ J- sin(ax+ b)dx = —

1[cos6x cos4x cos2x

G 4 2
J’ 0% sin 2x sin3x dx 1[cos6x cos4x cos2x
+ | sinxsin2xsin3xdx = o |— 7 >

21. Question
EvaluateJ CcosX cos2xX cos3x dx

Answer

[ cosx cos2x cos 3x dx

We can write above integral as:

= é [ (2 cosx cos2x) cos3xdx (1)

We know that,

2 cosA.cosB = cos(A+B) + cos(A-B)

Now, considering A as x and B as 2x we get,

= 2 COSX.C0S2X = COS(X+2X) + cos(x-2Xx)

= 2 COSX.C0S2X = C0S(3x) + cos(-x)

= 2 COSX.C052X = c0s(3x) + cos(x) [' cos(-x) = cos(x)]

. integral (1) becomes,

1
= EJ-(COS?)I + cosx)cos3xdx
1
== | (cos3x.cos3x + cosx.cos3x)dx
ZJ-( 3 3x + 3x)d
1
=EU-(c0523x) dx+f(cosx.c053x)dx]

= %U 2(cos?3x) +J-2(|:05x. cos3x)dx ]

Cosidering [ 2 (cosx.cos3x) dx



We know,

2 cosA.cosB = cos(A+B) + cos(A-B)

Now, considering A as x and B as 3x we get,

2 COSX.C0S3X = cos(4x) + cos(-2x)

2 COSX.C0Ss3x = cos(4x) + cos(2x) [ cos(-x) = cos(x)]
~ [ 2(cosx.cos3x)dx = [(cos4x + cos2x)dx --(2)
Cosidering [ 2cos23x

We know,

c0s2A = 2cos?A - 1

2c0s?A = 1 + cos2A

Now, considering A as 3x we get,

[ 2c0s?3x = [ 1 4 c0s2(3x) = [ 1 + cos(6x)

~ [2(cos?3x)dx = [1+ coséxdx --(3)

. integral becomes,
1
-3 U 2(cos?3x) + J- 2(cosx.cos3x)dx ]

= :t [[ (1+ cos6x)dx + [(cos4x +cos2x)dx ] [From (2) and (3)]

J-(l+ cosbx) dx +J-cos4xdx+J-c052;t dx]

5111 61] [5111 41] [511121
4 4

sin6x sin4x sin2x

I I T S I

6 4 2
J- ) 2y 3 dy 1[_ 51116x+sin4x+51112x
COSX COS2X cos3x 1—4 X g 7 5

22. Question

J~sinx +C0osX
Afsin 2x

Answer

dx

J- sinx+cosxd i

Vsin2x
We can write above integral as

= fwd - [Adding and subtracting 1 in denominator]

—_—
V1-1+sin2x

J’ sinx + cosx
—_ l
J1—(1—sin2x)

dx = sin?x + cos?x = 1 and

J- sinx+cosx

J1-(sin®x+cos® x—2sinx cosx)
Sin2x = 2 sinx cosx

- _ . ,
= I%d;ﬁ *5in2x + cos2X - 2 sinx cosx = (sinx - cosx)?
J 1-(sinx—cosx)?



Put sinx - cosx =t
Differentiating w.r.t x we get,
(cosx + sinx)dx = dt

Putting values we get,

J’ (sinx + cosx) p J’ dt
= X = _—
J1— (sinx — cosx)? V1-—1t2

a intt+C
= — = 511
V1 —rt2

Putting value of t we get,

sinx + cosx

dx = sin™! (sinx — cosx) + C
s -
Vsin2x

23. Question

"SI X — COSX
[PRXZCOSX 4

Afsin2x
Answer

J- sin x—cosx

Vsin 2x
We can write above integral as

dx [Adding and subtracting 1 in denominator]

J- sinx—cosx
=l T
v1i+sin2x—-1

J’ sinx — cosx
J(L+sin2x) -1

dx " sin?x + cos?x = 1 and

J- sinx—cosx

Y (sin? x+cos®x+2 sinx cosx)—1

sin2x = 2 sinx cosx

) dx “rsin2X + CoS2X + 2 SinX Cosx = (sinX + Cosx)?

J- (sinx—cosx
- Y (sinx+cosx)? -1

Taking minus (-) common from numerator we get,

J’ (—sinx + cosx)

J(sinx + cosx)2 —1

dx

Put sinx + cosx =t
Differentiating w.r.t x we get,
(cosx - sinx)dx = dt

Putting values we get,

J’ (cosx —sinx) J’ dt

= — X = — e ——
J(sinx + cosx)2 —1 Viz—1
We know that,

dx ——
_— = - rZ2 — 2|
J-\,xz—az log|1+\f;t az|+C

Herex =tanda=1



dt
vz — 1

log|f+\;f2 |+C

Putting value of t we get,

sinx — cosx
vVsin2x

—loglsinx+cosx+ J(sinx +cosx)2—1 | +C

- from (1) we get,

sinx —cosx

ATV dx = —log|sinx + cos x ++/sin2x | + C
v

24. Question

: 1
Evaluate J , , dx
sin(x—a)sin(x—b)
Answer
Letl=[———dx

sin(x—a) sin{x—b)

Multiply and lelde

in R.H.S we get,

(a b)

B J‘ sin(a — b) "

~ sin(a—b) J sin(x — a) sin(x — b) x
We can write above integral as:
B J‘ sinfa—b+x—x) i
~ sin(a — b)) sin(x — a) sin(x — b) X
B J’sin[(x—b)— (x—a)]
~sin(a— b)) sin(x — a) sin(x — b)
B 1 J’ [sin(x — b) cos(x —a) — cos(x — b) sin{x — a) i
~sin(fa—b)J | sin(x — a) sin(x — b) *

[ sin(A+B) = sinA.cosB - cosA.sinB]

B J‘ [sin(x — b) cos(x —a) cos(x— b)sin{x —a)
~ sin(a— b)) |[sin(x — @) sin(x — b) ~ sin(x — a) sin(x — b)

By simplifying we get,
B 1 J’ cos(x—a) cos(x—Db) i
“sin(a— b)) [sin(x—a) sin(x —b)

1
= m[[cot(;{ —a) —cot(x — b)]dx

1 o e
=m[log|5111(1 a)| —log|sin(x —b)[] +C

[ [ cotx dx = log|sinx| + C]

B 1 1 sin(x — a) i
~ sin(a — b) g sin(x — b)
1 sin(x —a)
- i e a
sin(x — a) sin(x — b) sm(a b) sm(x —b)

25. Question



: 1
EvaluateJ dx
cos(x—a)cos(x—Db)

Answer

Letl= [————dx

cos(x—a) cos(x—b)

Multiply and divide

sin(a—b)

1 sin(a— b) _
I'= sin(a — b) J- cos(x —a) cos(x — b) dx

We can write above integral as:

B 1 sinfla—b+x—x)
~ sin(a — b) J- cos(x —a) cos(x — b) *
B 1 J’sin[(x—b)— (x—a)]

" sin(a—b)

cos(x — a) cos(x — b)

in R.H.S we get,

B 1 [sin(x — b) cos(x —a) — cos(x — b) sin{x — a)
~ sin(a — b)J- cos(x — a) cos(x — b)

[ sin(A+B) = sinA.cosB - cosA.sinB]

[sin(x — b)cos(x —a) cos(x — b)sin(x —a)

1
- sin(a — b)J- cos(x — a) cos(x — b)  cos(x — a) cos(x — b)

By simplifying we get,

B 1 sin(x —b) sin(x— a) i
~ sin(a — b)J- [cos(x —b) " cos(x —a) *

- Wl_b)f[tan(x —b) —tan(x — a)]dx
~ sin(a— b) [

[ [ tanx dx = -log|cosx]| + C]

- sin(a —

cos(x — a)

cos(x — b) e

1
- sin(a — b) [log

oglcos(x — b)| + log|cos(x — a)|]

B [log|cos(x — a)| — log|cos(x — b)|]

cos(x — a)

1 1
I= J- cos(x — a) cos(x — b) dx = sin(a— b) [log

26. Question

- sinX

Evaluate J— dx
JJl+sinx
Answer
J- sinx
v 1+sinx

We can write above integral as:

1+sinx—1
=]

| P —
v1+siny

cos(x — b)

dx (Adding and subtracting 1 in humerator)

dx

+C



1+ sinx J’ i
X — | ——dx
\,*l+51111 Vv1+sinx
f _
v1+sinxdx J- dx
J- v1+ sinx
Consider

X X X X X X 82
/1+sinx = Jsin?— + cos2— + 2sin—cos— = (sin— + cos— )
v 2 2 27772 2 2

(" sin?x + cos?x = 1 and sin2x = 2 sinNX.Ccosx)

~ T+ sinx = 5111;£+ cos;—( - (1)

T L eimvdvr —
Vv1+sinxdx J- dx
J- v1+sinx
X 1
J-(5111£+c05—)d1 —fﬁdx
51112+l3052
[From (1)]
Considering,
X 1
J-(sszr cos—)d;t - fﬁd;{
sin + oS>
2 JC—I-Z in> J- ! d
= —2cos8— sin— — - - dx
2 2 2 tan% 1 — tan2 %
¥+ X
2= 2=
1+;c(an ) 1+ tan ) )
X 2tang X l—tanzz
vsing =——— and cos; =———
2 1+4tan2Z 2 1+4tan?3
2 2
9 x_l_z.x J‘ 1 +tan"g J
= —2cos8— sin— — - : X
2 2 (2tan%+ 1 —tan? %) +(1-1)

(Adding and subtracting 1 in denominator)

1 + tan?

4 )
+ 1+ tan? —) — 2] @

=—2c052+251n J- [( B r

‘4

= —2cos=- +251n——f—"— dx --(2)
(tanf—l) -2

= —2tan£+ 1+ tan2£ = (tanE - 1)2
' 4 4 4

X
Put tan—-—1=1u
4
L X
sec”—dx = 4du
4
Putting values in (2) we get,

2cose + 2sine — 4 f du
= —4C08— SiNn— — —_—5
2 2 ()2 — (ﬁf



We k f du L |x_a|+c
¢ fenow (x)2—(a)2 2a Clira
2cost + 2sin’ — 4——10g|*— 2] + ¢
= —2c0s= sin— — 0
2 2 2\.@ & u+\,"§
Substituting value of u we get,
ycos¥ 1 25in® _ V31 tan%—l—\ﬁ .
= —2cos-+ 2sint —v2log|———| +
2 2 tan%—l+\ﬁ
. X 5
sinx d 9 x+2 X 51 tang—l—\,z p
s | ———=dx = —-2cos= sin-—+2log|———
VI +sinx 2 2 ta11%—1+\ﬁ

27. Question

TS 11D:4

Evaluate J dx

cos2xX

Answer

Let] = j-csinx

os2x
We know cos 2x = 2cos2x - 1

Putting values in | we get,

; J‘ sinx i J‘ sinx i
COS 2X 2cos2x—1

Put cosx =t

Differentiating w.r.t to x we get,
sinx dx = -dt

Putting values in integral we get,

= _J-thf— 1 _J- [\E t}ff_ (1)2

Again putv2x t =u

Differentiating w.r.t to t we get,

_du

V2

dt

Putting values in integral we get,

1 du
fzﬁftl)z— L

We k f dx intx+C
€ KNow — = = 81 X
(1)2 — (x)?

1 ; 1
I=—J,_5111‘ u+Cc
V2

Substituting value of u we get,

1
[ =—sin~'2t +C
V2



Substituting value of t we get,

1
= —gj -1 'I’_ i
I \ﬁsm (V2cosx) +C

; J’ sinx d 1 = p
= x =—=sin COSX
€0s2x V2 (v )

28. Question
Evaluate J.tmﬁ x dx

Answer

[ tan® x dx

We can write above integral as:

[ tan®x dx = [ (tan? x)(tanx) dx ----(Splitting tan3x)
= [ (sec®x — 1)(tanx) dx (Using tan®x = sec?x - 1)
= [sec? x (tanx) dx — [(tanx) dx

T

(1) (2)
Considering integral (1)
Let u = tanx
du = sec?x dx

Substituting values we get,
2

u
J-SE(ZzJL'(T.aIlI)dI= J-udu=?+6

Substituting value of u we get,

tan? x

+C
2

J-seczx (tanx) dx =

.. integral becomes,

tan? x

J-seczx (tanx) dx — J-(tan x)dx = 5~ J-[tan x) dx

= tan:x — (—log|cosx[) + ¢ [ [ tanx dx = -log|cosx| + C]

2

tan® x

J-tan3 xdx = +log|cosx|+ C

29. Question

J‘tmﬁ X dx

Answer

[ tan* x dx

We can write above integral as:

[ tan* x dx = [ (tan?x) (tan? x)dx --—-(Splitting tan“x)



= [ (sec®x — 1) tan? x dx (Using tan®x = sec®x - 1)

= [sec? x (tan’ x) dx — [(tan®x) dx

— Y
(1) (2)

Considering integral (1)
Let u = tanx
du = sec?x dx

Substituting values we get,

ua
J-seczx (tan®x) dx = J-uz du = ?JrC
Substituting value of u we get,

tan® x
3

J- sec?x (tan’x) dx =
Considering integral (2)

J-(t::m2 x)dx = J- (sec?x — 1)dx
= J- (seczx)dx—fldx
=tanx—x+C

.. integral becomes,

tan® x

J- sec?x (tan®x) dx — J-(tan2 x) dx = +C —(tanx —x + C)

tan® x

= —tanx 4+ x + ¢ [ C+Cis a constant]
3

tan® x
—tanx+x+C

J- tan® x dx =
30. Question
J.taln5 X dx
Answer

[ tan® x dx

We can write above integral as:

[ tan® x dx = [ (tan®x) (tan? x)dx ----(Splitting tan>x)

= [ tan® x (sec?x — 1)dx (Using tan?x = sec?x - 1)

= J- sec?x (tan®x) dx — J-[:tan3 x) dx

= [ sec?x (tan®x) dx — [ (tan?x)(tanx) dx ---(Splitting tan3x)

= J- sec?x (tan®x) dx — J- (sec? x — 1)(tanx) dx



(Using tan?x = sec?x - 1)

= [ sec? x (tan® x) dx — [ sec? x (tanx) dx — [(tanx) dx

(1) (2) (3)
Considering integral (1)
Let u = tanx
du = sec®x dx

Substituting values we get,

uﬁl-
J-seczx (tan®x) dx = J-ua du = T_H:
Substituting value of u we get,

tan* x
4

J- sec?x (tan®x) dx = +C

Considering integral (2)
Let t = tanx

dt = sec?x dx

Substituting values we get,

2

t
J-SE(ZzJL'(T.aIlI)dI= J-fdf=5+6

Substituting value of t we get,

tan® x
2

J-seczx (tanx) dx =

Considering integral (3)

[(tanx) dx = —log|cosx| [ [ tanx dx = -log|cosx| + C]
.. integral becomes,

J-seczx (tan®x) dx — J-sen:2 x (tanx) dx — J-[tan x) dx

tan* x tan® x
4 2

+ C) — (—log|cosx|)
- (%) T (?) + (loglcos x|) + € [ C+C+C is a constant]

. tan® x tan® x
J-tan’ x dx = 2 + > + (loglcosx|)+ C

86. Question

it l l
EvaluateJ a- —x- dx

Answer
Let, x = asint

Differentiate both side with respect to t



?:amsf:dx=acostdt
t

_ | p——
y = J-\,az — (asint)? acost dt

V= J-(acosf J(acost)dt

y = [a? cos?t dt

21+|:|:}52r
y=fa:( 2 )df

ﬂ.2
V= ?J-1+c052t dt

2

a (t+sinzr)+
= — c
Y=7 2

Again, put t = sin™1=
a

ra

. X
X 5111(2 sin 1—)
X a

2 sint I+ +
y= —|sin " -+ —————- c
< 2 a 2

X f x2

a2 l_lx—l—szX 1_[1_2 .
yv= —| sin" " — c
- 2 a 2

a’ X X —

— __ain—1_ _ 2 __ 42
y = sin + az—x2+¢
7T 2 a 2V

87. Question

Evaluate J 3x% +4x +1dx

Answer

Make perfect square of quadratic equation

32 +4x+1=3(x2+1x+1)
a2 @w () -
-s|(x+3)

= [ Pl 3] o
v 5[ [[(x+3) -3 &

USIng formula, I\.I'IE —_ a2 dl = ;_(\l.'l-2 —_ a2 _ a?zh](l + \.FIE —_ aZ)




P2 v arie 2 (-+2)+ SR
Y= ——V3x X il (x+3 X2+ 4o |+

88. Question
Evaluate". 1+2x — 3X2 dx

Answer

Make perfect square of quadratic equation

o3[ (o -3

sft-(e-2 Q)+ ))

5[ - (3]
1= 5[5 - (3]

. 2
Using formula, [ yaZ —x2 dx = ﬂ?sm—lf + ;—(\,*'_aE — 2
a

2 1 1
= ¥ — = ¥ — = 22 12
y=+3 (32) sin‘l( 23)+( 23)‘j(—) —(x——) +e
(3)
243 3x—1) (3x—1
. e ——
\'9 51111( 5 )+( c )\fl+21—312+c
89. Question

}J’:

Evaluate J.X 1+X—X2 dx

Answer

Make perfect square of quadratic equation

Lex-ed (e 2w+ ()
(Y
SRCEEE

let, y — =t s x =t +~
2 2

Differentiate both side with respectto t

E=1=>dx=dt
dt

[ [(5) e



= [ e 1 [ e
e[S e

Let, t2 =z

Differentiate both side with respect to z

dt 1
2t— =1 = tdt = Edz

dz
A—lf v\ dz
=32 2 ) ?
1
A=Efw5—4zdz

A= E(5—4Z)2+C1

Putz=t2andr=x—§

3
-1 1\7\2
A= E(E)—‘l-(l—i) ) +C1

_1 3
A= ?(14'}[—}[2)54-01

B—fl V5\ 12 dt
2 J\ 2

5 2t t ——
B:ESIHI(E)-F §v5—4t2+cz
Putt=x—=
2
1
5 L (2x-1 (I—g) 12
B=Esm ( NG )+ 3 5—4(1‘—5) + c;
5 2x—1 2x—1) ——
B=Esin‘1( N )+( 3 )\.'1+I—JL'2+CQ

The final answerisy =A + B

-1 3 5 2x — 1 2x—1
y=?(1+x—x2)§+ﬁsin‘1( )Jr( )1 (— X

1 5 2x—1
y=E(SIE—ZI—11)\;1+x—x2+ﬁsin‘l( )+c

90. Question



Evaluate [(2x + 3)y4x® + 5% +6 dx

Answer
Make perfect square of quadratic equation

o 2
4x2+5x+6=4[(x+3) + 2
8 &4

('+5)2+ AN
X 3 3 X
\

Let,x—l—§=t =x=t—

y = 2[(2x+3)

Wl

Differentiate both side with respectto t

E:;L:dx:dt
dt

—2”2r+7) t2 4 V71\ dt
y= 4 8
\

V7T\'
.-q=4J-f ? + t? dt

Let, t2 = z

Differentiate both side with respect to z

dt
2t ——1 :tdt——dz

a=2[ () 4

1
= ny’71+64zdz

1
A= ﬁ(‘?l—l_ 642)2+Cl

Putz=t2andt = y +

Wl

3

1 5\%\2
A= ?1+64( —) +
384( 8) ‘1

1 3
A= g(4x2+5x+6)5+cl

B—f7 ”ﬁzﬂzdr
)2 8




1 3 7((Bx+5) —— —
y=g(4x2+51+6)2+5 ————J4x2+5x+6 |+

497
—In (

-+5)+ ST
756 X X X 2 C

8 4

1
y = m(lZsz +328x +297)/4x2 +5x + 6 +

497, (_+5)+ AN
256 | \FTg) T [T T T

91. Question
L
Evaluatej(l +x- ) c0s2x dx

Answer

y=[cos2x +x%cos2xdx

A= fcostdx
sin 2x
A= T—l— Cq

B = J-xz cos2x dx
Use the method of integration by parts

d
B = IEJ-COS?.IdI— J-a(xz) (J-cosz;t dx) dx

5 sin 2x
= X

— J-x sin 2x dx

sin 2x d
B = x? 5~ (xJ-sian dx—fa[x) U-sinz;tdx)




B 5 sin 2x . cosZ2x sinZx
= X X —
2 2 4

The final answerisy = A+ B

51112x+ 5 51112x+ _cost 51112x+
Y= T T Ty T g €
(1+ x?) X

1
v 51112x+£c052x —Esian+ c

92. Question
Evaluate Jlogm x dx

Answer

Use the method of integration by parts

V= J-lxlogmx dx

d
y = logme-dx — faloglox(fdx) dx

1

y=xlogx — J-x—xlogglﬂdx

=xlog, x — +c
y g10 10

X
log
y=x(log,x —1)log,,e +c

93. Question

-log(logx
EvaIuateJ g dx
X
Answer
Let, logx =t

Differentiating both side with respect to t
1dx dx

dr - 1= - = dt

Note:- Always use direct formula for [log x dx
y = [log t dt

y=tlogt-t+c

Again, put t = log x

y = (log x)log(log x) - log x + ¢

94. Question
Evaluate J); sect 2x dx
Answer

Use method of integration by parts

d
y= xJ-serJszdx — fax(f se022xdx)dx



tan 2x J’tan 2x
=x — X
y 2 2

Use formula [tan x dx = log secx
X log(sec2x)
= —tan2x - ——+¢c¢
Y=32 4
95. Question
Evaluate JX sin” x dx

Answer

Isinx—sin3x
4

3sinx — sin3x
I fl( 4 )dx

SJ-" iy 1J-"3'd'
}’—4 xsinx dx 2 x sin 3x dx

We know that gin?y =

Use method of integration by parts

(s fomrar— [ x([omrar)ax)
V= 2 x| sinxdx — El sinx dx | dx

1 d

——(xj-sin?:xdx— J-—x(J-sinSxdx) dx) y
4 dx :

cos3x

3 1 c0s3x
= E(—xcosx+ J-cosxdx)——(—x +

4 3

3[: ) 4 siny) 1( _c053x+51113x)+
y—4 xcosx + sinx 2 X 3 5 C

1 X
y = E(—?;Jccu:)s;»c +351nx+§c053x—

sin 3x
) .

96. Question

a4

Evaluate"‘(x +1)" " dx

Answer

y = [(x2 + 2x + 1) e dx

y = [(x% + 2x)eX dx + [eX dx

We know that [(f(x) +f'(x))e* dx = f(x) e*
Here, f(x) = x? then f'(x) = 2x

y = x2eX + eX + ¢

y=(x2+1)e+c

97. Question

~ [ 3 3
EvaluateJ log(x tafx-+a“

)dx

Answer

Use method of integration by parts

J

3

)



— d —
y=10g(x+\;x2+a2)fdx— falog(x+vxz+a2)(fdx)dx

2x
1+-—2
{32 2
) ) 51 2 2vxi+ar
y=xlo (l—i— 12+a2)—f—xd1
y S X+ VX2 + a2
- v . 12 2 P D
v ;tlog(;t+\;1 +a) J-‘de

Let, x2 + a2 =t

Differentiating both side with respect to t

2x - 1 cdx at
xoo=1=xdo= o

y= xlog(x+vx2+a2)— EJ-idt
B 2 \."'f

y=xlog(x+\;x2+a2)— Vi+c

Again, put t = x2 + a2
y=xlog(x+vx2+a2)— vxi+at+ec

98. Question

slogx
EvaIuateJ “3 dx
X

Answer

Use method of integration by parts

1 d _ 1y,
V= log;tJ-x—gd;t - falogx(fx—gdx)dx

1 'l-i-J-ld'
Y= T8 2x3

1 _ 1
—ﬁlogx - —+c

V =
- 4x2

1
y=—ﬁ(210gx+l)+c

99. Question

Evaluate

J-lcng(l—x} dx

2
X
Answer

Use method of integration by parts
= log(1 'J-ld' J-dl 1 '(J-ld')d'
y=log(1-x) | mdx— [——log(1—x)( | dx)dx

y = —log(l—x)%— fﬁd;{

x+(1-x)

1
y=—;log(l—x)— (1—x)x



1 1
y=——log(l—x)— J- +de

1
X (1—x)

1
y= —;log(l— x)+log(1—x)—logx+c

1
y= (1—;)10g(1—x)—logx+c
100. Question
Evaluate J‘XB (lggx)' dx

Answer

Use method of integration by parts

d
y= Eogzxfxgdx— J-alogzx (J-xgdx)dx

_ , x* J’Zlogxx“d_
Y=y x 4

- Yhogix —La [ xax fdl ([ wax)ax
y= Flog’x —>(logx [ x*dx Zologx (| x¥dx )dx

4 4 4
= —log’x — —
y 2 g

101. Question
- 1
EvaIuateJ —dx
xyl1+x"
Answer
Let, \l'll +xn =t
Differentiate both side with respectto t

nx™ 1 dx ) dx 2dt
_— = - =
21+ xndt xV1+x7 n(t?—1)

R
Y= n(tz2—1)

Use formula [ ——dt = —In (*‘_ﬁ)

t2—a? 2a t+a

1l (t—1)+
y_nn t+1 ¢

Againput ¢t = T+ x7

1 (\f1+x“ - 1)

y=—-In{——|+c
} n Vvi+xn+1

102. Question

a4

dx

Evaluate J
1—-x



Answer
Let, x = sin%t

Differentiate both side with respect to t

dx

== 2s5intcost dif = dx = 2sintcos tdt
t

sin*t
y = 2sintcost df
- cost

y = ZJ-SE?lsde

y= 2[(1 —cos?t)?sint dt

Let,cost =12z

Differentiate both side with respect to z

—sintE= 1 =sintdt=-dz
dz

y = —zf(l— 22)%dz

y= — J-1+z“—222dz
ZS 3

= 2(z+—-2— |+
v (Z 3 3) '
Again putz =costand¢ — sin™!\x

cos’(sin™t/x cos3(sin~tyx
y = —2| cos(sin"*vx) + ( Y )—2 ( V) +c
] g 2
1—x)%1—-x 2(1—-x *1—1‘)

-2
=1 1—x(3x>+4x+8)+¢

103. Question

5

X
Evaluate Ji dx
1—)(3

Answer
Let, 1 +x3 =t

Differentiate both side with respectto t

, dx . dt
3x*—=1 = x“dx= —
dt
17(t—1)
= = dt
y 3 NG
1 1
= - | Jt——=dt
y 3[” NG



Again, putt =1 + x3
1/2 3
y= 5(5(1+ Ia)ﬁ—zv’l+x3)+c

2
y= §\f1+x3(x3—2)+c

104. Question

R
- 1+x”
EvaluateJ —— dx

1+x~
Answer

y= [+V1+x2dx

Use formula \/gZ + x2 = ’2_‘,”!1-2 T aZ4 %2111[1' +Vx?+ a )

X —— 1 —
y= va2+ 1+Eln(x+\fx2+ 1)+c

105. Question

Evaluate J‘X Bl I

Answer
Let, x =sint
Differentiate both side with respectto t

?=c053=>dx=costdt
t

J’ . sint t dt
v= | sin cos
1+ sir

. (1—sint)(1—sint)
y= J-smt , , costdt
. (1+sint)(1—sint)
¥ = J-sinr(l— sint)dt

y= J-sinfdt - J-sirﬁtdt

1—cos2t
V= —cost—fidr

2
. (r sinZt)
= —cost—|=-— C
Y 2 4

Again put t = sin'lx

(sin"1 x) (sin"*x) sin2(sin"'x)
y= —cos(sin"tx)— _
) 5 :
A A —
—— sinT'x xVl-x
y= —1- x2 — + +c

2 2



X — 1
= [— — _ y2 T ain—ly
y—(z 1)\f1 X 25111 x+c

66. Question

: 1
Evaluate J - dx
sinx(2+3cosx)

Answer

To solve this type of solution, we are going to substitute the value of sinx and cosx in terms of tan(x/2)

2 [fan ;—(]
sinxy =——=
1+ tan2-
2
(1 _ tanzx)
o 2
cosx = 1+ tan® x

2

1
- J- 2tan> 1-tan?Z dx
24+3.——=3

i Ey
1+tan25 1+tan25

sec” -
I= J- dx
Ztan;—( (2 + 2tan? ;£+ 3 — 3tan? ;—()
In this type of equations, we apply substitution method so that equation may be solve in simple way

Let tan (;—() =t

L sec? Xy —

—.sec’=dx =

2 2

Put these terms in above equation,we get | = fﬁ

Nl

Let us now again apply the substitution method in above equation
Let t2 =
-2.t3dt = dk

Substitute these terms in above equation gives-

; dk
10
1 1 (5—1t2\’
T 10k2 107\ 2
(&)
10

Now put the value of t, t=tan(x/2) in above equation gives us the finally solution

2
1 5
=—|—=-1
10 \tan? >

67. Question



Evaluate J; dx

SINX + sin 2x
Answer

To solve this type of solution ,we are going to substitute the value of sinx and cosx in terms of tan(x/2)

2 [fan ;—(]
sinxy =——=
1+ tan2-
2
tanzx)
S
cosx = 14 tan? x

2

1
I= 1-t ok dl'
2tanx/2 —tans-o
/ x(l + 2.—%)
1+tan25 1+tan25

sec?=
-
Ztan;—( (3 —tan? ;5)

dx

In this type of equations we apply substitution method so that equation may be solve in simple way

Let tan (;—() =t

L sec? Xy —
2.sec 2 X =
Put these terms in above equation,we get [ = fﬁ
; t3dt
) (3t2-1)

Let us now again apply the substitution method in above equation
Let t2 =k
-2.t3dt = dk

Substitute these terms in above equation gives-

[ 1 [ dk
6] k

[ 1

- 6k2

1 (3-¢7 :
6\ t2

1 3

- r_ _ 2

Now put the value of t, t=tan(x/2) in above equation gives us the finally solution

;1.3 2
6 tan?;—(

68. Question

Evaluate J ! dx

sintx +cos’ x




Answer
Considerf; dx,

sin® x+cos* x

Divide num and denominator by cos*x to get,

1 A
J-—_ d;t':f—_,,wsx,, dx
3”141-4_ CCI'SJ'I sin x+ cos*x

cos*x  cos*x
J‘ sectx g
= | —5—— dx
tan*x +1

J’seczx .sec?x
tan*x +1

sec?x (1 +tan®x)
= dx

tan*x + 1
Lettanx =t

sec2x dx = dt

(1+t%)
R

Now divide both numerator and denominator by t—zto get,

o G+)
_J-(r2+tiz)+2—2

dt

dt

G+
_f(1—§)2+2

1
(1 +—)dt =du
1:2

_J’ du
Tl ur+2

\.E V2
1
! tan™?! L +
=—tan c
V2 V2
]_ _ 1
=—+tan? tanx | | ¢
V2 V2
69. Question
- 1
Evaluate J— dx
5—4smx



Answer

in this integral we are going to put the value of sin (x) in terms of tan(x/2)-
I J’ 2dt
) 5+5t2—-8t
s dt

3 3

By applying the formula of 1/(x2+aZ2) in above equation yields the integral-

L(=3)

1
I =—-.—=.tan
52 )
; Zt _15t—4
= —.tan
3 3

By putting the value of t in above equation ,

; Zt '15t x 4
=3-tan (33112 3

70. Question
R S
Evaluate Jscc X dx

Answer

above equation can be solve by using one formula that is (i+ tan?x=sec?x)
I=] sec X dx

— [ sec2X sec?x dx

= [sec?X (1 + tan?x ) dx

- [ sec’X dx + [ sec?x tan®x dx

Put tanx=t in above equation so that sec?xdx=dt

tg
I = tanx + J-fzdt = tanx +§

tan®x

= tanx +

71. Question

4

Evaluate J cosec” 2x dx

Answer
above equation can we solve by the formula of (14cot?x=cosec?x)

=] cosec42X dx
22x (1+cot22x) dx
= [cosec
= cosec22x dx + [cosec?2x cot?2x dx

Let us consider that cot2x=t then -2.cosec?2xdx=dt



cot(2x) 1

I= ——. (tdt
cot(2x 1
I=-— ; )—g.[cofz;t)g

72. Question

. l+sinx
Evaluate J

sinx(1l+cosx)
Answer

first divide nominator by denominator -

R PR S R

= | 0——————dx —dx
sinx(1+ cosx) 1+ cosx

1 1
S N — PO [ —
J-Sinx(1+cosx) * J-l+2t:os?x—l x

: To solve this type of solution ,we are going to substitute the value of sinx and cosx in terms of tan(x/2)

2 [fan ;—(]
sinxy =——=
1+ tan2-
2
(1 _ tanzx)
o 2
cosx = 1+ tan® x

2

1
I= dx
J-E tanx/2 (1 n 1—mn2§) X

X x
l+tan25 l+tan25

; J‘ sec’x/2

dx
2tanx /2(1 + tan? ;—( + 1 — tan? ;—C)

In this type of equations we apply substitution method so that equation may be solve in simple way
Let tan(x/2)=t

1/2.sec?(x/2)dx=dt

Put these terms in above equation,we get j = d

Substitute these terms in above equation gives-

1 [dt

2) t
-1
T2t

I

Now put the value of t, t=tan(x/2) in above equation gives us the finally solution

; -1 1
2 \tan2Z
2

73. Question

Evaluate J; dx

2+cosX



Answer

To solve this type of solution ,we are going to substitute the value of sinx and cosx in terms of tan(x/2)

2 [ran ;5]
sinx=——=5
1+ tan? 3
(1 _ tanzx)
2
cos x =
tan® x
1+ .
1 dx
o (2 + 1—tan2£) X
1+tanzf
sec?Z
I = J- Z dx

(2 + 2tan? ;£+ 1— tan? ;5)

In this type of equations we apply substitution method so that equation may be solve in simple way
Let tan(x/2)=t

1/2.sec?(x/2)dx=dt

Put these terms in above equation,we get [ = Zf(aizj
; 2.1 tan-1 t
= an~—
(\r”3_) V3

5 ()
=—.T1dn ——
\.@ 2\.@

74. Question

d+ X

Evaluate J

dx
X

Answer
to solve this integral we have to apply substitution method for which we are going to put x=a.tan?k

This means dx = 2.a.tank.sec2k-dkvthen I will be,

aseck , .
I= J- 2a.tank . sec” k.dk = 2a.cosec k.tank . sec k. dk
atan?k

In this above integral let tank =t then sec?kdk=dt ,put in above equation-
I= Zaf JE2+1).dt

Apply the formula of sqrt(x2+a2)=x/2.sqrt(a2+x2)+a2/2In|x+sqrt(a2+x2)|
1= 2a T+ 2+ Infe+ VT 27|

Now put the value of t in above integral t=tank,then finally integral will be-

tank ——— 1 —
I=2a| > .\f1+tar12k+i.ln|fank+\;1+tar12k]

Now put the value of k in terms of x that is tan’k=x/a in above integral -



I=2 1JJT 1+1‘+11 l\lf-i- 1+1‘
N a[z aN  a Z'HIZ a a:]
75. Question

6x+3

Evaluate [ dx

\.'I 6tx—2x2
Answer

+
\.6+X 2x2

i —4(1‘+§) i

- V6 +x — 2x2

3 —4x—2+1-1

y=—5 dx
’ 2 V6 +x —2x2

10
3 —4x+1 g BJ' -5 1 g
y=——| ——m=dx —— | —=———dx
‘ 2) \6+x— 2x2 2) N6+ x—2x2
3 —4x+1
A—__

—dx
2J 6+ x— 2x2

Let, 6 + x - 2x2 =t

Differentiating both side with respect to t

(1— 4,()%: 1= (1 -4x)dx = dt

3
A= —52\.'@“1‘ ]

Again, putt = 6 4+ x - 2x2

A= -3y6+x—2x2+ ¢,
B= —

13 1
B=—f—d1
2 )6 +x—2x2

Make perfect square of quadratic equation
2 2
- 2x%— YV (v 2
6+x 2X_2((4) (’1 4))
2\."'_.[\] 2

Use formula f;

A a®—x

8,26

B = zq’ism_l (Z) +c,




B 13 . 4y —1 N
= 5in C
2\.@ 7 2

The final solution of the questionisy =A + B

13 4x — 1
y = —3v6+x—2x2+—sin‘1( )+C
2\.@ 7

76. Question

.5
S X

dx

Evaluate J
cos X

Answer

to solve this type of integration we have to let cosx either sinx =t then manuplate them
Let cos x =t then -sinx dx =dt

2 24—
Also apply the formula of (sin“t+€0s“t=1)

sin®x (1—1t2)2
= f dx = — f Salar N
coS*x il

1+ t*—2¢2

=—[fr‘4dr+f1dt—f§dt]

If_gtz
T3 t

Now put the value of t in above integral

1 2

= cos
3cosix COSX

77. Question

Evaluate J cos™ X dx

sl X
Answer

to solve this type of integration we have to let cosx either sinx =t then manuplate them
Let sin x =t then cosx dx =dt
2 2t —
Also apply the formula of (sin“t+C0s“t=1)
cos’x
I= - d
sinx

X
(1—1t?)? 1+t*—2t? 1
=J-fdt=J-idt=fzdr+fr3dr—f2tdt

t

I 1+fL t2
o2 4

Now put the value of t in above integral

I =— + (sin*x) /4 — sin®x
SinZx ( )/

78. Question



sin®x

Evaluate [ dx

CoOsX

Answer

y= I(s:’n"x(l—coszx}) dx

cosxX

sin*x sin*x cos’x
y = — dx
. COSX COsX

sin*x(1 — cos?x)

— sin*xcosx |dx
COS X

sin? Jr. sin?x cos®x

(
(
- [0

— sin*x cos 1) dx

— sin*xcosx — sin*x COSl)dI

)dl — J-(Sl?l xcosx + sin*x cosx)dx

Let, sinx =t
Differentiating both side with respect to t

Cosx?: j_ﬁCOSXdX=dt
t

1
y= J-(—_—cosx)dx—fthrr“dt
COSX

A
y= 111(secx+tanx)—sinx—§—€+ c

Again put t = sin x

sin®x sin®x

v = In(secx +tanx) —sinx — 3 g +c
1l (1+sinx) . sin®x  sin®x
= —In|———— | —sinx — - c
Y= 21 sinx 3 5

79. Question

- 2
Evaluate J sumx

dx

c056 X
Answer

dividing by cos®x yields-
|=ftan?x.sec*x dx

Let us consider tanx=t

Then sec2xdx=dt,put in above equation-

3 45
+_
5

t
I=ft2(1+r2)dt=J-(r2+t“)dr=fr2dt+fr4dt=g

Now reput the value of t,which is t=tanx

(tan®x) tan’x
-3 5




80. Question
6 1.
Evaluate JSCC X dx

Answer

in this integral we will use the formula 1+tan?x=sec?x,

| = fsec2X sec*x dx

— [sec?X (1 + tan®x)? dx

Now put tan x=t which means sec?xdx=dt,

| = [(1+t2)2 dt

= [(1+t*+2t2) dt

Now put the value of t, which is t=tan x in above integral-

tan®x vy tan®x
5 T3
81. Question

I =tanx +

Evaluate Jtmﬁxsecj X dx

Answer
in this integral we will use the formula 1+tan?x=sec?x,
Then equation will be transform in below form-

2

| = ftan°X S€C2X seC X dx

= [sec x tan>X s€c?x dx

Now put tan x=t which means sec?xdx=dft,
I=|t>1+t2dt

In this above integral put 1+t2=k?

that is mean tdt=kdk

| = [(k* + 1- 2k) k? dk
= [ (k® + k2 - 2k3)dk
S
77372
Now put the value of k=(1+t2)=sec?x in above equation-

sec*x sec®x sec®x

+
7 3 2
82. Question

Evaluate Jtanj xsec” x dx
Answer

in this integral we will use the formula 1+tan?x=sec?x,



Then equation will be transform in below form-

| = ftan>X S€C?X sec?x dx
- ftan>X (1 + tan?x) sec?x dx

Now put tanx=t which means sec2xdx=dt,

I= ft3(1+r2)dt= J-(t“+f5)dt

L
5 6
Now put the value of t,which is t=tanx in above integral-
_ tan®x N tan®x
5 6
83. Question

1

Evaluate | ————
f secx+C0OseC x

Answer

sinx cosx
V= f— dx

sin x+cosx

dx

y= 3

lJ’l+Zsinxcosx—1
2

sinx + cosx

Use 1 = sin?x + cos?x

y=35

1J’S£nzx+coszx+251nxcosx _ 1J’ 1
2

- X —dx
sinx +cosx 2J) sinx +cosx

Use sin X + cos X = /2 (iismx +i§cosx)
W W

= s T
=2 (smx cos + cosx sm;)

V2 sin (x + g)

. 1 (sinx+cosx)2dx B EJ’ 1 i
“ 2) sinx+cosx 2) 2sin (l + E)

1 1 m
¥ = EJ-sinercosxdx—ﬁfcosec(x+g)dx

y= %(—cosx+sinx)—;laln(tan(%+g)) +c

84. Question

Evaluate J‘ aj +X2 d:x

Answer

in these type of problems we put the value of x=a tank

That is mean that dx=a sec?k dk

—_—
I= J-\; a? + a2tan?k a.sec*k.dk



= [ a. sec k. a. sec?k dk
=[ aZ sec3k dk
By upper solve questions we can find out the value of integration of secx,whixh is equal to

1+ secx.tanx

- 3. ~

i= | sec’xdx =
J- 2

Put the value of integration of sec3x in above equation we get our finally integral which is -

; . 1 + seck.tank
=q-—
2

Now put the value of k which is tan 1(x/a) in above equation-

(1 +£.sec(tan‘lf))
I=a* a 5 =

85. Question

Evaluate". x* —a® dx
Answer
Consider_[ww dx,
Let]j=x2—qZ andll =1

As [ LIldx = Lf Ildx - [ [ d/dx(l). [ Il dx]

So,

—— d jf ——
=x2—a? J-ldx—fa(vxz—az).fldx
=xx?—a? —J-;.Zx.xdx

24x? —a?
x2
=xx%2—a? —J-—dx

2 2 2
— x\;xz — a2 —fﬁdl‘

ﬂ.2
Wy dx _J-—\,x?—a? dx

x2 — g2
=xx%2—a? —J-
v

I=xx?—a? —J-vxz—az dx

d f @
x_ -

2
- - a -
I=2xyx%2—a? —I—J-—_d;t
o2 _ 2 a’
2] = xy/x? —a? —J-idx
VxZ—a?
21 = x+/x2 — a2 —a210g|x+\;x2—a2|+c
1
I=E(xvx2—a2 —a210g|x+vx2—a2|+0)

46. Question



Evaluate J% dx
l—-x —4x~

Answer

Given, f— dx

(1—-x—4x®

1
= — | —/—— dx
lexz—i-x—l

J dx
17
2 = _ 1
4x +x+16 16
dx
J _2 17
16
1
J 5 dx

1)2 V17
T3 4
X—a

It is clearly of the form, f%dx = i1c;g— +c
X —a

2a x+a

Where y —2x 42, q =2
4

1 17
1 24y
=T s 1 vz ¢
v
200) gt
IS
= = Og —
V17 1 17
2x +Z +T
47. Question
- 1
Evaluate J - dx
- +13x-10
Answer
Given, fa 3+13.:. 10
Now, 3x2+13x-10
= 3x2+15x-2x-10
= 3x(x+5)-2(x-5)
= (x-5) (3x-2)
1 A B

3x213x —10 x+5 3x—2
1= A (3x-2) + B(x+5)
Equating ‘X’ coeff: -

0=3A+B

B=-3A

Equating constant:-



1=-2A+5B

1=-2A+5(-3A)
1=-2A-15A
1=-17A
1
A= ——
17
B=-3 !
=303
3
B=—
17
1 1 3

o

+
3x24+13x —10  17(x+5)  17(3x —2)

1 1 3
e —— =f_ d
f3x2+13x—10 o 17(x+5)+17(3x—2) o

1 1 p 3
= —— X+ — X
17 x4+ 5 17) 3x — 2

1 3
= —Ef,og(x +5)+ Ef,og (3x—2)+¢
48. Question

. sl X
Evaluate J E dx

cos X —2cosx —3

Answer

. sinx
Given, J- -
cos® x—2cosx—3

Let cosx=t

-sinx dx=dt

f dt
) t2—2t-3

Now, t2-2t-3
= t2-3t+t-3

= t(t-3)+t-3
= (t-3) (t+1)

1 A B
= +
t2—-2t—3 t—-3 t+1

1= A(t-1)+B(t-3)
Equating 't’ coeff:-
0=A+B

A=-B

Equating constant:-
1=-A-3B
1=-(-B)-3B



1

2

1 1 —1
= +

2t -3 2(6—3)  2(t+1)

1 1 1 1 1
f—dtz— —dt——f—dt
t2—2t —3 2/ t—-3 2/ t—-1

1 1
=Efog(t—3) —Elog[t— +c

1
= E[Eog (cosx —3)—log(cosx—1)] +¢
49. Question
EvaluateJ cosec x —1dx

Answer

GiVen, J-VCGSBC ¥x—1 dx

1
[——1 dx

.\ISI'HX

J‘ 1 — sin x
sinx

Rationalising the denominator:-

f[l —sinx)(1+ sinx)
fﬂ (sin x)(1 + sin x) dx

J‘ (1 — sin? x}

\ smx(l + sin x}

f cos2x

Q smx[l + smx)

€os X
Jsinx(1+ sin x)

Let sinx =1t

cosx dx = dt
f dt
JEE+1)

f dt
IR




L Jery @

Clearly, it is of the form [ —— dx = cos* (_)
a

Vat—a®

Wherex=t+%;a=%

1
= cos '[2(sinx + E)] +c
50. Question

: 1
EvaIuateJ — X
ul

3—-2x-x"

Answer

1

Given, | ———dx
!\-m

1
= [ ————x
V4 —1—2x —x2

1
—f, dx
Ji—-(x2+2x+1)

1
= f,:dx

—f 1 ]
/@Gt

1

It is clearly of the form, fx-'a —dx = sin~! C:‘) +c

Where, a=2; x=x+1
. fx+1
= Sin ( 2 )+C

51. Question

c x+1
Evaluate J—dx

=

X" +4x+35
Answer
x+1

Given, [

2% +4x+5

Consider, x+1 = A ?(xz +4x+5)+B
A



X+1=A(2x+4)+B

Equating ‘x'coeff:-

equating constant:-

1=4A+B

1 4(1) B
= 2_|_

1=2+B

B=-1

x+1=1/2 (2x+4)-1
x+1

Now, [

x%+4x45

%[2x+4)—1
=f—dx
x244x +5

B 1[ 2x + 4 4 f 1 p

T2l i +s T T a5
I

[Since,f};(—f;)dx = log[f(x)] + ]

1

1
= —log(x® +4x +5 —J:—————————d
zog(x +4x +5) x2+4x+4+1 o

X

1 1
S 244 5—[—:3
2 0g (x” +4x +5) (x+2)2+(1)2

1 1 x+2
= Efog (x% +4x +5) — Itan_l[T) dx

Si f 1 p 1 1%
ince, | ———dx =—tan =)+
[ x? +q? a (a) ]

1
= Efog (x® +4x +5)—tan M (x +2) + ¢

52. Question

. Sx +
EvaluateJ dx

<
i
|
th
e
|
N

Answer

. Sx+7
Given, [

JE—Sm-4)

J‘ bx +7 J
= r———— 5
Vx2 —9x +20

Now, 5x +7 =~ 4 %(x2—9x+20)+3
5x+7 = A (2x-9)+B

Equating’x’ coeff:-



5=2A

A=>
2

Equating constant:-

7=-9A+B7 = _9 G) +B

g,
59

B=—
2

5] 7 52 9 59
X + =?[x— )+?

f 5x -7 g
= —_— X
VxZ —9x + 20

5 59
ZJ‘E(ZX—Q)-I-?

Vx? —9x 4+ 20

5 2x — 9 59 1
= —f—,idx + 2 | ———ax
2) vx? —9x + 20 2 0 WxZ—o9x 420

I
[Sim:e,f G dx = 2“!% +c]

—

W

> 2(y/x%2 -9 20 59[ . d
=-. x% —9x — x
9 (\- + )+ 7 \{ 9 3 1 3

(+2) - (3)
—————— 59 1 XT3 _ 1
=5yx2 —9x 4+ 20+ —. .cosh™ [—]—l—c’[smce,[:dx
2 1 1 VxZ — g2
2R 2

x
= hi-
cos [a] +c]

-~ 59 N 9
=5yx%2 —9x + 20 +?cosh_ 2 |x +§] +c
53. Question

Evaluate J I-=x dx

X

Answer

Given, [ |22 g4y
x

Let Vx +1=1u

=>u? =x+1

>u2-1=x

,—_dx= du
2vx +1

2 du = dx



u
dx=fu2_12udu

N X
z
=2 du
‘ruz 1
u? —1+1
=2 u
f u —1

u?—1 1
=z[f 1du+}" ldu]

ut — ut —

=2[f1du+fu21_1 du]

As we know,

1 1 X —a
J-xz—az dx=£1c:g|x+a|+c
1 u—1
~2lu +gog i+

Now substitute back the value of u.

Vi+1-1
f—7+c
vx+1+1

— 1
=2x +1 +Elog

54. Question

Evaluatej il—_x dx
X

Answer
Given, [2=F gy
x

Let’ ‘\‘u'r_','r_,f =t

d
—(Vx ) =dt
- (V)

1
—dx = dt
24x

dx =2t dt

Now, J"“;Iz 2t dt

= zf\jl—tzdt

Consider, t=sin k

dt=cos k dk

=2f\j1—sin2k .cosk dk

= 2[ Jcos?k.cosk dk

=2[cos?k dk



=2 cos?k dk

=[cos 2k-1 dk [since, cos 2x=2c0s?x-1]

sin 2k )
= —K+c
2
2sink cosk
=T—k+c

=t cos(sinl t) -2sin’! t+2c
=vx cos(sin"lvx )-2 sin"lvx+2c

55. Question

Y

Evaluate J— X

1—Jax

Answer

Given, [X2 gy
1-vax

Let1 —+vax =t

————adx =dt
2vax

2vJax
dx = — dt
a

Now,
Vax =1+t
ax = (1+ t)2

(1+1)?
x:

a
Ja [ +t)2 _
- —2va(l+t
zf a__ ( ) gt
t a

—2va(l +t
yva ( ) It

t a
a—1—t —2va(l+t
t aya

zf(a—1—r)x—z(1+t) .
t a

zzf(a—tl—t)x[—la—t) it

(—a—at+1+t+t+t2)
—of : "
a

(—a—at+ 1+ 2t +t%)
—of t i
a



o4 1l 2 t?
=Z|—logt—t+—logt+—-t+_—|+cC
8 a 8 a 2a

2 4 tt
=|-2logt—2t +—logt+—t+—|+¢
a a a
Put back the value of t to get,
= I—ZIGgl:l —vax) - 2(1 —vax) + —log(1 — Vax) +— (1 —vax)
a a

—2
1—v
+—£———:;Efz—l4—c

56. Question

: 1
Evaluate J - . dx
(sinX —2cosx )(2sinX +cosXx)
Answer
Given, [ :

(sinx—2cosx)(2sinx+cosx)

f 1
2 sin? x 4 sinxcosx — 4cosxsinx — 2cos2 x

f 1
2sin?x — 3 cosx sinx — 2cos2 x

1
= dx
f cos? x[2 tan? x — 3tanx — 2]

f sec? x P
= X
2tan?x — 3tanx — 2

Let tanx=t

d

—(tanx) = dt
dx

Sec2x dx=dt

dr
22 -3r-2

Now, [

B dt
_f(zr+1)(r—2)

1 A B
Now, ———— = —+ —
(2e+1)(e-2) ~ 2e+1 -2

1= A(t-2)+B(2t+1)
Equating ‘t’ coeff: -
0=A+2B

A=-2B

Equating constant: -
1=-2A+B

1=-2(-2B) +B

1=5B



1 B —2 1
(2t + 1)(t—2) 5(2t+1) * 5(t —2)

1 -2 1 1 1
Now, f('2r+1)c'r—2j|dt - ?J-Zt+l dt + E"'-Edt

-2 1
= ?lﬂg(Zt +1) + Elog(t -2 +¢

-2 1
= ?logﬁzmnx +1)+ Elog(tanx —+e

57. Question

Evaluate J L dx

. ¥ . ¥
45 X + 451X cosX +5¢c08” X

Answer

1

4sin®x+4sinx cosx+5cos®x

Given, [

1
=[ dx
cos? x[4 tan® x + 4 tanx + 5]

J‘ sec?x P
—_ x
dtanix +4tanx +5

Let tanx=t
d d
I (tanx) = dt

sec? x dx = dt

f dt
) 4244t +5

f dt
Atz yar 4144

_ dt
N f (2t +1)2 +(2)2

1 12t +1
=—tan |
2 2

1+¢

1  2tanx +1
=—tan [——(——

+c
2 2 ]

58. Question

Evaluate J; dx

a+btanx

Answer

1

a+btanx

Given, [

Consider, a=b=1

=fldx

1+tanx



1
=) —zmzdx
_'-l+31n:r

COEX

=J- cCosx d_x

cosx+siny

Now, cosx=A (cosx+sinx) +B di(cosx+sinx)
X

=A (cosx+sinx) +B (-sinx+cosx)

Equating 'cosx’ coeff:- Equating ‘sinx’ coeff:-

1=A+B 0=A-B
A=B

1=A+A

2A=1

A=1/2 B=1/2

1 1
CO5 X =E(cosx + sinx) + 2 (—sinx + cosx)

COSX
= | ————dx
cosx +sinx

1 , 1 :
fi(cosx + sin x) +§(_ sinx + cosx)

dx

cosx +sinx

dx

1 , 1 ,
fi[cosx + sin x) E(— sinx + cosx)
Fex iy,

CosXx + sinx cosx + sinx

1 1 [ —sinx +cosx
=—f1dx+—f—,dx
2 2 cosx +sinx

[since,ff;_;r:' dx = log[f(x)] + ¢]

= é(X)+§log(cosx +sinx) +¢

59. Question

Evaluate J - L dx

sin” X +sin 2x

Answer

1

sin® x+sin2x

Given, [

1
=[ . - dx
sin?x 4 2sinx cos x

1
= dx
f sin?x(1 + 2 cotx)
cosectx
= f—dx
1+ cotx
Letcotx =t
d
—(cotx) = dt
dx

—cosec?x dx=dt



di
Now, — [ —
1+

= —log(l +t)+c
= —log(1 +cotx)+c¢

60. Question

~SINX +2cosX
Evaluate J— dx
25X +cosx

Answer

sinx+2cosx
Given, [ ————dx
2sinx+cosx

d
sinx+ 2cosx = A(2sinx 4+ cosx) + Bd—[z sin x — cos x)
x

= A(2Zsinx + cosx) + B(2cosx — sinx)
Equating ‘sin x’ coeff: -

1=2A-B

B=2A-1

Equating 'cos x’ coeff:-

2=A+2B

2=A+2(2A-1)

2=A+4A-2

4=5A

4 3
Now, sinx 4+ 2cosx = = (2sinx + cosx) + E[Z cosx — sinx)

%(2 sinx + cosx) +%(2 cosx — sinx)
=[ dx

2sinx 4 cosx
fld J‘Z::osx—smx p
X+ = X
5 5) 2sinx + cosx
4 3
= g(x) —l—glog(Z sinx + cosx) + ¢

61. Question

-

X
Evaluate J— dx
x®+4

Answer



.3

Given, [-Z_dx
| =

Put, x4=
4x3dx=dt

x3dx="> dt
4
xa
=f,:dx
J(x4)?2+4
1
ZJ‘ Edt
Vi2 + 4

1 1
= —fidx
4 N2 422

1 gt
= —sin =1+c
4 [2]

1 x*

=—sinh ™} |—|+¢
4 [2

62. Question

Evaluate J; dx

2—3cos2x

Answer

Given, [ ———
! 2—3cosx

Put tanx=t

d d
—(t =at
i (tan x)
sec2x dx=dt

di
dx = —
1+t

1-¢2
and cos2x= ——
1+22

J- 1 dt
Now 1—t2 - z
’ _gETty 1+t

2 3[1+r3]

f 1+¢2 dt
S 2(1 462 —3(1—t2) 1 +¢2

1
= dt
f2+2t2—3—|—3t2

1
f5t2—1dt

1[ 1
=z -

1dt

2
-3

1 1 , 1 1
= Efitz B (L)Z dt [smce,fr a2 dx = E log |
V5

Xx—a

x+a

|+c]



1
= —-. log +c
52 |t+=
V5 /5
1 tanxy — %
= log vl +c
2V5 tanx + —=
V5
63. Question
r COSX
[ ax
Evaluate ! ] 5
——C057 X
Answer
Cosx
G|Ven, J"%—CUSEI
COS X
By R .
i (1 —sin? x)
Letsinx =1t
cosxdxy = dt
J‘ dt
= 1—
31— Q-9
J‘ dt
)1 —a4 42
4
f 4 dt
- Jarz—3
1
Y
(26)% — (v/3)
. 1 1 x—
since, - x-a
[ "[.:l.'g—r:[2 dx Za log x+
1 2t —+/3
= 4.——log —|+c
2y3 2t 4+ /3
2 2sinx —43
= —log|—————|+¢
V3 2s5mmx++3
64. Question
- 1
Evaluate Ji dx
1+2cosx
Answer
Given, [ —
1+2cosx
Put mn§ =t

1-1*
1427

dx = —dtand cosx =

1+

a

a

+c]



f 1 2 .

—_ t

1+2 l_tz] 1+t
1+ t2

f 142 2 P
= . t
1+t24+2—2¢2 14 ¢t2

[
= t
3—1¢2

1 1 a—+x

dt since,f—=—£o | c
[ at —x% 2a 'ga—x+]

J‘ 2
(v3)* - (02

1 V3 +t

= —lo —
2a g Vv3—t

1 v§+ tan%
= —Iog — x| t¢
2a -.,fEI—tan%

65. Question

Evaluate J; dx

1-2sinx

Answer

Given, [

1-2sinx
Let tan? = t

2t
+t2

zf 1 2
1-2(5p) 1T

14t? 2
=[ —
14+t2—4t 14¢2

t2—4t+1

Iy —.
t2—4t+4 3

(t —2)2 - (f]

2 I t—2—43 , f 1 i I |
=——lo — | + ¢ [since, ——o
23 3|t—2+v3| [ X% — a2 g

Xx—a

|+c]

= —=log | |+c

V3 tan§—2+\f§

31. Question
Evaluate [oot® x dx
Answer

In this question, first of all we expand cot*x as



cot?x = (cosec?x - 1)?
= cosec*x - 2cosec?x + 1 ...(1)

Now, write cosec?x as

2

cosec*x = cosec?xcosec?x

= cosec2x(1 + cot?x)
= cosec?x + cosec?xcot?x

Putting the value of cosec*

X in eq(1)

cot*x = cosec?x + cosec?xcot?x - 2cosec?x + 1
= cosec?xcot?x - cosec?x + 1

y = [ cot*x dx

= [ cosec?x cot?x dx + [ - cosec®x + 1 dx

A = [cosec?x cot?x dx

Let, cotx =t

Differentiating both side with respect to x

dt .
— = —rosectx
dx

= -dt = cosec?x dx

A= [-t? dt
B tn+J.
Using formula [ t"dt =
n+1
ra

Again, put t = cot x

cot3x
A= _T+ ]

Now, B= [-cosec? x +1 dx

Using formula [cosec? x dx= -cot x and [c dx=cx
B=cotx+x+ 0o

Now, the complete solution is

y=A+1B

cot?x

y=— +cotx +x+c

32. Question
Evaluate [oot® x dx

Answer

y= J-cossx dx

sin®x




cos*xcos x
y= | ——— dx
sindx

dx

J‘ (1 — sin’x)?cosx
y =
sinSx

Let, sin x =t

Differentiating both sides with respect to x

dt
= — rps x = dt = cos x dx
dx

1— t%)?
- [

1—2t% +¢*
¥ = = dt

_ 1
y= fr"—Zra +oadt
Using formula ff“dt = Lkl and fldr =Int
n+1 3

= ——2—+Int+c
YT Tt

Again, put t = sin x

sin~*x

+ sin"?x+1Int +¢

y= -

33. Question

2

Evaluate | "1: d
(X =1

Answer

(x—1+1)%
V_ .[ (x- 1]3

v J’(x—l)2+2(x—l)+1

(x—1)3 !
+ 2 ! + ! d
x-1) ‘-1 x-1pH
Using formula fidx =Inxand [ x*dx = xm:
x n+
x—1)r (x—1)°
v=111(x—1)+2( ) +[: ) +c
: -1 -2
x—1)7?
y=In(x—1)—-2(x—1)"1- Gt 2) +c

34. Question
Evaluate [%f2% +3 o
Answer

In this question we write x./2x + 3 as



2xy2x +3

xW2x+3 = 5

(2x +3—-3)2x+3
B 2

(2x+3)V2x+3 — 3V2x+ 3
- 2

3
(2x+3)2 — 3y2x+3
B 2

¥ = J-xm*2x+3dx

3
J’(2x+3)§ — 3y2x +3
}J’:

dx
2
, ) ng.  (ax+b)™*!
Using formula [(ax + b)"dx = e
5 3
(2x+3)z 3(2x+ 3)z
y= — 3 +c

5
ZXZXE ZXZXE

5 3
(2x+3)2 (2x+3)z
V= — +c
! 10 2
35. Question

x.‘
(1+x%)

dx

Evaluate _l' 7

Answer
Let, x =tant

Differentiating both side with respect to t

% = sec?t = dx = sec?t dt

tan®t )
y= sectdt
- sect*t

sin®t
y = dt
: cost
(1 —cos®t)sint
y = dt
; cost

Again, letcost =12z

Differentiating both side with respect to t

dz _ —sint=-dz = sin t dt
dt

1

v = —J-——zdz
z



zn+1

Using formula fidz =Inzand [ z"dz =

n+1l
22
y= —Ilnz+ > +c

Again, put z = cos t = cos(tan'lx)

2 -1
cos?(tan*x
y= —Incos(tan™tx) + % +c

36. Question
Evaluate _[xsinf %% cosx? dx
Answer

Let, sin x2 =

Differentiating both sides with respect to x

dt 5 dt 2
a=-:-:)s;»f X 2x = 5= Xcos x< dx
[
=172
Using formula [ ¢m dt = il
n+1
té
= +c
Y= 2%6
Again, put t = sin x2
sin®x? N
y= c
i 12

37. Question

Evaluate | sin® ¥ cos® x dx

Answer

y= [(1—cos®x)cos*xsinx dx
Let, cosx =t

Differentiating both side with respect to x

dt .
= — —ginx = -dt = sin x dx
dx

y = J-—(:L— t3)t* dt

y= —J-r“— té dt

tn+¢

Using formula [ t™ dt =

t3 r7+
= —|=—=]+c
y 5 7

Again, put t = cos x

n+1



cos’x cos®x

7 5

y= +c

38. Question

Evaluate [sin*x dx

Answer

y= [(1—cos*x)?sinx dx
Let, cosx =t

Differentiating both side with respect to x

dt _ —sinx = -dt = sin x dx

dx

y= —f(l—tz)z dt

y= —f1+ t*—2t*dt

Using formula _[f“ dt = ﬂandfcdt = ct
n+1

AL
= — ——2—]+c
y 5 “3

Again, put t = cos X

cos>x cos3x .
c
5 3

y= - (cosx + -2
39. Question

Evaluate [cos’ x dx.
Answer

y= [(1—sin®x)?cosx dx
Let, sinx =t

Differentiating both side with respect to x

E: cosxﬁdt=COSXdX

dx

y= J-(l—ﬁ)? dt

y = f1+ t*—2t*dt

Using formula _[f“ dt = ﬂandfcdt = ct
n+1

LIPS
= ——2—)+¢c
y 5 °3

Again, put t = sin x

sin®x sindx .
c
5 3

V= (sinx+ -2

40. Question



Evaluate [+sinx cos’ x dx

Answer

y = [+sinx (1- sin®x)cosx dx
Let, sinx =t

Differentiating both side with respect to x

ar _ cosy = dt = cos x dx
dx
y = J-w.ﬁ(l—tz)dt

1 3
y= fra— t3 dt

tn'l'J.

Using formula [ t™ dt =

n+1

['%]

7
tz tz

U
2

2
Again, put t = sin x
3 7
sinxz sinxz
y=—3"7"7

2 2

+c

41. Question

sin®x - cos® x

Evaluate j—Sn2¢ 4,

Answer

sinlx A
y= J‘(sa’nzxj2+(1—5':'r12x]2 dx

Let, sin?x =t

Differentiating both side with respect to x

dt .
P 2 sinx cosx = dt = sin 2x dx
X

_J‘ dt
Y= lera-or

J‘ dt
Y= J 2z —2t+1

Try to make perfect square in denominator

J’ dt

V=

/ 1. 1
2 _ —_ 4=

2t 2f+2+2

J’ dt
Y= o
1 l)+
v




dt 1, 4t

'_'A
e
+

L]

— ) =1 oy _ _—_
v = +2tan (\,zr
e \."'E

2

Again, put t = sin“x

1
= -1 2y .
V= +y2tan (\,*Zsm X \ﬁ) +rc

42. Question

dx

-1
Evaluate

N e
Answer
Let, x =asect

Differentiating both side with respect to t

%: asecttant = dx = asecttantdt

asecttant
[ Zoor2t — 2
vazsec?t — aq?

secttant
y= | — dt
: tant

}J’:

V= J-secfdt

Using formula [ sect dt = In(tant + sect)

y =In(tant +sect) + ¢

Again, put t = sec‘li

—lx —lx
y=1In (tan sec™ = + sec sec —) +c,
: a a

X
a
v=In(x+ yx*—a?)—Ilna+ c,

v=In(x+ x*—a?)+c

43. Question

dx

Evaluate [——
Answer
Let, x =atant

Differentiating both side with respect to t



%: a sec?t = dx = a sec?t dt

a sec’t
vaztantt + a2

sec’t
y = dt
. sect

y=fsecfdt

dt

Tip: This is very important formula. It is use directly in the question. So, learn it by heart.
Using formula [ sect dt = In(tant + sect)

y =In(tant + sect) + ¢

Again, put t = tan‘li

1 x 1 x
V= In{tantan ™ —+ sectan " — )+ ¢
p a a 1

2

yv=In G)

x
+1+ - |+¢,

a
y=In(x+ x2+a?)-1lna+ ¢,

y=In{x+ x2+a?)+c

44. Question

Evaluate — '
=

—-dx =3

dx

Answer
In this question we can try to make perfect square in

denominator

1
= d i
Y J-(Zx)2+ 220 +1+4
[ e @
Y=l ox+z+ (22 ™
i 4t _ lgan1=
Using formula fx2+a2 = —tan" ' -
(2x+ 1)
= an~—! +c
Y= %2 2
1 (2x+1)
= —t _1—+
y= gtan 5 c
45. Question
Evaluate [— 1 dx
T —4wx -5
Answer

In this question we can try to make perfect square in

denominator



1
- fx? O "

1
- e

. dt 1 x—a
Using formula fxz—az = z“’g(m) te
1 1 (I+2—3)+
Y= 2x3%®\y12+3/ 7€
1l (x—l)+
Y= 6%\xy5) 7€

1. Question

- 1
EvaluateJ —  dx

Jx +Jx+1
Answer

Rationalising denominator

el Il_l
We get, [ i(:::) dx

It becomes [ XL gy
-1

=—f\.qdl' —_[\."m dx

¥z (x+1)z
-3 3 €
2 2

1. Question

- 1
EvaIuateJ —  dx

Jx +Jx+1
Answer

Rationalising denominator

[
" - (x+1)

We get
It becomesj@ dx

=—f\.qdl' —f\.’m dx

¥z (x+1)z
-3 3 €
2 2

2. Question

4
Evaluate J'I_X dx

1-x
Answer

Factorising the equation



_ J’ (1-— 1'2)(1_+ xz)dx
1—x

J’(l— X)(1+x)(1+ x?)
= dx
1—x

On cancelling we get
=[(1+x)(1+x2)dx

=[(1+x+x2 +x3)dx
IQ xa xﬂl-

=x+—+—+—+c
2 3 4

2. Question

4
Evaluate J’l_x dx
1-x
Answer
Factorising the equation

o [a- x)(1+x%)
N 1—x *

(1—x)(1+x)(1+x%)
= dx
1—x

On cancelling we get
=[(1+x)(1+x2)dx

=[(1+x+x2 +x3)dx

2 3 4

+2 e
2 3 4
3. Question
- X+2
Evaluate Jﬁdx
x+1)

Answer
On simplifying we get,

_[ (x+1)+1 X

(x+1)3

= fﬁdl’ﬁ-jﬁdl’

On solving we get

1 1 .
T ox+1 2(x+1)2

C

3. Question

- X +2
Evaluate J—3dX

Answer



On simplifying we get,

_[ (x+1)+ ldX
(x+1)3

= fﬁdl’ﬁ-[ﬁdl

On solving we get

1 1
T Tx+1 2x+r12 €

4. Question

EvaluateJ Sx+13 dx

Jixe7

Answer

On simplifying we get,

41+7 4x +7 1
J- ——dx — | ———dx
Vadx +7 Vadx +7
4;t+7 . 1 LN
*'— Vix +7

1
=2J- *4x+7dx—f7dx
v Ny

1
(4x +7)2 1

C(ax+7)*7 1 _
= Xf;tx;—kaE‘FC
2 2
1
(4x +7)%%  (4x+ 7)5+
= 3 7 c
4. Question
8x+13
EvaIuateJ dx
JAx+T
Answer
On simplifying we get,
4x +7 4x +7 1
J- X ———dx — | ———dx
Vadx +7 Vadx +7
41 +7 1 d
—dx
Vax + Vax +7
= ZJ- [4x + 7 dx —J- dx
fdx +7

1
C(x+7)*7 1 (ax+7)z 1
= JLTJLXZ—TJLXE'FC
2 2

1
(4x +7)3%  (4x+ 7)5+
= 3 > [

5. Question



R
fl+x+x-
Evaluate J—

dx

=

X" (1+x)
Answer

On simplifying we get
J‘ 1+x d_+J‘ x2 i
x2(1+x) * x2(1+ x) *

—fld-+j L i
N ;t'?l ZL+J(JL

=-x1 +In(1+x) + ¢

5. Question

1+ x +x2
XY ik

=

Evaluate J { }
X (1l+x

Answer

On simplifying we get
J‘ 1+ x d_+J‘ x? e
x2(1+x) * x2(1+x) *

—fld-+f L ix
T T+xX

=-x1 +In(1+x) + ¢

6. Question
W2
~AX , %
EvaluateJ'(,“ 3 ) dx
6};
Answer

On squaring numerator we get

dx

22X 4 9 2% 3% 4 32%
f 2% 3x
2* *
~[(z +z+(—) dx
f(3) 2) @

a.:l.’

X L
Formula for [ a*dx =

Solving above equation we get,

() 2

=@+ZI+@+C

6. Question

X X

e

—dx

Evaluate *(zx +3 )-
[



Answer

On squaring numerator we get

2%¥4+2.2%.3% +3%
= f 2% 3% X

2 x 3 x
=[(5) +2+() a
f (3) 2) @
ax
In(a)

Formula for [ a*dx =

Solving above equation we get,

0

N ME)

7. Question

X X

+c

» sinx
Evaluate J—dx

l+smx
Answer

Multiplying numerator and denominator with 1-sinx

We get J- sinx(1—sinx) dx

1-sin®x

sinx(1 — sinx
oy ( )

X
cosZx

J‘ sinx — sin’x
cos2x

sinx sin®x
= dx — dx
COSZX COSZX

Taking f%dl =4 andj‘““zxdx =B

cos®x

Solving for A

Taking cos x=t

On differentiating both sides we get

-sin x dx=dt

Putting values in A we get our equation as

—dt
t?

= tl+c
Substituting value of t,
=secx + C

Solving for B

1—cos?’x
—dx
COS%x

= [ sec?x - [ 1 dx



=tan X - X +C
Final answer is A+B
=secXx+tanx-x+cC

7. Question

s SINX
Evaluate Jidx

l+smx
Answer

Multiplying numerator and denominator with 1-sinx

We get J- sinx(1—sinx) dx

1-sin®x

J’Sinx(l —sinx)

> dx
cos?x

J’ sinx — sin®x

cos2x

sinx sin®x
= dx — dx
COSZX COSZX

Taking f%dl =4 andj‘““zxdx =B

cos®x

Solving for A

Taking cos x=t

On differentiating both sides we get

-sin x dx=dt

Putting values in A we get our equation as

—dt
t?

=tl4c
Substituting value of t,
=secx + C

Solving for B

1— cos?x
fdx
Cos%x
= [ sec?x - [ 1 dx
=tan X - X +cC
Final answer is A+B

=secxXx+tanx-x+cC

8. Question

4 2
EvaIuateJ X:ix_ldx
X~ +1
Answer

On simplifying we get



x*(x*+1) 1 i
2+ 2+ &

=J-x2dx—J- ! dx
x2+1

x3 -
=——tan
3

lxy+¢c

8. Question

4 2
EvaluateJ X:—de_

X~ +1
Answer
On simplifying we get

x2(x?+ 1) 1 i
x2+1) (2+n ™

=J-x2dx—J- ! dx
x2+1

x3 -
=——tan
3

lxy+¢c

9. Question

™ ] ]
Evaluate J sec” X cos~ 2X dx
Answer

| sec?x (cos?x - sin?x )2 dx

Opening the square

dx

J‘ cos*x — 2.cos?x.sin’x + sin*x
cos2x
) ., sin®x.sin’x
= | (cos“x — 2sin"x + ————) dx
cosZx
(1 —cos*x).(1— cos?x)
COS2X

= J-(coszx — 2sin’x + ) dx

On multiplying (1 — ces®x).(1 — cos®x) equation reduces to
=[(cos?x-2sin?x+sec2x-2+cos2x)dx
=[(2c0s2x-2sin?x+sec?x-2)dx
=[(2(cos?x-sin?x)+sec?x-2)dx

=[(2cos2x+sec?x-2)dx

On solving this we get our answer i.e

25in2x

+tanx —2x+ ¢

=sin2x+tanx-2x+c

9. Question



Evaluate J.scc2 X cos® 2x dx
Answer
J sec?x (cos?x - sin?x )2 dx

Opening the square

cos*x — 2.cos?x.sinx + sin*x
= > dx
cosZx
) ., sin®x.sin’x
= | (cos"x = 2sin"x + —————) dx
cos?x

(1 —cos*x).(1— cos?x)
cos?x

= J-(ms2 x — 2sin®x + ) dx

On multiplying (1 — ces®x).(1 — cos®x) equation reduces to
=[(cos?x-2sin?x+sec2x-2+cos2x)dx
=[(2cos?x-2sin®x+sec?x-2)dx
=[(2(cos2x-sin?x)+sec?x-2)dx

=[(2cos2x+sec?x-2)dx

On solving this we get our answer i.e

25in2x
= 2 +tanx —2x+ ¢

=sin2x+tanx-2x+c

10. Question

- - 5
Evaluate J cosec-x cos- 2x dx
Answer

Jcosec?x(cos?x-sin?x)2dx

Opening the square

dx

J‘ cos*x — 2.cos?x.sin’x + sin*x
N sin2x

J’ cos?x.cos®x

- — 2cos*x + sin®x) dx
sin?x

— 2cos?x + sin®x) dx

_ J’((l — sin?x).(1 — sin®x)

sin?x
On multiplying (1-sin?x)(1-sin®x) equation reduces to
=[(cosec?x-2+sin?x-2cos?x+ sin?x)dx
=[(cosec?x-2+2sin%x-2cos?x)dx
=[(-2(cos2x-sin?x)+cosec?x-2)dx
=[(-2cos2x+cosec?x-2)dx

On solving this we get our answer i.e

—28in2x
=T—cotx—2x+c



=-sin2x-cotx-2x+c
10. Question

- ] ]
Evaluate J cosecX cos- 2x dx
Answer

Jcosec?x(cos?x-sin?x)2dx

Opening the square

cos*x — 2.cos?x.sin’x + sin*x
= — dx
sinZx

— 2cos?x + sinx) dx

J’ cos?x.cos®x

sin2x

— 2cos?x + sin®x) dx

B J’[:[l —sin?x).(1 — sin®x)

sinx
On multiplying (1-sin?x)(1-sinx) equation reduces to
=[(cosec?x-2+sin?x-2cos2x+ sinZx)dx
=[(cosec?x-2+2sin?x-2cos2x)dx
=[(-2(cos2x-sin?x)+cosec?x-2)dx
=[(-2cos2x+cosec?x-2)dx

On solving this we get our answer i.e

—28in2x
=T—cotx—2x+c

=-sin2x-cotx-2x+c

11. Question

Evaluate J.sin4 2x dx

Answer

Replacing 2x by t

We get dx=dt/2 by differentiating both sides

Our equation has become
1
il
— | sin“tdt
ZJ-

1 fay 2 . 1 . 2
=3 sin t.sin“tdt = 7| sin t.(1— cos<t) dt

= EJ- sin®tdt — EJ- sin’t. cos®tdt
2 2 )
simplifying sinZt.cos?t

on multiplying and dividing by 4 we get sin?t.cos?tdt as sin22t

2

1J’ 1 —cos2t 1 J‘ sin®2t

;43 4



lJ’l—COSZEdt 1J’1—COS4£
2 2

2 4.2

1 1
=Efl—0032tdt—ﬁfl—cos4tdt

t sin2t t+s£n4f
4 3 8 64

Hence our final answer is

t sin2t sindt

"8 8 ea €

11. Question

Evaluate J.sin4 2x dx

Answer

Replacing 2x by t

We get dx=dt/2 by differentiating both sides

Our equation has become
1
P
— | sin“tdt
ZJ-

10 . . 1( .
= EJ- sin’t.sin*t dt = EJ-smz t.(1— cos®t) dt

= EJ- sin*tdt — EJ- sin’t.cos®tdt
2 2 )

simplifying sinZt.cos?t

on multiplying and dividing by 4 we get sin?t.cos?tdt as sinZ2t

1J’ 1 —cos2t . 1 J‘ sin®2t
2 2 2 4
lJ’l—COSZEdt 1J’1—COS4£
2 2 2 42

1 1
=Efl—0032tdt—ﬁfl—cos4tdt

t sin2t t+s£n4f
4 3 8 64

Hence our final answer is

t sin2t sindt

"8 8 ea €

12. Question

Evaluate J.cc.s3 Ix dx

Answer
We can write [cos33xdx as:
[ cos3x(cos3x)%dx Jcos3x(cos?3x)dx and

further as:



=cos3x(1-sin23x)dx
=[cos3xdx-[cos3x(sin23x)dx
Taking A=[cos3xdx

Solving for A

A_sa’nax
3

Taking B=Jcos3x(sin23x)dx
In this taking sin3x=t
Differentiating on both sides we get
3cos3xdx=dt
Solving by putting these values we get
B=f§dr

tE

=—+c
9

Substituting values we get

B _ sin®3x
9

+c

Our final answer is A+B i.e

sin3x N sin3x N
= c
3 3

12. Question

EvaIuateJ cos® 3x dx

Answer

We can write [cos33xdx as:

[ cos3x(cos3x)%dx [cos3x(cos?3x)dx and
further as:

=c0s3x(1-sin%3x)dx
=[cos3xdx-[cos3x(sin23x)dx

Taking A=[cos3xdx

Solving for A

A_s:’nax
3

Taking B=[cos3x(sin%3x)dx

In this taking sin3x=t
Differentiating on both sides we get
3cos3xdx=dt

Solving by putting these values we get

B=f§dr



tg
=—+c
9

Substituting values we get

sin?3x
B=—""1+c

Our final answer is A+B i.e

sin3x N sin3x N
= c
3 3

13. Question

- sin 2x
EvaluateJ —_

. ¥
a~+b sin"x
Answer
Taking b2 common, we get,

sin2x
[,

a? .
b? (b—2+ sin?x)
: a? . A
taking Stsinfx=t
on differentiating both sides we get

2sinxcosxdx=dt

Means sin2xdx=dt
putting "_: 4+ sin?x = t and sin2xdx=dt in equation we get our equation as
b

dt
b2(1)

On solving this we get

In(t)
=7 ¢

Substituting value of t we get our answer as

a’ | .
In(5z + sin®x)

b2 +c
13. Question
. sin 2x

EvaluateJ =

. ¥
a~+b sin"x
Answer
Taking b2 common, we get,

sin2x
[,

a? .
b? (b_E + sin?x)
. z
taking % +sinx=t

on differentiating both sides we get



2sinxcosxdx=dt

Means sin2xdx=dt
putting "_: 4+ sin?x = t and sin2xdx=dt in equation we get our equation as
b

dt
b2(1)

On solving this we get

In(t)
=7 ¢

Substituting value of t we get our answer as

a’ | .
In(5z + sin®x)

= T +c
14. Question
- 1

dx

B

Evaluate J(Sin_lx) |«

Answer
Taking sin"1x=t

Differentiating both sides,

We get L _dx =dt
\.'Il—J(‘z

Our new equation has become

dt
t

On solving this we get

dt
J-? =In(t)+c

Substituting value of t= sin"1x
We get our answer as
=In(sin"1x )+c

14. Question

¥ 1

Evaluate J ( dx

sin_lx) 1-x~
Answer

Taking sin"lx=t
Differentiating both sides,
We get m%ﬂdx =dt

Our new equation has become



dt
t

On solving this we get

dt
J-? =In(t)+ ¢

Substituting value of t= sin"1x
We get our answer as
=In(sin"1x )+c

15. Question

L1
Evaluat ,(SlIl X)
valua eJ . K dx

1-x
Answer
Taking sin1x=t

Differentiating both sides,

We get L _dx =dt
1.2

Vi-

Our new equation has become
Jt3dt

On solving this we get
f‘l’
t3dt =—+
J‘ P

Substituting value of t= sin"1x
We get our answer as
(sin"1x)*
-—
15. Question

+c

i ( sin"!x ')3
EvaluateJ . dx
2

1-x
Answer
Taking sin1x=t

Differentiating both sides,

We get 1— dx = dt
2l 1—)(2

Our new equation has become
[t3dt

On solving this we get

r‘l‘
t3dt=—+c
[ eac=3



Substituting value of t= sin"1x
We get our answer as

(sin~1x)*

+c
4
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