20. Definite Integrals

Exercise 20.1

1. Question

Evaluate the following definite integrals:

9
4

Answer

1

X

dx

EY

Using the formula:

b b
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2. Question
Evaluate the following definite integrals:

2

J —dx
X +7

Answer

Using the formula:

J- G) dx = [log|x| ]:

3

J-(Xj:?) = [10g|:x;+7|]_32

-2

=log3+ 7-log-2+7

= log |10]- log |5]



10
= log|?| = log|2|

b
[ (F)ax= s
~)ax =1log|2|

3. Question
Evaluate the following definite integrals:

12
¢ 1

e

Answer

dx

Using the formula:

1..1b

b
1
J-mdx = [~cos™ X];

a

1/2

1
J- = [—l:l:)s‘lrl(;],;'f2
J V(1—x?)

= —[cos™11/2 —cos™10]

» -[-3]
= [¢]
1/2

1 T
J-\f(l_xz)z [g]

0

4. Question

Evaluate the following definite integrals:

1

L
_dx

=

+— X
Answer

Using the formula:
b
1 —1,1b
mdx= [tan X]a
a

1 1

1
1 _
dex = [tan X]O

= [tan™'1— tan™! 0]



b
1
J-mdx=”ﬂf/'4

5. Question

Evaluate the following definite integrals:

Answer
Let x2+ 1=t

= On differentiation, we get

2 xdx =dt
d dt
= = —
Xax 2

= Hence the question will become:

3 3
J- d/2  [dt
t ]2t
2

Using the formula:

f dx = [log|x|]

3

1;2](%) dt = [loglt|]]

2
= [log| x + 1|]2
=logl32+ 1| —logl2? + 1|
=logl 10] —1log| 5|
=logl 10/5]1

= log| 2|

6. Question

Evaluate the following definite integrals:

Answer

J- (a2 +b2xz) OJ-

+x?2)

dx



JC? - dx =1 bzf -
= e — = -
@) X =Y a
0 4] b

Now, Using the formula:

b
1 1
- gw== -1 b
J- (a2 +X2)dx ) [tan™ " x/a]2

X
[tan™ 5]

ol —

r 1
- !(a2+b2x2)dx -

(=)

JD’D 1 dx — (b)t _, bx
= J (az +b2x?) =3 [tan a]o

JD’D 1 dx — (b)t _ bxoo tan-1b 0
= J @2 +b7x3) x = |3 [tan " an xa]
JC? ! d (b) tan™! tan™'0
= _ = (- o0 —
) (@2 +b2x2) X S [tan an™ 0]
JD’D 1 dx — (b) i 0
= ) (a2 +b2x2) * =13 [2 ]

= !m‘“ G)@

7. Question

Evaluate the following definite integrals:
1
-1

Answer

1

1+ x°

dx

Using the formula:

b
1
J- mdx = [tan_l X]Ia:

b_1 “1g71
:.[a (1+:\__.2]= [‘tal?l X]—l

= [tan"l (1) -tan1 (- 1) ]

=E-(-3)

m m m
= -4 - =—
4 4 2

8. Question

Evaluate the following definite integrals:

J‘ e dx
0



Answer

Using the formula:

b
J- e¥dx = [e¥]?

f==]

= J- e ¥dx = —[e ™™g

= J-e"‘d}{:—[()—l]

f==]

= J- e fdx=1

1]

9. Question

Evaluate the following definite integrals:
1‘ X

J ——dx

pX+1

Answer

Using the formula:

J- G) dx = [loglx| ]:

= [ () ax =195 - noglx+ 1113
0




~ [2(7) dx = 1] ~ Dlogl2]]

x+1

10. Question

Evaluate the following definite integrals:

x 7

J (sin x + cos x )dx

0
Answer
2 /2 /2
= J- (sin(x)+cos(x))dx=f sin(x)dx+f cos(x)dx
0 0 0

Using the formula:

b

J- sin(x)dx = —[cos(x)]"

a
and

b

f cos(x)dx = [sin(x)]°

a
w2

= J- (sin(x) + cos(x))dx = —[cos(x)]% + [sin(x)]%

(sin(x) + cos(x))dx = — [cos (g) — cos(O)] + [sin (g) — 5111(0)]

Ot ula

S f[:sm(x) 4+ cos(x))dx = —[0—1] + [1— 0]
- f(sin(x)+ cos(x))dx = — [-1] + [1]

= J-(sin(x) + cos(x))dx = 2

11. Question

Evaluate the following definite integrals:

x 7

Jcotxdx
/4

Answer

Using the formula:



b

J- cot(x)dx = [log|sin(x)|]2

a

=

w2

J- cot(x)dx = [loglsin(x)l]:::i

w4

w2

J- cot(x)dx = [loglsin (g)l —log|sin (g)”

i/
n/2
J- cot(x)dx = [log|1] —log|1/v2|]
/4
/2

J- cot(x)dx = [lﬂg|1/(r1§)|]

w4

w2
J- cot(x)dx = [10g\5]

w4

12. Question

Evaluate the following definite integrals:

/4

J sec x dx

0

Answer

Using the formula:

b

J- sec(x) dx = [log|sec(x) + tan(x)[]5

a

=

w4
J- sec(x) dx = [log|sec(x) + tam(:x;)l]'g"r‘L
]
w4
T T
J- sec(x) dx = [log |sec (E) + tan (E)l — log|sec(0) + tan(0)|
]
w4
J- sec(x) dx = [log|vZ+ 1| | — log|1+ 0]
]
w4
J- sec(x) dx = [log|V2 + 1] | — log|1]
li]
w4

J- sec(x)dx = [log[vV2+ 1| |- 0
1]

(“logl=0)



w4

= J- sec(x) dx = [log|vZ+ 1] |]
li]

13. Question
Evaluate the following definite integrals:

/4
J cosec X dx
/6

Answer

Using the formula :

b
J- cosedx) dx = [log|cosec(x) — cot(x)|]°

a

LE?
= J- cosec(x) dx = [log|cosec(x) — COt(X)”:;:
6
/4

= J- cosec(x) dx = [log |cosec G) — cot (g)l — loglcosec (g) —cot (g)l

/6
n/a
= J- cosec(x)dx = [logh@— l| — log|2 - \,@H
/6
(~ cosec G) =+/2,cot (g) = 1,cosec (g) = 2,cot (g) =+3)
n/a

= J- cosec(x) dx =

6

ogh 2 — 1|l
12—-v3

14. Question

Evaluate the following definite integrals:

1—
J—de
0 1+x
Answer

1 1 l 1

X
f 1+x J-(x+1)dx_f(x+ de
1] u] u]




=>fgl(i%jdx: 2><f01(i)dx—f;1xdx

Using the formula:

G) dx = [loglx| ]:

N‘-____‘U_

U

1
1-—x 1 .
J-(m)dx= 2% [10g|X+ ll]o —[X]O
0

1_
(1+ )dx— 2 x [logl1+ 1| —log| 0+ 1|]] — [1 — 0]

U
cL___”__

1_
() éx = 2 x [logl2] — log] 111 - [1

U
cL__ﬁ’__

1
f(l_x)d =2 12| —0] -1
=:-UI Tt = x = 2 X [log ]

J-(—l )d = 2xlog|2| —1
= =
1 X x log

15. Question

Evaluate the following definite integrals:

' 1
et
5 1+sin x
Answer

T m
( 1 )d J’( dx ) 1 —sinx
x
=>J- 1 + sinx X 1 + sinx [l—sinx]
o 0

I T
( 1 )d J’l—sinx
X= | ————dx
=>f 1+ sinx 1—sin?x
0 0
™
n( J’l—smx
=>J- 1+5111x cos?x
o 0

("1 -sin? x = cos? x)
1-[ .
sinx
- dx
COS2X
1]

I T
= dx =
J- 1+5111x J-COSEX
o 0
T

= J- 1+5111x = J-sec xdx — J-tan[x)sec(x) dx
0

Now, we know,




b

J- sec?xdx = [tan(x)]2

a

And,

b

J- tan(x) sec(x)dx = [sec(x)]®

a

J- (1 + sinx dx = [tan(x)]5 — [sec(x)[g

(—1 " sinx) dx = [tan(m) — tan(0)] — [sec(m) — sec(0)]

)
OL__'W:I

(ﬁ)dx: [0—0]—[-1—1]

)
OL__'W:I

(rom)ax= -t

1
:I Sr—y

||
B

= J- 1+5111x

=]

16. Question

Evaluate the following definite integrals:

n/4
1
[rete
. l+sinx
Answer
w4 /4
( 1 )d J‘ ( dx ) 1 —sinx
- p— b'e
= J- 1+ sinx X 1+ sinx [1 — sinx]
—T/4 —m/4
/4 w4
( 1 ) q J’ 1 —sinx q
= J- 1+ sinx x= 1—sin?x X
-4 - 4
w4 w4
( 1 ) q J‘ 1- sinxd
= J- 1+sinx/ costx
—Tmf4 -4
(1 -sin? x = cos? x)
w4 /4 w4
( 1 ) q J‘ 1 q J‘ sinx q
= J- 1+sinx/ cosZx © cosZx
—m/4 —m/4 -4
e w4 e
1
—— P 2 -
= J- (1 m sinx) dx J- sec®xdx J- tan(x) sec(x) dx
-4 - 4 - 4

Now, we know,



b
J-seczxdx = [tan(x)]®

a

And,

b
J- tan(x) sec(x)dx = [sec(x)]®

a
/4

1
= e T
f (1+Sinx) dx = [tan(x)] 7, — [sec(0)]
—T/4

LE?

= f (1 +lsmx) dx = [tan(m/4) — tan(—m/4)] — [sec(m/4) — sec(—m/4)]

- 4

LE?

(" sec (- B) = sec 9)

LE?

= J- (1 +1sinx) dx = [2] - [-2v2]

- 4

/4

( L )d 2+242
= J- 1+ sinx x= v
—m/4

17. Question

Evaluate the following definite integrals:

x 7

J cos” X dx
0
Answer
™ T1+cos(2x)
Letl= [z cos’xdx = [27 dx
™ 5 I1 Tcos(2x)
:_[Ozcos xdx = fozzdx+ foz 2 dx

Using the formula:

b

J-cos(ax)dx= [

a

sin(ax)
a

la

L
2

=

Ol

e (7 + (122

0

cos’xdx = G) [g— 0] + G) [(51112 X g) — (sin2 x O)]

!
CIL-_“n\.ml:l



2xd —“+(1)[' in0]
COsS™X X—4 2 SINT sn

!
CIL-_“n\.ml:l

2y = (E) _
= | cos xdx-4+ 2 [0— 0]

Ol

T
2

= J-cos xdx-—
0

18. Question

Evaluate the following definite integrals:

/7

J cos” x dx
0

Answer

- _[Ogcosgxdx = J2cos(x) x cos?(x)
= jogcosgxdx = ffcos(x) x (1 —sin®*(x)) gx

- _[Ogcosg xdx = [2cos(x) dx — [ cos(x) sin®(x) dx

Let sin x = t. Hence, cos x dx = dt, for the second expression.

™
= _[Z cos3xdx = [snm]m2 Jzt?de

w2 ﬁ /2
= fz cos?xdx = [sinx], [3]0

Put back t = sin(x)

s 1
cos?xdx = [sinz —sin0] — (E) [sin? x]g"r2

i)
cl'L__ﬁr\.zul:l

1 s
cos?xdx = [1— 0] — (E) [sin? >~ sin® 0]

!
CIL-_“n\.ml:l

cos?xdx = [1] — (%) [1% — 07]

i)
CIL__ﬁr\.zul:l

cos?xdx = [1] — (%) [1]

i)
cl'L__ﬁr\.zul:l

cos®xdx = [1] — (%)

!
CIL-_“n\.ml:l



n
JZ cos?xdx = 2
3
19. Question

=

Evaluate the following definite integrals:

n/6
J cos X cos 2x dx
0

Answer

cosx X cos(2x)dx = | cosx X (2cos?x— 1)dx

S ——ia
S ——ia

™
&

=

Ok__ﬁoﬂ:l

COSX X cos(2x)dx = J-(Zcosax— cosx dx)
0

T

&
cos¥x dx— J- cosx dx

R
6
= J-cosx % cos(2x)dx = 2
0
0

Ok__ﬁoﬂ:l

We know,

= jogcosgxdx = Jecos(x) x cos?(x)
= ﬁcosgxdx = f;"récos(x) X (1 —sin®(x)) g4x
0

= f;ﬁ’ cos? xdx = [ # cos(x) dx — [ cos(x) sin®(x) dx

Let sin x = t. Hence, cos x dx = dt. For second expression,

e

cos®xdx = [sinx], t2dt

I
O — a3
Rl P

t3 /6
cos?xdx = [simx;]";"r‘S - [—l
3
1]

I
O — g

Put t = sin(x)

sin? 3

L3 m/6
= fof' cos®xdx = [sinx]::’[5 - [Tt]u

1

T T
cos?xdx = [sing - 51110] — (5) [sin® - sin® 0]

1
O — a3

wrsax= 3] ()]

I
O — g



nor1
3 — 10 1=
cos ™ xdx = [2] [24]

I
O — g

cos?xdx = (12— 1)/24

1
O — a3

T
= [¢ cos®xdx = (11)/24 (equation 2)

T
From equation 2 put value of _[OE cas3xdx in equation 1.
a1 m
6 %
COSX X cos(2x)dx = ZJ-(COSE x)dx — J-cosxdx
0 0

=

Cﬂ-—_ﬁoﬂ:‘

11
cosx x cos(2x)dx = 2 x (—) — | cosxdx

24

I
O — g
O — g

I
&
11
- J-cosx x cos(2x) dx = 2 x (ﬂ) - [sinx]gm
0
L
: 11 T
= J-cosx x cos(2x)dx = 2 X (ﬂ) - [sing — sin0]
4]

(2%) dx = 2 (11) L o]
COSX X cos(2X)dx = » 24 2

1
O — a3

= | cosx x cos(2x) dx = (E) - [%]

12

CIL—___‘ml:]

n

6 (29 dx = ()
= J-COSXXCOS X X = 12
1]

20. Question

Evaluate the following definite integrals:

x 7

J sinxXsin 2x dx
0

Answer

T

2z

J- sinx x sin(2x)dx = | sinx x 2 x sinx cosx dx
0

O 5

i L3
=>J‘035111x % sin(2x)dx = 2 foz sin®x cosxdx



™ LS
= _[OEsinx % sin(2x)dx = 2 foz(l — cos?x )cosxdx

T L L3
=>J‘035111x X sin(2x)dx = 2 foz cosxdx — 2 foz cos?xdx

n n
= foz sinx X sin(2x)dx = 2[sinx]? — 2 x 2

First let us find,

n L
H z
J-cosaxdx= J-cos(x)x cos?(x)
0 o

w2

3
= J-cos xdx = J- cos(x) x (1 — sin?(x)) gx
0

w2

3 3
= J- cos® xdx = J- cos(x) dx — J- cos(x) sin®(x) dx
4] 4]

1]

Let sin x = t. Hence, cos x dx = dt. For second expression,

T

2z
cos?xdx = [simx;]"t:"r2 - J-tzdt

1]

!
CIL-_“n\.ml:l

ta ﬂf2
cos*xdx = [smx]ﬂ"r2 [—l

3 0

i)
cl'L__ﬁr\.zul:l

Put t = sin(x)

= _[Z cos3xdx = [snm]m2 [

sin? :\-:]ﬂﬂ
3 o

s 1 s
cos?xdx = [sinz - 51110] — (5) [sin® >~ sin® 0]

i)
cl'L__ﬁr\.zul:l

a1 )
cos*xdx=1— |3
3

!
CIL-_“n\.ml:l

i)
CIL__ﬁr\.zul:l

I}
[=]
w

w
bt
[=W
=
Il

|

2
sinx x sin(2x)dx =2 x [1 — 0] — 2 X 3

i)
cl'L__ﬁr\.zul:l

4
sinx x sin(2x)dx =2 — (E)

!
CIL-_“n\.ml:l



T
2
2
= | sinx x sin(2x)dx = (E)
]

21. Question

Evaluate the following definite integrals:
i .4 .

J (tanx +cotx) dx
n/3
Answer

w4 /4

J- (tanx + cotx)?dx = J- (tan’x + cot?x + 2 X tanx X cotx)dx
/3 /3

We know, tan x X cot x = 1

w4 LE?
J- (tanx + cotx)?dx = J- (tan®x + cot?x + 2)dx
m/3 /3

We know, tan?x = sec? x 1 1 and cot? x = cosec? x - 1

= f;f?(tanx+ cotx)?dx = fq:;;(seczx — 1+ cosec’x— 1+ 2)dx
= [™*(tanx + cotx)2dx = [ }(sec?x + 2%)d
/3 (fANX + €O X= )3 (sec”x + cosec x)dx

= f;f?(tanx + cotx)?dx = fq:;;(secz x)dx + f;’?(coseczx) dx

We know integration of sec2x is tanx and of cosec? x is -cotx. Therefore,
/4
= J- (tanx + cotx)Zdx = [tanx]zg + —[cotx]zg
/3
LE?
= J- (tanx + cotx)?dx = [t:;mE - tanE] - [n:(:-tE - cotE]
B 4 3 4 3
/3
/4
= J- (tanx + cotx)?dx = [1 — V3] - [1 — 1/V3]
/3
LE?

1
= tanx + cotx)3dx = — — /3
( ) 5V

/3 v

22. Question

Evaluate the following definite integrals:

x /7

J cos’ x dx
0

Answer



w T
2 K
J-cos“xdx= J-COSEXX cos? xdx
o 0

ml:l

m
Z
l + cos2x 1+ cos2x
= | cos xdx-J- > )x( > )dx
1]

(14 cos 26 = 2 cos? 0)

= (1+ cos2x)(1 + cos2x)dx

O —
o 1

1
4 N
cos*xdx = (4)

(1+ cos?2x + 2cos2x)dx

!
CIL-_“n\.ml:l

1
4 Y
cos“xdx = (4)

O 1

(1+ cos4x)

txax= ()
cos"xdx = (-
4 2

(1+

+2c0s2x)dx

!
CIL-_“n\.ml:l
O — s

1
cos*xdx = (ﬁ) (2+ (1+ cos4x) +4cos2x)dx

!
CIL-_“n\.ml:l
O — s

a1 m

=

% 2 2
1
cos*xdx = (ﬁ) [J- (2dx + J-(l + cos4x)dx+ J-(-‘-}cost)dx]
0 4]

O 5

T

= J-cos xdx- [[2){]2 [x]2 [[51114){)/4]2+4[(51112x)j2] ]

‘xd —(l) [2x5—0]+[5 0]+(1) ind x = — sin0] + (4/2)[sin2 x = — sin0
cos”xdx = {2 2 5 2 [sin 2 sin0] + (4/2)[sin 2 sin0]

e

cos*xdx = (%) 1+ [ ] ( ) [sin2 x m] + (2)[sin 1]

i)
cl'L__ﬁr\.zul:l

cos*xdx = (%) _[TL'] + [g] +0+ (2)[0] l

I
cl'L__“aml:l

cos*xdx = (%) _[TI.'] + [g] l

!
CIL-_“n\.ml:l

s [z
cos™xdx = |

i)
cl'L__ﬁr\.zul:l



23. Question

Evaluate the following definite integrals:

x 7

J (a" cos"x—b"sin"x)dx
0

Answer

I
2

™
z
J-(az cos?x + b? sillzx)d){:f[az cos?x +b?(1—cos?x)]dx
0 0

= _[OE (a® cos®x + b? sin’x) dx = [?[a® cos®x +b? (1) — b? cos®x)]dx

Ll Ll

2

S i

g o
(a®cos®x + b?sin x)dx—f[a cos xdx+b2J-1><dx—b2J-[c052x]dx
0

2 2 s

a b I
(a®cos’x +b?sin®x)dx = — [1 + l:l:rSZ:«;]mr2 b2 [:x;]g’f2 -3 [1 + cos2x]?

e

(a%cos®x +b?sin®x) dx

e

=Z—2[(1+c052>< )—(1—c050)]+ b? [——0]
—%[(1+c032x§)—(1—c050)]

= J- (acos®x+ bzsillzx)dx=2—2[(1+—1)—(1—1)]+b2 [g]—
b2

E[(l‘l'—l)—(l—l)]

7
s
= J- (a® cos?x+ b? sin? x) dx = b? [E]
4]

24. Question

Evaluate the following definite integrals:
J 1+sin x dx
Answer

m m
[ rrsmes= [ (v «
J v SINX JdX = J v SInx X\.m X



m m
2 2
V1—sin?x)
= (\, 1+ smx}d = [ )]dx
V /1 —sinx
1] 4]
m m
2 K —
C05%2%
= 1+ sinx )dx = J- [M— dx
OJ- (V ) J V1 —sinx

a1 a1
Zz z
COSX
= (V1 + sinx)dx = [ dx
4 5 W /1 — sinx smx

Let 1 - sin x = t2. Hence, - cos x dx = 2 t dt and cos x dx =

p p
—2t
= J- (V1 + sinx)dx = J- [—] dt
vtz
1] 0
p :
= J- (V1 + sinx)dx = J- [T dt
1] 0

(\,*1 + sinx}dx= (—Z)J- [1]dt

!
CIL-_“n\.ml:l

(\,’1 + sinx)dx = (—2)[‘(]:;"r2

i)
cl'L__ﬁr\.zul:l

Vv1+ sinx)dx = (—2)[v1 —sinx /2
(v ) [V o

!
CIL-_“n\.ml:l

(V1 + sinx)dx = (—2)[ [1 —sin (g) —V1-—sin0

i)
cl'L__ﬁr\.zul:l

(V1 + sinx)dx = (—2)[vV1 — V1—-10]

!
CIL-_“n\.ml:l

(V1 + sinx)dx = (—2)[-1]

i)
cl'L__ﬁr\.zul:l

(V1 + sinx)dx = 2

i)
cl'L__ﬁr\.zul:l

25. Question

Evaluate the following definite integrals:

x /7

j,Jl—cosxdx

0

-2tdt



Answer

m m
Z Z

= [ WTFem)a= [ (VT o) x e s
, K a , v V1 —cosx

(V1—cos?x)

[ V1 —cosx ax

(V1 + cosx)dx=

4
CIL-_“n\.ml:l
CIL-_“n\.ml:l

n n
2 2
/sin?x
lli— _ .\'
= \,1+cosde—J- ——|dx
J- ( ) L’l — COSX
1] 1]
m m
2 2
sinx
= J- (V1 + cosx)dx = J- [
, o /[1— cosx

Let 1 - cos x = 2 hence sin x dx = 2 t dt
[Zt]dt

Viz

2

—l]dt

t

(V1 + cosx)dx=

4
CIL-_“n\.ml:l
CIL-_“n\.ml:l

(V1 + cosx)dx=

4
cl'L__ﬁr\.zul:l
cl'L__ﬁr\.zul:l

(V1+ cosx)dx= (2) | [1]dt

4
CIL-_“n\.ml:l
CIL-_“n\.ml:l

(\,’1 + cosx)dx— (2)[‘(]“"r2

i)
cl'L__ﬁr\.zul:l

Vv1+ cosx)dx= (2)|v1— cosx /2
(v / 0

!
CIL-_“n\.ml:l

(V1 + cosx)dx= (2)[ |1—cos (g) —+V1—cos0

i)
cl'L__ﬁr\.zul:l

(w’l + cosx)dx— (2)W1-0—-+V1—-1]

!
CIL-_“n\.ml:l

(V1 + cosx)dx= (2)[1]

!
CIL-_“n\.ml:l

(V1 + cosx)dx = 2

i)
cl'L__ﬁr\.zul:l

26. Question



Evaluate the following definite Integrals:

= /7

J X~ sinx dx
0

Answer

ral 3

We are asked to calculate J’ X sinx dx

0
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is choosen to make the integration simpler.

Now, In the given question x is an algebraic function and it is chosen as u (A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it
dx
J-}( sinx d}(=}(J- sinxdx — J-J- sinx X (ﬁ) dx

= —xcosx+fcosx dx

Therefore, now substitute the limits given:

Note that [ sinx = —cosx and [ cosx= sinx
w2

J- X sinx dx = [(—xcosx + J- COSX dx)]g"r2
0

= [(—xcosx + sinx )]:;[le

First we have to substitute the upper limit and then subtract the second limit value from it
=— G) X COS G) +sin G) + —(0 % cos0 + sin0)

Note that sin0= 0 and cos0=1

=0+1+0-0

=1

27. Question

Evaluate the following definite Integrals:



x /7

J xcos x dx
0

Answer

n
Z

We are asked to calculate J’ % cosx dx
0

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it
dx

J-)( cosx d)(=)(J- cosxdx — J- J-cosx P (E) dx

= xsinx — J- sinx dx

Therefore, now substitute the limits given:

Note that [ sinx = —cosx and [ cosx= sinx

.
X cosx dx=[xsinx — J-sinx dx]3

Oz

o
X cosx dx=[xsinx + cosx]?

Oz

First we have to substitute the upper limit and then subtract the second limit value from it
[5]sin + cos > — [05in0 + coso

= |z|sin-+cos—- — [0 sin COS
2 2 2 [ ]

=[F]1+0-10 +1]

m—2

2
28. Question

Evaluate the following definite Integrals:



T /7

J X”cos x dx
0

Answer
For this, we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference,, the first function is chosen to make the integration simpler.

Now, In the given question x? is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.

J-xzcosx dx=x2J-cosxdx— J-J-cosx X 2x) dx
=x?sinx— J- 2x X sinx dx
=x%sinx— Z[XJ-sinx dx — J-J-sinx dx dx]

=x?sinx — 2[—x cosx — J- cosx dx]

So now we have to substitute the limits in this equation.

And should subtract upper limit value from lower limit value

w2

J- x? cosxdx = [x?sinx — 2[—x cosx—J- cosxdx]]gﬂ

0

Sin g =1, cosg= 0, sin 0 =0, cos0 = 1.

= [x?sinx — 2[-x cosx + simx;]]";"r2
™ sin® 2[1T 1T+'1T] {0 x sin0 — 2[—0cos0 + sin0]}

=—sin-—2|—=cos— + sin—| — sin0 — 2[—0cos0 + sin
4 2 2 2 2

=[ﬂ£>< 1—2[0+1]—{0—2[-0x 1+ 0]}]

29. Question

Evaluate the following definite Integrals:



T/4
J X~ sin x dx
0

Answer
For this, we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference,, the first function is chosen to make the integration simpler.

Now, In the given question x? is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.
J-xzsinx dx=x2J-sinxdx— J-?.X(J- sinx dx) dx
= —x%cosx+ E[XJ-COSX dx — J-J-cosx dx dx]

= —x?cosx+ 2[x sinx — J- sinx dx]

So now we have to substitute the limits in this equation.
And should subtract upper limit value from lower limit value
LE?

J- x%sinx dx = [-x%cosx + 2[x sinx — J- sinx dx]]:;[’lcL
0

Sin% =1, cosg =0,sin0=0, cos0 =1

s .m 1
C0S— = sin—=—
2 T

= [—x? cosx + 2[x sinx + l:l:rs:x;]]::’hL

- T+ 2[>sin— + cos—— {~0 x cos0 + [0 X sin0 + 2cos0
= 16:»:1:05‘dr [45111‘dr cos, {—0 x cos [0 x sin cos0]}]]
- 1+2[jT L, 0+2[0+1
=[—x—= —X—=+—=|-
3 L Y B
V2|16 2
2
s ™
Y SO



30. Question

Evaluate the following definite Integrals:

x /7

J X“cos2x dx
0

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x2

is an algebraic function and it is chosen as u(A comes first in “ILATE"” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Note that [ sinx = —cosx and [ cosx= sinx

d2x
J-xzcosb( dx:xzf cos2xdx— J-J-IZOSZX X (K) dx

dx

%2 sin 2x J’ sin 2x
=——— | 2x
2

x? sin 2x . .
=— - [xJ-sm 2x dx— J-J-stx dx dx]

x? 51112x+ X COS2X J’COSZX
2 [ 2 2

x?sin2x xcos2x sin2x

_I_ J—
2 2 4
/2 x?sin2x xcos2x sin2x
x2cos2x dx = + - /2
J;. 3 [ g 1o
=1T—2><5111(2>< )x +[ XCOS(ZX )xi—sm 2>< ]
4 2 2 2 2 4
T 1 1
— {— X sin(2x 0) x = + [— x cos(2 x0) x E_ sin{2 x 0) x 4]]
s 0—1 1 0 U—I-Tr
=—x0—-1x—-x0-— —
- S X 0- 0+])
T
4

31. Question



Evaluate the following definite Integrals:

= )

J X cos x dx
0

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x2

is an algebraic function and it is chosen as u(A comes first in “ILATE"” rule)
So first let us integrate the equation and then let us substitute the limits in it.
Let us recall a formula cos2x=2¢gs2x-1

Now substitute it

COS2X
J-xzcoszxdx= J-xz(1+ 5 )dx

1
= EJ-(xz + x?cos2x) dx

1
= Ef(xzder J-xzcoszmx)

. n+i
Now let us recall other formula |.e_[ =X "
n+1

[ sinx = —cosx and [ cosx= sinx

Using them we can write the equation as

d2x
J-xzt:OSZ)( d)(=x2fc052xdx— J-J-COS?.XX (K) dx

dx

x?sin 2x sin 2x

%2 sin 2x

=— - [XJ-SiII 2x dx— J-J-sian dx dx]

x? sian_I_ X C0S82X J'COSZX
2 [ 2 2




x?sin2x xcos2x sinZx

+
2 [ 2 4

/2 x%sin2x xcos2x sin2x
x2c0s2x dx = + - /2
J; 3 2 g o

=H—2><5111 2>< X = + ><cos 2= xl—sm 2><
4 22 2 2 2 4
1 1
—{—><s111(2><0)>< +[—><c05(2><0)><5—51n(2><0)><4]

0—1><i><0 {0+[ 11

=] A og|=|

On substituting these values we get

2 1[m® =
J-xzcoszx dx=—[———
4]

1A

2|24 4

TEETII

48 3
32. Question

Evaluate the following definite Integrals:

log x dx

.—-L_-.— (]

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question 1 is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)

So first let us integrate the equation and then let us substitute the limits in it.

1
J-logxdx=fl xlogx=long-xdx—f;[fdx) dx

Let us recall that derivative of logx is 1/x

1
= xlogx — J-xx;dx



= xlogx — J-dx

=xlogx-x

Now let us substitute the limits
2

J- logx dx = [xlogx — x]3
1

= 2 log2-2-[1logl-1]
=2log2-1
33. Question

Evaluate the following definite Integrals:
j’ lo
1

Answer

rI‘G'

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

J‘ logxdx _J’ 1 loex d
(x+1)2 ) (x+1)2 xlogx dx

=10gxxfﬁdx—f{fﬁdx)%d

logx 1
_x+1+ X(x+ l)dX

wid

logx (x+1-x)
x+1 X(x+1)

- [

x+1

Now we will substitute the limits

3

logxdx logx
“ B [ e

S — X_
, (x+1)2 x+1

? logxdx

= _ 3
CTRE X +logx — log(x+ 1)]3

=[—

x+1



= 1033+1 3—log(3+1) nglH 1—log(l+1
=—g35 1 Tlog3—log {1+1 ogl —log( )}

logl = 0 and log4 = 2log2

3log3
= 4g —log2

34. Question

Evaluate the following definite Integrals:

g LK

Je—(l—x log x )dx

i X

Answer

let us assume that the given equation is L

g LK

e
L=J- — (1 + xlogx)dx
1 X

E‘e}.' e
1=J- —dx+J- e* logxdx
1 X 1

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

= [e* logx]] — J-:ex logxdx + J-:e" logxdx
= [e*logx]§

= e®loge — elogl

We know that loge=1

=e*—0

= af

35. Question

Evaluate the following definite Integrals:

]llog X i

1 X



Answer

Here in this question by observation we can notice that the derivative of logx is 1/x and the function integral
is like

J- flx)d(f(x)) dx = f(x)2/2

Here to solve these kinds of question let us assume logx=t

Now ~dx = dt

Now let us change the limits

x=1 then t=0

x=e then t=1

elo 1
f —gxdx:ftdt
1 X 0

36. Question

Evaluate the following definite Integrals:

N .

EJ_J Lo 1 - edx
. [log x (log x)’

L

Answer
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE"” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

J’ 1 q 1 J’d J’d d 1 q
logx X logx X ¥ dx [:logx X
X 1dx
= +
logx (logx)?




Now let us substitute in the given question equation

2

J-E‘ 1 1L % EZ+F 1dx J-f‘z 1dx
. Togx  Tog02 ™ ~liogx® ¥ ), Togoz ). Tlogn)?

x 1%
long
e
2

e e

- loge? - @

=——e
2

37. Question

Evaluate the following definite Integrals:

o b

X+3
dx

X(x+2)

—

Answer
J’2 X d J’2 3 d
) x(x+2) X L X(x+2) X

21 2 3
ZL &t z)d“fl xxr ™

Here we are solving the equation, recall iz is the derivative of log(x+2) and splitting the second one
X+

= [log(x+ 2)]3 —i—EJ-(E— )dx
= (108 175§

X+ 2

~ [log(x+ 2)]: ~ [ 1og(x) ~ 3 log(x + )]:
= [5log(x) —5log(x + 2)I1

3 1 3 1
= Elog(z) - Elog(z +2)— {Elog(l) - Elog(l +2)}

1
= —[3log2 —log4 + log3
2

Note that log4=2log2 and logl=0

1
= —[3log2 — 2log?2 + log3
2

1
=3 [log2 +log3]

—11 6
—E[Og]

38. Question

Evaluate the following definite Integrals:




Answer

If the equation is in this form then convert the numerator as sum of derivative of denominator and some
constant

Here we know that denominator derivative is 10x
So to get it in the numerator multiply and divide by 5

Now you get the equation as

f12x4—3dx J45(2x+-3) 1
= X
s Bx2+1 ), sx2+1 7%

XX =

f110x4—15d 1
), 5x2+1 5

PEELLINRVE d
I R

J’l 10x i 1+J'1 3 i
=| - aXxxX— - ax
o Bx2+1 5 Jy 5x2+1

1 o10x 1 L 3
0 0 5(x2+¢)

We already know that derivative of logx is 1/x

10x
SxZ+1

Using that here derivative of log(5x2 + 1) =

And derivative of tan~1% = 2
a a®+x®

U||H

log(5x%+ 1) + X =+ X tan~

\.5

So =

‘5‘ﬂ|"| "

1 3
= glog(sz +1) + NG x tan™* V/5x

Now substitute limits 1 and 0

3
=—log(5>< 1+1)+T§xtall 1y5 {—log(5><0+1)
v

3
-1,/
+—\E><tan V5 x 0}

1 3 1
= _= -1, _ =
z log(6) N X tan™" v5 {5 log(1)+ 0}

1 3
= glog(é) & x tan~1/5

39. Question

Evaluate the following definite Integrals:

|

~dx
A+ X—X
Answer

[
Sy 4+ x—x2 X

Since it is a quadratic equation we are trying to make it a complete square



: 1
ZJ; —[—4—x+x2)dx

2 1
=J- dx
4]

—(—4- x+x2+—— )

= X
. 1, 17

—(x=35)?-7)

_fz 17 - dx
* (52— ((x- )2)

a+x

=here the equation is in the form of integral of— the integral is equal to 22X log(—)

Here let us assume that t=x~21
So that dx=dt

When x=0 t=-1/2

And when x=-1/2, t=3/2

3
[ R E
X = —
V17, ) = V17,
(=) —((X——)) 2 (52— (92
M7
S sha s
= x 10 z
RN
2 2
= 17x[ g[:\._m_g 10g(u7 J.)]

J17+3 Jy17-1

- [ 08 V17-3 Og(\.-'ﬁu)]

1 V743 VITH1 )
_u'ﬁx[ [:'_ ) [:171 2

g (w’ﬁ+17+3
=—=X[log(——F——
V17 317—4vﬁ+3

V17 +5

X log(— =5 \."'l_+5

)

Now rationalize the denominator

We get as

5V17 +21

—

1
=—x[lo
i [log(

40. Question

Evaluate the following definite Integrals:

—
)



Since the denominator is a quadratic equation let us make it in form of a perfect square
x 1
2%+ x+1=(x*+=-+-)x2
2 2
+ = + 1 2
= - —— )X
("3 16
+ ! 4+ ! 2
= - —) x
((x+*+10)
1 V7
=((x+ g)z + (T)z) X2

Now the equation

J-l 1 J-l 1
0 2x2+x+1

_
(x+32+GHx 2
1t 1
=

_
° (x+3)2+ (D)

2 _using this we can write it as

derivative of tan=1% =
a a® +x2

+ L xtgo
=——[tan ' (—==
2\.5[ ( ﬁ )]0
4
_ iz 13 o1 1
= {z{tan™ z—tan ﬁ}}
41. Question

Evaluate the following definite Integrals:

1

J. x(1-x)dx

Answer

To solve these kinds of equations we generally take x=sin?#8,co0s?8
So now here let x — 5in2A

So now dx = 2sinBcosBde

Now change the limits

X=0 then g=0

X=1 then 9=§

So it is equal to

= J-z \/sin2 8 (1 — sin2 B) 2 sinBcosOdO
0
3
= J- 2sin? 6 cos*6d6
0

= J- 4sin” B cos?0d0 ¥
4]



now use formula sin2x=2sinxcosx

™

—1J-§ in’26de
=2). sin

Now use formula that cgs?x = 1 — 2 5in2 8

= de

T
1 J’El — cos40
1]

2 2

1 E
= JZ(1 —cos48.d8)

- a0~ [costoao’
=%, ] COS 2

Now let us recall other formula :

[ sinx = —cosx and [ cosx= sinx
1 T 1sin48Z
=0 - 313
4-°0 4% 4 -0

Now recall that sin0=0, cos0=1

1m 1 s 1
ZE[E_EXSHH xE—{O—Exsm-‘-}xO}]
s
=5-0-{0-0)
T
~8

42. Question

Evaluate the following definite Integrals:

3 -2

1
dx

3+2x—-Xx°

=

Answer

Here the equation is of form that a quadratic equation is in the root so now to solve this make the equation
in the root in the form of a2-x2,a2+x>2

Here3 +2x —x?=3+1—(1—-2x+x?%)
=4-(x-1)2
=22-(x-1)?

. . . . . 1 X 1
Now just recall a formula that is derivative of sin 1; =

Here a=2 and x =x-1
Now we get

J’z 4 (s _lx—l]2
—dx = [sin"t——
o V3 +2x—x2 2 °

2-1 __,0-1
— —S8In T —
2 2

=sin~!

+

ol A
o A



3
43. Question
Evaluate the following definite Integrals:

P

Answer

dx

Here first we are converting the quadratic equation in to a perfect square
4x —x*=4—-4+4x—-x°

=4—(4—4x+x?

=4—(x—2)°

= (2)? - (x—2)?

Now just recall a formula that is derivative of sin‘li = %
yaT—x

Here a=2 and x =x-2

Now we get
4
1 Xx—2
—dx = [sin ! —]2
| gt = [sin S
472 0-—-2
= sin‘l——sin‘lT

=sgint1—-sint—-1

=E_(_g)

2
=T
44. Question
Evaluate the following definite Integrals:

1
- 1
(X7 +2X+5
Answer
Now denominator is in a quadratic form so let us make it in other form

X2+ 2x+5=x?+2x+1+4

=(x+1)*+4
=(x+1)*+22
Recall a formula tan=(¥) = —=
tan (a) e
Sonow.[' %t _ 1%ty 1
f—lxz+23+5 [tan (2 )] =1 2

1+l L("1+1
= (tan (T)—tan ( 2 ))x



= (tan"*(1) —tan=(0)) x %

m 1 @

=— % == —
4 2 8

45. Question

Evaluate the following definite Integrals:

}xz—x{iX

 V2X+1
Answer

To solve this let us assume that 2x+1=¢t2
2 dx=2t dt

So now x=1, t = /3

X=4, t=3

So now after substitution we get

t2—-1 t2—-1
4 .2 3 2
J-Xifidﬁw 7 ) tdt
1\.2X+1 V3 t

1 3
ZEJ- (t* — 2t + 1 + 2t% — 2)dt
V3

1 3
=—| (t*—1)dt
G

. n+i
Now let us recall other formulai.ef x® =

n+1

1 t3
— T _ 43
ALE

5 I{—S
_E i 5
415 4| 5
57 —+3
5

46. Question
Evaluate the following definite Integrals:

1

jx(l—x}jdx

Answer
Now to make it simpler problem let us expand (1 — x)5using binomial theorem

SO (1—x)°>=1-—5x+10x*—10x*+ 5x*—x*

xl‘l+l

Let us also recall other formula i.e., [ x» =
n+1

So now



1 1
J-x(l—x)sdx=fx(l—5x+ 10x? — 10x? + 5x* —x%)dx
0 0

x2 5x? 10x* 10x® b5x® %7

BT I B S

_1.5,10 105 1 00000 0
2 3 4 5 6 7 2 3 4 5 6 7
1

)

47. Question

Evaluate the following definite Integrals:

NS

)

e™dx

— e 2

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x?

is an algebraic function and it is chosen as u(A comes first in “ILATE"” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Here we are expanding only first integral first

21 2 1 1 2 2 d% 21
J- —exdx—f —zexd};:—f e"dx—f J-e"dxx——f — e*dx
;X . X x)y 1 dx J, x?



e

48. Question
Evaluate the following definite Integrals:

1

=

dx

2x . TIX
J xe ™™ +5in—
3
5 2
Answer

. . . 1 71 1. . mx
First split the integral [ “(xe™)dx + | (sin—)dx
Now integrate by parts the first one

For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x2 is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Remember [ sinx = —cosx and [ cosx= sinx

1 1
=J- (xez")derJ- (sinE)dx
0 0 2

xe® lj’ h+z -0
_— — — E' — —
2 2 TE[ ]
2e? ez+1+2
T2 2 4 n
2e2+1+2
2 40T

49. Question
Evaluate the following definite Integrals:
1

0

dx

% X
Xxe" +cos—
4

Answer

First split the integral fol[:xex)dx+ fol(cosﬂf)dx



Now integrate by parts the first one
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

Now, In the given question x?Z is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.

Remember [ sinx = —cosx and [ cosx= sinx
1 1 X

=J- (xex)dx+J- (cos—)dx
0 1] 4

_ 1 _ b4 i El
= [xe*]; e +Tr[cc-s 4]0

— x71 _ x71 i El
= [xe*]p—[e ]0"’,]_[['305 4]0

0 0+4 s mx0
=[e—0]—[e—0] 1T[cc:-s4 cos 4]
2V2
-1+ 22
s

50. Question

Evaluate the following definite Integrals:

& o 1—smx

J e’ ———— |dx
-, l1—-cosx
Answer

Now using the formula

Sin2x=2sinxcosx

Cos2x = 1 — 2sin’x

2
e* dx= | e* dx
T (1 — cosx) i ( 2sin2 % )

J-ﬂ 1 — sinx J-"'f 1-2 sin% cn:)sE

J-ﬂ x(— 1 2X+ tx d
= — e ——-CcoseC™— COT— )X
s ( 2 2 2)



Here we know that derivative ofcotz is = —icosec%

And it is in the form of e*(function + derivative of function) so the equation integral will be g*function

X
= —[e* cot=-]x
[e* cot ]

]

T

— _le"cott — a3
=—[e CO'EZ ez cot

cot90 =0,cot45 =1

ra| =

=g
51. Question

Evaluate the following definite Integrals:

p

S oh L (x0T
e < sin :——de
g 2 4
Answer

We know that sin G + E) = sin G) cos G) + sill(g)cos(g)

So the equation will be
[} (G)cos () + smreosGna
= ez (sin| =) cos{— ]+ sin(—)cos(z))dx
€2 (sin(3) cos () + sinGeos ;)
We know that cos45=sin45=71§
J

Substitute it

X

[ () o+ cosch) e
= ez (sin( = cos(z X
0 2742 242

1 J’zﬂ x (X)-I- X q
= — 2 — —

\ﬁ( , ez (sin 2 cos(z)) X)

1 J’E“ x (X) q 1 J'zn X X q
=— ezsin{-)dx) + —= ezcos(z)dx
\ﬁ( 0 2/ ) \ﬁ( 0 R
Remember that [ sinx = —cosx and [ cosx= sinx

Now integrate by partsFor this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function



So in this preference, the first function is chosen to make the integration simpler.

2

Now, In the given question x“ is an algebraic function and it is chosen as u(A comes first in “ILATE"” rule)

So first let us integrate the equation and then let us substitute the limits in it.
1

=—{sin G) _[;ﬂe; dx — _[Ozﬂ _[;ﬂe; dx d sin G) B T% {cos G) _[;ﬂe; dx —

\

2w p2mw X X
Jy [5 ezdxdcos (5)

1 X X
1 fein{2) 24372
= \E{sm(z) Z2ez]g"

1 (Zﬂ)z 2z 1 (0)2 2x0
=—{sin|—)2ez ——={sin( -] 2e 2z

e Zemy
=0-0=0

52. Question

Evaluate the following definite Integrals:

(5]

. T X

4 2

e” cos dx

(=)

Answer
Now let us use integration by parts
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule

That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.
Now, In the given question xZ is an algebraic function and it is chosen as u(A comes first in “ILATE” rule)
So first let us integrate the equation and then let us substitute the limits in it.
Remember that [ sinx = —cosx and [ cosx= sinx

X T n X T
= [cos(i+ E)e‘]ﬁ“ + EJ; e* sin(i+ E)dx

x m 1 x m . 1% X T
L= [cos[i+ z)e-]UI +E{[sm(§+ E)e-]o -3 € COS(E-FE) dx}
0

}

L = [{cos (i—ﬂ) el™ —cos (g)} +% [sin (i—ﬁ) e?™ —sin (g)] - %



1 1
[ — __(EETI_i_ 1)_E(EE1T+ 1)
v

4 V2
3v2
L= —%(eﬂw 1)

53. Question

Evaluate the following definite Integrals:

J‘egx sin[ Tix de
0 4

Answer

T
T
letI=J- e“sin(er—)dx
0 4

X . . .
= sin (x+g) Jy e¥dx — f:%d(sin(x+g))dx limit 0 to pi

"o2xgin (x+ &
= sin(x-l-g)?—cos(x-l-g)?_fo enm:(x—l— 4) dx
5112 sin (x+—)f— cos (x+g)%xwith limits 0 to pi
I=%[mn(x+§)£—cos(x+g)?]g

2T 2T (] (]
= sin(’rr+3)e—— cos(ﬁ+z)e—— {sin(O+ E)'E——cc:-s (0+E)E—}
4/ 2 1/ 4 4/ 2 1/ a

TTVz Var e a2
3 e’ 1
\,‘E 4 4\,‘@

54. Question

Evaluate the following definite Integrals:

L 1
I

Answer

Now let it be taken as |

1 1
I=f0,_7

v 1+x— \."i

Now rationalize the denominator

: J’l 1 VI+x+4x
= X X
0\.1+X—\."E \.1+X+\."E

J’l\,f1+x+ VX
= —dx
g 1+x—x

1\.1+X+ \.‘E
=| —dx
0

1



.{]'1+J.
Let us also recall formula [ x»dx = -
n+1

1 1
=J- \,’1+xdx+J- Vxdx
4] 1]

_2 3.2 2
= S [+ + 5 [0
2 3 2
-5(22-1)+3

2

- (@2

4\-@
3
55. Question

Evaluate the following definite Integrals:

o b2

X

— dx
(x+1)(x+2)

—

Answer

dx

_J’22x+2—(x+1)
), GE+HDET2)

ZJ;Z(X—Iz—Z)dx_Jj(xil)dx

Remember derivative of logx = -

X

So using that

= [—log(x+ 1) + 2log(x + 2)]3

Substitute upper limit and then subtract the lower limit from it
=-(log3-log2)+2(log4-log3)

=-3log3+5log2

1 32
=log(=-)
56. Question

Evaluate the following definite Integrals:

x /7

J sin’ x dx
0

Answer

13
Let] = |z sin®xdx
R

7,
= sin“x sinx dx
4]

R
z

=J- (1 — cos?x )sinx dx
0



Ll Ll

) )
= J- sinx dx—J- (cos®x )sinx dx
0 0

Remember that [ sinx = —cosx and [ cosx= sinx

"I'[

=[- cosx] +[

Ccos X—
3 o

T
COSEE cos30
3 3

i

= —cos— — —cos0+{
2

cos90=0,cos0=1

0+1 1_2
B 3 3
57. Question

Evaluate the following definite Integrals:

. 5 X 5 X
sin” ——cos” — dx

J ;

0 ¥ =

Answer

m X X
I= J- sin? = — cos?=dx
. g 2

m X X
_ 2% a2t
= COS sin“—dx
0 2 2

il
= —J- cosxdx
1]

Because we have a formula cosx = coszg — sinzg

Remember that [ sinx = —cosx and [ cosx= sinx
= [—sinx]g

= [—(sinm — sin0)]

sin180 = 0,sin0 =0

=0

58. Question

Evaluate the following definite Integrals:

o b2

2 [ 1 1
e | ——— |dx
" X 2x-
Answer

Let 2x=t then 2dx=dt
When x=1 t=2

And when x=2,t=4

f 2“(}—(——)dx——f t(—— )dt



J"‘ 11 it

= g|l—— —

. (t t2)

We can observe here that

. . 1 1
Derivative of = = ——

X x2

Now it is in the form e*(function + derivative of function)

So the integral will be e*(function)

J’*tl L. g e,
|G @dt= [

4 2

et e
4 2
(e* —2e?)

B 4

59. Question

Evaluate the following definite Integrals:

3 b

1

&
(x-1)(2-x)

—

Answer

Let us solve the denominator

x-—1D(2-x)=2x—2—-x?+x

=3x-x2-2
— 2 2 _I_ 1
=—(x=3)"+3
2 1 2 1
f =D )dx:f U
X — — X
Y C -3t
2 1
= = dx
1 2 1
—(x=3)7+3

. . . . . 1K 1
Now just recall a formula that is derivative of sin 1; =

N
= [sin™!(2x—3)]?

=sin"t1—sin"t -1

=T

60. Question

i
dx = —_ find value of k



Answer

Given that _[Ok 1 d4x = i,k:?

2+8x2

J’kldﬂ
s 2+8x2 " 16
s

lfk 1 dx
8l, (1/22+x2 " 16

a

derivative of tan~1% =
a a< +x2

1 T
—[2tan™? 2x]§ = —
8[ an ' 2x]g e

1 T
—[tan™*2k —tan™' 0] = —
8[311 an ] 16

T
tan™l2x = —
4

2k=1
. 1
2

61. Question

a
If J3X3 dx =8&. find the value of a.
0

Answer

a
J- 3x%dx =8
4]

n+i
Let us also recall formula [ 2 dx ==

n+1

a=2

hence a=2.

62. Question

Evaluate the following Integrals:

3n/2
J. 1—cos 2x dx

Answer

am
z
J- V1 — cos2xdx
Nl
We know that cps2x = 1 — 2sin®x

Now substitute that in the equation

We get



ES 3m

z z
V1 — cos2xdx = J- \fl — (1 — 2sin?x)dx

m a1

ES

2z —
\J/ 2sin?xdx

m

3m

5 7 si

V2 sinxdx
m

We already know that integral of sinx is -cosx

an

= V2(—cosx) 2
= —/2(cos— cosT)

=—V2(0- (1))

%)

=y
63. Question

Evaluate the following Integrals:

e ﬁ X
l+sin— dx

-5

. 2

Answer

2m . X
Let] = fo 1+ sin(3)dx
Let us recall that sip? (f) 1+ cog? (E) =1
2 2

And sin G) = 25111(;—:)5111(2)

I= J:ﬂJsin? g) + cos? g) + Zsin(z)cosé)dx
I= J:HJ(smG) + cos G))?)dx
= J:ﬂ (sin G) +cos G))dx

Recall: sinx = —cosx and [ cosx= sinx
cos &) sin G)
N 1 1 2m
I=] s T

1 1 1 1
= + —{- +

4 4 " 4
=4(0+1+1-0)

=8
64. Question

Evaluate the following Integrals:



w/4
J (tan x +cot x) dx
0
Answer
n

3
I=J- (tanx + cotx) ~?dx
li]

1

o (tanx + cotx)?2 ddx

COEX

sinx
We know that tanx = — and cotx = —
COSX SInx

Now substitute them in the equation.

m

I 1
= .—2(1)(
0 (smx_l_ cosx)
cosx  sinx

Let us recall that sin?(x) + cos?(x) = 1

m
yy
= J- (sinxcosx)?dx
4]

Again using cos?(x) = 1 — sin?(x)

= J-E(simx;)2 (1 — sin®(x))dx

= J-I(sinx)z)dx — J-I(sin"‘ (x))dx

Here we are using reduction formula of sinx

cosx(sinx)*?

J-(sinx)n)dx= %L X J-(sinx)n‘z )dx —

n

For n=2
m m
J'E( inx)?)dx = 1J’Ed cosxsinx
; sinx)“)dx = 2] X >
1w 1/2
=72ld=3
m 1
8 4
_[4(51114- (X))X— _f (sz (X))X cosxsin®x [limits 0, ]

_ 3 {E . cosxsinx} _ cosxsinax[”mits O,E]
a2 2 4 4

Now substitute limits

n L. Mein3 X . 3
3)z cosgsmz( cosgsmz E{E_ -:05051110} cos0sin®0
412 2 4 412 2 4

5in45 = cos45 = 0,co0s0 = 1,5in0 =0



=§[E_E}_i

418 4 16
I _ m—1 3(m 1 1
Now [is(tanx + cot) 2x = 37~ (2{3 -1} - 2}
_ s
32

65. Question
Evaluate the following Integrals:

1
J.x log (1+2x )dx
0

Answer
Now let us use integration by parts
For this we have to apply integration by parts

Let u and v be two functions then

J-udv=uv—fvdu

To choose the first function u we use “ILATE” rule
That is

I=inverse trigonometric function

L=logarithmic function

A=algebraic function

T=trigonometric functions

E=exponential function

So in this preference, the first function is chosen to make the integration simpler.

2

Now, In the given question x“ is an algebraic function and it is chosen as u(A comes first in “ILATE"” rule)

So first let us integrate the equation and then let us substitute the limits in it.

J-lxlog(l+ 2x)dx = [M o~ J-lz—xzdx
i 2 o 2(2x+1)
log(1 + 2 'x 1 L
-0 [ -3 s ®
zm_g3_[x_2—§+llog(|2x+l|)]é
2 ‘4 478
_log3 E_E+310g(|2+ 1|—[9—9+E10g(|0+ 1m
5 —lZ-2t3 4 438
_10g3 log3
2 8
_310g3
8

66. Question

Evaluate the following Integrals:



w/3
J (tan x +cot x )" dx
T/

Answer
m

3
= J- tan®x+ 2tanxcotx + cot?x dx

iy

&

recall : sec?x — tan?x = 1,cosec’x — cot?x=1

™

= J#sec?x— 1+ 2 + cosec’x— 1 dx
(=)

n
3 2 2

= sec<x+ cosec x dx
Nl

&

Integral SECEX is tanx and integral of COSEC2X= —Cotx

SETE

= [tanx]3 — [cotx]

Tan30 = cot6l =

) SETIE
-

Tan60 = cot30 = +/3

= Tan60 — cot60 — {Tan30 — cot30}

67. Question
Evaluate the following Integrals:

/4
J (a"cos"x—b"sin" x)dx
0

Answer

=]

I= J-4az cos?(x) + b%sin?(x)dx
0

T

= J-Jd a%(1—sin®*(x)) + b?sin®(x)dx
0

T

= J-4 a? + (b? — a?)sin?(x)dx
0

1+cos2x

Recall:sin?(x) = .

m

I 1+ cos2x

=J-432+(b2—a2)7dx
0 2

We know integral of cosx is sinx



) b? — a2 sin2x \ T
=la*x+ X (x+ > Iy
21‘[+b2_32 n+511121 20t Z-_a® 0+51110
3 2 17 2 a 0+

sin0 =0,sin90 =1

(b2 - a?)

s
— (K2 2y
= (b +at) g+

68. Question

Evaluate the following Integrals:

—
)

1
PSP R Sl
1+2x + 2" +2X" +X

[=]

Answer

1
1
I= dx
J; 1+ 2%+ 2x2 + 2x3 +x*
Now arranging denominator, we get as

1+2x+2x?+2x3 +x* = (1 +x0)?(x*+ 1)

L 1
J; (1+x)2(x2+1) dx

- 1 rq
ZJ; 2(x2+ 1) dX+J; 2(x+ 1) dX+J; 2002 &

Now recall integral logx = :
X

n+i

And, fxndx = x

n+1l

_ _[1(:-g[(}={2 + 1))]1 N [10g((X+ D), + I 4

4 0 2 0 [2(x+1)]°
log((1+1)) log((0+1)) log((0+1)) log((0+1)) 1
=1 4 _1 4 + 2 B 2 2(1+1)
_2(0+1)]
_log2 1
T4 1

Exercise 20.2
1. Question

Evaluate the following Integrals:

dx

Given definite integral is: f:%l
b 4



Let us assume I(x) = f dx ......(1)

2+:L
Assume y = x2+1

Differentiating w.r.t x on both sides we get,
d(y) = d(x®> + 1)
dy = 2x dx

The upper limit for Integral
X=4=y=42+1

Upper limit: y = 17...... (3)

The lower limit for Integral
X=2=y=22+1

Lower limit: y =5 ...... (4)

Substituting (2),(3),(4) in the eq(1), we get,

17ld
= I[:X) = J-_ ;Ey

10171

We know that: [ E dx = log(x) +c
1
= I[(x) = Elogxlé?
We know that: f:f’(x)dx = |f(x)|§ = f(b) - f(a)
[here f'(x) is derivative of f(x))
1
= I(x) = 2 % (log(17) - log(5))

We know that: log('f) =log(x) - log(y)

= I(x) = —log(ﬂ)

tox 17
.'J;szrld ——log( )

2. Question

Evaluate the following Integrals:
J ~dx
1 X —ln::rgx)

Answer

Given Definite Integral can be assumed as:



2 1
= I[:X) - fl x(1+logx)?

Let us assumey = 1 + log(x)
Differentiating w.r.t x on both sides we get

=d(y) = d(1 + log( x))

= dy = idx ...... (2)

Lower limit for Definite Integral:
=>x=1=y=1+log1l

sy=1.... (3)

Upper limit for Definite Integral:
=>2Xx=2=y=1+log2
=>y=1+log2...... (4)

Substituting (2),(3),(4) in the eq(1) we get,

1+log2

= I(x) = J-l de

1+log2

= I[(x) = J-l y 2 dy

+1

n
We know that: [y = 1;'1+1 + c(n=—1)
_241 [1+legz
I p—
= W=7
1
—_11+log2
= I(x) = —
_1 )
1 1+log2
= I(x) = ——

We know that: [*f(x)dx = |f(x)[2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

. _ -1 -1

=10 = o ~ 1

1

= I[:X) =1 - Tlogz
' 1+1log2—1

= [
(x) 1+ log2

log2
= 1(x) 1+ log2




z 1 log2
J- dx =

, X(1+ logx)? log2e
3. Question

Evaluate the following Integrals:

Answer

Given Definite Integral can be written as:

3Ix

= I(x) = ffgxz_ldx ...... (1)

Let us assume y = 9x%-1

Differentiating w.r.t x on both sides we get
= d(y) = d(9x?-1)
=dy = 18 x dx

Upper limit for Definite Integral:

»>x=1=y=(9x1%)-1

Lower limit for Definite Integral:

»>x=2=y=(9x2)-1

Substituting (2),(3),(4) in the eq(1), we get,

Eildy
1 =f o
= I(x) .76

I(x) 1f351d
=I(x)=—-| -

6Jg ¥ Y

We knowthat:f%dx=logx+c

1
= I(x) = glogxlg’

We know that: f:f’(x)dx = |f(x)[§ = f(b) - f(a)

[here f'(x) is derivative of f(x))
1
= I(x) = g(log35 - log8)

We know that: log('f) =log(x) - log(y)

= I(x) = %log (?)



4. Question

Evaluate the following Integrals:

..j‘_' 1
. 5cosx +3sinx

dx

Answer

Given Definite Integral can be written as:

S 1) = [Pt dx(D)

Scosx+3sinx

l—tanz{:—z{)

We know that: = — 2
cosx 1+tanz{}—;:|

2 ta11(§)

And sinx = mﬁ&{)

Let us find the value of 5cosx+3sinx

X X
= brosx+ 3sinx = 5 X l—ta—nz(g) + 3x —Ztan (i)x
1 + tan? (i) 1+ tan? (i)

5 — 5 tan® (%) + 6tan (%)

1+ tan? %)

= brosx+ 3sinx =

We know that: 1+tan2x = sec?x

. 5-5 tanz(f)ﬂ’: tan(f)
= bBcosx+ 3sinx = 22 = 2 (2)
s5ec (—)

Substituting (2) in (1) we get,

P el

= 10 = J; 5 — 5tan? (%) + 6tan (%)

dx

Let us assume: tan(3) = t
Differentiating on both sides w.r.t x we get,
1 X
Teac2(Z -
= zsec (2) dx =dt
= secz(f) dx = 2dt......(3)
2
The upper limit for the Definite Integral:

= ng =1t = tan@)

The lower limit for the Definite Integral:



0
= x=0=1t= tan(i)

Substituting (3),(4),(5) in the eq(1) we get,

: J’l 2dt

= 1) = o 5—5t2 +6t
: zj’l dt

= = — -
(X) 5 0 1_t2 —i—@

5

We need to convert the denominator into standard forms

27t dt
=>I[:X)=EJ; 32 9

1- (2 (2x2xt)+(3) )+

2t dt
~ 10 - ¢ [

2t dt
~ 100 - £ | =

We know that: | % =2log (ﬂ)

2a a—x

[T %]

In this problem the values, 3 = JE andx = —
25

Using these values and the standard result, we get,

CESP
25 5
= 1® = 3410g 34 3
2 % E E_t+5 .
-3 ++/34
- 15 1 5‘* +1t
= I(x) = = o
5v32 °\ 3434 _
5 0
V34— 3 +5t
5
= I(x) = lo
) = 538\ 37 /3150
5 0
- 1 (\,@—3+5t)|1
= X)) = (4]
V32 S\3+y32—5t)|,

We know that: [*f(x)dx = |f(x)|2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

- 1 (1 (J34—3+5) | (ﬁ34—3+0))
= [(x) = —=x|log| —=——| - log| ——
V34 B\V324+3-5 B\V32+3-0



B

= I(x) =

:,ﬂ

<(ee(ar)-elme3)
og| —— | — log| ——
V34 & V34-2 & V34+3

We know that: 108[5) = log(x) - log(y)

\.’ﬁ-l-?.
1 322
= I(x) = — x | log|
®) = 72| 8| vaa—s
\.’ﬁ+3
() L ((\,@+2) X (\,@+3})
= I(x) = —=xlo
V3a B\(V32—2) x (V34— 3)
() 1 | (40+5\,@)
= [(x) = —=xlog| ——=—
V3 %®\40 _5y32
() L (5x(8+w@})
= I(x) = 0
V32 °\5x (8- v34)

() 1 | (8+\,@)
= X)) = (4]
V32 B\g_ 32

™

z 1 1 8 ++34
J- —dx = log
o 5cosx + 3sinx V34 8 —+34

5. Question

Evaluate the following Integrals:

-

a~-+x°

]‘de
0

Answer

Given Definite integral can be written as:

= I(x) = [; ——=dx(1)

yaZ+x?

Let us assume y = a?+x2

Differentiating w.r.t x on both sides we get,
= d(y) = d(a®+x?)

= dy = 2xdx

Upper limit for the Definite Integral:

= x=a =y = a’+a?

Lower limit for the Definite Integral:

= x=0=y = a’+0?



Substituting (2),(3),(4) in the eq(1), we get,

2a% dy
- =, 5%
a v

1 2a 1
= I(x) = Efz vy zdy

n+i
We know that: [y = 1;'1+1 + c(n=—1)
1 2a®
1 yz*t
= I(x) = 571
—5+1 2
5 12a°
1lyz
= I(x) = 3T
2 1
1 2a%

= I(x) = yz .

We know that: [*f(x)dx = |f(x)[2 = f(b) - f(a)
[here f'(x) is derivative of f(x))

= 1(x) = (2a2 )12 - (32 )12

=>Il(x)=Vv2a-a

= |(x) = a(v2-1)

a
X
= a(v2-1)

—dx =
o Vaz+ x2

6. Question

Evaluate the following Integrals:

Answer

Given Definite Integral can be written as:
= I(x) = fle—xdx (1)
T do qgezx Y

Let us assume y = &*

Differentiating w.r.t x on both sides we get,

= d(y) = d(e¥)

Upper limit for the Definite Integral:
a2Xx=1=y= el
=y =¢e(3)

Lower limit for the Definite Integral:



=2x=0=y= eo
=y =1(4)
Substituting (2),(3),(4) in the eq(1) we get,

1

dx = tan 'x+c
1+ x<

We know that: [

= [(x) = Tan ' (»)|§
We know that: [ (x)dx = |f(x)[g = f(b) - f(a)
[here f'(x) is derivative of f(x))

= I(x) = Tan"*(e) — Tan™*(1)

= I(x) = Tan‘l(e)—g

fl e d tan~te- —
X = tan” “e- —
o 1+ex 4

7. Question
Evaluate the following Integrals:

1 ]
Jxex_dx
0

Answer

Given Definite Integral can be written as:
1 2
= I(x) = [, xe* dx(1)

Let us assume y = x?

Differentiating w.r.t x on both sides we get,
= d(y) = d(x?)

= dy = 2xdx

Upper limit for the Definite Integral:
a2x=1=y= 12

sy=1... (3)

Lower limit for the Definite Integral:
>x=0=y=0?

=>y=0.... (4)

Substituting (2),(3),(4) in the eq(1), we get,

le¥dy

=:-I[:X)=J; >



1

1

= I(x) = —J- e¥dy
2Jo

We know that: [ e*dx = e*+c
1

= I(X) = EEFIDI

We know that: jabf(x)dx = f(x)|; = f(b) - f(a)

[here f'(x) is derivative of f(x))

1

= 1(x) = S (e- e?)
1

= I(X) = E(E— 1)

1 s 1
- J-xex dx = - (e-1)
0 2

8. Question

Evaluate the following Integrals:
% cos(log x)

[———ax

1 X

Answer

Given Definite Integral can be written as:

= I(x) = [ gy (1)

Let us assume y = logx
Differentiating w.r.t x on both sides

= d(y) = d(logx)
= dy = ~dx...(2)

Upper limit for the Definite Integral:

=X =3=Yy =10g(3)

Lower limit for the Definite Integral:

=>x=1=y =log(l)

Substituting (2),(3),(4) in the eq(1) we get,

log3
= I(x) = J- cosydy
0

We know that [ cos x dx = sin x + ¢

log3

= I(x) = sinx|,

We know that: [*f(x)dx = |f(x)[2 = f(b) - f(a)



here f'(x) is derivative of f(x))
= |(x) = sin(log3) - sin(0)

= [(x) = sin(log3) - 0

= I(x) = sin(log3)

x = sin(log3)

_J’gcos(logx)d
) "

9. Question

Evaluate the following Integrals:

—

-
roaX

1—3‘14dX

[=]

Answer

Given Definite Integral can be written as:

= I(x) = [ =

0 1+x*

dx...... (1)

Let us assume y = x?

Differentiating w.r.t x on both sides we get,
= d(y) = d(x?)

= dy = 2xdx......(2)

Lower limit for the Definite Integral:

:x:O:y:Oz

Upper limit for the Definite Integral:

sx=1=y=12

Substituting (2),(3),(4) in the eq(1), we get,

1 dy
=>I[X)=J;l+y2

1
1+x2

We know that: [ dx = tan™(x) + ¢

= I(x) = tan"Y(y)[3

We know that [”f(x)dx = |f(x)[g = f(b) - f(a)
[here f'(x) is derivative of f(x))

= 1(x) = tan'1(1) - tan'1(0)
=Ix)=—-0

= I(x) =

Eal I



J’l 2% 4 ™
)y 1+xt Ty

10. Question

Evaluate the following Integrals:

a

J a-—x- dx
0
Answer

Given Definite Integral can be written as:
= I(x) = [;VaZ—x%dx..... (1)

Let us assume x = a sind

Differentiating w.r.t x on both sides we get,
= d(x) = d(a sin 0)

=dx=acos0do...... (2)

Let us find the value of /32 — x2

= a2 —x? = fa? — (asin®)?

= \faz —x2

J(@2 x (1—sin2@))
= /a2 —x2 =ax+/cos?0

(1 - sin?6 = cos?26)

Lower limit for the Definite Integral:
0
=2x=0=0= sin—l(g)

=6 = sin"}(0)

Upper limit for the Definite Integral:
a
=xXx=a=0-= sin—l(—)
a

=6 = sin"}(1)

Substituting (2),(3),(4),(5) in eq(1) we get,

= I(x) = J-zacosﬁx acos6de
0

T

= I(x) = azj-zcoszﬂdﬂ

0

We know that cos26 = 2co0s26 - 1



Then

1+ cos28

cos?f =
2

Using these result for the integration, we get,

. 2J’%1+c0529
= I(x) =a ] 2

2

3 I
= I(x) = EJ;zlJr cos26d0

We know that:
[ adx = ax + c and also

—sinax

[ cosax =

We know that:

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x)).

m
a’ sin28 |2
= I(X) = ?X (B— 2

0

a
=>I(X)=?>< E_T

a
We know that sinnt = 0 (n€l)= I(x) = ) X

SR

a?
= I(X) = ?X

2

T
= I(X) = T

[41]

a T[aE
J- Jaz —x2dx=—

0 4
11. Question

Evaluate the following Integrals:

x /7

J. Jsin & cos” o do

0

Answer

2

Given Definite Integral can be written as:

T

= I(x) = Jj Jsing cos® pdd

sin(2 x 0
o Sin(z x 0)

)

((g— 0)- (0 0))



T

= I(x) = J: J/sing cos* ¢ cos @ ddp

Let us assume sing =t,

Differentiating w.r.t ¢ on both sides we get,
= d(sind) = d(t)

= dt = cosd d¢...... (2)

Upper limit for the Definite Integral:

= ¢1=g =1= sin(g)

Lower limit for the Definite Integral:

= =0 =t =sin(0)

Substituting (2),(3),(4),(5) in the eq(1), we get,

= I(x) = J:ﬁ(l—tE)Edt

14
= I[(x) = J- tz x (1—2t% +t*)dt
4]

1y 5 g
= I(x) = f 1z — 2t7 + t2dt
0

We know that:

n+1

+1

[ x"dx = - +c(n=-1)

We know that:
b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

1 1 5 1 1
t§+1 t§+1 t§+1
= I(x) = —2x|g t3
i+10 i—l—l . i+10
at AN 111
iz 2 tz
= I[:X)=? — 2% va +ﬁ
21, 2/, 271,

Wl b

(=) (2 i) o (Z (1 )

= I(x) = @xl) le) (%xl)

= I(x) = (



S0 =377%0
= I[:X) = E
fg’f_ﬁ S pdgp =
" SN cos = —
o v 231

12. Question

Evaluate the following Integrals:

" ocosx
————dx
5 l+sm™x
Answer

Given Definite Integral can be written as:

b
2 COsX

= I[:X)= J; mdx ...... (1)

Let us assume y = sinx,

Differentiating on both sides w.r.t x we get,
= d(y) = d(sinx)

= dy = cosxdx...... (2)

Upper limit for the Definite Integral:

s L
x=_,y=sin-=
2 2

=>y=1... (3)

Lower limit for the Definite Integral:

=X =0=y =sin(0)

Substituting (2),(3),(4) in the eq(1) we get,

1odt
=:-I[:X)=J;l+t2

We know that:

/

We know that:

— -1
1+X2dx =tan X +¢c

b
f P(x)dx = [fGOJ2 = f(b) - f(a)
[here f'(x) is derivative of f(x))
= I(x) = tan"1t[}

= I(x) = (tan—1(1) - tan — 1(0))



= I(x) =

= I(x) =

Eal I

m
J’E COSX d T
s —_— X = —
o 1+sin?x 4
13. Question

Evaluate the following Integrals:

a 173

o sin 6
! J1+cosB

Answer

de

Given Definite Integral can be written as:

T[ .
Z sinb

I = —dh ...... 1
= 0= ) e M

Let us assume 1+cosB=y

Differentiating w.r.t 8 on both sides we get,
= d(14+cosB) = d(y)

= -sinBd6 = dy

= sinBdd = -dy...... (2)

Upper limit for the Definite Integral

=>9=g=:-y= 1+cosg)

Lower limit for the Definite Integral:
=20 =0=y = 14+cos(0)

=>y=1+1

Substituting (2),(3),(4) in the eq(1), we get,

= I(x) =J;

We know that:

1

dy
Jy

J;b f(x)dx = —J:f(x)dx

R
= I(x) = J- vy zdy
1

We know that:

n+1

[ x"dx = +C

n+1



We know that:

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x))

= I(x) = 2(vV2- 1)

n .
z sinf

————df=2(2-1
o v1+ cosB (v )

14. Question

Evaluate the following Integrals:

n/3

~ COSX
[
g 3+4smx
Answer

Given Definite Integral can be written as:

T
3 COsX

= 1) = f (1)

Let us assume 3+4sinx =y

Differentiating w.r.t x on both sides we get,
= d(3+4sinx) = d(y)

= 4cosxdx = dy

dy
= cosxdx = 7 (2)

Lower limit for the Definite Integral:
=X = 0=y = 3+4sin(0)
>y=3+0

Upper limit for the Definite Integral:

=:-x=g=:-y=3+4sin(g)



Il
(%]
+
™
=
J

=Y

=y =3+23....(9

Substituting (2),(3),(4) in the eq(1) we get,

- 0 - J-3+2V§ﬂ
3 4y
1 3+2\,"§d

= I(X) = EJ; ?}’

We know that:
| B _ logx + C
x 08X
We know that:
b
| reax =101 = ) - (@)
[here f'(x) is derivative of f(x))

3+243

1
= I(x) = ke logy|3

1
= I(x) = 1 x (log(3+ 2v3) - log(3))

a

We know that log(E) = loga-logh
) — Lot 3+2V3

= I(x) = 2 % log 3

il
J’E COSX q 11 3+2¢3
“ )y 3+ asinx 4 °8\7 3

15. Question

Evaluate the following Integrals:

1 _
s tan 'x
Jiﬁdx
) 1+X
Answer
Given Definite Integral can be written as:
0= [
= I(x)= —dx......
o 1+x2 (1)
Let us assume tanlx =y

Differentiating w.r.t x on both sides we get,

= d(tan"1x) = d(y)




Upper limit of the Definite Integral:

>x=1=y=tanl(1)

T

Lower limit of the Definite Integral:

=>x=0=y =tan}(0)

Substituting (2),(3),(4) in the eq(1) we get,

T

= I(x) = J-‘Lw.ﬁdt
1]

™

a1
= I(x) = f t2dt
li]

We know that:

Xn+ 1

n+1

xndx = + C
J

We know that:

b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x))

o
t%“ *
= I(x) = 1
i—l—lo
T
3z
iz
= I(X)=§
2

S I(x) = %x (@5—0%)

2 T2
= I(X) = EX -3
437
3
2 m2
= I[:X) = EX E
3
T2
= I[:X) = E
3
J’lm’tan—lxd 2
. 2 Ty = —
o 1+x2 12

16. Question



Evaluate the following Integrals:

[=]

Answer

Given Definite Integral can be written as:

Differentiating on both side w.r.t x we get,

= d(x+2) = d(y)

Upper limit for the Definite Integral:

SX=2=y =242

Lower limit for the Definite Integral:

=2x=0=y=0+2

Substituting (2),(3),(4),(5) in the eq(1) we get,

= () = f (v — 2)yZdy

- 1) = f (v3 - 2y7)dy

We know that:

Xn+ 1

n+1

[ x"dx = +C

We know that:

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x))

gl gan
=:-I[:X)=3 —2x 1
3+1 7+ 11,
54 3y 14
S 1) = | —2x| %
21 271,
2 sp* 2 34
=:-I(x)=gy22—2><§y22




=Ix)=—=——""—7—-7% +

: 32 N 1612

=10 =%+ 75
1

= I(x) = g% (16v2 + 32)
16v2(V2 +1)

= I(x)= ————~

2 16v2(vV2+1
. J- XWX+ de=%
0

17. Question

Evaluate the following Integrals:
1 ;.

- 2x

Jtan 1[ _ de

9 1-x°

Answer
Given Definite Integral can be written as:

1 2x

= I(x)= J- tan™! (1—x2)dx"""'(l)

Let us assume x = tany

Differentiating w.r.t x on both sides we get,
= d(x) = d(tany)

= dx = sec?ydy......-(2)

Then

2x 2tany
1—-x2 1-—tan?y

We know that:

tan20 2tan®

aney = 1—tanZ@
Now,

2x tan2 3
=z — @nZy... (3)

Upper limit for the Definite Integral:

=>x=1=y=tan1(1)

T



Lower limit for the Definite Integral:

=>x=0=y=tan}(0)

Substituting (2),(3),(4),(5) in (1) we get,

™

= I[(x) = J-4tall‘1(ta112y) sec?ydy
4]

= I(x) = J-‘LZyseczydy
0
3
= I[(x) = ZJ- ysec’ydy
0
We know that the By-partss integration is:
d
= [Uvdx = Uf Vdx — [ (E(U)f Vdx)dx
Now applying by parts Integration:
3 id
=160 = 2x (3 [ “sectyay — [ ()] sec?yap)ay
0 0

We know that: | sec?xdx = tanx + C

We know that:

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x))

T

= I(x) = 2 x ((ytany) |g— J- 4tanydy)

0
We know that: [ tanxdx = -log(cosx) + C
= I(x) = 2 x ((ytany)|? — (—log(cosx))[¥)

= 1(0) = 2 ((ytany)|? + (og(cos)%)
= Ix)=2x ((gtan (g) —Otan (2)) + (log(cos (ED —log (cos (g))))
N (g —0+log (\%) — log(1))

T 1
= Ix)=2x (E_'_ log (2'5) - O)
We know that: log(aP) = bloga
I =2 (TL— 11 2)
= I(x) = 2x 2 7108

™
= I(x) = 2" log2



o X ™
J; tan (l—xz) =§ - log2.

18. Question

Evaluate the following Integrals:

"sin X cos X
| ———dx
5 l+sm ' x

Answer

Given Definite Integral can be written as:

g sinxcosx
= I(x) = J; mdx ...... (1)
Let us assume, y = sin?x
Differentiating w.r.t x on both sides we get,
= d(y) = d(sin’x)
= dy = 2sinxcosxdx

. dy
= sinxcosxdx = 5 (2)

Upper limit for the Definite Integral:
T LT

= X=—-=Vy =s5in"—
2 7 2

Lower limit for the Definite Integral:

=x = 0=y = sin%0

Substituting (2),(3),(4) in the eq(1) we get,

1 dy
-1 - | 71y

1 dy
== EJ; 1+y?

We know that:

/

We know that:

dx = tan—1x + C

1+ x2

b
f P(x)dx = [fGOJ2 = f(b) - f(a)
[here f'(x) is derivative of f(x))

1
= I[(x) = Ex (tan~ty) |5



= I(x) = % *¥ (tan — 11 - tan — 10)
1 s
= I[:X) = E X (E)
s
= I[:X) = g
T .
Z SiNXcosx i
" J; 1+sim*x ~ 8

19. Question

Evaluate the following Integrals:

J_ dx a.b=0

1 4COsX +bsinx

Answer

Given Definite Integral can be written as:

™

Z dx
= I[:X)= J; ma,b = 0.... (1)

We know that:

X
COSX = — (E) and
1 + tan? (i)
i — Z2tan (%)

1+ tan? %)

Substituting these value in (1) we get,

T

z
J; 1 —tan? @) 2tan @)
’ l+tan?i%i o 1+tan?i%i
™

3 1 + tan® (%)
= 1® = J; a — atan? @) + 2btan @) &

dx

= I(x) =

We know that: 1+tan2x = sec?x

f safl

= 1(x) = J; a (1 — tan? G) + %btan @D

dx

5 dx

1 J-% sec? %)
4]

= I(x) = - 3
’ L— () - 2xxean(®) + (O ()

T X
173 sec? (—)
= I(x) = —f 2 dx
o aZ + b? b2




Let us assume,

y = an(3)- ()

Differentiating w.r.t x on both sides we get,
= d(y) = d(tan(ﬁ) (E))
y) = 2 a

= dy = %sec2 (E) dx

= seczg) dx = 2dy... .. (2)

Upper limit for the Definite Integral:

=y =1-
Lower limit for the Definite Integral:

b
= X = 0=:-y=tan(0)—g

=Sy =—... (4)

Substituting (2),(3),(4) in eq(1), we get,

b
13 2dy
= I(x) = —J- 5
alj_b 2z + b2
< () -

b
1) zj'l‘a
= I(x) = —
b 2
ale ( a2+b2) Ly
We know that:

[ R

az —x2 2a

dx 1 a+x
g( )+C
a—x

We know that:

b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x)).



|
W

aZ+b?
2 = Y
= 1= 3% 210 o\ Rip
, b
1 vaZ+ b2 + ay a
= I(x) = ——=xlog| ———
vaZ + b? Vaz+bZ—ay/| v
[(x) = —
:;. —_— ————
VaZt b2
vaTb +a(1-2) v Ter +a(-2)
x | log b —log b
Var+bi—a(1-2) Vaz+bz —a(-2)

= I(x) =

x(l (ﬁ?133+a—b) (ﬁ?:%?—b))
_— 0 — e —
J@ro0 \ B\J@Z+b2-a+b) S\JaZ+b2+b

We know that: Log(E) = log(a) - log(b)

V@ ibZ+a-b
VA ib?—atb

= I(x) =

——x| lo
Va2t |8 (JETITE3—b)
JaZ 1 b2 +b

: ([\.’32 +bZ+a—b)x (VaZ +b? + b)))
0}

1
I -
= 10 \a’az+b2x( & (VaZ+bZ—a+b)x (VaZ+bZ—Db)

1
= I(x) = ———
®= e
9 ( (az + b? + byva? + b2 +ava? + b2 —byaZ2 + b2 +ab — bz))
a
132 + b2 —byaZ T b2 —avaZ T b2 + byaZ £ b2 + ab — b
1) x(l (32+a\faz+b2+ab))
= lX) = ———= a = .3
va?z + b? & aZz +ab —ava? +b?
ax(a++vaZ+b? +b)
= [(X) = ——=x|log
vaZz + b? ax(a—+aZ+b? +b)
() x( (a+b+\,*m))
= [(x) = —=—=x|lo
Vi \ S\atb—varpe

™

Z dx a+b++aZz+b?
—— ab >0 = log

o acosx+ bsinx VvaZ + b2 a+b—+aZ+b2
20. Question
Evaluate the following Integrals:
n 1

—dx
5+4s1n x

(=)

Answer

Given Definite can be written as:



T

. J’E dx
= 1) = p D+ 4sinx

We know that:

Z2tan (%)

1+ tan? %)

sinx =

™

F dx

= 109 = J; 2tan (%)
o 1+ta112f%i

1 + tan? @)

™

Zz
= 100 = J; 5(2L+t::1112 @D+ Stan@) &
z 1 + tan? @)
= 10 = J; 5 + 5tan? (%)+ dtan (%) o
We know that: 1+tan?x = sec?x
P ey
= 100 J; 5(1+tan2 (%)+%tan(%))dx
s 2 (X
=:-I(X)=%J:1+t 2(§ S;': (2)§ iz_igdﬁc{
( an 2)+ 2 X £ Xtall(z) + (5) ) (5)
T X
R
* g5+ (mn(3)+3)
s 2 (X
= I(x) = %J: - sec? () _dx ... (1)

@) +(a(3)+ (@)

Let us assume,

y = tan G) + (g)

Differentiating w.r.t x on both sides we get,
X 4

= d(y) = d(tan(i) + (g))

= dy = %sec2 (E) dx

= seczg) dx = 2dy... ... (2)

Upper limit for the Definite Integral:

=:-x=g=:-y=tan(g)+(§)



=>y=1+g
=Y =g (3)

Lower limit for the Definite Integral:

4
=:-x=0=:-y=tan(0)+g
0+4
= = —
y 5

4
=§-y=g ...... (4)

2
"ok,
Y

We know that:

J

We know that:

dx
x? +a?

lt +3 + ¢
= Stan (a)

b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x)).

oy
-1
(s (2)

= I(x) = % X (tan"%(3) —tan™! (g))

o

2
= I(X) = EX

1| W =
e

We know that:

tan™!(A) - tan™!(B) = tan™! (1 +_AB) (if AB > —1)
4

2 4 373

= I(x) = gx (tan ) )
1+(3%73)

2 E
= I(X) = 5 4 (tan‘l T34 )

2 E
= I[(x) = 3 X (tan™* % )



2 .1
= I(x) = gtan (E)

J’g 12 _1(1)
“ )y 5+ asinx - 300 \3
21. Question

Evaluate the following Integrals:

T osinx
J dx

5 §i1 X +¢0s X

Answer
Given Definite Integral can be written as:
m sinx

= I(X)= J; mdx ...... (l)

Let us write numerator in terms of the denominator for easy calculation,

d
= sinx = K(sinx+ cosx) + L x T (sinx + cosx)

= sinx = K(sinx+cosx) + L(cosx - sinx)

= sinx = sinx(K-L) +cosx(K+L)

Comparing coefficients of corresponding terms on both sides we get,
=K+ L=0

=>K-L=1

On solving these two equations we get,

L=—andK =2,
2 2
So numerator can be written as:
1 1 .
2 (sinx + cosx) - 2 (cosx — sinx)
Substituting these values in(1) we get,

ﬂ% (sinx + cosx) — % (cosx — sinx)

= I(x) = J- : dx
0 sinx + cosx
1. . 1 .
= (sinx + cosx) > (Ccosx — sinx)
= I(x)=J- z—dx—f A —
p Sinx + cosx p Sinx + cosx

1 J’“ d(sinx + cosx)
0

1 Ll
=2Ix) =7 dx— =
(x) ZJ; 2 sinx + cosx

We know that:
d
[dy =y + Cand [ ?y= logly] + C

We know that:



b
f P(x)dx = [fGOJ2 = f(b) - f(a)
[here f'(x) is derivative of f(x)).

1 1
= 1(x) = 5 (x[g) — 5 (log(|sinx + cosx|)[5)

= I(x) = %x (m-0) —%((logﬂsnm + cosm|)) — (log(|sin0 + cos0]))

T 1
= I(x) = 5 —5x(log(]0—1|) —log(|0 +1])
T 1
= I(x) = 2 —Ex (logl -logl)
T 1
= I[:X) = E _EX(O_O)
T
= I[:X) = E

J’“ sinx
" - X =
g Sinx + cosx 2
22. Question

Evaluate the following Integrals:

J dx
3+ 25N X + COsX

Answer

Given Definite Integral can be written as:

=:-I[Z}«;)=J-FIT ,l

dx
g 3+ 2sinx + cosx

We know that:

X

sinx = 2tan E)X and

1+ tan? (i)
ek — 1 — tan? (?

1 + tan? (i)

I(x) J-ﬂ ! d
= [(x) = X
0 3t 2tan %) N 1 —tan? @)

1+ tan? %) 1+ tan? @)

ﬂ 1 + tan® (%)
= 1® = J; 3 (1 + tan? @D + 4ta11(%) + 1— tan? @) o
= 1) 1 + tan? ( ) i

T —
_ 2
B J; 3+3tan?( )+4tan( ) —tan?( )



ﬂ 1 + tan® (%)
= 1® = J; 4 + 2 tan? %) + 4tan %) &

We know that: 1+tan2x = sec?x

= I(x) = dx

T
EXJ; 2+(tan2 +2tan( )+ 1) 1

@
ec*(3)

Sdx......(1)

1 v
0=t [
= 1(x) = 5 x A (tan(i)Jr 1)
Let us assume, y = 1+ tan G)

Differentiating w.r.t x on both sides we get,

S d@y) = d(1+tan®)

= dy = Esec G) dx

X
21_) —
= Sec (2) = 2dy ... ... (2)
Upper limit for the Definite Integral:
=2X=T=y= 1+tan(E)
2

=2y =14w

Lower limit for the Definite Integral:
=>Xx=0=y = 1+tan(0)

=y =140

We know that:

/

We know that:

— -1
1+X2dx = tan "X+ C

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x)).

= I(x) = tan"ly|y



= 1(x) = tan"l(x) - tan"1(0)

m T

= I(x) = 2

= I(x) =

Cal B

J’“ 1 q s
e H=—
g 3+ 2sinx + cosx 4
23. Question

Evaluate the following Integrals:

1
J tan"' x dx
0

Answer

Given Definite Integral can be written as:

1

= I(x) = J- tan~? x dx
0

We will find the value of [ tan'lxdx using by parts rule
Let us find the value of [ tanlxdx

= [ tan'lx dx = [ 1.tan'Ixdx
d
= tan'x[ 1dx — [ (ﬁ(tan‘lx)_[ 1dx)dx

1
1+x2°

= xtan"lx — | x dx

1 2x
tan 'x - — d
= xXtan "x 2f1 sz

1. d(1+x?)
= xtan x- - ———~
2'[ 1+x2

1
= Xtan lx - Elog(l +x?)

We substitute this result in the Definite Integral:

We know that:

b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x)).

1 1
= I[(x) = (xtan‘lx—ilog(l + xz))

0

= [(x) = (1tan™'(1) - %log(lJr 1)) - (Otan1(0) - %log(l +0))

1
S I(x) = (g - Slogz) - (0- 0)



-flt tydx = 0 - Lioe2
-Oall XX—4 ZOg

24. Question
Evaluate the following Integrals:

1/2 -
F X S
dx

1-x~
Answer

Given Definite Integral can be written as:

1
2 Xsin™ X
X
V1 —x2

= I(x) = :

1]

“E dx using by parts integration,

Let us find the value of |

= [ xsin‘lxdx = sin~!x[ dx- [ (= (sin™'x)[ dx)dx
V1—x2 V1—x2 dx V1—x2
= (sin"!x x L x [ — 2 dx—f(;x—Exf = ———dx)dx
2 V1 —x2 V1—x2 2 V1—x2
d(1—x? 1 1 .d(1-x?
= (sin‘lxx —E * f fw) - \,W X—EXJ‘E)[&;
1
= (sin~ xx—EXZXv x2) - f(}_x—EXZXv x2)dx

= —4/1—x2Zsin"1x - J-—ldx

= —/1—x2sin"x+ x

Now we substitute this result in the Definite Integral:

We know that:

b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x)).

= I(x) = (x—\;l—xz sin‘lx)li

= I(x) = (% - (1- G)zsm—l@)) - (0- /1 —02sin— 1(0))

1 ’ 1
= 109 = (5 - 1_1"6)‘(0 0)



I 1 v"gT[
= _ - _v°r
0 =573
1
3 xsin~1x 1 3w
I i W e

25. Question
Evaluate the following Integrals:

T(‘Mx —Mx)dx

0
Answer

Given Definite Integral can be written as:

T

4
= I(x) = J- (ytanx + y/cotx )dx
0

We know that:

sinx

tanx = —— and
COSX
COSX

ot = ——
sinx

Substituting in the Definite Integral we get,

T
I sinx CosX

= I(x) = —F |— |dx
0 COSX sinx

(9 = f(["%)z i (”m)z)dx

=
v sinxcosx
L
= zsinx + cosx
= I(x) = V2

—dx
[ P ——
o V2sinxcosx

m
z sinx + cosx

= I(x) = EXJ- X
() = o V(1 — (—2sinxcosx + 1)

T

r sinx + cosx
= I(x) = V2 x dx
o /1 — (sin?x + cos2x — 2sinxcosx)
T
r sinx + cosx
= I(x)= V2 x J- dx ...... (1)
o /1 — (sinx — cosx)?

Let us assume, y = sinx - cosx
Differentiating w.r.t x on both sides we get,
= d(y) = d(sinx - cosx)

= dy = (cosx + sinx)dx...... (2)



Upper limit for the Definite Integral:

= X = g:- y = sin(g) - cos(g)

=2y ===

Lower limit for the Definite Integral:
=X = 0=y =sin(0) - cos(0)

=>y=0—1

Substituting (2),(3),(4) in the eq(1) we get,

I(%) Exfo dy
= I(x) = v S —
—lvl_yz

We know that:

/

We know that:

dx = sin"'x + C

V1 —x2
b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x))
= I(x) = V2 x (sin"ty|%,)

= I(x) = V2 x (sin— 1(0) - sin— 1(—1))

S I(x) = VZx (0- (—g))

TE
= I(X) = \IEXE

) =
= [(¥X) = —

V2

m

1 T
J- (Vtanx + y/cotx)dx = -

0 V2

26. Question

Evaluate the following Integrals:

T/4
S tan’ X

[ —
g l+cos 2%

Answer

Given Definite Integral can be written as:

T 3
z tan®x

I = —d
= 1x) J; 1+ cos2x X



We know that: 14+ cos2x = 2cos?x and

1
COSZX

= sec?x

il
7 tan®x
= I(x) = J; 2c052xdx

m

1 3
= I(x)= 5 X J- tan® xsec?xdx ...... (1)
0
Let us assume, y = tanx
Differentiating w.r.t x on both sides we get,
= d(y) = d(tanx)
= dy = sec?xdx......(2)

Upper limit for the Definite Integral:

=:-x=§=:-y=tan(g)

The lower limit for the Definite Integral:

0
=:-x=0=:-y=tan(g)

Substituting (2),(3),(4) in eq(1) we get,

1 1
= I[(x) = —J- y3dy
2Jq

We know that:

Xn+ 1

n+1

[ x"dx = +C

We know that:

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x)).

- I = =X (ym )

2 3+1
1 fy* 1)
= I(x) = —x(—
2 4 o
1
= I(x) = Ex(l-ﬂ:— 04)
1
= I(X) = E

™

J’E tan®x d 1
. T ® dx==
o 1+ cosix 3



27. Question

Evaluate the following Integrals:

1

5+ 3cosx

dx

=

Answer

Given Definite Integral can be written as:

=:-I[Z}«;)=J-FIT L

—dx
g D+ 3cosx
We know that:

1 — tan? (%)

o= 1 + tan? (%)

= 100 = J; 1—ta112( )

5E+3
1 + tanZ f ])
1+ tan? %

= I(x) = J; 5(1+tallz( )) ( — tan? (;D

| P40l

]

dx

1 + tan® (%)

m
= 1® = J; 5+ 5tan? %) + 3 —3tan? @) o

2 (X
) = J- 1 +tan (2) i

o 8§+ 2tan? (%)

We know that: 1+tan2x = sec?x

m 1sen:z(E)
=’“:X)=J; 2= 220 gx...(1)

22+ (tan (3))

Let us assume,y = tan (E)
2

Differentiating w.r.t x on both the sides we get,

S d@y) = d(tan@)

dy — ~ 2(5)d 2

= —seCi| - dXx ... ...

y = 5sec2|7)dx (2)

The upper limit for the Definite Integral:

=:-X=1T=:-y=tan(g)

Lower limit for the Definite Integral:



We know that:

J

We know that:

1 1 X
mdx = Etall—l(g) + C

b
| P =19l = 100 - 2
[here f'(x) is derivative of f(x)).

= I(x) = %x (tan™t g)lj)

= I(x) = % ¥ (tan — 1(e0) - tan — 1(0))
1

= 100 = 5% (g—o)
™

= I(X) = E

J’“ dx i
"), 5+ 3cosx 4

28. Question

Evaluate the following Integrals:

= /7

x/2 1

g a“smm - xX+b cos™x

dx

Answer

Given Definite Integral can be written as:

T

=:-I[:X)=J-E !

, dx
o a?sin?x + b? cos?x

™

I( ) J’E 1
= (%) =
0 5 aZsin?x 5
cos?x X |~y +b

n 1
2 ney
S oI(x) = f __cos?x 4.

o a?tan?x + b?

dx

™

1) J’E sec?x i
= I(x) = - dx
o aZtan?x +b?



1 3 sec?x
5 10 = —x [ —————dx....(1)

® (tanx)2 + (g)
Let us assume y = tanx
Differentiating w.r.t x on both sides we get,
= d(y) = d(tanx)
= dy = sec?xdx......(2)

Upper limit for the Definite Integral:

=>X=g=>y=tan(g)

Lower limit for the Definite Integral:

=X =0=y = tan(0)

We know that:
1 1
| dx = tan™'x + C
az + x?

We know that:

b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x)).

1 1 | %
= I(X) = a_szx (tan b )
a a

d

oo

= I(x) = %x (tan™t (?)l )

= I(x) = % ¥ (tan — 1(o0) - tan — 1(0))

1 T
= I(X) = EX(E_D)

i
= I[:X) = m

T

J’E 1 q s
. X = ——
o a?sin?x +b?sin?x 2ab
29. Question

Evaluate the following Integrals:



"% +sin x
J - Tdx
g l+cos x

Answer

Given Definite Integral can be written as:

n »
2X + sinx

= 1(x) = J; 1+cosxdx

We know that sin 2x = 2 sinx cosx and 1 + cos2x = 2 cos$?x

LI = J-gx + 2sin (%);05 (%) i
0 2 cos? (i)

s 2(X s
zxsec’ |5

= I(x) = J- ——dx + J-ztan(i)dx
b 2 0 2

Applying by-parts integration for 15t term only

3sec?(3) o J’% d X)J’Mz(%)
0

P 5 dx |dx + J-Etan @) dx

0

=:-I[x)=xJ; 2

We know that:
b
| reax =101 = ) - (@)

[here f'(x) is derivative of f(x)).

m Ll

. - than @) dx + than g) dx

= I(x) = (gtan(g) —Otan([)))
™
2

I

= I(x) = [xtan@))l

= I(x) =

T
J’Ex + sinx T
o 1+ cosx 2

30. Question

Evaluate the following Integrals:

—

-tan_l X

—dx

1+x
Answer

Given Definite Integral can be written as:

S 1% = [ Xxe(1)

1+x2

Let us assume y = tan'lx

Differentiating w.r.t x on both sides we get,



= d(y) = d(tan"1x)

Upper limit for the Definite Integral:

>x=1=y=tan}(1)

Lower limit for the Definite Integral:

=>2Xx=0=y =tan"1(0)

Substitute (2),(3),(4) in the eq(1) we get,

I
= I(x) = J-‘Lydy
0

We know that:

Xn+ 1

+ C
n+1

[ xPdx =
We know that:

b
f P(x)dx = [fGOJ2 = f(b) - f(a)

[here f'(x) is derivative of f(x)).

yi|*
= I(x) = =
2 1]
1 My 2
= I(X) = EX((@) —02)
1 m?
= I(X) = EXE

™
= I(x) = =

32
J’ltan‘lx ’
- N =—
o 1+x2 32

31. Question

Evaluate the following Integrals:

T4 .
» SI1 X +COS X
[ 2= R
g 3+sin 2%

Answer

Let [= f% sinx + cosx -
0 32 +sin2x

In the denominator, we have sin 2x = 2 sin X cos X

Note that we can write 2 sin x cos x =1 - (1 - 2 sin x cos x)



We also have sin?x + cos?x = 1
=1 -2 sin X COS X = siN®x + cos2x - 2 sin X oS X
= sin 2x = 1 - (sin x - cos x)?

So, using this, we can write our integral as

n
4
J’ sinx + cosx
= X
3 + [1- (sinx - cosx)?]
1]

n
‘ sinx + cosx
- OJ-‘% — (sinx — cosx)? X
Now, put sin x - cos x =t
= (cos x + sin x) dx = dt (Differentiating both sides)
Whenx=0,t=sin0-cos0=0-1=-1
When,

T[t T s 1 1 0
x—4, —51114—0:)54— 2_\,2_

-

So, the new limits are -1 and 0.

Substituting this in the original integral,

1]

S
S Ja—r
-1

1]
1
=>I= ﬂdt
-1

Recall,

J‘ 1 q 11|a+X|+
2 —x2 X ata—xl "
. 1 | 2+t]°

=> _—

2(2) Mz =l
[|2+0 |2+( 1)”
] L Py R Py

—1[1 1=
—4 n n 3

1 1
= IZE In3[~Inl= 0&111(;) = —Inx]

—In3

T
)
J’smx + cosxd 1
X:
3 + sin2x 4
1]

32. Question

Evaluate the following Integrals:



1
4

Jx tan~ x dx

0

Answer
_ -1
LetI= [ xtan™'xdx

We will use integration by parts.
Recall, [ f(x)g(x)dx = f(x)[[ g(x)dx] — [[F (x) [ g(x)dx]dx + c

Here, take f(x) = tanlx and g(x) = x

= J- g(x)dx= J-xdx

We have,
1
xtdx=——x""1 4 ¢
n+1

X?

= J-g(x)dx= £}

Now,

f'(x) = d;[:j) = &(tan‘lx)

1

=f@=17

Substituting these values, we evaluate the integral.

1
! J’ 1 de
T+ x\2 x

0

[ 2
= = [(tan"x) >

_ 1
: th ., ' IJ' x?
= [= > an 'x 7 T2
1]
We can write,
x? 1
1+ x2 1+ x?
_ 1
T | PR
=[=|—tan"*x| — = - X
2 0 2 1+ x2
1]

_ 1 1
I 121: (1 Ozt “1(o 1fd 1f ! d
=I=|-tan (1) 5 tan (0) ) 5 | T ™
B 0 0

Recall,




== g— G [1-0] —%[tan‘l(l)—tan‘l(o)])
SENE R
T
m 1
=1=373

1
J’t “ieg m 1
ol XtanT Txdx=———
4 2

1]

33. Question

Evaluate the following Integrals:

1 o)
- 1-x-

| =&
o X +x"+1

Answer

LetI:fl l—:{z

0 x* +x2+1
In the denominator, we have x* + x2 + 1
Note that we can write x* + x2 + 1 = (x* + 2x2 + 1) - x2
We have x* + 2x%2 + 1 = (1 + ¥)?
>5x4+x2+1=(14+x)2-x?

So, using this, we can write our integral as

1
1 — x?

I:
(1 + x2)2 — x2
0

dx

Dividing numerator and denominator with x2, we have

2

1 1 —x
z
I=J- x2 dx
(x2+l) x2
0 _—
X x2
1 1
;—1
=1= #dx
[i] (X‘Fg) -1
1
Put, x+-=1
X

1
= (l — —2) dx =dt
X
(Differentiating both sides)

1
= (1) dx=—dr
X



Whenx = 0,t = 0

+
=1

Whenx = Lt = 1 +

So, the new limits are « and 2.

Substituting this in the original integral,

2

2

-

oo

Recall, fxzi 2ld}x;:z—lalnl:z +c
[ | |t — 172
60 n
1 2—1 |00 — l”
o PR B PR

| 11 ! 0]

=I=—=|ln-—
21 3

=[=—--In3"1

1
=1=In3z2=InVy3

1
1 —x
f]l —————dx=1Inv3
J-x4+x2+l v
1]

34. Question
Evaluate the following Integrals:

1

J‘ 24x°

o )
Answer

Let] = fo (124—:2]4
Putl+x%=t

= 2xdx = dt (Differentiating both sides)
Whenx=0,t=1+0F=1
Whenx=1,t=1+12=2

So, the new limits are 1 and 2.

In numerator, we can write 24x3dx = 12x2 x 2xdx

But, x2 = t - 1 and 2xdx = dt



= 24x3dx = 12(t - 1)dt

Substituting this in the original integral,

2

I=J-Mdt

t4

1 1

1
Recall [ xPdx=——x"" +¢
n

+1
t=3+1 e+l 2
=1=12 —
(-3 +1) (—4+1) .
= 12|24 2 2
I UTSEYE]

=2[=12 _(2(_21)2 + 3(;)3) N (2[:_11)2 * 3(:;)3)]
=1=12 :(_?IJFZ—I‘})— (_714%)]

1= 122 (_ 1)]
=]= ———
12 \6

I 12_1 L 1
= = —_— ] =
6 12
24x3
“) Gt
0

35. Question
Evaluate the following Integrals:

12
J.x(x—ﬂr)l Y dx
1

Answer
12 1
Let= [ "x(x— 4)zdx
Putx - 4 = t3
= dx = 3t2dt (Differentiating both sides)

Whenx=4,3=4-4=0=t=0



Whenx =12, 3=12-4=8=t=2
So, the new limits are 0 and 2.

We can write x = t3 + 4

Substituting this in the original integral,

1= J-(ta + 4)t(3t)dt

2

=1=3 f(tﬁ + 4t3)dt
1]

2 2

=[=3 J-tédt—i—f-}ftadt

0 0

Recall,

J-x“dx= Lt x™1 4
n+1
('t5+1 2 [ £3+1 2)
=[=3 l +4 l
6+1]  T|3+1]
(_th g 2)
=1=3 —l +4|—
-7 1] 4 1]
27 07 2+ ot
[=3|=—=)+4|>———

7
. (240) 720
iENTT) T

12
720

1
J- x(x—4)3dx = —
4
36. Question

Evaluate the following Integrals:

= /7

J X~ sin x dx
0

Answer
L m

— (Zy2g
et] = [2x*sinxdx

We will use integration by parts.

Recall,

J-f(x)g[x)dx = f(x) U- g(x)dx] — J- [F(X)J- g(x)dx|dx +c



Here, take f(x) = x? and g(x) = sin x

= J-g(x)dx= J-sinxdx= —COSX

Now,

df{x d
F() =0 = = (3)
= f'(x) = 2x

Substituting these values, we evaluate the integral.

m

= [ = [x?(—cosx)]2 — J-(Zx)(— cos x)dx

T
= I=[-x?cosx]? +2 | xcosxdx

Ol

T
Let], = [Zxcosxdx

We use integration by parts again.

Here, take f(x) = x and g(x) = cos x

= J-g(x)dx= J-cosxdx =sinx

Now, f'(x) = 0 = 2 (x)

=>f(x)=1
Using these values in equation for I

T

2
=1, =[x sinx]g - J-(l) (sinx) dx
0

L
2
n
= [, = [xsinx]? — J- sinxdx
li]

n E
= [, = [xsinx]] + [cos x]]

Substituting I1 in I, we get

T m m
[ =[x cosx]> +2 ([xsinx]g + [cosx]g)

m
= I = [-x?cosx + 2xsinx + 2 cosx]?

I [ (T[)z 1T+2(ﬂ) e + 2 ﬁ] (0+ 0+ 2cos0)
= 1l=]—|= COS5— — | 51— COS—| — COSs
2 2 T 2\3)5 2
S1=(0+m+0)-(2)

=>|=mn-2



n
2

J-xz sinkdx=m— 2
0

37. Question

Evaluate the following Integrals:

- 1-x

J — —dx

0 1+x
Answer

Let] = [* Jl -

1=, .dx
As we have the trigonometric identity i - msz: = tan? 0, to evaluate this integral we use x = cos 26
COSs

= dx = -2sin(208)d6 (Differentiating both sides)

Whenx=0,c0526=0=>29=§=>9=g
Whenx =1,c0s20=1=220=0=06=0
So, the new limits areEand 0.

Substituting this in the original integral,
1 - cosZE}( 2 5in1 26 d6)
1 + cos28 s

,/tan? 8sin 26 d6

I:

.FAI:l'k__m:1

=1=-2

-|=-I:l‘-—__=cl

=[=-2| tanBsin26d06

:lk—__‘c

r

Sinz and sin 26 = 2 sin 6 cos 6

We have tan 8 =
COs

1]
sin @
=:-I=—2J- x 2sinB cosB do
cos0
o
4

0
=1= —4]511128(19
I

But,
2 0 1 — cos28
sin“f=—
2
1]
1 — cos20
=:-I=—4J-[—]d(-}
2
il
3



li]
ZJ-[l— cos26]d

m

I

nfde

(6] 0 sin 29] )
: :

4]
Z(J- do — cos26doe
i

, T
[ (0 TII) sin0  sin(2 x z)
== 4 2 2
I 2( TII+1 TII)
=[]=—-2]——1_ -
7 F7sing
I 2( T[—i-l) T 1
=]=—2[——4+2]=——
4 2 2

38. Question

Evaluate the following Integrals:

j~ 1-x?
o )
Answer

1 1-%2
Let] = fo (1+:2]2

As we have the trigonometric identity 1 + tan26 = sec?8, to evaluate this integral we use x = tan 6

= dx = sec?6 d6 (Differentiating both sides)

Whenx=0,tan8=0=06=0

™
Whenx = 1,tanB =1 = 8 = 7

So, the new limits are 0 andg.

Substituting this in the original integral,

I

1 —tan?@
f( an” 0) [sec?0]de
1]

(sec2g)2

sec?@ de

3
J’(l — tan? 9)
0



1
=1= J-(cc:-s2 B —sin6)de
0

We have cos?26 - sin20 = cos 20

I
=[= J-COSZBdG
1]

n
a

5in 20
1]

2

. b
L sin(2 X z) sin(2 x 0)

2 2
I 1 @ 0 1
= = — —_— = —
251112 5
1
1 — x? 1
dx =

) x2)2 2
u]

39. Question

Evaluate the following Integrals:

i
J‘ sxtyx® +1dx
1

Answer

LetT= [ 5x*Vx®+ 1dx

Putx> +1=t

= 5x%dx = dt (Differentiating both sides)
Whenx =-1,t=(-1P+1=0
Whenx=1,t=1+1=2

So, the new limits are 0 and 2.

Substituting this in the original integral,

2

I=J-\,cht

0
2
1
=[= J-tidt

0

1
Recall [ xPdx=——x"" +¢
n+1



t§+1
==

1

5+ 1

2 0

2[32
===tz

3 0

24 0z 3
1=—(2‘—0‘)
= 3 2 2

2 42
S l=—xB=—

= 42
J- bx*yx5+ ldx =

-1
40. Question

Evaluate the following Integrals:

T cosTX
J dx

g 1+3sin"x

Answer

T cos®x
let]=[z——

0 1 +3sin®x

™
Dividing numerator and denominator with cos2x, we have [ = IE;
0 sec®x+3tan®x

m
Z
=1= J-;dx [~ sec?x =1+ tan®x]
1 + 4tan?x
0

Puttan x =t

= sec?x dx = dt (Differentiating both sides)

dt dt
1 + tan2x 1 + t2

=dx=

Whenx=0,t=tan0=0

When x =

=

ta | S

, t=tan

ra | A

So, the new limits are 0 and .

Substituting this in the original integral,

f==]

. J’ 1 (dt)
)1+ a2\l + 2
0

[ 1
=1= OJ- a+ o+

Multiplying numerator and denominator with 3, we have



f==]

3
I= ! 3(1 + t2)(1 + 4t2)dt

Now, we can write

3 (4 + 4t%) — (1 + 4t7)]
3(1 + t2)(1 + 4t2)  3(1 + t2)(1 + 4t2)

3 41+ t2)- (1 + 4t7)
= 3(1 + t2)(1 + 4t2)  3(1 + t2)(1 + 4t2)

3 4( 1 ) 1( 1 )
T3(1+ )1+ 4t2) 3\1 + 42/ 3\1 + &2

Substituting this in the original integral,

= Blt) Sl

=1= % itan‘l = —%[tan‘l (E)]m

@ \Q/, o
=]= %[‘can‘1 2x]§ — % [tan™* x]3’

=1= %[tan‘ll:oo) —tan™(0)] - %[tan‘ll(m) —tan™(0)]

il

i
J’ cos?x T
dx =—
1 + 3sin?x 6

1]

41. Question
Evaluate the following Integrals:

T/4
J sin’ 2t cos 2t dt
0

Answer



T

Let| = [#sin®2t cos2tdt
Put sin 2t = x
= 2cos(2t)dt = dx (Differentiating both sides)

dx
= cos(2t)dt = >
Whent=0,x=sin0=0

T T T

Whent = —,x = sin2x— = sinz =1

So, the new limits are 0 and 1.

Substituting this in the original integral,
o
X
J-X 2
0

1

Y
= =3 X dx
o
Recall [x"dx= ——x™1 4 ¢
n+1
1[X3+1r
I=-
23+10
=>I=§[X4]3

1 1
[=—(1*—0%) ==
=I=3( )=3

T
I
3 1
~ | sin 2tc052tdt=§
1]

42. Question

Evaluate the following Integrals:

J.5(5—4c058)1 *sin® do
0

Answer
1
Let] = f;5(5 —4cosB)zsinBdo

Put5-4cos 9 =x
= 4sin(0)d6 = dx (Differentiating both sides)

dx
= sin(0)dd = 7

When0=0,x=5-4cos0=5-4=1

When®=mn,x=5-4cosn=5-(-4)=9



So, the new limits are 1 and 9.

Substituting this in the original integral,

5
1= [55(3)
p— 41 —
*\2
1
5
5J’ ey
=2
= P X4dx

1

1
Recall [ x"dx= ——x" +¢
n+1

: 5 xs*?
=]=-
41
4+ 1
4 1
59
=:-I—[x1
1
S1=9i-1

== (32)3i-1

s1=435-1=9y3-1
m

1
J- 5(5 —4cosB)asinfdd = 9v3 -1
1]

43. Question
Evaluate the following Integrals:

T/6
J cos™ 26 sin 26 d6
0

Answer
s
Let| = [scos™205sin26d6
Put cos 20 = x
= -2sin(20)d6 = dx (Differentiating both sides)
dx
= sin(208)dd = -3
When8=0,x=cos0=1
T 1

When @ = = 2 = =
—_— _’ —_— ><_ —_— —_ —
en X = cos g = Cos 3

So, the new limits are 1 andi.

Substituting this in the original integral,



1

2
J-x‘gdx
1

1
Recall [ x"dx= ——x"" +¢
n+1

1

1 X—3+1 2
=1=——|—
=5

1

1
— Z[x22
=:-I—4[x 1

I 1‘1]§
=[=—-|—
4}{21

11 1 1
i

2)

1 3
I=—(4-1) =2
=l=z0-D=7

T
®
3
J- cos 32P0sin20d0 = 1
u]

44. Question

Evaluate the following Integrals:

T
J Jxcos®x7 T dx
0

Answer

2

3
Lety — f;am@cosszdx
> lld d
— w3 =dt
= sz X
(Differentiating both sides)

2
= \.‘de = 5 dt

When x

Il
=
=t
Il
=
Fal
Il
=

3
2 242
Whenx = m3,t = (TEE) =T



So, the new limits are 0 and .

Substituting this in the original integral,

b
J-COSTZ
0

m

I ZJ- Ztdt
=1[=-| cos
3

1]
But,

1 + cos2t
2

I Zf[l + cosZt] dt
=]=— -
3 2

1]

cos’t=

T
1
=1= 5[[1+c052t]dt
]

™

m
1
=:-I=§ J-dt+fc052tdt

0

L %([t]g-i- [SiI;Zt]:)

1 5111 ?.TI.' sin 0
=3|m0 >

1
I=—(m+0)=—
> 1=2(n+0)

L= —
U|N

T
[xcos? xz dx = -
3

45. Question

Evaluate the following Integrals:

J —dx
1 X(l+log x)
Answer

2 1
LetI= fl x(1 +logx)?

Putl+logx=t

Differentiating both sides, we get,
1

= —dx=dt
X

Now, changing the limits,

Whenx=1,t=1+logl=1



Whenx =2,t=1+ log 2
So, the new limits are 1 and 1 + log 2.

Substituting this in the original integral,

1+log2

1
I= J- t_zdt

1

1+log2

=1= f t=2dt

1

1
Recall [ x"dx=—x"*' +¢
n

+1
t_2+1 1+log2
=2l=|—"
-2+ 1
1
—171+log2
=1=—[t7"]] °8
1+log2

-]

1 1
ot
1+ log2 1

1 _ log2
1+ log2 1+ log2

=[=1

2

J‘ 1 dx — log2
” ) x(1+logx)? T1a log2

46. Question

Evaluate the following Integrals:

x /7

J cos” x dx
0

Answer
T
Let1= (= 5
et] = [2cos®xdx

Note that we can write cos®x = cos*x x cos X
= C0S°X = (C0s%X)2 X COS X
We also have sin?x + cos?x = 1

= cos°x = (1 - sin®x)2cos x
s
2

So,1=_[0

(1— sin?x)?cosxdx
Putsin x =t
= cos x dx = dt (Differentiating both sides)

Whenx =0,t=sin0=0



Wh I t in — 1
enx = —,t = sin - =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
1= J-(l—tz)zdt
1]

1
== f(l —2t2 +tH)dt

0
1 1

1
=[= fdt— thzdt—i—ft"‘dt
4]

0 0

1
Recall andX= _Xn+1 1c
n+1

1
t4+1

4+ 1

z2+1 12
=:-I=[t]3—2[ l +
2+10 0

2 1
== [t]é—g[tg]é+g[t“]é

=1= (1—0)—%(13—0)+%(15—0)

-1 2+1 8
ST T3TE T IE
T

z
[
~ | cos?Xdx=—

15

1]

47. Question

Evaluate the following Integrals:

Answer

9 x
Let1=1, ﬁdﬁ

30 -2
-3
Put3p —xz =t
lId d
—_— w3 = dt
= 2){2 X
(Differentiating both sides)

2
= \.'Ed}{: —gdt

3
Whenx = 4,t = 30-(4)2 = 30-8

22



3
Whenx = 9,t = 30-(9)z = 30- 27 = 3
So, the new limits are 22 and 3.

Substituting this in the original integral,

1
Recall [ x"dx= ——x" +¢
n+1

o[ t-2+1 3
=[=—=

3

—2+122

2
= I=§[t_1 3

21173
-2y
31ltl;;

211 1
e
313 22
I 2 19 19
= = — _— = —
3><66 99
9
VX 19

e —32dx = ﬁ
4 (30 - XE)
48. Question

Evaluate the following Integrals:

-

[sin® x(1+2 cos x)(1+ cos x)~ dx

J sin
0

Answer

Let] = f:singx[lJr 2cosx)(1+ cosx)?dx

Note that we can write sin3x = sin?x x sin x

2x =1

We also have sin?x + cos
= sin3x = (1 - cos?x) sin x
So, 1= f;(l —cos?x)(1+ 2cosx)(1+ cosx)?sinxdx

Putcosx =t

= -sin(x)dx = dt (Differentiating both sides)
= sin(x)dx = -dt

Whenx=0,t=cos0=1

Whenx =m,t=cosmn=-1



So, the new limits are 1 and -1.

Substituting this in the original integral,

1= J- (1—-t3)(1+20)(1+ t)?(—dt)

-1

== —f (1—t3)(1+20)(1+ 2t +t3)dt

-1

== —f (1+2t—t%—2t3)(1+ 2t + t?)dt

-1
o= _J’ [1(1+ 2t—|—t2)+Zt(l+2t+t2)—t2(1+2t+t2)—]dt

263 (1+ 2t +1t%)
1

-1

=:-I=_J-(1+2t+t2+2t+4t2+2t3—t2—2t3—t4—2t3—4t4—2t5)dt

-1
=:-1=—J-(:L+41;+41:2—21:3—51:“—21:5’)dt

-1 -1 -1 -1 -1
=1 fdt+4ftdt+4ft2dt— J-tadt—SJ-t“dt—ZJ-tsdt
1 1 1 1 1
Recall [ x"dx= ——x™ +¢
n+1
( t1+1 -1 t2+1 -1 t3+1 -1 e+ -1
1+1 . 2+ 1 . 3+ 1 . 4 + 1 .
ta+1l—1)
4 1 - 1
= 1= = (07 + 200 + S RIS [l — 107 — 5 1))

zzi_a_E_E_4_4
= 1= —[(-1- D #2002 1)+ S (1P - 1) - S (CDF - 1)

(0P 1) - (D 19)]

=1 [ 24+2(0)+=(— 2)—%(0)—(—2)—%(0)]

mlm IS

8
=1=2+2+(-2)=

m

8
J- sin®x (1+ 2 cosx)(1+ cosx)?dx = 3
1]

49. Question

Evaluate the following Integrals:



x /7

. 1 -
J 2sinx cos X tan” (sin x )dx
0

Answer

s
— (29 a —1 g
Let] = foz 2sinx cosxtan™ " (sinx) dx
Putsinx =t
= cos x dx = dt (Differentiating both sides)

Whenx=0,t=sin0=0

Wh I t in — 1
enx = —,t = sin - =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
I= f 2ttan~ttdt
u]

1
=1= ZJ-ttan_ltdt
u]

We will use integration by parts.
Recall [ f(x)g(x)dx = f(x)[J g(x)dx] — [[f(x) [ g(x)dx]dx + c

Here, take f(t) = tan'lt and g(t) = t

- fg(t)dt= J-tdt=§

Now,

, daf(t) d B
f'(t) = T = E(tﬁll 1t)
1

=fO=17%

Substituting these values, we evaluate the integral.

- e 5 - ()G
- resfi (o)

We can write,

t2 1

1+t 1+¢t

t2 Lo 1
ol a1 _
=[=2 [2 tan tL J-[l 1T tz]dt
1]




1 1
I zlzt 11 021: ~1(o fdt f ! dt
= [ = j— N — _
5 tan (1) 5 tan (0) {1 ¢
0 0

1
1+ x2

Recall [ dx =tan~'x+c

1 ™
=1=2x %77 ([t]3 — [tan1t]3)

= 1= 7~ ({1~ 0] - [tan™ (1) — tan"(0)])

4
-1-3-(t--0)
Sl=g-1+3=>-1

™
2z
1 1 1 H
~ | 2sinxcosxtan “(sinx)dx = o 1
0

50. Question

Evaluate the following Integrals:

= /7

-

. 1 -
J sin 2X tan~ (sin X )dx
0

Answer
L L3
ety — [zsi ~1(sj
I= foz sin2x tan™*(sinx) dx

We have sin 2x = 2 sin X cos X

T
2
=1= J- 2 sinx cosx tan"1(sinx) dx
0

Putsinx =t
= cos x dx = dt (Differentiating both sides)
Whenx=0,t=sin0=0

Wh I t in — 1
enx = —,t = sin - =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1
I= f 2ttan~ttdt
u]

1
=1= ZJ-ttan_ltdt
u]

We will use integration by parts.

Recall [ f(x)g(x)dx = f(x)[J g(x)dx] — [[f (%) [ g(x)dx]dx +c



Here, take f(t) = tan'lt and g(t) = t

= fg(t)dt= J-tdt=§

df(t)

Now, f’ (t) = = =

4 -1
= (tan t)

= f'(t) =

1+1t2

Substituting these values, we evaluate the integral.
1
I=2]]|t ‘lttz 1 f( L )tzdt
= 1= an —l = l—= =
2 1+t2/\2
0
t2 Lo g
= [=2|—tan"'t —J- —— |dt
o [ (o)
]

. 2
We can write - _ 1 — 2
1+t2 1+t2

12 Lo 1
ol a1 _
=[=2 2tan tL J-[l 1 +t2]dt
- 1]
1

_ 1
I let “(1)-o0 fdt f ! dt
=[= 2an (1) 11 2
- 1] 1]

1
1+ x2

Recall [ dx = tan tx+c

T 1 -1471
= 1= — ([l — [tan™ t]§)

= 1= —([1-0] - [tan*(1) - tan™*(0)])

4

~1-3-(--0)

S L O
4 4 2

™
z
T
J- sin 2x tan?(sinx) dx = >~ 1
0

51. Question
Evaluate the following Integrals:

1
J.(:cos_l x”)dx
0

Answer
Let]= f;(cos‘lx)zdx

Put cos'lx =t



=2 X =-cost

= dx = - sin t dt (Differentiating both sides)
T
Whenx = 0,t = cos— 1(0) = 3

When x =1, t=cos(1) =0
So, the new limits areg and 0.

Substituting this in the original integral,

0

I= J-tz (—sintdt)
2

=1=—| t?sintdt

Nl A —

We will use integration by parts.
Recall [ f(x)g(x)dx = f(x)[[ g(x)dx] — [[F(x) [ g(x)dx]dx + o

Here, take f(t) = 2 and g(t) = sin t

= J-g(t) dt = J-sintdt = —cost

df(t) _

Now, f'(t) = dtJ

d
= (t%)
= f'(t) = 2t

Substituting these values, we evaluate the integral.
]
=I1=—| [t*(—cosD)]% — J-(Zt)(—cost)dt
2 I
2

1]

== [t? cost]%—zftcostdt

2 &
2

]
Let I, = [~ tcostdt
2

We use integration by parts again.

Here, take f(t) = t and g(t) = cos t

= J-g(t) dt = J-costdt = sint

Now, f'(t) = =2 = 2 (1)

=>f(t)=1

Using these values in equation for I



0

= I, = [tsint]z — J-(l) (sint) dt
2 m
z

= I, = [tsint]x + [cost]%
Fl Fl
Substituting |7 in I, we get
I=[t?cost]x—2 ([t sint]x + [cos t]%)
2 2 2

= I = [t®cost— 2tsint — 2 cost]x
2

2

=1=(0—0—2cos0) — [(E) COS(E)— 2@)5111@)—21:05(

2 2 2

=>|=-2-(-n)=mn-2
1

J-(cos‘lx)zdx= m—2
]

52. Question

Evaluate the following Integrals:
r X

J sin~! dx

0 a+x

Answer

Let] = f;sin‘l fidx

Put x = atan?@
= x = 2a tan 6 sec?6 d@ (Differentiating both sides)

When x =0, atan’6 =0=>tan®=0=06 =10
Whenx = a,atan?8 = a = tanf =1 =68 = z

So, the new limits are O andg.

Also,
X atan?
va+x .Ja+ atan28
X tanZ o
=

a+x= 1 + tan?@

We have the trigonometric identity 1 + tan?6 = sec28

ity 2
sin? @
tan? @ tan? B (c052 Ei)
= = =
1 + tan20 sec?@

y (cc:-s':.L2 E})

g1

2

)



’ tan’ @ —
= 1T a6~ \/sin? 8 =sin B

Substituting this in the original integral,

3
1= J- sin~(sinB) (2atan B sec’>0 de)
4]

3
=[= Zafﬁtanﬂseczﬁdﬂ
4]

Now, puttan 6 =t

= sec?6 dB = dt (Differentiating both sides)
When 8 =0,t=tan0=0

When® = ~t = tan~ = 1
en = —, [ = 1an - =
4 4

So, the new limits are 0 and 1.

Substituting this in the original integral,

I=2a J-(tan‘lt) (t) dt

1
=1= Zafttan‘lt dt
1]

We will use integration by parts.
Recall [ f(x)g(x)dx = f(x)[J g(x)dx] — [[f (%) [ g(x)dx]dx +c

Here, take f(t) = tanlt and g(t) = t

2

- fg(t)dt= ftdt:%

Now,

i) 4
f'(t) = T = E(tﬁll 1t)
= f'(t) = i1

Substituting these values, we evaluate the integral.

2\ 1 (e
_ -1 _
= [=2a [tan t(z)o J-(l_l_tz)(z)dt

1]

t2 Lo 2
_ -1 _
= [=2a [—2 tan tL af(l_”z)dt
1]

. 2
We canwrite - 1 __1
1+t2 1+t2




[+2

t 1
=[=2a|—tan"'t —af[l—i]dt
2 0o 1+ t2

_ 1
12
=[=2a Etan‘l(l)—ol —a J-dt—f
- 4]

1x+c

1 ™
=[=2ax=-x i a([tl; — [tan~1t]3)

2

0

1

1+ 12

= I=a—a([1- 0] - [tan"*(1) - tan"(0)])

4
:;Izga—a(l— g—OD
:I=ga—a+ga=(g—l)a

53. Question

Evaluate the following Integrals:

ﬂ,/l Ccos X

S3(1-cos x} }
Answer

Let] = v1+cosx
I= fn’ (1 - cosx)3/2 dx

In the denominator, we can write

3
(1—cosx)z=(1—cosx)y1l—cosx

(1 — cosx)V'1 — cosx

L
2
J’ 1+ cosxd
J (1— cosx) 1 — cosx
3

Recall the trigonometric identity,

m

)

J’ V1 + cosx
i

3

1 — cos(28)

_ 2
1 + cos(28) tan”9

Here, we have,

1 + cosx 1 1
w, 1 — cosX [tan? (%) tan (%)

dt



We also have,

1—cosx = 2sin? G)

1

E

2
EJ- 2 51112 tan %)
3

dx

L\JI»—l

I
2

X

d
%J-cosec cot (2) X

)<t

= —E-:-::osen:2 G) dx =dt

Putcot(

ba |

(Differentiating both sides)

= %msec2 @) dx = —dt

Wh AL t t /3
enx—B,—co 2—c06—\,
i
Whenx = i t = cot@ = cn:)tE =1
2’ 2 4

So, the new limits are /3 and 1.

Substituting this in the original integral,

1

I= J-t(—dt)
V3
1
=[=—- J-tdt
S

1
Recall [ xPdx=——x"" +¢
n

+1
t1+1 1
e
1+1t’,§
1
1 . 2
=>1=—E[1 - (V3)']

1
[=—2[1-3]=1
>1=—3[1-3]

w2

J’ V1 + cosx _V1I +cosx . L
(1 — cosx)3/2 x=



54. Question

Evaluate the following Integrals:

Answer

a® —x2

Let] = foax dx

a® +x2
As we have the trigonometric identity

1 — cos(28) 5
—— =tan“B
1 + cos(28)
to evaluate this integral we use x2 = acos 26

= 2xdx = -2a2sin(26)de (Differentiating both sides)
= xdx = -asin(20)de

Whenx = 0,a2c0820 = 0 = cos20 = 0

W=
= = — = [ p—
2 2

When x = a, a%cos 20 = a2=> cos 20 = 1

=220=0=0=0
So, the new limits areE and 0.

Also,
az — x2 a2 — aZcos28
az + x2 a2 + aZcos20
a2 — x2 1 — cos28
=1 =
a2 + x2 1+ cos28

m = 4 tanZ @

=tan®

Substituting this in the original integral,

1]

1= J-tan(-} (—a? sin26 de)

n
4

0

= 1= —a? J- tan B sin 26 d0

4|2

4]
sin @ .
=:-I=—32J- % 2 sin 0 cos0 do
cosB
n
3



1]

=[= —aEJ-ZSianidB

n
a

But, we have 2 sin20 = 1 - cos 26

1]
=[=—a? J-(l— cos208)de
I

4] 0
= —a? J-dE'—J-COSZBdG
i 3

e ([ﬂ]é B [5111228];)
== —a2 (0 _ g) — % (sinO —sin (2 4 g))]

-t 3]

J‘ az—xz TI.' 1)
a2+x2

55. Question

Evaluate the following Integrals:

a
- la—x
J dx
a+x
Answer

Let] = f_aa a_tdx

As we have the trigonometric identity

1 — cos(28) 5
——  =+tan“ B
1 + cos(28)
to evaluate this integral we use x = acos 20

= dx = -2a sin(20) db (Differentiating both sides)

When x = -a, acos 26 = -a = cos 20 = -

=>29=T[=>B=§

When x =a,acos 20 =a=cos20=1

=220=0=>0=0

So, the new limits areg and 0.



Also,

a— X a— acos20
'Ja+ X a+ acos28
a— x 1 — cos20
= =
\Ja+x 1 + cos20

d — X

=.,/tan?f =tanb

a+ x

Substituting this in the original integral,

0

I= J-tanﬂl (—2asin20d8)

I
2

1]

=[=-2a J- tan B sin26 de

I
2

sin®

——x 2s5inBcos B do
cosB

=]=-2a

r\.zul:lﬂ-—___‘o

1]

=[= —ZaJ-ZsianidB

Zz

But, we have 2 sin?0 = 1 - cos 26

0
=1= —ZaJ-(l— cos26)do
3

1]

4]
=[=-2a J-dE'—J-COSZBdG
3

I
2

sin 201°
I=-2 (—}%—[ ]
- a([ 5 )

[ T 1
=:-I=—Za_(0—5)—i
[ m 1
=[=-2a ————0]
| 2 2()
=2 T[]
=[=-2a|l——|=ma
2
a
a — X
J- dx = ma
a+ x
—a
56. Question

(31110 —sin (2 X g))]

Evaluate the following Integrals:



dx

J‘ sin X cos X
g cos X +3cosx+2

Answer

Let I— j-Tr sinx cosx

0 cos®x+ 3cosx+2

In the denominator, we can write

€0s2x + 3 cos X + 2 = (cos X + 1)(cos x + 2)

sinxcosx
(cosx + 1){cosx + 2)

==

ct.____‘mlj

Put cos x =t
= -sin(x)dx = dt (Differentiating both sides)
= sin(x)dx = -dt

Whenx=0,t=cos0=1

T
Whenx = —,t = cos— =0
2 2

So, the new limits are 1 and 0.

Substituting this in the original integral,

t
1=!(t + D(t+ 2) (=dt)

t
___!(t+ Dt + z)dt

We can write,

t 2+ 2-(t+2)
t+DE+2) (t+ D+ 2)

t 22At+ D-(t+2) 2 1
T D+ (t+rDE+2) t+r2 t+1

Using this, we have
4]
[
t+2 t+ 1
1

= I=- zfm‘“‘fm‘“

Recall f:ladx =Inlx+al +c

= [ = —(2[In|x+ 2] — [In|x+ 1]]9)
=1 = - [2(In]0+2] - In|1+2]) - (In|0+1| - In|1+1])]
=2|=-[2(In2-In3)-(In1-1In2)]



=2|=-(2In2-2In3-0+1n2)
=2|=-(3In2-21In3)

=|=2In3-3In2

=>I=In9—|n8=|n§
il
E .
J’ sinxcosx q 1 9
Xx=In—-
cos?x + 3cosx + 2 8
1]

57. Question

Evaluate the following Integrals:

’ Jf 1 tanx o

) 1+ m-tan” x

Answer

™
Let I = IE tanx

0 1+m?tan®x

sinx

I
2

ZPIZJ- COSX
0

sin?x
1+ m?( )
COS2X

sinxcosx
=[=

e

, X
cos2x + m?sin?x

We have sin?x + cos?x = 1

I
2 .
I J‘ sinx cosx
=] = - X
1 +(m? — 1)sin?x
0

Put sin?x = t
= 2 sin x cos x dx = dt (Differentiating both sides)

. 1
=5|nxcosxdx=5dt

When x =0, t =sinf0 =0

Wh T t in2_ 1
enx = —,t = sin’= =
2 2

So, the new limits are 0 and 1.

Substituting this in the original integral,

1

IZJ-ZL + (1132 - l)t@dt)

0

1
Y PR S
T2 1+ (m? — 1)t
0




x=§ln|ax+b|+c

1 1
— 2 _ 1
=[= 5 (m? ] [In|1 + (m 1)t|]0)

1
== m(lnllJr (m?* — 1) x 1| —In|]1 + (m? — 1) x0])

(In|m?| — In|1])

- 2(m? — 1)
lnlml
=—(2Inm|)=——
2(m? — )( Imi) = -1
m
2z
J‘ tanx In|m]|
X=——
1 + m2tan?x m2 — 1
li]

58. Question
Evaluate the following Integrals:

1/2

; 1
- =dx
0 (l—x") 1-x°
Answer
2 1
Let]= |2 ——dx

0 (1+x2W1—x2
Put x =sin 6

= dx = cos 6 d6 (Differentiating both sides)

Also, /1 —x2 =+/1 —sin? B = cosH

Whenx=0,sin8=0=06=0

1 1
Wh = . i B = — B = —
enx 2 5 2 = 3

So, the new limits are O andg.

Substituting this in the original integral,

1
(1 + sin26) cosO

(cosB de)

._.
Il
O — i3

1

[= ]| ———dé
= 1 + sinZ@

O ——— a3

Dividing numerator and denominator with cos26, we have

e

I_J’ sec<0 46
B J sec?f + tan2@



sec?

Sl= | —————
1 + 2tan?6

S ——ia

[ sec?8 = 1 + tan?6]
Puttan @ =t
= sec26 dO = dt (Differentiating both sides)

When©6=0,t=tan0=0

When8 = =t = tan—
en —6, _3116_\'3

So, the new limits are 0 and%.
J

Substituting this in the original integral,

1
— 2
2+t
1 _1 1 E
Recallfazﬂzdx— tan (a)Jr C
1
V3
i 1| ot
=:-I—E (L) tan (L)
V2 V2/1,
1 1
== E[tall‘l(m@t}]ga
1 V"E
=]=—|tan”!|—=]— tan"(0
ﬁ[ (»@) ”l
I ! tan™?! 2 0 11: |2
=[=—|tan — —tan —
V2 3 V2 3
1
2
J’ 1 o Lol 2
X = —tan —
4 (1 + x2)V1 — x2 V2 3

59. Question
Evaluate the following Integrals:

(x-)

3
X

/3

dx
1/3

Answer



= -2x"21dx = dt (Differentiating both sides)

2
= ——adX= dt
X

1d ldt
= —dx=—-
x3 2

1 1
Whenx = -, t = 5-1=32-1=28
G
3
1
Whenx=1,t=§—l=0

So, the new limits are 8 and 0.

Substituting this in the original integral,

1
Recall [ x"dx=—x"* +¢
n+1

.1 0
1| t3*+?
2|1
=41
13 8

3'4]°
=[=—-|t3
8l lg

=[=—

=1= ——:0— (8)%]



I 3[ 16] = 6
=]= 5 =
1 1
(x-x%)3
i,
X
1
3

60. Question

Evaluate the following Integrals:

T/4 .2 2
r SI1 X COs™ X
J ~dx

.3 3
0 (Sm X +Cos X)
Answer

Let I sin®xcos®x
et = [s_SH XS X gy
0 (sin®x +cos®x)?

w
3
sin? x cos? x
=[= 5 dx
1]

[(c053 X) (51113 X4 1)]

cos3x

(taking cos3x common)

sin? x cos?x

S — A

=]= X
coséx(tan®x + 1)2
T
zsin’x 1
C0s%X ~ COS’X
== | ———— "dx
(tan®x + 1)2
4]
T
4 2 2
I J’ tan®xsec®x d
=2][=| ————dx
(tan®x + 1)2
4]

Puttanx =t
= sec?x dx = dt (Differentiating both sides)

Whenx=0,t=tan0=0

Wh Tt —tans =1
eNxY = —, 1L = @an — =
4 4

So, the new limits are 0 and 1.

Substituting this in the original integral,

1 t2
- [ E

Putt3 = u

= 3t2dt = du (Differentiating both sides)

= tdt = Edu
3



Whent=0,u=0=0
Whent=1,u=13=1
So, the new limits are 0 and 1.

Substituting this in the original integral,

I= fﬁ@d)

1
=1= gj-(u+ 1)2du
li]

Recall [(x+a)"dx = ﬁ (x+a)"+c

Y (C :L)'“ll1

3f 2+1 |,

ir 1 14
=[=—= ]
3 0

u+1
1 1 1
S
3V14+1 041
I 1(1 1) 1
=[=—|-—-— = —
3\2 6
T
I
J‘ sin? xcos?x 1
e X:—
(sin®x + cos?x)? 6
1]

61. Question

Evaluate the following Integrals:

3 (ennle 1) emc?
| Jeos x —cos”x (sec”x ~1)cos” x dx

0

Answer

s
— = _ I
Let| = foz Vcosx — cos3x(sec?x — 1) cos?xdx

f

= 1= | Jcosx(1— cos?x)(sec*x— 1) cos*xdx

e

We have sin?x + cos?x = 1 and sec?x - tan?x = 1

—

= [= | \/cosxsin?x (tan’x) cos®x dx

e

I
: sin’x
== J-\,*cosxsinx 3
c0s?X
]

)coszxdx



= [= | Jcosxsin®xdx

e

We can write sin3x = sin?x x sin x = (1 - cos?x) sin X

m
z

=1= J- Veosx(1 —cos?x)sinxdx
]

Putcosx =t
= -sin(x)dx = dt (Differentiating both sides)
= sin(x)dx = -dt

Whenx=0,t=cos0=1

Wh AL T_0
eNnx = —, 1T = C08 - =
2 2

So, the new limits are 1 and 0.

Substituting this in the original integral,

0

1= f V(1 — t2)(—dt)

1

1]

1
== —fti(l—ﬁ)dt

0 0

1 5
=[=—- J-tidt—ftidt

1 1

1
Recall [ xPdx=——x"" +¢
n+1

0 S 0

22
o= —[%(0—1)—%(0— 1)]

I ( 2+2) 8
= = —| —— — | = —
3 7 21

8
Jcosx— cos3x(sec’x — 1) cos?xdx = —

m
7
N N P
J- 21
0

62. Question



Evaluate the following Integrals:

= /7

r COs X
J dx
5 11
0 X . X
CO5 ——+ 51—
“» “»
Answer
COEX
Let] = f x—ndx
(CDS!— + s:n—:]
We can write,
(2 X) 2 X . 2%
COSX =0cC05|2X =] =cCo8°——s8in“—
2 2 2
( X +si X) ( X . X)
= c0sX = | cos=+sin—) | cos=——sin—-
2 2 2 2

Putting this value in the integral

I f(cos% + sin%) (cos% — sin%)

3 (cos% + sin%)n .

n

z X
cos— — 51112

J- —dx

1]

n—1
cos + 51112)
Put cos> + sin= =t
2 2
( 1 x 1 ) q dt
= |—=sin—+—-cos—|dx =
2 2 2

(Differentiating both sides)
(c-:)sE —sin— ) dx = 2dt
2

Whenx=0,t=cos0+sin0=1

@, G

— + sin — =
2

Wh AL
enx = —, T = Cos
2 2

So, the new limits are 1 and /2

Substituting this in the original integral,

—

V2

1= [

1
Recall [ xPdx=——x"" +¢
n+1

1
V2

+

-
=

%)



t-(n-1)+1 l V2

=>[=2[————
—(n—1) + 1],
2 | =4
=[] = t2—n V2
2 — 11[ i
2 [ 2-n
2—n | _12—11

[ 2—n

2 ( E) 2 n

_ 22 — 1-5 _
== > — o = (2 z 1)

T
F
COSX 2 _n
!(cos% + sin%)n dx = 2—n (21 T 1)

Exercise 20.3
1 A. Question

Evaluate the following Integrals:

4 J’4x—3. ifl=<x
Jf{x}dx. where f(x:l:-1 < iee
| x3x—h. if 2=x:

[

17,

17,
e

Answer
4
We have, fl f(x)dx

Y 4
=J[(4x + 3dx + [[(3x + 5)dx

= [%2 + 3X]i + [ETYZ + 5}{]2

=[G +6)-G+3)] + [(5+20)-(F+ 10)]
= [14 — 5] + [44— 16]

=9+ 28

= 37

1 B. Question

Evaluate the following Integrals:

o sin X 0=x=<m/2
Jf(x}dx.wheref(x}: 1 n/2=x<3
0 -

e* 3 3=x=9
Answer

We have, _[09 f(x)dx

T
= [Zsinxdx + ff 1dx + f;ex‘a dx
2

™
= [~ cosx]} + [x]& + [e*°]3
z



= | _ n _ & 9—-3 _ 433
[ c052+c050]+[3 2]+ [e ed 7]
=0+ 1] + [3-0] + [¢*—e°]

2
=143 +e°—1
Hence, 3—3 + ef

1 C. Question

Evaluate the following Integrals:
4 [Tx+3. ifl=

f(x)dx. where f(x)= .
»! 1 8x . if 3=

Answer

We have, ff f(x)dx

3 4
=[[(7x + 3) + [, 8xdx

= 3 4
==+ 3]+ [2]
2 1 213

2 s 2 ] ¢ (529 (2)

2 2 2 2

=[Z+9-2+ 3] + [64-36]
2 2

=34 + 28

Hence, 62

2. Question

Evaluate the following Integrals:

4
J x +2|dx
4

Answer

We have,

=1 x + 2| dx

=[x+ 2Ddx + [(x + 2)dx

= —[‘; + Zx]:i + [‘; + Zx]_z

e N B CEORE)
=—[2-4]-[8-8] + [(8 + 8) —(2—4)]
=—[-2] + 16 + 2

=2+2+16
Hence, 20



3. Question

Evaluate the following Integrals:

3
ﬂx—l‘dx
3

Answer

3
We have, [* |x + 1| dx
=% 1x + 1] dx
—Jo3

= [ —(x+ Ddx + [2(x + 1) dx

i) o]+ [ )

SENNERE)

2 2 2
=20=lO

Hence, f_ga |x + 1] dx =10

4. Question

Evaluate the following Integrals:
1

[l2x +1]dx

-1

Answer

We have, f_11|2x + 1] dx

= [ 2% + 1] dx

= [Z—(2x + 1)dx + [3(2x + 1) dx

1
z - 2 1
=—zi+x]2+[2i+x]l
2 -1 2 =

2

- B e 06

=—[-i-n-u+[a+n-(G-3
EE N

=T+ 2+,

=2+2

1 1
4 2

)]



Hence, f_11|2x + 1] dx =§

5. Question

Evaluate the following Integrals:

o S— 12

|2x +3|dx

Answer

2
We have, [ |2x + 3| dx
=% 12x + 3| dx
-2

= [Z—(2x + 3)dx + [3(2x + 3) dx

3
2x°

o R BERC S

2

= [ B e] + (B4 ) - (222
—-g-f-d [ 9--2)
=-E--r2 + [an-(2-2)]

=_ —§+2] + [(10)+z]

=2_2+10+°
4 4
=248

2

Hence, f_22 [2x + 3| dx = ?

6. Question

Evaluate the following Integrals:

2

ng —3x—2‘dx
0

Answer

2,2
We have, [~[x*—3x + 2| dx
T
= [, |x*—3x + 2| dx

= fol(xz —3x + 2)dx + J‘f_[:xz —3x + 2)dx

R )
o [ e R )

3 2 3

B2




_l_

O
ol

=1

oo

Hence, f; [x*—3x + 2|dx=1

7. Question

Evaluate the following Integrals:
3
J|3x —1|dx
0
Answer
3
We have, [[3x— 1| dx
= [¥|3x— 1| dx
0

= fofi—(3x— dx + [L(3x— 1) dx

1
3x° 3

= - ——x]a + ;—x]l
2 0 2 =

=_ é_g—o] + [(?—3)_(%)]

2 21
=—+ fu—

& 2

1 21 2 +63
=- 4+ —=

3 2 &
_ B3

&

Hence, fog [3x— 1| dx= 5?5

8. Question

Evaluate the following Integrals:

g

J [x +2|dx
-

Answer

We have, f_66 [x + 2|dx

= —-(x+2) + [J(x+ 2)dx

[Tl e[l



=[G+ 2x2)-(F-2)] + [+ 12)-(G-9)]
= —[(2—-4) - (18—12)] + [(18 + 12) — (2 —4)]

= —(-8) + (30 + 2)

=8+32

= 40

Hence, f:56|x + 2|dx =40

9. Question

Evaluate the following Integrals:
[he 1] ax

Answer

We have, f_?'z [x + 1| dx

= [ —(x+ Ddx + [C(x + 1) dx
= -1 «2 2
= — 5 + X]—E + [? + X]—l

(602 [ )G

=D + [+ +]

Hence, f_i |x + 1]dx=5

10. Question

Evaluate the following Integrals:
[l —3[ dx
1

Answer

We have, ff [x — 3| dx

= [/ —~(x—3)dx

=[x-3<0forl>x>2]

.{2

2
=_ ';—3::]1

=-[G-6)-G-3)]
=-[e0-(-3)]




[+

-2

3
2

Hence, ff [x— 3| dx = %

11. Question

Evaluate the following Integrals:

.J‘_‘cc}s 2x|dx
0

Answer

T
We have, [=]cos2x| dx
s
= f02| cos 2x| dx

= ff—(cost) dx + ff (cos2x)dx

1 1

sin2x|s —sin2x|z

- [ + 52
2 o 2 —

s

. T . 1. LT
[51115— 51110] + E[SIIITI.' + 51115]

[N

=-(D) +2(1)

+

Il
[N
B |

= =1

(B )

T
Hence, [=| cos2x|dx =1

12. Question

Evaluate the following Integrals:

2

w

sin x| dx
0

Answer

™
We have, [=|sinxdx

_ I . m o, 2m .

= foz sinxdx = fo sinxdx + fﬂ —sinxdx
= [— cosx|] + [cosx]i™

= [~ cosm + cos0] + [cos 2T — cosT]

=[1+ 1]+ [1 + 1]

=242



=4
H B 4
ence, foz | sinx|dx =

13. Question

Evaluate the following Integrals:
"
J [sin x| dx

-n/4

Answer

1

We have, [%|sinx|dx
4

™
li] . - .
=[x —sinxdx + [#sinxdx
&

™

= [cosx]°x + [—cosx]?
&

= [cos0 + cos (—E)] + [—cosg + cos0]

=|(1-3%)- G-l

Hence, EE | sinx| dx=(2 — V2)

&
14. Question

Evaluate the following Integrals:

[x — 5| dx

ot e

Answer

We have,

8
J- |x—5|dx
2

We have,

JIX—S if x (5. 8)

|X_5|:[—(x—5)ifxe(2.5)

Hence,
= f;—(x —5)dx + f;(x —5)dx
8

o SR

3

[ 29) (- 10) + (2 00)- (- 29)



=—[-Z+8]+ -8 + (2)]

2 2
=25-16=9

Hence, f; |x—5|dx=9

15. Question

Evaluate the following Integrals:

J_ (sin x|+ cos|x|)dx

pl

Answer

We have,

™

I=2 (sin|x| + cos|x|)dx

2
Let f(x) = sin|x| + cos|x|
Then, f(x) =f(-x)

Since, (f(x) is an even function.

™

So, I=_[_3E (sin|x| + cos|x|)dx

2

T
=27 (sinx + cosx)dx

SwulA

= 2[—cosx + sinx]
=2[— cosg + sing + cos0 —sin 0]

=2[0+ 1+ 1-0]
= 2(2)

T

Hence, [% (sin|x| + cos|x|)dx = 4
2

16. Question

Evaluate the following Integrals:

p

[ -1] ax
0

Answer

We have, _[;|x— 1] dx

It can be seen that (x-1)=0 when 0=x=<1 and (x-1)=0 when 1=x<4
4

==/ |x— 1]dx

= [ ~(x—1dx + [J(x—1)dx



1 4

=_[§_X]g * [§_X]1
[ 1)~ (o)
=l1-2+8-24-2+1

[1- ;
=F+4-2+1

fe-i+1]
=5
Hence, f:|x— 1|dx=5

17. Question

Evaluate the following Integrals:
4
{ i
[t b2l o) s
1
Answer
Let | =[x — 1] + [x— 2| + |x—4[}dx
= ff{(x— 1-x +2—-x + 4)}dx + f:{(x— 1+ x—2—-xX + 4)}dx

= [[(5-%dx + [[(x + 1)dx

272 z
=5x—x—] +[x—+x]
21y 2 2

=[ro-2-s+ i+ [ +a-2-7]

=[5-3 + 8+ 4-4

[+

Hence, [[{lx— 1| + [x—2| + |x—4[}dx ==

18. Question

Evaluate the following Integrals:

0

jf(x)dx.where f(x)=x|+|x+2]+|x +5|
-3

Answer
We have,

1= JOfxl + Ix + 2] + [x + 5]}dx
0 0 0
= f_s{lxldx + _sf [x + 2|dx + f_s |x + 5|dx
0 -2 0 0
=l=[_—xdx + [ —(x+ 2)dx + [,(x + 2)dx + [ _|x + 5|dx

S e I L N



25

=lo+Z|-[F+4-Z+10] + o2+ 4]+ [0-Z + 25]

o2+ @+ [is-2]

=2 g+ 2 42425-2
2 2 2

=19 +2
2

Hence, f_oa{lxl + x+ 2|+ |x+ 5|}d:x;=62—2

19. Question

Evaluate the following Integrals:
4 r \
[(Ix[+x =2 +[x~4))dx

0

Answer
We have

I= L] + |x—2] + |x— 4])dx

2 4
= [oIxl + [x—2] + |[x—4Ddx + [(|x] + |x—2] + |[x—4])dx
=_[02(x +2-x+ 4-x)dx + f;(x +x—-2 + 4—x)dx

= [J(6—-xdx + [[(2 + x)dx
272 2 4

= [Gx—'?]o + [2x + ;]2

= [12-2-0-0] + [8 + 8-4-2]

= [10 + 10]

=20

Hence, f:(lxl + |[x—2| + |x—4|)dx =20

20. Question

Evaluate the following Integrals:

[ (1 ] + [~ 1)) ax
-1

Answer
2
We have, j_1|x + 1] + x| + |x— 1])dx

Now, we can write as
2 2 2
J-Ix + 1|dx J-ledx + J-|x— 1|dx
-1 -1 -1
2 0 2 1 2

J-[x + 1)dx — J-xdx + J-xdx— J-(x—l)dx + J-(x— 1)dx

-1 -1 0 -1 1



— + Xy —3= — —1——X ——X
2 -1 2 -1 2 0 2 -1 2 1
While putting the limits

ordo)o- D o) (ore e e doade)

21. Question

Evaluate the following Integrals:

x el dx

e L]

[B=]

Answer
2

=]
I, xe
—_ o —X 2 X
= f_zxe dx + fo x e*dx
Let'sSayl=1; + 1,
And, | _[0 X e *dx

» 11 = _3

Using Integration By parts

ff’g= fg—ffg’

f=-eX,g =1

0 0

J-xe “dx = {—xe™¥}%, — J- e~ dx
-2 -2

J- xe ¥dx = {—xe ¥ — e™¥}°,

-2

1]

J-x e ¥dx = {(—1) — (2e? — e?)}

-2



I1=_[_02x e ¥dx = {—1 — e?}

[E=]

Forl, = xe™dx

=

Using Integration By parts

ff’g= fg—ffg’

f=eX g=x

f=eX9g'=1

2 2
J-xe"d){: {xe"}%—f e*dx
0 4]

2
J- x e¥dx = {xe* — e*}3

0

2

J-xe"dx= {(2e?—e? + 1)}

0

I =f2xexdx=92 +1

2= Jo

NOW, | = |1 + |2
_[_22:==;e|"|=—1—e2 +e? + 1=0

Hence, 0
22. Question

Evaluate the following Integrals:

2] =

(sin x [sin x|)dx

oy t—t

3
Answer
o L
— [ msin® xdx + [2sin® x dx
4

_ 1l—cos 2x
2

= sin? x

m
0 1-cosix -
=—J = dx + _[2
-3 2 0

l—cos 2x
2

dx

13

. 0 . -

1 sin2x 1 sin2x
=——{x— }n+—[x+—}2
2 2 = 2 2 0

=




23. Question
Evaluate the following Integrals:

Ij.{icos X [cosx|)dx
0

Answer
fﬂﬁ cos?xdx— [, cos?x dx
0 w2

2 1 +cos 2x
=COS“ X =—

™
— 1+cos 2x M1+ cos 2x
=Jp———dx— r———dx

2 z 2
I
1(1+cos2x)z 1 sin2x)™
=/t ——ix + .
2 2 0 2 2 JE
2
_m =
T4 a4
=0

24. Question

Evaluate the following Integrals:

-J: (2sin x|+ cos|x|)dx
—-n/4

Answer

w2 .
f_ﬂH(Z sin|x| + cos|x|)dx

T
= j_og(—z sinx + cosx)dx + foz(z sinx + cosx)dx
4

T
= [2cosx + sinx]%x + [-2cosx + sinx]?
_ 1]

T

= [2cos(0) + sin(0) - 2cos(—E)— sin(-g)] + [-2cos(§) + sin(g) + 2c0s(0)-sin(0)]

=[2+0-0+1]1+[0+ 1+ 2-0]
=6
25. Question

Evaluate the following Integrals:

e .
sin” (s x)dx

2

Answer



™

f /2 sin~(sinx) dx = f xdx + frr (m—x)dx

2

() - (55

26. Question

Evaluate the following Integrals:

_‘TJ"""

J —_—  dx

244C0S X Slll X

Answer

3
Let f(X) = ——=2—
y cos x sin®x

f(- x) = f(x)

And thus f(x) is an even function.

So,
n n
2 2 i
s S S SN
;— [
v/ Cos X 5in2x v cos X sinx
—m,2 0
n n
2 2 i
— < dx=2 f 2 4y
J- Ycosx 51112 sin X /cosx
—m,2 0

Letcos x =t

Differentiating both sides we get,

- Sinx dx = dt

-V(1-t?) dx = dt

Limits will also change,
Atx=0,t=1landatx=m/2,t=0

Now the Expression becomes,

I
i

dx

Il
k__'ﬁO
=
-
j 3
|
—~+
a
(=9
~t

T
2
fene v ainlw
v/ Cos X sin?x

b

—



e 0

2 ax= J-
frne v einiy
v cos X sin?x 4

|
ral Al 3

T

2

|"—'
v cos X sin?x

IS

d 1+1
X = —_ =
3

|
ral Al 3

27. Question

Evaluate the following Integrals:

Answer
[x] =0for0O
and [x] =1for1l

Hence

= f;() + flz 2x dx
_ 2x2 2
=0+[3],

g5

=[x
=(22-12)
=4-1

= 3.

28. Question

Evaluate the following Integrals:

Ny
cos (cosx)dx
0

Answer

27 -1
Jy cos™*(cosx) dx

= [Mcos~Y(cosx) dx + [ cos~(cosx) dx
1] 1]
N1 2m

= — [, xdx + [ xdx
29T :{2 2m

= —[?L + [?L

w2 am®  n®

2 2 2

Exercise 20.4

1. Question



Evaluate of each of the following integral:

- .
& M X

=

snx —Enx
e +€

w

0

Answer

2 esinx
let us assume| = fo g

dx .... equation 1

By property, we know that f: f(x)dx = f: fla+b—x)dx

l_,sin(zrr—z() .
dx -ooeee equation 2

2m
I= fg eSinizm—x) 4 o—sin2m-x)

Adding equation 1 and 2

210 l:_,sil'u: 21 Esin(zrr—x)
dx + [

2= dx

0 aSINX 4 o—5INX

0 gsin(zm—-x)  —sin(2m—x)
We know sin(2m — x) = —sinx

Thus

sinx 2 E—sinx

p) [ . dx +

0 gSinx . —sinx fo e—sinx_,_esinxdx

We know

J-n[f(x) +g(x)]dx = J-n fx)dx + J-ng(x)dx
thus

2m esinx+ e—sinx
21 = ——dx

psinx 4 p—sinx

2m
21=J- 1dx
0

21 = [x]5"

We know

[f(x)]2 = f(b) — f(a)
21 =[2n-0]

l=mn

2. Question

Evaluate of each of the following integral:

2

w5

log (secx + tanx )dx
0

Answer

2m

Let us assume I = [ log(secx + tanx) dx ..............

equation 1

By property, we know that _[: f(x)dx = _[: fla+b—x)dx



2m
I= J- log(sec(2m — x) + tan(2m — x)) dx
0

We know that sec (2m - x) = sec (x)

tan(2mn - x)=-tan (x)
2m

thus I = [ log(sec(x) — tan(x))dx .......... equation 2

Adding equations 1 and equation 2, we get,

2m

2m
2] = J- log(secx + tanx) dx + J- log(secx — tanx) dx
li] li]

We know log(a) + log(b) = log(ab)

J-n[f(x) +g(x)]dx = J-n f(x)dx + J-ng(x)dx
Thus

2m
2l = J- log(secx + tanx) (secx — tanx) dx
4]

2m
21 =J- log(sec®x— tan®x)dx
li]
We know Trigonometric identity sec? x - tan? x = 1

2m
21 =J- log(1) dx
]

We know

[f(g)]g = f(b) — f(a) where b is the upper limit and a is lower and f(x) is integral funtion
21 =[0]3™

Thus | = 0.

3. Question

Evaluate of each of the following integral:

E J} Jtanx
Jtanx ++fcotx

T/6

dx

Answer
Let us assume,

/3 ytanx
I=]

—_— o e Uation 1
/6 ytanx+y/cotx q

By property, we know that _[: f(x)dx = _[: fla+b—x)dx




. /3 tan (g - x) o

/e Jtan(g—x ) +Jcot(g—x)

Trigonometric property

tan (g - X) = Ccotx

cot (g— X) = tanx

I _ j*'l'[,!'g \.'m

/6 . cotx++tanx

dx ..... equation 2

Adding equation 1 and equation 2

/3 Jtanx + +/cotx

v
21 = ——— X
/e VCOWX ++/tanx
m/3
21 =J- 1dx
6
3
21 = [x]:j6

We know [f(x)]E = f(b) — f(a) where b and a are upper and lower limits respectively and f(x) is a function

m T
A=37%
m T
A=37%
i
21=g
i
=%

4. Question

Evaluate of each of the following integral:

2 Nsinx

dx
:Jﬁ Jsinx ++Jcosx
Answer
Let us assume ,
/3 Vsinx i
I= J’ dx ceveennnn equation 1

/6 vﬁw’ﬁ
By property, we know that _[: f(x)dx = _[: fla+b—x)dx

Thus

L /3 sin (g— x) i

o fnGx)+ fwsG

Trigonometric property




n(5-)
sin|-—x ] = cosx
2

‘]T .
cos (— — x) = sinx
2

I _ J""I'[‘Jla \,‘ﬁ(

— = dx ...ernns equation 2
/6 y/cosx+y/sinx a

Adding equations 1 and equation 2, we get,

- J’“f’a Vsinx s /3 Jcosx :
/e VSINX+ +/Cosx /e VCOSX+ sinx
We know

[ w06+ genax = [ teax+ [ geas

- J’“f’a \sinx + +/cosx

dx
/e VSINX+ +/Cosx
m/3
21 =J- 1dx
6
3
2h=hE;

Since [f(x)]° = f(b) — f(a) where b and a are upper and lower limits respectively

]
i
Il
|
o=

— ]
—
B2 oy wi

5. Question

Evaluate of each of the following integral:

tan®x

1+e¥

T
Let us assume ] = f;rr dx.....equation 1
&

By property, we know that _[: f(x)dx = _[: flat+b—x)dx

Thus

Lo m, —T
Ftan®(z+ 4 —x)
I=J- 4 4 dx

o —T
4 l+e@z @

. J’E tan?(—x) i

nlfe® &
4



3 tan?(—x
TN

We know tan(- x) = - tan x

I= ﬁ ftan’( 4 equation 2
= [y

Adding equations 1 and equation 2, we get,

dx

™ ™
J’E tan? (x) J’E e*tan?(x)

m 1+ el m el +1
4 4

We know

J:[f(x) +g(x)]dx = J: f(x)dx + J:g(x)dx

T

7 tan® (x) + e*tan®(x)

21 =
n 1+ el®

r

™
7 (1+ e™Ntan?(x)
J-E 1+e®

ry

T
7 tan?(x
21 =J- ( )dx
_m 1
r

Trigonometric identity sec? e
™
ry

21 = J-ﬂ(seczx— 1)dx
3

We know [ sec?edf = tane

Thus

We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J: :g(x) dx

Thus

/4

21 = [tanx — X]—nf4

We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.

21 = [tan(g)— (g)]—[tan(%ﬂ)— (_g)]

Since tanE = landtan(—e) = —tane

Thus



6. Question

Evaluate of each of the following integral:

Answer

a 1
Let us assume = |- —
- a

By integration property, we know,

J- " f(x)dx = J- mf(x)der J- mf(—x)dx

—m

Thus

a1 a1
I=J- dx+J- dx
o 1+a¥ o 1+a=x

a 1 a a!‘-.'
I=J- dx+J- dx
o 1+a¥ o 1+a¥

We know

J-[f(x)+g(x)]dx=f f(x)dx+J- g(x)dx
#1+a*

I=J- dx
o 1+a*

I=J-1dx
1]

I=[x]§

We know [f(x)]g = f(b) — f(a) and a being the upper and lower limits respectively
| =[a-0]

| = a.

7. Question

Evaluate of each of the following integral:

3

- 1

J ]+ ™™ dx
3
Answer

Let us assume,

™
3 1

I= m 1+ etanx dX
3

By integration property,



J- " f(x)dx = J- mf(x)der J- mf(—x)dx

—m

Thus

™

n
3 1 3 1
I= 0 1+ etanx dX + 0 1+ e—tanx dX

We know

[+ eoonn= o0+ o

™
31+ etanx
I_f
0

- 1 4 ptanx X
™
3
I=J- 1dx
1]
I
1= 2

we know since [f(x)]° = f(b) — f(a) b and a being the upper and lower limits
I z 0
=[3-0]

I=—
3
8. Question

Evaluate of each of the following integral:

| =

2
T COS™ X

J —dx.
_l+e
2
Answer
n 2
Let us assume ] = [3 c;i;dx ....... equation 1
— 1+
2

By property, we know that f: f(x)dx = f: fla+b—x)dx

Thus

dx

1'[ m, -1
L J-§ cos?(z+—3 —X)

m —m
= 1+eEFtz™

. J’% cos?(—x)

m] + el
2

gcosz[—x)
- [,
-z 1+§

= e¥cos?(x) .
1= f_zE s dx .....equation 2
2



Adding the equations 1 and 2, we get,

X

_ J’% cos?(x) . J’% e*cos?(x)

m1 et ) net 41
2 2

We know

J:[f(x) +g(x)]dx = J: f(x)dx + J:g(x)dx

T
- J’E cos?(x) + e*cos?(x)

T 1te® &
2

™

7 (1+ e™)cos?(x)

21 =J- dx
i 1+ el

2

T

3 cos3(x
21 = J-z 1[: )dx

Trigonometric formula

2cos’e— 1 = cos2e

gc052x+ 1
= [frly,
m 2

We know [ cosed® = sine

Thus

We know

fl :[f(x) 1 g(x)]dx = f n ) dx + f :g(x) ax

Ll m

17z z
2l = —J- cos2xdx + 1/2J- dx
2)_m i

2

Thus

[511;2};];“_'_ [ ]%ﬂ

21 =

2

we know [f(x)]2 = f(b) — f(a) b and a being the upper and lower limit

4] =

sin n sin —Zn
(Z) sn(55)
22 B 22 +[G)‘(‘9]
Since sinmt = 0 and sin (- e) = - sine

Thus

41=[0—0]+[§]



9. Question

Evaluate of each of the following integral:

xo3x® e5x’ —x7 1
dx

Ccos” X

| .
4—~|?IL_-_"4"|'I

Answer

E 11 9 =7 >
b -3 X =3 1
Let us assume | = [& X T 7T

&

cosZx

By property, we know,

J- f(x)dx=J- f(x)dx+f f(—x)dx
—m 4] 0

dx

L _ m _

ax1—3x7+5x"—-x%+1 T—x+3x7 BT+ x°+ 1
dx +

u] u]

COSZx COSZX

We know

[ w06+ genax = [ teax+ [ geas

dx

il _ -
J’Ex“ —3x7+hx" -+ 1=+ 3x7—-hx"+x°+1
o C0S? X

3
I= J- 2 sec?xdx
u]

=

I= [Ztanx]g

We know [f(x)]2 = f(b) — f(a)b and a being the upper and lower limits
I=[2(1-0)]

Since tanE =1

I =2.

10. Question

Evaluate of each of the following integral:

b 1
- X 1

x'"+(a+b—x)

dX, nEN, n=2

Answer

b KL/
Let us assumel = [ -

——dx ..... equation 1
a xlfn+(a+b—x]l*ndx q

By property, we know that,



Lbf(x)dx= Lbf(a +b—x)dx

b (atb-x)t/" ,
= fa G0/ dx ...... equation 2

Adding equation 1 and equation 2
1/m (a+b—x]l”n
{a+b—x)1/M4(x)L/n

2= = dx

¥/ (a+h—x)L/n

dx + f:

We know

[ w06+ genax = [ teax+ [ geas

bxlf11+ (a +h— X)lfn
2l = X
. X2+ (a+b—x)¥n

b
I=J- 1dx

21 = [x]}

We know [f(x)]° = f(b) — f(a) b and a being the upper and lower limit

11. Question

Evaluate of each of the following integral:

2logcosx — logsin2x dx

g —

Answer

T
Let us assume| = _[E

2 2logcosx — logsin2x dx

We know nlogm = logm"™ andsin2e = 2sinecose

Thus

™
z

I= J- logcos®x — log2sinxcosx dx
0

We know

m
logm — logn = log( o )

Thus
T 2
. J’zl COS“X q
= og| — | dx
o & 25inxcosx
. sinx 1 COSX
Since tanx = , = = —
COSEX tanx SImx

T

z COSX
- J; log (Zsinx) dx




I cotx :
I= _[02 103( ; ) dx .eeees equation 1

By property, we know that,

th(x)dx= Lbf(a +b—x)dx

Thus

it L -
0

2

Since cot G— 9) = tane

I tanx f
1= _[02 103( - ) dx oo equation 2

Adding equations 1 and 2

3 tanx z cotx
2l = J- log (—) dx +J- log (—) dx
0 2 0 2

We know

fl :[f(x) +g(0]dx = f () dx + f :g(x) i

3 tanx cotx
2l = J- log (—) + log (—) dx
0 2 2

Since we know thatlogm + logn = logmn

T
9 J-El tanx cotx d
= (0] * X
LT

Since tanx = 1/cotx

3 141
21=J- log—= dx
0 2

2 *

- s

We know [f(x)] = f(b) — £(a)

ra| =

21 = log G) - 0]

1=1 (1)
3%\

12. Question

Evaluate of each of the following integral:
s
0 V"_ +4ja—X

Answer



Let us assume | = f; _ V¥ dx.....equation 1
VvEHAa—X

By property, we know that,

J;hf(x)dx= J;bf(a +b—x)dx

I= f: Ja—x dx .....equation 2

Vv a—x+ -,.'E

a ya—x

Adding equation 1 and 2 2] = _[0

Vx a
e \,-T-xdx + | ) dx

yva—x+ \,‘E

We know

fl :[f(x) +g(0]dx = f () dx + f :g(x) i

3\.@—%\,&—}{
21 = ?dx
o VX++ya—x
a
21=J- 1dx
0

We know [f(x)]3 = f(b) — f(a)
21 = [x]3

21 =[a— 0]

13. Question

Evaluate of each of the following integral:

j Yx+4 dx
0 Yx+4 +39—x
Answer

3

Let us assume] = [ xtd equation 1

——dx ...
0 4fx+a +%o—x

By property we know that f: f(x)dx = _[: fla+b—x)dx

- 5= )
= J‘J#dx ..... equation 2

Adding equation 1 and 2

ol J’5 Vx+4 +J'5 Vo—x
x4 +{0—x 0o V9—x +¢x+4

We know

fl :[f(x) +g(0]dx = f () dx + f :g(x) i



- J’S%f9—x+{ﬁx+4
0o V9—x +{x+14

21 =J- 1dx
0

21 = [x]3
We know [f(x)]5 = f(b) — f(a)
21 =[5 —0]

21=5

1==
2

14. Question

Evaluate of each of the following integral:
7 3

- X

s

0 \/';— T—X

Answer
Let 7 W tion 1
et us assume | = _[0 ==X equation
VX +5/7-x

By property, we know that _[: f(x)dx = _[: fla+b—x)dx

7 .
=2  dw..... equation 2
1=[; e dx q

Adding equation 1 and 2

o ¥x +V7 —x o V7I—x +ix
We know

J: :[f(x) +g(x)]dx = J: f(x)dx + J: :g(x) dx

V7T —x +ix

2l = ——dx
o 5\.7—}{ +§\."'§
7

21=J- 1dx
li]

21 = [x]3

We know [f(x)]2 = f(b) — f(a)
21 =17 -0]
21=7

I==
2

15. Question



Evaluate of each of the following integral:

1

1++ftanx

dx

|L_-.—'u_.|.'|

|

Answer

™

- 1
Let us assume ] = [ ——
" 1+ytanx

We know
sinx

tanx = —
COSX

m/3 y COSX .
= ———dX s equation 1
I -[r[‘;‘f; Vsinx++/cosx X 9

By property,s we know that f: f(x)dx = f: fla+b—x)dx

Thus

- /3 cos @— x) N

/6 Jsing—x ) +Jcos(g—x)

Trigonometric property

n(5-)
sin|-—x ] = cosx
2

‘]T .
cos (— - x) = sinx
2

m,3 v sinx
1=

———dX e equation 2
/6 y/cosx+y/sinx 9

Adding equations 1 and 2, we get,

/3 Jcosx /3 Vsinx
A= —  dx+| — i
/6 \.'WX-F 4/ COSX n/6 VCOSX+ \.'WX

We know

[0+ spen— [ e g

- J’“f’a \sinx + \,*cosxd

= ————dx
/e VSINX+ +/Cosx
m/3

21 = J- ldx
/6

21 = [x]72

We know [f(x)] = f(b) — f(a)

20 == ——

m T
36]



21 =

& o3

1=—

16. Question

b
If f(a + b - x) = f(x), then prove that J xf(x)dx =

=
Answer

LHS

By property, we know that _[: f(x)dx = _[: fla+b—x)dx

thus
b b
J-xf(x).d){:f (a+b—-x)f(a+b—x).dx

Given fla+b —x) =f(x)

b b
J-xf(x).d){:f (a+b—x)f(x).dx

We know

fl :[f(x) +g(0]dx = f () dx + f :g(x) i

Thus

b

b b
J- xf(x).dx=f (a+b)f[x).dx—J- xf(x).dx

b b
ZJ- xf(x).dx=J- (a +b)f(x).dx

a

b b
J- xf(x).dx = (a+ b)jZJ- f(x).dx
Hence proved

Exercise 20.5
1. Question

Evaluate the following integral:

1 dx
1+tanx

(= L1

Answer

dx....-equation 1

T
Let us assume| = [ !
1+ tanx

sinx

We know that tanx =

COSK

Substituting the value in equation 1 we have,



ral &

[
= — - X
SINX
° 1+ COsX

s
I = ﬁLﬂ,dx ..... equation 2
0 cosx + sinx

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

Thus in equation 2

T T
cos(i— X)

2
I = J- dx
0 cos[g—x) + sin(g—x)

13 .
I = fc'?&dx ..... equation 3

sinx + cosx

Adding equation 2 and 3

b b .
Zz COSX Zz SINX

21 = ——dx + | ———————dx
g COSX + sinx g COSX + sinx

We know

[0 + scopes - [ e+ g

Thus
il
2C0s¥ + sinx
21 = J- _——
p COSX + sinx
T
z
2l = J- 1dx
1]
n
21 = [x]2
T
21 = [E_O]
: T
4

2. Question

Evaluate the following integral:

1 dx
l+cotx

) e 3 |

Answer

1

1+ cotx

s
Let us assume| — _[OE dx.....equation 1

We know that tanx = —— cotx =
sinx tanx

Substituting the value in equation 1 we have,



T

e [
= tosx 0¥
o1+ sinx

T .
I = fng,dx ..... equation 2
0 cosx + sinx

By property, we know that f: f(x)dx = f: fla + b—x)dx

Thus in equation 2

% sin(g —X)
0 sin(i—x) + cos(i—x)

T
- COSX

I = [z (x.....equation 3
0 sinx + cosx

Adding equation 2 and 3

n . n
2 SINx 2 COSX

2= | ———dx + | ———dx
g COSX + sinx g COSX + sinx

We know

fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

Thus
T
o1 J’Ecosx + sinx
~J, cosx + sinx
il
i
21 = J- 1dx
1]
n
21 = [x]2
13
21 = [E_O]
: s
4

3. Question

Evaluate the following integral:

a8/ cotx dx

0 Jtanx ++feotx

e LA

Answer

T —
— 'cots
Let us assume] = [z "2 _dx

0 tanx + +/cotx

..... equation 1

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

Thus in equation 2



L J.g cot g—x) i

¢ Jtan(g—x)+\’cot(%—x)

T | rop—
[ = _[E&dx ..... equation 2

0 tanx + +/cotx

Adding equation 1 and 2

m m

o J’? yootx dx + J’? Vianx q
o Vianx + ./cotx o Vianx + +/cotx

We know

fl :[f(x) + g(x)]dx = f f(x)dx + f :g(x)dx

Thus
m
21 Zycotx + \,tanxd
= —————dx
o Vianx + ./cotx
m
z
21 = J- 1dx
li]
n
21 = [x]7
™
21 = [E_O]
I s
T4

4. Question
Evaluate the following integral:
Kl
sin- X dx
2 2
sin® X+ cos® x

| =1

=

Answer

3
'|T . -
Let us assume | = fﬂzL ..... equation 1

2 2
gsinzx + cosz x

By property, we know that _[: f(x)dx = f: fla+ b—x)dx

Thus in equation 2

™ 2x
= sinz(——x)
1=z z dx
0  2q 2n
sinz (E_ X} + cosz(;—x]

T 3
[ = J’Dzﬂ ..... equation 2
sinzx + cosz x

Adding equation 1 and 2



ks E k1 E
z sinz x z COSZX
1]

sinZx + coszx 0 sinzx + cosZx

We know

fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

Thus
b 3 3
2ZC082X + sinzx
21 = J- — 5 dx
0 sinzx + coszx
il
i
21 = J- 1dx
1]
n
2l = [x]g
T
21 = [E_O]
. T
4

5. Question

Evaluate the following integral:

sin x dx

0 e |

sin” x+ cos" x
Answer

I ol .
Let us assume | —= foz% ..... equation 1
sin" x + cos®x

By property, we know that f: f(x)dx = f: fla + b—x)dx

Thus in equation 2

I — fog si nn(g— %)

dx
sin® (E— x) + cosn(g—x]

I cos™ x ;
[ = fzi ..... equation 2

0 sin"x + cosx

Adding equation 1 and 2

T T
z sin® x Z cos™x

21= | —————dx+ | ————— dx
g SIn"x + costx g SIn"x + cosix

We know

n n n

J- [f(x) + g(x)]dx = J- f(x)dx + J- g(x)dx

m m m

Thus

T

Zcos™x + sin"x
21 =
1]

T ——— 0 4
sin®x + cos™x



T

z
21 = f 1dx
li]
n
21 = [x]?
T
21 = [E_O]
I T
T4

6. Question

Evaluate the following integral:

A ]

1 dx

1+ Jtanx

Answer

=

T
— 1 .
Let us assume] = fozﬁdx ..... equation 1
+ ytanx

sinx

We know that tanx =

COSX
Substituting the value in equation 1 we have,
T

I F S
= — (X
:
ol_l_'\-SlIlX

ycosx

T P
I = [?——"—dx.....equation 2

ycosx + vsinx
By property, we know that f: f(x)dx = f: fla + b—x)dx
Thus in equation 2

. g Cos (g—x) N

0 Jcos(g—x)Jszing—x)

i o —
I = fc.;&dx ..... equation 3

[ Jr—
VEINX + 4 COsSX

Adding equation 2 and 3

il il

7 \J/cosx 7 Vsinx

M= | —m]———dx+ | — ———dx
p vcosx + +/sinx p vcosx + 4/sinx

We know

[0 + scopes - [ e+ g

Thus
™
24/C0SX + /sinx

21 = ——dx
g COSX + /sinx



T

z
21 = f 1dx
li]
n
21 = [x]?
T
21 = [E_O]
I T
4

7. Question

Evaluate the following integral:

d
J dx
DX+ a’ —x’
Answer
a 1 .
Let us assumel = fo ——dx........... equation 1

X+ a?-x?
Letx = acosB
thus
X = acosh
Differentiating both sides, we get,
dx = —asinfdb
Thus substituting old limits, we get a new upper limit and lower limit
Fora=acos 6
0=26

For 0 = acos 6

b a
We know that ["—f(x) = [ f(x)
thus
Substituting the values in equation 1

0 1
- f
% acosB + +a? —aZcos?8

(—asinf) d6

We know that f:—f(x) = [ f(x)

Trigonometric identity 1 - cos? 8 = sinZ

™

: J’z 1
o acosB + ,/a?(1—rcos20)

(asinB) de

I
z

1
- f
o acosB + +a?sin?0

(asin®) d6



T

z 1 |
I = J; ~c0s0 T a Sine(asmﬂ) de

[ = [2——(sin@)d6-----equation 2

0 cos8 +sin@
By property, we know that _[: f(x)dx = _[: fla + b—x)dx

thus

T

1 J-E ! (sin(=— ) )do
= sSIn——
0 cos(%—ﬂ) + sin(g—ﬂ) 2

I = E;(COSB) dBeeeen equation 3

ginB + cos@

Adding equation 3 and equation 2

Thus

ZI—J-% L 'Bdﬁ-l-f% 6)de
~J, cos® + sinB (sin ) o C0sB + sinB (cos®)

We know

fl :[f(x) + g(x)]dx = f f(x)dx + f :g(x)dx

™

2 1
21 = J-z—(sinﬁ + cosB)do
0

cosB + sinB
z
21 = J- 1d6
1]
21 = [B]2

We know [f(x)]'; = f(b) — f(a) b and a being the upper and lower limits respectively.
21 T 0
= [; 0]

I s
4

8. Question

Evaluate the following integral:

jlﬁg:i i
1+x~

0
Answer

= log:
let us assume] = fo 1°g‘2
+ x

let x = tany

differentiating both sides

dx = sec?y dy



B J’g log(tany) 20 d
1+ tan?ysec yay

%log(tany) .
I = J; sec?y sec ydy

(since sec?y - tan?y = 1)

By property, we know that _[: f(x)dx = f: fla+ b—x)dx

I = leog(tan@—y))d}r

I = fflog(coty)dy ........ equation 2

Adding equations 1 and 2, we get,

21 = J-zlog(tany) dy + J-zlog(coty) dy
0 0

We know

fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

21 = J-E[log(tany) + log(coty)]dy
0

2] = ff[log(tany x coty)] dy since logm + logn = logmn

2] = fog[log 1] dy since tany = 1/coty

21 = [

0dy sincelog1 =0
Thus

21=0

=0

9. Question

Evaluate the following integral:

~log(1+
2(1+%)
1+x~



Answer

Let us assume | = _[“"E(l +x)

0 i A v equation 1

Let x= tan 6 thus
Differentiating both sides, we get,
dx = sec’6de

Thus substituting old limits, we get a new upper limit and lower limit

For1l =tan 6
™

EZB
For 0 = tan 6
0=6

substitute the values in equation 1

we get| — IEM

20 AR e equation 2
0 1 +tanZ8 ec*6do 9

trigonometric identity we know
1 + tan’H = sec?@

Thus substituting in equation 2 we have

Zlog(1 + tan®
I = J-‘LMseczﬂdB
0

sec?@

I fglog(l + tan B ) dB e equation 3

By property, we know that f: f(x)dx = f: fla + b—x)dx

Thus

Trigonometric formula:

tan( A + B tanA +tanB
an(A+B) = 1 + tanAtanB

T tang—tanﬂ
Thustan(——06) = T

4 1 + tangtan

We know by trigonometric property:

t I 1

an— =

4

thus

. T 0 1—tanb
311(4 ) = 1 + tan®

Substituting in equation 4



J’ l 1—tanb )d(—l
og l + tan@

E 1+ tanb + 1—tanb
I=J- log( )d(—)
1]

1 + tanb

- [l
A %B\1 + tan®

We knowlog(f) = logm — logn
Thus
= foglog(z) —log(1 + tanB)d@ - equation 6
We know
J-n[f(x) + g(x)]dx = J-nf[x)dx + J-ng(x)dx
Adding equation 3 and equation 6
2] = foglog(l + tan6)de + foglog(z) —log(1 + tan®)do
Thus
2] = foglog(l + tanB) + log(2) —log(1 + tanB)d®

2] = [#log(2)de

2]

log(2) fUF 1d6
21 = log2[6]?
We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.
= log2[=—0
= log2[; — 0]
I = —log2
= g og

10. Question

Evaluate the following integral:

dx

x)

L e T
—

f—t

f

Answer

o« X
Let us assumel = [ mdx
Adding-1and + 1

= x+1-1 d
o (1 +x)(1 + x2) X




= x+1 1

o (1 +x)(1 + xz)_ (1 +x(1 + x2) dx

I =

I=j::.c>D 1 dx-fm =

(1+x%) 0 (1+x}1+x%)
w 1
Letl, = [, T

Iz_J; (1+x)(1+x2)x

Thusl =1y -15....... equation 1

Solving for I

= 1

==

I, = [tan™'x]
. 1 _ -1
since f—(l N xZ]d}x{ = fan "x

l; = [tan = }(w) - tan ~1(0)]
l{1=1/2 ... equation 2
Solving for I,

Iz_J; (1+x)(1+x2)x

1 a bx +¢c .
Letm = P PprecRTITPRE equation 3

1 a(l + x?) + (bx + O)(1 + x)
1+ x)(1 + x2) (1+x)(1+ x?)

1 ax’+a+bx?+bx+cx+c
(1+x + x2) (1+ (1 + x?)

a+b=0a+c=1;b+c=0
solving we get

a=c=1/2

b=-1/2

substituting the values in equation 3

1 1 1
1 3%t 3

__2
(1+x)(1+x2) 1+x 1+ x2

1 _1
1 5 5X 1/2

= - -
(1+x)(1+x3) 1+x 1+x2 1+x2

Thus substituting the values in I, thus

1
= 3 —5x 1/2
2 2
I, = + + dx
2 J; 1+x 1+x2 1+ x2



1 1
12=J- 2dx+J- 2dx+J- / dx
o 1+ x o 1 + x2 o 1+ x?

Solving :

letl+x2=y
2xdx = dy
For x = «
y=o

Forx =20
y=0

substituting values
1 J’“ dy
2Jy 2y
1

—E[lﬂgb’]?

Thus

1 1
12=J- 2 dx+J- 2 dx+J-de
o 1+ x o 1+ %2 g 1+ %2

1 1 1
I, = E[log(l + x)]7 + —E[lc-g::{]gD + E[‘can‘lx]gD

I, = 3[3] .......... equation 4

Substituting values equation 2 and equation 4 in equation 1
Thus

l=1,_15

| =1/2 -/4

| =n/4

11. Question

Evaluate the following integral:

J Xtanx dx

0 SECX COSECX

Answer

m xtanx .
Let us assume ] = fo I A% equation 1
SECK COSecx

By property, we know that f: f(x)dx = f: fla + b—x)dx

THUS



- J’“ (m—x)tan(m — x)

sec(m—x) cosec(m—x)

We know
tan(m—x) = —tanx
sec(m—x) = —secx

cosec(mm— x) = cosecx

Thus substituting values

I = J"T[('I'[ %) (—tanx) dx

—SECK COSECX

.......... equation 2

Adding equation 1 and 2

o1 = ™ (x)(tanx) 4 + J’“ (Tr—x)(—tanx)dx

g SeCX Cosecx —Secx Cosecx

We know

fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

Thus
ol ™ (1) (tanx)
B o SECX Cosecx
We know
tan sin @
an@ =
cosB
0 1
sech =
cosB
0 1
cosec = ——
sin @

Substituting the values we have

il
21 = TI.'J- sin? x dx
u]

2] = TL_j-'rtl coOs2X

o dx by trigonometric formula

ol TI.'[ sillzx]“
=3 i

We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.

sin2
= Z[n -] - ton)

I TL'
4

12. Question

Evaluate the following integral:



stinxeos“lx dx
0

Answer

™ . .
Let us assume] = [ “xsinxcos*x dx.....equation 1

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx
I = J- (1t — x) sin(m — %) cos*(m — x) dx
li]

= Mo —x)ai 4 i
I = fo (T — x)sinxcos*x dx....... equation 2
Adding equation 1 and equation 2
™ m
21 = J- xsinxcos*x dx + J- (T — x)sinxcos*x dx
0 0
We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) &

21 = [ msinxcos*x dx ......equation 3

Let cosx =y

Differentiating both sides

- sinxdx = dy
sinxdx = - dy
forx =0
cosO =y
1=y
Forx=m
cosm =y
-1=y

Substituting equation 3 becomes

-1
21 =J- —my* dy
1

1
21 = J- my* dy
-1
5 1
2l = Tr[y—l
> -1
(D> (-1°
2l = TI.'[ T
21 = 2n/5

| = /5



13. Question

Evaluate the following integral:

sti113xdx
0

Answer

™ .
Let us assumel = fo xsin®xdx
m
I = J- xsin®xsinxdx
1]

I = [, %(1- cos?%)sinxdx......... equation 1
By property we know that f: f(x)dx = f: fla + b—x)dx
Thus
™
I = J- (m—x)(1— cos?(m— x)sin(m—x)dx
0
T . .
I = [, (m—x)(1— cos®x)sinxds.....equation 2
Adding equation 1 and equation 2
T T
21 = J- x(1 — cos?x)sinxdx + J- (m—x)(1 — cos?x)sinxdx
0 0
We know

[0 + scopes - [ e+ g

21 = [ m(1 — cos?x)sinxds......equation

Let cosx =y

Differentiating both sides

- sinxdx = dy
sinxdx = - dy
forx =0
cosO =y
1=y

Forx =m
Ccosm =y
-l=y

Substituting equation 3 becomes

-1
21 =J- —m(1—y?) dy
1

1

21 = J- m(1—y?)dy
-1



- yg 1
2l =1 y——l
L 3 -1
_3 .3 1
2l =1 y yl
3 -1

21 =n[{3(1) - (1)3} - {3(-1) - (- 1)*}1/3
20=n[2-{-3+1}1/3

2l =m[2 + 21/3

| =2n/3

14. Question

Evaluate the following integral:

Jxlogsinx dx
0

Answer

Let us assumel = f;xlogsinx dx........ equation 1

By property, we know that _[: f(x)dx = _[: fla + b—x)dx
1 = f;(n —x)logsin(m —x) dX..coovvnenn. equation 2
Adding equation 1 and equation 2

21 = Lﬂxlogsinx dx + J:(Tr— x)logsin(m — x) dx

We know

J-n[f(x) + g(x)]dx = J-n f(x)dx + J-ng(x)dx

21 = [ mlogsinx dx .......... equation 3

We know _[;af(x)dx = f:f(x)dx + f:f(Za—x)dx

= 2 [T f(x)dx if f(2a - x) = f(x)

= 0 if f(2a - x) = - f(x)

Thus equation 3 becomes

T
2] = 211 foglogsinx dx ceeeeeens equation 4 since logsin(m - x) = logsinx

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

3 m
21 ZTIIJ- logsin(- —x) dx
0 2

T
21 2T fOZ logcosx dx ceeeeenns equatlon 5

Adding equation 4 and equation 5



4] =

2m [#logsinx dx + 2m [?logcosx dx

We know

fl :[f(x) + g(x)ldx = f n ) dx + f :g(x)dx

4] =

T

Zﬂleogsinx + logcosx dx
0

We know logm + logn = logmn thus

4] =

21 =

21 =

21 =

Zﬂleog[(ZSinxcosx) /2] dx
0

TI.'J-Elog[(SiIlZX) /2] dx

13
7 [Zlogsin2x — log2 dx since log(m/n) = logm - logn

T T
m [Zlogsin2xdx — 1 [?log2dx -----equation 6

T
Let, = m[Zlogsin2xdx

Let2x =y

2dx = dy

dx = dy/2

Forx =0

y=0
forx

y=mn

thus substituting value in 11

I1 = —J- mlogsinydy
2Jo

From equation 3 we get

Il_

1
(2D

11=I

Thus substituting the value of I1 in equation 6

21 =

I— T[leogde
0

m

—TL'lOngzldX
0

m

—ﬂlogz[x]g



I = —mlog2 [g]

T[Z
I = —log2 [El

15. Question

Evaluate the following integral:

- Xsinx

J — dx

i 1+smx

Answer

Let us assume] = [ — dx......... equation 1
0 1 +sinx

By property, we know that f: f(x)dx = f: fla + b—x)dx

thus

I = J"T[(T[—:(]Sin('l'[—}.'] dx

0 T2 simmm DX equation 2

Since sin(m— x) = sinx

Adding equation 1 and equation 2

™ xsinx T(m —x)sinx
21 = J- —,dX + J- —dX
g 1 + sinx s 1 + sinx

We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) &

Thus

o1 J’“ xsinx (T — x)sinx
~ J, 1+ sinx 1 + sinx

Txsinx + (m— x)sinx
21 = J- , dx
0 1 + sinx

™ msinx
21 = J- —dx
g 1 + sinx

Adding and subtracting 1

Tsingk + 1—1
2l =m| ——/———dx
g 1 + sinx
TMsink + 1 -1
2l = (IO 1 + sinx 1 + sinx
We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) &

Msinx + 1 -1

21 = n(J,

m
—dx + :
1 + sinx 0 1 + sinx




Msinx + 1

Letl;, =

0 1+ sinx

1 + sinx

21 = n(ly + L)oo, equation 3

Solving Iy:
™
0

I, = [x[g

We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively.

Il = T
Solving 12:

-1
I, = —dx
2 J; 1 + sinx

Using trigonometric identity and formula

T -1

I, = J- dx
? o sin? @) + cosz(%) + 2sin @) cos(%)
1 f ’ ! d

= X
? 0 [sin@) + -:-::os(%)]2
Taking cos(x/2) common
1 f ’ ! d

p— X
? 0 cosz(%)[sin(%) / cos %) + 17

m -1
| =J- dx
? 0 cosz(%)[tan@) + 17

X
T —sec’(5)
o [tan (i) + 1]

Let tan G) +1=y

Differentiating both sides, we get,

%sec2 G) dx = dy

sec? G) dx = 2dy

Forx =0

an(3) + 1 =
an |7 =y

1=y



Forx =1

T
tan(E)Jr 1=y
o+ 1=y

o0 = y
Substituting the values

Thus
I —fm_zd
2 ) yz y

I, = —ZJ- y 2 dy
1

N e
z -2 + 1],

We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively

. 5 1 1
2 = 2[5 1l
12 == _2

Substituting values in equation 3

2] = m(m—2)
I = Tr(g—l)

16. Question

Evaluate the following integral:

.'; X
J —dx,0<a<m
; l+cosasmx
Answer
41 X
Letl= “[0 1+cosasin x

We know that,

2a a a
J- f(x)dx = J- f(x)dx + J-f(Za—x)dx
0 li] li]
Therefore,

| = F;dx + foEde

0 1+cosasinx 1+cosasin x

I
2l=(=_"

0 1+cosaoasing

T
2l =2n [z g

1+cosoasinx




17. Question

Evaluate the following integral:

chos"x.dx
0

Answer

Let us assumel = f:xcoszx.dx ..... equation 1

By property, we know that _[: f(x)dx = f: fla+ b—x)dx

Thus

I = J-ﬂ(ﬁ—x)cosz(’rr— x).dx

We know cos{m—X) = —cosx
Thus
1 = f:("l‘[ —x)cos?(X).dx........ equation 2

Adding equation 1 and equation 2
™ m
21 = J- xcos®x.dx + J- (T —x)cos?x.dx
0 0
We know f;[f(x) + g(x)]dx = fnl; (x)dx + flzg(x)dx
Thus

T
21 = J- (xcos®x + (1 — x)cos?x).dx
4]

21 = J- (mcos®x).dx
4]

We know

2cos?x = 1 + cos2x

™1 + cos2x
21 = TI.'J- — dx
0 2

We know f;[f(x) + g(x)]dx = fnl; (x)dx + flzg(x)dx

Thus

T mm
21 = — 1.dx + —J- cos2x dx
ZJ; 2 ),

since [ cosydy = siny

o1 = TI.'[ "+ ﬂ[sian]“
=B oI,

We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively

[sinzﬂ 511120]
2

2 = Sp—0] + =
3 2 2



Thus

: T

= —|m
4[]

18. Question

Evaluate the following integral:

3

- 1

|——&

E 1+ cot-x

Answer
s 1

Let us assumel = [? A equation 1
s 1+cotzx

We know that tanx = —— cotx =
sinx tanx

Substituting the value in equation 1 we have,

T

3 1
TN
= COSX\3

1+ ()

2

m B
I = ff%dx ..... equation 2

6 COSZX+sinzx

By property we know that f: f(x)dx = f: fla + b —x)dx
Thus in equation2 = + = = =
3 & 2

™

3
N 1}
3 smz(i—x)
I = 3 3 dx
m 3T N
% sinz(5 — x) + cosi(z —Xx)
2 2
™ 2
I = [7—2% _ dx.....equation 3
& sinZx + cosZx
Adding equation 2 and 3
™ 3 ™ 3
3 sinz x 3 COSZX
21:11—5 .de+ﬂ—.§ de
% C0szX + sinzx % S5INzZX + CcoszX

We know

fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

Thus
m 3 3
Isinzx + coszx

21 = - 3 3 X
6 C0S2X + sinzx
T
3

2l = 1dx
™

6



m
21 = [x]3
5
T TC
2l = |[——=
3 6]
I T
12

19. Question

Evaluate the following integral:

G| =

tan’ X
dx

7 7
fan X+ cot X

[=]

Answer

L3 7 .
Letus assume| = [z X _ 4y...equation 1
0 tan"x 4+ cotx’

By property, we know that f: f(x)dx = f: fla + b—x)dx
We knowtan (E— x) = cotx
2
T
cot (E_ x) = tanx

Thus substituting the values in equation 1

o 7 .
[ = [2—S°"%  dg.oeeeeennn. equation 2
0 cot"x+tan” x

Adding equation 1 and equation 2

™ ™
P tan” x z cot” x

21 = ———— . dx + | ————————.dx
o fTan’x + cot”x o fTan’x + cot”x

We know L:[f(x) + g(x)]dx = flzf(x)dx + flzg(x)dx

Thus

il
7 tan” x cot’x

21 =J- + Ldx
o tTan’x + cot?x  tan’x + cot’x

™

Ztan’ X + cot’x
21 = | Y&
o fan”x + cot”x

T

z
21 = J- 1.dx
0
™
z
21 = J- 1.dx
0
T
F
21 = J- 1.dx
0
T
z

21 = [x]2



21 = [g—o]
TT

I=—
4

20. Question

Evaluate the following integral:

JS- J10-x =
) VX +10-x
Answer

] 10—
Let us assume] = [ — *

#_dx ...... equation 1
2 x+y10—x

By property, we know that f: f(x)dx = f: fla + b—x)dx

thus

= .
1= im0 e dx .....equation 2

Adding equation 1 and 2 2] = [& 10 Vx

= dx + [ —2
2 \.'§+ v10—x 2 J10-x+ \,‘g

We know

fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

8\.& + 10 —x
21 =J- dx
2

\."E'i‘ V10 —x

8
21 = J- 1dx
2

We know [f(x)] = f(b) — f(a)

21 = [x]3
21 = [8— 2]
21 = 6

1 =3

21. Question

Evaluate the following integral:

=

stinx cos” xdx
0

Answer
Let us assume | = [ xsinx cos?xdx ......... equation 1
By property, we know that [*f(x)dx = [ f(a + b —x)dx

Thus



I = f:(ﬁ —x)sin(m— x) cos*(m — x) dx........ equation 2

Adding equation 1 and equation 1
™ m
21 = J- xsinxcos®xdx + J- (1 — x)sin(m— x) cos?(m — x) dx
0 0
We know [1[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx
™
21 = J- xsinxcos?x + (m—x)sin(m— x) cos?(m— x) dx
0

We know sin(m— x) = sinx

cos(m—x) = —cosx
m

2 = J- (T —x + x)sinxcos?xdx
4]

Letcosx =y

Differentiating both sides

- sin x dx = dy
sinx dx = - dy
Forx =0
Cosx =y
CosO0 =y
y=1

forx =1
COST = ¥
y=-1

Substituting the given values
-1

2= —(myay
1

We know that [ —f(x) = [*f(x)

1
2= [ Wy dy
-1
3 1
21 = ﬂ[y—l
3 -1
We know [ﬂ:x)]g = f(b) — f(a) b and a being the upper and lower limits respectively
13 (_1)3
2l =1 E— 3
21 = [2

=)



22. Question

Evaluate the following integral:

] ]

XSINXCOSX

. 4 7 dx
;s X+ cos' X
Answer

™ .
Let us assume | — ff%dx ..... equation 1

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

3 (g — x) sin (g— x) cos (g— x)

F

I = J- dx
i i
int i — — 40 _—

o sin (2 X) + cosx (2 x)

m T .
I 3 Gcosksinx (. equation 2

0 cos*x + sin*x
Adding equation 1 and 2
Thus

Lo . m T \
ol J’E Xsinxcosx J’E(i—x)cosxsmx
~J, sin®x + cos*x o CO05*X + sin*x

We know L:[f(x) + g(x)]dx = flzf(x)dx + flzg(x)dx

™

T,
7 7 sinxcosx

21 = _T_E________]T'dx
o Sin*x + cos*x

T T,

3 7 SINXcosx
21 = J- ; dx

o cos*x(sin*x/cos*x + 1)
Since tanx = — and — = secx

COSX COSX

T m .

3 5 sinx
21 = dx

o cos3x(tan*x + 1)

I Etanxseczx .
2] = (227" " dx...... equation 3
0 (tan®*x+1)

Let tan?x =y
Differentiating both sides

2 tanxsec?xdx = dy

Forx = —
2
T
tanzi =y
y=o®
Forx =0

tan’0 =y



y=0
substituting values in equation 3

s

v 2
21 =J- ——d
0o 207 +1)
_ = —1.]@ o 1 _ -1
21 = S [tan"yl3 smce_[szdx = tan™'x
T
I = E[tan‘lo'J—tan‘l 0]
| T 1]
=gl 0l
.].L—2
T 16

23. Question

Evaluate the following integral:

sin’ xdx

|._x|__|I b | 1

Answer

T

Let us assume ] = [Zsin®xdx
2

n
z L
I = sin“ xsinxdx
—TT
2

T
Zz

I = J-_ﬂ(l— cos?x)sinxdx
z

By property, we know that _[_aa f(x)dx = f: f(x) + f(—x) dx

Thus
s
z

I = [2(1—cos®x)sinx + (1— cos?(—x)sin(—x) dx

T
2z

f.:. (1—cos?x)sinx - (1 — cos?x)sinx dx

._.
Il

=0
24. Question

Evaluate the following integral:

sin” xdx

|__;| -'II b |

Answer

™

Let us assume ] = [Zsin®xdx
2



By property, we know that _[_aa f(x)dx = f: f(x) + f(—x) dx

Thus

s

Il
%]
f—
Sulg
-
=
Y
e
(=B
=
D
QO
C
Q
.y
o
S5
'—I

I

By property, we know that _[: f(x)dx = f: fla+ b—x)dx

Thus

T

) T
ZJ- sin*(=—x) dx
0 2

._.
Il

1
I 2_[02 COSA AR errrerenns equation 2

Adding equation 1 and 2

Ll Ll

2 2
21 = ZJ- sin* xdx + ZJ- cos*xdx
0 0
We know f;[f(x) + g(x)]dx = fnl; (x)dx + flzg(x)dx
2 4
21 = 2 J2sin®xdx + cos™xdx
T 4
21 = 2_[02 (sin*x + cos*x)dx
I 2 2
21 = 2 [2(sin*x)? + (cos”x)* dx
Since (a + b)? = a® + b? + 2ab

T
21 = 2 [2(sin*x + cos?x)"2 — 2sin’ xcos?x dX

T
2 3om 2 2

I = 1 — 2 sin“ xcos x dx
1]

T

Z 1

I = J- 1 —[2(2) sin? xcoszx]i dx
0
T

2 1
I = J- 1— (sin®2x)= dx
0 2

T

I = J-zl—(l—cosﬁrx) dx
0

2x32

ra| 2

._.
Il

1
—J- 3 4+ cosdx dx
4Jy

m
51114){]5
4

[5+
4

._.
Il

1]

113m sin2

+
2 4

._.
I

—[0]



- 303

25. Question

Evaluate the following integral:

Jlog dx
2+ x
-1
Answer
Let us assumel = _flllcrg;;K dx .o equation 1
- X

By property, we know that _[a_a f(x)dx = f:f(x)dx - _[;f(—x)dx

thus

1—[11 27X +f11 2t X,
=), B g™ R

We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m m

I—J-ll 27X L eei Ry
B 0[0g2+x ng—x] X

Since we know log(mn) = logm + logn

I—J-ll 2—-x 2+xd
B 0[0g2+x*2—x] X

1
I=J-logl dx
0

1
I=J-0dx
1]

Thus
=0
26. Question

Evaluate the following integral:
I‘. 5]
J sin” xdx

Answer

T
Let us assume = [4sin?xdx
&

By property, we know that _[_aa f(x)dx = f: f(x) + f(—x) dx

™

ry
I = J- sin?xdx + sin?(—x)dx
4]



42| 2

I = ZJ- sin? xdx
1]

m

Il—cost
I = ZJ-

4]

e

I = J- 1—cos2x dx
1]

m

. sillzx]I
= _X 5 .
s sin(ZE)
I = . S [0]
4 2
. 1
T le 2

27. Question

Evaluate the following integral:

Jlﬁg(l—cosx)dx
0

Answer

Let us assume] = f;log(l — cosx) dx

= J- log(2sin®x) dx
li]

I = f;log(Z) + log(sin®x) dx since logmn = logm + logn and log(m)™ = nlogm

= J- log2dx + J- logsin®xdx
0 0

= [, log2dx + 2 [ logsinxds.......equation (a)

Let], = f;ngsiIleX
2Za a a

We know that [ f(x)dx = [/ f(x)dx + [ f(2a—x)dx
If f(2a - x) = f(x)
than f;af(x)dx =2 f; f(x)dx
thus

= Zfozlogsinx dx coeereens equation 1
since logsin(m - x) = logsinx

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

m

2 g
I, = ZJ- logsin(z— x) dx
0 2



T
Il = ZIOZlogcosxdx ......... equation 2

Adding equation 1 and equation 2

21,

2 J7logsinx dx + 2 [?logcosx dx

We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) &

m
Z

2l; = ZJ- logsinx + logcosxdx
0

We know logm + logn = logmn thus

I

I

T

J-Elog[(ZSinxcosx) /2]dx

J-Elog[(sillzx) /2] dx

T
2z

JZlogsin2x — log2 dx since log(m/n) = logm - logn

T
2

J7logsin2xdx — [?log2dx -----equation 3

T
Let], = [Zlogsin2xdx

Let2x =y

2dx = dy

dx = dy/2

Forx =0

y=0
forx

y=mn

thus substituting value in 11

1 m
I, = EJ; logsinydy

From equation 3 we get

I,

I,

1
5 (D)

I1

Thus substituting the value of 12 in equation 3

I, = IZ—J-zlogde
0



T

—log2 J- 2lm{
0

LS
2

—Zlogz[x];

L]
[in
Il

—2log2 [g]

L]
[in
Il

I, = —2log2 [g]
I, = —mlog2

Substituting in equation (a) i.e

= J- log2dx + ZJ- logsinxdx
0 0

I = J- log2dx — 2mlog2
0

I = mlog2 — 2mlog2
= —mlog2
28. Question

Evaluate the following integral:

2 ~ ol
2 —smx
[log ————dx
_ 2+ smx
Answer
Let us assume] = |° nlogz L N equation 1
2 + sinx

By property, we know that f:‘ f(x)dx = f;f(x)dx - foaf(—x)dx

thus

= J’l —smxd J’%l 2+sinxd
gz+51x 0 ng—sinx x

We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

J’ o 2 —sinx 2 + sinx

gZ + sinx mgz—sim{]dx

Since we know log(mn) = logm + logn

J’ o 2 —sinx 2 + sinx
[ gZ + smx 2 — sinx

I = J- logl dx
0



T

i
I=J-de
1]

Thus
=0
29. Question

Evaluate the following integral:

+ 2x(1+sinx)

J ————dx

1+ cos™ x

Answer

j-‘l't 2x(1 + sinx)

Let us assumel =
=M 1 +cos?x

By property, we know that _[a_a f(x)dx =

equation 1

f:f(x)dx + _[;f(—x)dx

T 2x(1 + sinx T_2x%(1 + sin{—x
I = J- —( )dx + J- ( ( ))dX
1] 1]

1 + cosZx
We know that
Sin(- x) = - sin x

Cos(- x) = cos x

1 + cos?(—x)

We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m

Thus substituting the values, we get,

. J’“ 2%(1 + sinx)  2(—x)(1-—- smx)
- 1 + cos?x 1 + cos?x

[ = j-'r[ 4-'{(5111'{]

0 1+cosz'c

...................... equation 2

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

I_J’ 4(m —x)(sin(m— x)) dx

1 + cos?(m—x)
sin(m— x) = sinx
cos(m—x) = —cosx

Thus substituting the values

[ = j-ﬂel-(n ®)(sin(x))

| ¥ cos?(x) dx........ equation 3

Adding equation 2 and equation 3

o] — J«‘rt 4‘((sin‘(] <+ I““'(’” x)(sin(x))

0 1+cos®x 1 + cos¥(x)

We know [7[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m

a1 — J’“ 4x(sinx) 4(m— x)(sin(x))

1+ cos?x 1 + cos?(x)



T4x(sinx) + 4(m—x)(sinx)
21 = dx
0 1 + cos?x

™ 4m(sinx)
2l = —dx
o 1 + cos?x

Letcosx = y

Differentiating both sides

—sinxdx = dy
sinxdx = —dy
Forx =1
COSTT = ¥
y=-1

Forx =10
Cos0 =y
y=1

Thus substituting the given values

1 4m

21 = f—1T},zdy ....equation 4

Now lety = tan#

Differentiating both sides

dy = sec?0do
Fory = —1
tanf = —1
_E - B
4

Fory =1
tanf = 1
g = E

4

Substituting the values in equation 4

T
3

I 4t
21 =J- —————sec?Bde

%1 + tan?@
T
I
21 = 4TEJ- 1de
_m
n
21 = 4n[0]*,
e
m T
21 = 4m{r— (T)]



I=m
30. Question

Evaluate the following integral:

T a—sin®
Jlogildx
a+smb
Answer
—sin® .
Let us assumel = [~ log === dx ........ equation 1
—a a+sing

By property, we know that _[a_a f(x)dx = f:f(x)dx + _[;f(—x)dx

thus

- J-al a—smE} J’ l a+ sm(—ld
A %83 + sind 5111(-} %82 —sind

We know L:[f(x) + g(x)]dx = flzf(x)dx + flzg(x)dx

J’a 1 a— sin® T a + sin@
[Oga + sin® e a—sin®
Since we know log(mn) = logm + logn
J’a a—sin® a + sin@ d
[Oga + sin(—}* a—sin® X
= J- log1 dx
1]
I = J- 0 dx
1]
Thus
I=20

31. Question

Evaluate the following integral:

J:f(x)dx = Zj;af[x) dx

And also,

We know that if f(x) is an odd function,

J-_af(x)dx =0

As we know the property,



J-af(x)dx = J-a[f(x)Jr f(—x)]dx

Applying this property we get,

J’23x3+2|x|+1 J’23x3+2|x|+1 —3x*+2|x[+1
o X2+ x|+ 1 e x2H+|x|+1 X2+ x| +1
J’2 3xP+20x[+1 J’2 2(2x+1)

o X244 x| +1 ol xZ+x+1

letx2 +x+ 1=t
(2x +1)dx =dt
And for limits,
Atx=0,t=1
Atx=2,t=7

Therefore, we get,

23x3+20x]+1 72
— o dx= | —dt
o X2+ x|+1 . t

23x*+2x|+1
| e ax= 2 [l0g(7) — log(1)]

o XZ4x|+1

J’23x3+2|x|+ 1

dx=2log.7
o X2+ Ix|+1 Ee

32. Question

Evaluate the following integral:

{si113(3:1:—x}—(:1:—x}3}dx

|-.=|.5"|‘ s

Answer

T
Let us assume thatl = [ fsin®(3m + x) + (m + x)%}dx
2

We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

I = J-gi{sinz(?ﬁ[ + x)}dx + J-;_[(T[ + x)* dx
—z —z

k1 k1
I = J-gi{sinz(?ﬁ[ + x)}dx + J-;_[(T[ + x)* dx
—z

2

I = J-gi{l— cos2(3m + x)}/2dx + J-gi("ﬂf + x)? dx
Tz Tz

1 sin2(3m + x)

4

_3m

= . [[:TL’ + x)*

L
2

3n



We know [f(x)]'; = f(b) — f(a) b and a being the upper and lower limits respectively

thus
C_af(n smeGroP)) [ sn sme(sn-F)
211 2 > 5 -
s
(TI.’——)4 (H_?’_ﬂ)
+ 42 _ 42

Thus solving the above equation, we get

| I +

2 4 4
I i

2
33. Question

Evaluate the following integral:

Answer

Let] = fozx\,*z—xdx ...... equation 1

Put
2—x=y2
Differentiating both sides
- dx = 2ydy
Forx =2
2-x=V2
2-2=y2
y=0
Forx =20
2-x=y?
2-0=y?
y =v2

Substituting the values in equation 1

]
I = f —2y(2 —y?)ydy
;

2

r

v 2
I = f 2y(2 — y*)ydy
u]



V2
1 = 2f (2y* —y*)dy
1]

2 3 5 \"’E
1]

._.
|

We know [f(x)]'; = f(b) — f(a) b and a being the upper and lower limits respectively
thus

fay3 fan5
1= 25~ 52~ (o]

Solving this we get

I = 2[("'r2]5_('v'r2]5]
3

I = 2(vV2)°; 3]

2(v2)5 1=

3
15

|

Thus

_ Jo[lt
I = w2[15]
34. Question

Evaluate the following integral:

=

l—lex
X

Answer

LetT = [}log(2~1)dx

1
1_
I = J- log( X)dx
0 X

We know log (%) = logm — logn
thus

I = f;(log(l —x) —log(x))dx ........ equation 2
By property, we know that _[: f(x)dx = f: fla + b —x)dx
thus
1
I = J- (logl —(1 —x) —log(1l —x))dx
4]
I = fol(log(x) —log(1—x))dx .....equation 2

Adding equation 2 and equation 3 we have

21 = J-l(log(l —x) —log(x))dx + J-l(log(x) —log(1—x))dx



We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

Thus on solving we get

1
21=J-0dx
0

Thus
I=0
35. Question

Evaluate the following integral:

1
J‘ |x cosmx|dx
!

Answer

Let f(x) = |x cosmx|

Substituting x = - x in f(x)

f( - x) = |—=xcos(—mx)| = |—=xcos(mx)| = |xcosmx| = f(x)
f(x) = f( - x)

~it is an even function

f_lllx cosmx|dx = 2 fol |x cosmx|dx......... (1)
Now,

f(x) = |x cosnx| = x cosnx; for xe [0,1\2]
= - x cosnx; for xe [1/2,1]

Using interval addition property of integration, we know that

J:f(x) dx = ff(x)dx + J:f(x)dx

Equation 1 can be written as

Z[IOI'QX cosmx dx + [, —x cosTxdx]

1/2
Putting the limits in above equation

= 2{[(x/m)sintx + (1/m?)cosnix]pl/? - [(x/m)sinmx + (1/m?)cosmx]ly o}
= 2{[(1/2n) - (1m)] - [( - 1/m) - (1721}

=2/n

36. Question

Evaluate the following integraI:J —_+ COST xdx
1+ s X

Answer

Let us assumel = [ ——— cos’xdx......... equation 1

0 1 +sin®x



By property, we know that _[: f(x)dx = f: fla+ b—x)dx

_ m M—X 7 _ .
1= e TS (M=X) A%, equation 2

Adding equations 1 and 2, we get,

X Ll M—X

+ cos”xdx + — cos’(x) dx

2l = fﬂ 1+sin®x o m
We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

Thus

21 f X + cosx + — "x)d
= ——— 4+ os’Xx + ————————cos'(X) dx
o 1 + sin?x 1 + sin?(x) (x)

21 fﬂ—“ d
)y 1+ sin2x X

We know that f;af(x)dx = foa f(x)dx + foaf(Za —x)dx
If f(2a - x) = f(x)

than fozaf(x)dx = Zf:f(x)dx

thus

1
21 = 2 [z——— dx since sinx = sinm - x
0 1+sin®x

Now
By property, we know that _[: f(x)dx = _[: fla + b—x)dx
T

z ™
21 zf ——dx
o 1+ sin?(i—x)

ra| =

T
2l =2 ——d
J; 1 + cos?(x) x

i 2
. J’E Tmsec”x d
= — X
o sec?(x) + 1
since 1/cosx = secx

il
: J’E msec?x 4
= | ———dx
o tan?(x) + 2
since tan?x + 1 = sec?x
Lettanx =y
Sec2xdx = dy
Thus

Forx =

ta | S

T

tan—
2

Il
-



y=o

Forx =0
tan0 =y
y=0

thus substituting in

T
I J’z msec?x i
= —— dx
o tan?(x) + 2

I—FD AL
_0Y2+2y

T

- d
J; 2[{y?/(V2)} + 1]

s e

I = E[m’than‘l[y/mE]o
T

I = —[tan"!(e0) —tan"10
T an™ () ]

I = —[]
2R

37. Question

N P X
Evaluate the following mtegraI:J —  dx
0 1+ singsinx
Answer
gl X
Let] = “[0 1+sin::(sin3-.":1):)r

We know that,

2a a a
J- f(x)dx = J- f(x)dx + J-f(Za—x)dx
1] 1] 1]
Therefore,

l=f2_—* gy + [[—— —dx

0 1+sinasinx 0 1+sinasinx

21 =f5#dx

0 1+sinasinx

T
21 =27 [Z—2 _dx

1+sinasink

38. Question

Y=

100

Evaluate the following integral: | sin xcoslmxdx

0

Answer

2m
Let us assumel = fo sin1? xcos1%1xdx



We know that f;af(x)dx = foa f(x)dx + foaf(Za —x)dx
If f(2a - x) = f(x)

than fozaf(x)dx = Zf:f(x)dx

I = 2 sin*®xcos*®*xdx since sin2m - x = - sinx and cos2m - x = cosx and (-sinx)!% = sin1®%% ......equation
1

By property, we know that _[: f(x)dx = _[: fla + b—x)dx
T

I = ZJ- sint%?(m —x)cos%(m—x)dx
0

I = —2[; sin'?®xcos'®*xdx......equation 2 since cosm - x = COsX
Adding equation 1 and equation 2
We know [7[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

thus

m m

21 = ZJ- sin'®®xcos!%xdx —ZJ- sin'®xcos!%xdx
4] 4]

21=0

=0

39. Question

al =

Evaluate the following integral: | asinx +bcosx

dx

SINX +COSX

) e |

Answer

Mo,
~ asinx + beosx

Let us assume] = | dx ceeeneen equation 1

0 sinx + cosx
By property, we know that f: f(x)dx = f: fla + b—x)dx

Thus

X

‘1'[ s ;e
zasin(5 — x) + bcos(z5—x)

I = f Z_ Z_ g
0 sinx + cosx

T .
| = [zeossibsiixg. ..equation 2
0  sinx + cosx

Adding the equation 1 and 2

I asinx + bcosx Eacosx’ + bsinx
21 = fz% X+foz%

0  sinx + cosx sinx + cosx

We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

m m

T sinx + beosx , 2cosx + bsinx
fz— + —
0

2l = sinx + cosx sinx + cosx
L .
zasinx + bcosx + acosx + bsinx

21 = , dx
0 sinx + cosx



™
za(sinx + cosx) + b(cosx + sinx)

21 = , dx
0 sinx + cosx

™

J-za+bdx
1]

21

™

21 = a + b[x]g

(a + b)(m)
= —

40. Question

ra| s

Evaluate the following integrals:

xcosmx|dx

= e

Answer

3
Let us assume 1 = f(];‘ Ixcosmldx
We know| cosx| = cosx for 0 < x<m/2 & |cosx| = - cosx for m/2<x<31m/2
We know that _[: f(x) = _[: f(x) + _[Cb f(x) given a<c<b

Thus

2

1 =
1 = [2xcosmxds - J#xsinmxdx
2

By partial integration [(u)(v) = (u) [(v) = [du[v

Thus

1 2

dx z _ _rgx =
[% [ cosmxdx — IEI c(:-STrx'dx]UI [x | cosmxdx fdxfCOSTL'XdX];

._.
Il

1y s

1 3
x{sinmx} cosmx]|2 x{sinmx} cosmx|?
I = + - +
2 s m
0 2

Since [f(x)]Y = f(b) — f(a)

T 2 T 2

1/2 {sin%t uss -
[ H / {5111(2 ) } . cos(Z| [U{SIIITEO} , cosmo

. Tl 1
_ 1/2 [5111(7)} . cos(%)
T T2

54

3/2{sinm3/2} cosmn3/2
B [ s * 2

L [i+£]_[@+i]]_l[m+g
_?.TI.' ngG T ngG T T2

NERE RS
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41. Question

1
Evaluate the following integrals:J |xsi11:'l:x|dx

0

Answer

Let us assume] = fol |xsinmx|dx

We know| sinx| = sinx for 0 < x<n & |sinx| = - sinx for n<x<2n
We know that f:f(x) = f:f(x) - fcb f(x) given a<c<b

Thus
1

I = J- xsinmxdx
1]

By partial integration [(u)(v) = (u) [(v) — [du[v

Thus

dx '
[XJ-sinTrxdx—J-—J- sinmxdx]
dx o

1

._.
Il

x{—cosmx} sinmx
1= +
s e

Since [f(x)]® = f(b) — f(a)

T 1{—cosm1} sinml
+ 2
™ s

HERURLS
[

1
s

[0{—1:051?3} . sinT0

T 2

|

42. Question

E
Evaluate the following integrals: [/ _:
aluate the following integrals xsmn:x|dx
0
Answer
2
Let us assume, | = foz |xsinx|dx
We know|sinx| = sinx for 0 < x<mn & |sinx| = - sinx for n<x<2n

We know that f: f(x) = f: f(x) + f: f(x) givena<c<b



Thus
3

l —_
2

I = J- xsinmxdx — J- xsinmxdx
1] 1

By partial integration, [(u)(v) = (u) [(v) — [du[v

Thus,

. dx . 1 % ;
I = [x sinmxdx — faf5111'rrxdx]0 - [x [ sinmxdx — f%f sinmxdx]”

x{—cosmx} sinmx
1= +

T e

3
1 . =
x{—cosnx} sinmx|2
0 n T 1

Since, [f(x)]? = f(b) — f(a)

._.
I

T T2

H 1{—cosw1} sinml
= +
s e

0{—cosm0 sinm0
B [ { ),

|

[ 1{—cosml} sinml
™ s

T 2

]_ H 3/2{0} . —_;L
TT T

B HB{Z{—COSTB{Z} . sinm3/2

|

=[R2
NEREEE

==+ —
T T2

[+ 4]

43. Question

If f is an integrable function such that f(2a - x) = f(x), then prove that

-

_J‘f(x)dx:lj‘f(x}dx
0 0
Answer

Using interval addition property of integration, we know that

b
J- f(x)dx = J-f(x)dx + J- f(x)dx
a b
So L.H.S can be written as,

J:af(x)dx = J:f(x)dx + faf(x)dx-------"""""""'(1)

Let us assume x = 2a -t
Differentiating it we get,
dx = - dt

from above assumption

whenx =2a=t=0



and whenx=a=t=a

substituting above assumptions in L.H.S
2a 0

| twax = - [ 1za-var

a a

Using the property of integration _[: f(x)dx = __[ba f(x)dx

a
2a
f f(x) dx = f f(2a— D)dt
2 0
Using integration property

J-zaf(x)dx = J-zaf(Za —x)dx

Substituting above value in equation 1
2a a 2a

J- f(x)dx = J- f(x)dx + J- f(2a— x)dx
] ] a

Now using the property f:f(x)dx + _[:g(x)dx = f:{f(x) + g(x)}dx

f fx)dx = f "0 + (22— 0))dx

Since, f(2a - x) = f(x)

J; zaf(x)dx = J; a{ﬂ:x) + f(x)}

J-zaf(x)dx = ZJ-af(x)dx

Hence proved.

44. Question

iff(2a —x)=-f(x) prove that _J‘f(x)dx:[)
0

Answer

Let us assume ] = fozaf(x)dx ......... equation 1

By property, we know that f: f(x)dx = f: fla + b—x)dx

Thus
2a

I=J- f(2a—x)dx
1]

Given: f(2a —x) = —f(x)
Equation 1 becomes

1 = f;a—f(x)dx ........... equation 2

Adding equation 2 and 3



21 = fﬂzaf(Za—x)dx+ f;a—f(x)dx

We know [T[f(x) + g(x)]dx = [ f(x)dx + [ g(x)dx

Thus

21 = f I — f0]d

Thus
2 =0

I=10

J-zaf(x)dx =0

45. Question
If f is an integrable function, show that

(i j’f(_xff}dx::j‘f[xf]dx
-a 0

a
(i) [xf(x*)dx=0

-2
Answer

(i) Let us check the given function for being even and odd.

f((-x)2) = f(x?)

The function does not change sign and therefore the function is even.

We know that if f(x) is an even function,

J-_af(x)dx = ZJ:f[x) dx

Therefore,

J-_af(xz)dx= ZJ:f(xz)dx

Hence, Proved.

(ii) Let us check the given function for even and odd.
Let g(x) = xf(x?)

9(-x) = -x f((-x)?)

9(-x) = - xf(x?)

g(-x) = - g(x)

Therefore, the function is odd.

We know that if f(x) is an odd function,

J-_af(x)dx =0



Therefore,
a
J- xf(x?*)dx=0
—-a

Hence, Proved.
46. Question

If f(x) is a continuous function defined on [0,2a]. Then Prove that

5

Za a
[£(x)dx=[1{f(x)+f(2a—x)}dx
0 0

Answer

Using interval addition property of integration, we know that

b

J- f(x)dx = J-f(x)dx + J- f(x)dx
a b

So L.H.S can be written as,

f zaf(x)dx = f fx)dx + f Eaf(x)dx-------il)

Let us assume x = 2a -t
Differentiating it we get,
dx = - dt

from above assumption

whenx =2a=t=0
and whenx =a=t=a

substituting above assumptions in L.H.S
2a 4]

f f(x)dx = — f f(2a— Dt

a a

Using the property of integration f: f(x)dx = — fba f(x)dx

a
2a
| tax = [ fza-na
2 0
Using integration property

J:af(x)dx = J:af(Za —x)dx

Substituting above value in equation 1
2a a 2a

J- f(x)dx = J- f(x)dx + J- f(2a— x)dx
0 0 a

Now using the property f:f(x)dx + f:g(x)dx = f:{f(x) + g(x)}dx

f Cf0dx = f "0 + (22— 0)}dx



~L.H.S = R.H.S
Hence, proved.
47. Question

If f(a + b - x) = f(x) prove that:

b b

[xf (x).dx=(a+b)/2[f(x)dx
d d
Answer

LHS

By property, we know that f: f(x)dx = f: fla + b—x)dx
thus

b b
J- xf(x).dx = J- (a+ b—x)fla +b—x).dx

Given f(a + b - x) = f(x)

b b
J- xf(x).dx = J- (a + b—x)f(x).dx

We know

J: :[f(x) + g(x)]dx = J: f(x)dx + J: :g(x) &

Thus

b

b b
J- xf(x).dx = J- (a + b)f(x).dx—J- xf(x).dx

b b
ZJ- xf(x).dx = J- (a + b)f(x).dx

b b

J- xf(x).dx = (a + b)jZJ- f(x).dx
Hence proved

48. Question

If f(x) is a continuous function defined on [ - a,a] ,then prove that

J£(x)dx =] {f (x)+£(-x)dx
-a 0
Answer

Using interval addition property of integration, we know that

J:f(x) dx = ff(x)dx + J:f(x)dx

So L.H.S can be written as,

[2fxydx = [°f(0dx + [Jf(x)dx .....(1)



Now let us take x = - t
Differentiating it, we get,
dx = - dt

from above assumption

whenx=-a=t=a

and whenx=0=t=0

4] 4]
Substituting the above assumptions in equation 1J- f(x)dx = J- f(—t)(—dt) = —
—a a

Using the property of integration f: f(x)dx = — fba f(x)dx

[Lfx)dx = [Pf(—0dt.......(2)
Using integration property
Jy f(—tdt = [Jf(—x)dx .....(3)

Using equation 2 and 3, now equation 1 can be rewritten as
J-f(x)dx = J-f(—x)dx + J-ﬂ:x)dx

Za 0 0

Now using the property_[:f(x)dx + _[:g(x)dx = _[:{f(x) + g(x)}dx

J-af(x)dx = J-a{f(—x) + f(x)}dx

~LHS=RHS

Hence proved.

49. Question

Prove that: J‘xf(sinx )dx :gjif(sinx).dx
0 <%
Answer

LHS

Let] = f:xf(sinx)dx ..... equation 1

By property, we know that _[: f(x)dx = _[: fla+ b—x)dx

thus

I = f;xf(sillx).dx = f;(”l‘[— x)fsin(m—x).dx......connn equation 2

Adding equations 1 and equation 2, we get,
m m

21 = J- xf(sinx)dx + J- (m— x)f(sin(m —x)).dx
4] 4]

Since we know, sin(m - x) = sinx

We know

0

f f(—t)dt



fl :[f(x) + g(x)]dx = f () dx + f :g(x)dx

21 = J- [xf(sinx) + (m—x)f(sinx)]dx
4]

Thus on solving

21 = J- [ (m)f(sinx)]dx
0

We know that by integration property:

b b
J- [ (m)f(x)]dx = mJ- [ f(x)]dx
Thus we have

21 = TIIJ-ﬂ[f(SiIlX)]dX

b T
I = —J- [f(sinx)]dx
2Jo
Putting back the value of | we have
m T m
J- xf(sinx)dx = —J- [ f(sinx)]dx
0 2 0

Hence proved

Exercise 20.6

1. Question

Evaluate the following integrals as a limit of sums:

J.(x—él}dx

Answer

3

To find: J- (x+ 4) dx

1]
Formula used:

b
f f(x) dx = limhlf(a) +f(a + h) +f(a-+ 2h) +
where,
b—a

n
Here,a=0and b =3
Therefore,

3-0
"

=nh=3

h

Let,

~+fla+ (n—1)h)],



I= J-g(x+ 4) dx

0
Here, f(x) =x+ 4anda =0
=1= Eﬂtljh[f(ﬂ) + f(0+h)+f(0+2h) +--+ 0+ (n—1)h)]
:I=Hﬁhﬁ®)+ﬂh}+ﬁﬂﬂ+~4¢ﬁn—1%”
Now, By putting x = 0 in f(x) we get,
f0)=0+4=4
Similarly, f(h) =h + 4
=1= Eféh[4+h+4+2h+4+ -+ (n—1)h + 4]
In this series, 4 is getting added n times
=[= Egtljh[4n+ h+2h+--+ (n— 1)h]
Now take h common in remaining series

=1= Enah[411+h(l+2+ o+ (n—1)]

{-.-Zi=1+2+---+(11—1)=M]

i=1 2
4n+h [—11(112— 1)”

=[=Ilimh
h—0

Put,

3
h==
n

Since,

3
h—>Oandh=H=:-n—>oo

3 3(n(n—1)
=[=lim-|49n+ - —
n—co Il n 2
3 3(n—1)
=[=lim-|49n+ —
n—oo 1] 2
9(n—1)
=[=1lim{124+——
n—oo 2n

9 1
= [ = lim {12 + - (1 - —)}
n—+co 2 n

9 1
$1=12+—(1——J
2 [¥s)

9
=1=12+2(1-0)

I 12—1—9

=[= —
2
24+9

=[=

2



33
:}I:—
2

3 33
Hence, the value ofJ- (x+4)dx= >
li]

2. Question

Evaluate the following integrals as a limit of sums:

Answer

2
To find: J- (x+3) dx
0

Formula used:

b
J- f(x)dx = Eﬂéh[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,
b—a
n

Here,a=0and b =2

h:

Therefore,

2—-0
~ n

h

= h =-
n

Let,

I=J:(x+3)dx

Here, f(x) =x+ 3 anda=20

=1= Eﬂtljh[f(ﬂ) + f(0+h)+f(0+2h) +--+ 0+ (n—1)h)]
= 1=lim h[f(0) + f(h) + f(2h) + - + f((n — 1)h)]

Now, By putting x = 0 in f(x) we get,

f(0O)=0+3=3

Similarly, f(h) = h + 3

=1= El_léh[3+h+3+2h+3+ -+ (n—1)h+ 3]

In this series, 3 is getting added n times

=[= Egtljh[3n+ h+2h+--+ (n— 1)h]

Now take h common in remaining series

=1= Enéh[3n+h(l+2+ o+ (n—1)]



!'-'Zi=l+2+---+(n—l)=$]

n(n—1)
=I=limh|3n+h{———
h—0 2

Put,

h==
n

Since,

2
h—>Oandh=E=:-n—>0ﬂ

2 2in(n—1
3n+ —{7[: )”
1 n 2

= [= lim—

n—sco |

2
=I=lim-[3n+ (n— 1)]

n—aco 1

2(n—1
= [= lim [6+g]

n—soo n

1
= [ = lim {6+2(1——)}
n—+co n
1
:I=6+2@——J
oo

=1=6+2(1-0)
=>1=6+2

=[=28
2

Hence, the value ofJ- (x+3)dx=8
]

3. Question

Evaluate the following integrals as a limit of sums:

Answer
3
To find: J- (3x—2) dx
1
Formula used:
b
f f(x) dx = limhlf(a) +f(a + h) +f(a-+ 2h) +

where,
b—a
n

Here,a=1and b =3

h:

Therefore,

~+fla+ (n—1)h)],



Let,

1= J;E(BX— 2) dx

Here, f(x) =3x-2anda=1

=[= En}]h[f(l) +f(1+h)+f(1+2h) +

Now, By putting x = 1 in f(x) we get,
f(l1l)=3(1)-2=3-2=1

Similarly, f(1 + h)

=3(1l+h)-2

=3+3h-2

=3h+1

o+ f(1+(n—1)h)]

=1= Enéh[l+3h+ 1+3(2h)+1+ -+ 3(n—1)h+ 1]

In this series, 1 is getting added n times

=[= En}]h[l xn+3h+3(2h)+ -+ 3(n— 1)h]

Now take 3h common in remaining series

=1= Enéh[n+3h(l+2+ o+ (n—1)]

n—1
{'-'Zi=l+2+---+(n—l)=

n+ 3h [—11(112— 1)”

2

=[=Ilimh
h=0
Put,
h=-
n

Since,

2
h—>Oandh=H=:-n—>oo

2 3(2)(n(n—1
=[=lim—|n+ Q[QH
n—oo 1] n 2
2 6(n—1)
=[=lim-|n+ —
n—=ce Il 2
2
=I=lim—[n+3(n-1)]
n—oa ]
6(n—1
= [ = lim [2+¥]
n—ca n

n(n—1)

1



1
= [= lim [2+6(1——)}
n—sco Il
1
=:-I=2+6(1——)
[#.0]

=1=24+6(1-0)
=]=24+6

=1=8
3

Hence, the value ofJ- (3x—2)dx=8
1

4. Question

Evaluate the following integrals as a limit of sums:

Answer
1
To find: J- (x+3)dx
-1
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,

b—a
n

h:

Here,a=-landb =1
Therefore,

1-(-1)
B n

1+1
n

h

=

= h =-—
n

Let,

I=J-_ll(x+3) dx

Here, f(x) =x+ 3anda=-1

=1= Enah[f{—l) +f(—1+h)+f(—1+ 2h) +

Now, By putting x = -1 in f(x) we get,
f-1)=-1+3=2
Similarly, f(-1 + h)

=-1+h+3

-+ fla+(n—1h)],

o+ f(—1 4+ (n—1)h)]



=h+2

=1= El_léh[2+h+2+2h+2+ -+ {n—1)h+ 2]
In this series, 2 is getting added n times

=[= Egtljh[2n+ h+2h+--+ (n— 1)h]

Now take h common in remaining series

=1= Enéh[2n+h(l+2+ o+ (n—1)]

{-.-Zi=1+2+---+(11—1)=M]

i=1 2
2n+h [—11(112— 1)”

=[=Ilimh
h=0
Put,
h=-
n

Since,

2
h—>Oandh=E=:-n—>0ﬂ

. 2[ 2[11(11— 1)”
=[I=lim-|2n+—{—

n—cae Il n 2

2
= [= lim - [2n + (n— 1)]

— oo

2ln—1
= [ = lim [4+M]

n—co n
1
= [= lim [4+2(1——)}
n—co n
1
S1=4+2 (1 —~ —)
[#a]

=1=4+2(1-0)
=[=4+2

=[=6
1
Hence, the value ofJ- (x+3)dx=6
-1

5. Question

Evaluate the following integrals as a limit of sums:
J{x +1)dx

]

Answer

To find: J- (x+ 1) dx
0

Formula used:



b
J- f(x)dx = Eﬂéh[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h:

Here,a=0andb =5

Therefore,

5—-0
n

h

= h =-
n

Let,

I=J:(x+ 1) dx

Here, f(x) =x+ l1landa=0

=1= Eﬂtljh[f(ﬂ) + f(0+h)+f(0+2h) +--+ 0+ (n—1)h)]
= I =limh[f(0) + f(h) + f(2h) + -+ f((n — V)]

Now, By putting x = 0 in f(x) we get,

f0O)=0+1=1

Similarly, f(h) = h + 1

=[= Eféh[lJrh“L 1+2h+1+-+(n—1)h+ 1]

In this series, 1 is getting added n times

=1= Eﬂtljh[l xn+h+2h+--+ (n— 1)h]

Now take h common in remaining series

=[= Egtljh[n+ h(1+2+ -+ (n—1)]

!'-'Zi=l+2+---+(n—l)=$]

n(n—1)
=I=limhn+hy{———
h—0 2

Put,

h=—
n

Since,

5
h—>Oandh=H=:-n—>oo

5 - I_51[11(112— l)”

=[=lim -
n—oo Il




5 5(n—1)
= [= lim - 11+T

n—oa ]
25(n—1)
=[=lim{5+ ——
n—sco 2n
25 1
= [ = lim {5 + —(1 - —)}
n—+co 2 n
25 1
=[=54+— (1 — —)
2 [¥s)

25
=>I=5+E(1_0)

I 5+25

TIENTS

10 + 25
==

2

35
=[=—

2

3 35
Hence, the value ofJ- (x+1)dx= -
]

6. Question

Evaluate the following integrals as a limit of sums:
3
J(Zx +3)dx
1
Answer
3
To find: J- (2x+ 3) dx
1
Formula used:

b
J- f(x)dx = Eﬂéh[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,
b—a
n

Here,a=1land b =3

h:

Therefore,

i—-1
h:

Let,
3

1= J- (2x+ 3) dx
1

Here, f(x) =2x+ 3 anda=1



=[= Eféh[f(l) +f(1+h)+f(1+2h)+-—-+f(1+(n—1)h)]
Now, By putting x = 1 in f(x) we get,
f(l)=2(1)+3=2+3=5

Similarly, f(1 + h)

=2(14+h)+3

=2+2h+3

=2h+5
=[= E“éh[5+2h+ 54+2(2h)+5+ -+ 2(n— 1)h+ 5]
In this series, 5 is getting added n times

=1= %lin}]h[B xn+2h+ 2(2h)+ ---+ 2(n— 1)h]

Now take 2h common in remaining series

=1= Enéh[5n+ 2h(1+2+ -+ (n—1)]

{-.-Zi=1+2+---+(11—1)=M]

i=1 2
5n+ 2h [@”

=[=Ilimh
h=0
Put,
h=-
n

Since,

2
h—>Oandh=H=:-n—>oo

2 2(2)(n{n—1
=[=1lim—-|5n+ Q[QH
n—oo 1] n 2

2 4(n—1)
=[=lim-|5n+ —
n—oo 1] 2

2
= I= lim - [5n + 2(n— 1)]

n—aco 1

4(n—1
= [= lim [10+¥]

n—soo n

1
= [= lim {10+4(1_H)}

n—oo
1
$1=10+4(1——)
[

= 1=10+4(1-0)
=1=10+4

=[=14

3
Hence, the value ofJ- (2x+3)dx= 14
1



7. Question

Evaluate the following integrals as a limit of sums:

Answer
To find: J- (2 —x)dx
3
Formula used:
b

J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],
where,

b—a

n
Here,a=3andb =5
Therefore,

5-3
~ n

h

= h =-
n

Let,

I=£5(2—x)dx

Here, f(x) =2 -xanda =3

$I=E%hﬁw)+K3+h)+ﬁ3+2®4~~+ﬂ3+(n—1mn

Now, By putting x = 3 in f(x) we get,
f3)=2-3=-1

Similarly, f(3 + h)

=2-(3+h)

=2-3-h

=-1-h

=1= Egtl}h[—l— 1-h—-1-2h—--—=1-(n—1)h]
In this series, -1 is getting added n times

=[= En}]h[—l xn—h-—2h—--—(n—1)h]
Now take -h common in remaining series

=1= Eng}h[—n— h(l+2+--+(n—1)]

n—1 [: 1)
nin—
L-Ei=1+2+m+mr—n=——§——

i=1



n(n—1)
=I=limh|-n—hy——
h—0 2

Since,

2
h—>Oandh=E=:-n—>0ﬂ

2 2(n(n—1)
=[=lim-|-n——{—
n—co Il n 2

2
=I[=lim-[-n—(n—-1)]

n—oa ]

2
=I=lim—-[-n—n+ 1]

n—aco 1

2
=I=lim—-{-2n+ 1}

n—aco 1

2
== lim {—4 +—}
n

n—co

2
=]=—44+—

(=]
=][=—44+0
=[=—4

Hence, the value ofJ- (2—x)dx=—4
3

8. Question

Evaluate the following integrals as a limit of sums:

=

(x* +1)dx

0 e [

Answer
2
To find: J- (x2+ 1) dx
4]
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,
b—a
n
Here,a=0and b =2

h:

Therefore,

2—0
n

h

-+ fla+(n—1h)],



Let,

I=J-2(x2+ 1) dx

0

Here, f(x) = x2 + 1and a = 0

=1= }jﬂgh[fﬁﬂ) + f(0+h)+f(0+2h) +--+ 0+ (n—1)h)]
= 1=lim h[f(0) + f(h) + f(2h) + - + f((n — 1)h)]

Now, By putting x = 0 in f(x) we get,
fl0)=02+1=0+1=1

Similarly, f(h) = h?2 + 1

== Exjéh[l +h?+1+(2h)?+1+--+{{n— 1Dh}?*+ 1]
== Eiléh[l+h2+ 1+h%(2)%+1+-—-+h%iln—1)%+1]
In this series, 1 is getting added n times

=1= Egtljh[l xn+h?®+h*(2)*+--+h*(n—-1)%]

Now take h2 common in remaining series

=1= Entl}h[n+h2{12+ 22+ -+ (n—1)%}

n—1
nn—1)(2n—1
!:-ZF=12+22+---+(n—1)2= ( )6[: )]
i=1
nin—1)(2n—1
=:-I=1'n1h[11+1’12[ ( It )”
h—0 6
Put,
2
h=—
n
Since,

2
h—>Oandh=E=:-n—>0ﬂ

2[ 2v3(n(n—1)(2n—1
= [= lim— 1+(—) [ (n )(2n )”
n—w | ! 6

i{n(n— 1)(2n— 1)”

—

=I=Ilim—-|n+ >
n—co Il n

2 . 2(n—1)(2n— l)l
3n

6

=[=lim—|n
n—oo Il

= [= lim

n—co

4n—1)(Zn—1
[2+ (n-1)(n-1)
3nxn

4/m—1y /2n—1
= [= lim [2+—( )( )]
n—co 3 n n




4 1 1
= [ = lim [2+—(1——)(2——)]
n—ce 3 n n
4 1 1
=:-I=2+—(1——)(2——)
3 [¥s) e}
4
=:-I=2+§(1—0)(2—0)

4
=:-I=2+§><1><2

8
=:-I=2+§
Lp-5*8

14
=:-I=?

2 14
Hence, the value ofJ- (x*+1)dx= 3
li]

9. Question

Evaluate the following integrals as a limit of sums:

—

Answer
2
To find: J- x? dx
1
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,
b—a

n
Here,a=1land b =2
Therefore,

2—-1
h:

Let,

2
I=J-x2dx
1

Here, f(x) = x?and a = 1
=[= En}]h[f(l) +f(1+h)+f(1+2h)+-—-+f(1+(n—1)h)]

Now, by putting x = 1 in f(x) we get,



f(l)=12=1

f(1 + h)

=(1+ hy

= h? + 12 + 2(h)(1)

=h2 + 1+ 2(h)

Similarly, f(1 + 2h)

= (1 + 2h)?

= (2h)? + 1% + 2(2h)(1)

= (2h)? + 1 + 2(2h)

{7 (x+y)2=x2+y?+ 2xy}

== Eﬂéh[l +h?+1+2(h)+(2h)?+1+202h) +--+{(n—Dh}*+1
+2{(n—1)h}]

=1= E“})h[lJrhz +1+2h+h%(2)*+1+2(2h)+--+h*(n—-1)*+1
+ 2h(n—1)]

In this series, 1 is getting added n times

=1= En}]h[l xn+h?®+2h+h?(2)2+2(2h) + ---+ h*(n— 1)*+ 2h(n—1)]

Now take hZ and 2h common in remaining series
=1= Entl]h[11+ h2{1?+ 22+ +(n—1)*}+2h{1+2+ -+ (n— 1D}

n—-1
Ziz =124+224+ ..+ (n—-1)>%=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n—1)
2

=1=limh [11 1+ h2 [n(n —D(2n- 1)] +2h {M”

6 2

Put,

h=<=
n

Since,

1
h—>Oandh=E=:-n—>0ﬂ

= [ = lim 1 -11+ (E) [n(n— 1)(2n— 1)]+ 2(1) [n(n— 1)”

n—onl | . 6 n 2

1f 1 (n(n—1(2n—-1 2(n(n—1
=I=lim-|n+— ( ) ) +_¥
n—ell | n2 6 n 2

—

[ (n—1)(2n-1)
[=1lim—|n+ +(n—1
= 111_1}&0 o _11 o (n )
n—1)(2n—1 1
= [ = lim [1+( Jt )+—(11— l)l
n—co 6n xn n



Ilm—1yvs/2n—1 n—1
==-I=lin1[1+—( )( )+( )]
n—co 6 n n n
1 1 1 1
== lim [1+—(1——)(2——)+(1__)]
n—co 6 n n n
1 1 1 1
=I= 1+—(1——)(2——)+(1__)
6 Co [0a} oo
1
=I1=1+_-(1-0)(2-0)+(1-0)

1
=:-I=l+g><l><2+l

I 2+1
=[= —
3
6+1
=[=——
3
. 7
=[=—
3

2

7

Hence, the value ofJ- x2dx = 3
1

10. Question

Evaluate the following integrals as a limit of sums:

(2x° +1)dx

[N S—

Answer
3
To find: J- (2x?+ 1) dx
2
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,

b—a

n
Here,a=2and b =3
Therefore,

3—-2
n

h

= h =-
n

Let,
3

I= J- (2x%+ 1) dx
2

Here, f(x) = 2x2 + 1 and a = 2



=[= Eféh[f(z) +f(2+h)+f(2+2h)+-—-+f(2+ (n—1)h)]

Now, by putting x = 2 in f(x) we get,

f2) =229 +1=2(4)+1=8+1=9

f(1 + h)

=22 +hP+1

=2{h? +22+2(h)(2)} + 1

=2(h)?> + 8 +2(4h) + 1

=2(h)? + 9 + 8(h)

Similarly, f(2 + 2h)

=2(2+2h)2+1

=2{2(2h)? + 22 + 2(2h)(2)} + 1

=2(2h)2 + 8 + 8(2h) + 1

= 2(2h)2 + 9 + 8(2h)

{(x+y)2=x%+y2+ 2xy}

=1= Eféh[g +2(h)?2+9+8(h)+2(2h)?+9+8(2h) + - +2{(n—1)h}*+9
+ 8{(n— 1)h}]

= 1= Eizéh[9+2h2 +9+8h+2h*(2)*+9+8(2h) + -+ 2h*(n—1)*+9
+ 8h(n—1)]

In this series, 9 is getting added n times

= 1= Eizéh[9 x n+ 2h* + 8h + 2h?(2)* + 8(2h) + ---+ 2h*(n—1)?
+ 8h(n—1)]

Now take 2h? and 4h common in remaining series

=1= Egtljh[9n+ 2h?{12+ 22+ +(n—1)3}+8h{1+2+ -+ (n— 1)]]

n—1

le = 12+22 + .+ [:11_1)2 —

i=1

nn-1)(2n-1)
3 ;

n—1

Zi=l+2+---+(n— 1) =

i=1

n(n—1)
2

~1)(2n—1 1
=1= Enéh[9n+2h2 [n(n )(2n )]+gh [M l

6 2

Put,
h=-
n

Since,

1
h—>0|an|dh=H=;.11_>,C,,J

Llon+2 (%) [“(“ ~ (20— 1)] L8 [11(11— 1)”

I= lim -
= 11m c - .

n—w ]




1 2 (n(n—1)(2n—-1)) 8
=1=lim—(9n+— 4
n—co Il n 6 n
1 n—1)(2n—-1
= [ = lim —[911+ ( X )+ 4(n— 1)]
n—e]l 3n
[ n—1)(2n—1) 4
= [ = lim 9+[: X )+—(11— 1)]
n—eo | nxn n
[ Ilm—1yvs/2n—1 n—1
=[= lim 9+—( )( )+4( )]
n—oo | 3 I]_ I]. I].
[ 1 1 1 1
=[= lim 9+—(1——)(2——)+4(1__)]
n—soo | 3 n n n
1 1 1 1
=>1=9+—(1——)(2——)+4(1__)
3 oa] o0 oo
1
=>I=9+§(1—0)(2—0)+4(1—0)
1
=>I=9+§><1><2+4
I 13+2
T 3
39+2
=[=
3
[ 41
-7 3

3 41
Hence, the value ofJ- (2x*+1)dx= 3
2

11. Question

n(n—1)
=

Evaluate the following integrals as a limit of sums:

=

(x* -1)dx

[ S—

Answer
2
To find: J- (x2—1)dx
1
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +
where,
b—a

n

Here,a=1land b =2

Therefore,

2—1
n

h

-+ fla+(n—1h)],



Let,

I=£2(x2—1)dx

Here, f(x) = x2-1landa=1

== Eﬂgh[f(l) +f(1+h)+f(1+2h)+--+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1)=12-1=1-1=0

f(1 + h)

=(1+hy@-1

=h2 + 12 + 2(h)(1) - 1

= h? + 2(h)

Similarly, f(1 + 2h)

=(1+2h)2-1

= (2h)2 + 12 + 2(2h)(1) - 1

= (2h)2 + 2(2h)

{7 (x+y)2=x2+y? + 2xy}

== Ei%h[o +h?+ 2(h) + (2h)? + 2(2h) ... ..+ {(n— Dh}* + 2{(n— 1)h}]

== En}]h[h2 +2h+h%(2)2+2(2h) ...... +h?(n—1)? + 2h(n — 1)]

Now take hZ and 2h common in remaining series
== Entl]h[hz{lz +22+ -+ (m—1)*}+2h{1+2+--+(n—1)}]

n—1

nn—1)(2n—1
'-'Ziz=12+22 ...... +(n—-1)?= ( ) ).

. 6 ’
i=1
n—1
nin—1
Zi=1+2 ...... +(n—1) = (2 )
=1
nn—1)(2n—1 nin—1
=I=1limh [hz[ ( ) )]+ 2h [QH
h—0 6 2
Put,
1
h==
n
Since,

1
h—>Oandh=E=:-n—>0ﬂ

L I— lim o [(E) [Hin ~1)(2n- 1)] L2 [11(11 - 1)”

n—ca 1 | \IL 6 n 2




1/1 (n(n—1)(2n—1)) 2(n(n—-1)
=[=lim—|— +——
n—col N2 6 n 2
1/(n—1)(2n—-1)
[= lim - +(n—1
= e n [ 6n (a=1)
[(n—1)(2n—1) 1
= [= lim ( It )+—[11—1)]
n—ee | 6n X n n
1l/m—1y/2n—1 n—1
= [ = lim —( )( )Jr( )]
n—ce L6 n n n
1 1 1 1
= [= lim —(l——) (2——)+ (1——)]
n—eo L6 n n n

1= 20-De-2)+ (-3
:>1=%(1—0)(2—0)+(1—0)

1
=:-I=g><l><2+l

I 1+1
=1 = 3
3+1
:}I:—
3
. 4
=1 _3

2

4

Hence, the value ofJ- (x*—1)dx= 3
1

12. Question

Evaluate the following integrals as a limit of sums:

=

(_x3 + 4} dx

0 e [

Answer
2
To find: J- (x?+ 4) dx
4]
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +
where,

b—a

n
Here,a=0and b =2
Therefore,

2—0
n

h

-+ fla+(n—1h)],



Let,

I=J-2(x2+4)dx

0

Here, f(x) = x2 + 4and a = 0

=1= Eﬂtljh[f(ﬂ) + f(0+h)+f(0+2h) +--+ 0+ (n—1)h)]
= 1=lim h[f(0) + f(h) + f(2h) + - + f((n — 1)h)]

Now, by putting x = 0 in f(x) we get,
f0)=02+4=0+4=4

f(h)

=(h)? + 4

=h? +4

Similarly, f(2h)

=(2h)2 + 4

== %1131(1]}1[4 +h?+4+(2h)?+4+ -+ {{n— 1h}*+ 4]
== EE};hHJrhz+4+h2(2)2+4+'"+ h?(n— 1)%+ 4]
In this series, 4 is getting added n times

=1= Egtljh[‘f} xn+h?®+h*(2)*+--+h*(n—-1)%]

Now take hZ common in remaining series

=1= En}]h[4n+ h2{12+ 22+ -+ (n—1)?}]

n—1
N2 202 2 Dm-1D(@n-1)
!-;1—1 +2%2 4+ +(n—-1)* = c

nn—1)(Z2Zn—1
=:-I=1'n1h[411+1’12[ ( ) )”
h=0 6

Put,

2
h=-

n
Since,

2
h—>Oandh=H=:-n—>og

=[= lim 2 _411 + (?_1) [Il(n— 1)(2n— 1)”

n—oo ]l 6

2
=[=Ilim-|4n+

n—oo [

2 2(n—1)(2n— l)l
n+
3n

i[n(n— 1)(2n— 1)”

n2 6

=[=lim—|4

n—oo [




[ 4(n—1)(2n—1
== lim |8+ ( It )
n—co | Inxn

[ 4/m—1y/2n—1
= [ = lim 8+—( )( )]
n—sco | 3 n n

T 4 1 1
= [= lim 8+—(1——)(2——)]
n—es | 3 n n
4 1 1
=>1=8+—(1——)(2——)
3 [#'a) fels}

=:-I=8+%(1—0)(2—0)

4
=:-I=8+§><l><2

I 8+8
TiTeTy
24+8
=[=
3
32
=[=—
3

2 32
Hence, the value ofJ- (x*+4)dx= 3
0

13. Question
Evaluate the following integrals as a limit of sums:

4

J(x —xt]dx

Answer
4
To find: J- (x? — x) dx
1
Formula used:
b
J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,
b—a
n

Here,a=1land b =4

h:

Therefore,

4-1
h:




Here, f(x) = x4 -xanda =1

=1= Eféh[f(l) +f(1+h)+f(1+2h) +--+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1)=12-1=1-1=0

f(1 + h)

=(l+hZ-(1+h)

=h2+12+2(h)(1)-1-h

=h?+2h-h

=h?+h

Similarly, f(1 + 2h)

= (1 + 2h)2 - (1 + 2h)

= (2h)2 + 12 + 2(2h)(1) - 1 - 2h

= (2h)?2 + 4h - 2h

= (2h)2 + 2h

{7 (x +y)?2=x2 + y2 + 2xy}

=1= Ei%h[g +h?*+h+(2h)*+2h+ -+ {(n— 1)h}*+ (n— 1)h]

=1= Entl]lh[h2 +h+h?(2)?+2h+--+h?*(n—1)>+h(n—1)]

Now take hZ and h common in remaining series

=1= En}]h[hz{12+22 +-+Mm—1+h{1+2+--+(n—-1]]

SN (n—1)(2n— 1)
nin-— n—
E ?=1"+2’+--+(n-1)°*= c ;
i=1
n—1
nin—1
E i=1+2+---+(n—1)=%

i=1

L EI_T}]h [h2 [11(11— 1)6(211— 1)]Jr X [11(112— 1)”

Since,

h—>Oandh=H=:-n—>oo

 3[3y (n(n—1)(2n—1)) 3(n(n—-1)
~1=1m |(7) [ 6 ]*a[ 2 ”

= [ = lim E i [11(11 —1)(@n- 1)] + E[M”

n—el | N2 6 n 2

3[3(n—1)(2n—1) 3
=[=lim - ( ) )+—
11—»0011_ 2n 2

(n— 1)]



- [9(n—-1)(2n—-1) 9
= [ = lim +—
n—a | 2nxn Zn

o M@m—1y/2n—1y 9/m-—1
== [ () (5 2 (55))

9 1 1y 9 1
i’I=11113&_E(l_ﬁ)(z_ﬁ)“Li(l_ﬁ)]

9 1 1 9 1
~1=5(1-2)(2-5) +3(1-2)

9 9
=1=2(1-0)(2-0)+(1-0)

(n— 1)]

9 9
SI=cxX1x2+=

2 2
I 9+9
=I= —
2
18+ 9
=[=
2
27
=[=—
2

N 27
Hence, the value ofJ- (x?—x)dx = >
1

14. Question
Evaluate the following integrals as a limit of sums:

j(Sx + 5% )dx

Answer
1
To find: J- (3x? + 5x) dx
0
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,
b—a

n
Here,a=0andb =1
Therefore,

1-0
~ n

h

= h =-
n

Let,

1
I=J- (3x% + 5x) dx
0



Here, f(x) = 3x2 + 5xanda =0

=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]

= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,

f(0) = 3(0)> +5(0) =0+ 0=0

f(h)

= 3(h)2 + 5(h)

= 3h? + 5h

Similarly, f(2h)

= 3(2h)? + 5(2h)

= 3h?(2)2 + 5h(2)

=1= Ei%h[g + 3h% + 5h + 3h?(2)?+ 5h(2) + ---+ 3h*(n— 1)? + 5h(n—1)]
Now take 3h? and 5h common in remaining series

=1= Egtl}h[?:hz{lz +2°+ -+ (n—-1D*+5n{1+2+--+(n—1}]

n—1
Z =142+ -+ (n—1)*

i=1

B n(n—1)(2n— 1) .
= . J

n—1

Zi=1+2+---+(n— 1) =

i=1

Lo 1'11(1}11 [3}12 [11(11— 1)(2n— 1)]Jr - [11(11— 1)”

n(n—1)
2

h- 6 2

Since,

1
h—>Oandh=E=:-n—>0ﬂ

= [= lim 1 -3 X (E) [11(11— 1)(2n— 1)] N 5(1) [11(11— 1)”

n—ee]l | n 6 n 2
13 mn-1)(2n—-1)) 5(n(n-—1)
=1=lim—-|= -y
n—cl | N2 6 n 2
1[(n-1)(2n-1) 5
[= lim - +=(n—1
= 111—I+IC];D n | 2n 2 (Il )

[(n—1)(2n—1 5
= [= lim ( )( ) + —
n-—eo | 2nxn 2n

1l/m—1y/2n—1 Em—1
= [ = lim —( )( )+—( )]
n—co |2 n n n

1 1 1
=[= lim —(1——) (2——)+

n—sco |

(n— l)l




-t=3(-2)-2)+30-)

1 5
=:-I=5(1—0)(2—0)+E(1—0)

1 5
SI=-xX1%x2+=

2 2
=142
== —
2
245
S1=22
2
7
T3

1
7
Hence, the value ofJ- (3x2 —5x) dx = 2
0

15. Question

Evaluate the following integrals as a limit of sums:

e” dx

=

Answer

2
To find: J- e* dx
1]
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,
b—a

n
Here,a=0and b =2
Therefore,

2—-0
h:

Let,

2
I=J- e* dx
1]

Here, f(x) = eXanda =0

=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]
:>I=%Egh{ﬁo)+-Kh)+—ﬁ2h)+-~4—ﬂ(n——l)hn

Now, by putting x = 0 in f(x) we get,



f0)=e0 =1
f(h)

= (e)

= gh
Similarly, f(2h)

— o2h
= [=lmh[1 +e + e+ + e 0]

This is G.P. (Geometric Progression) of n terms whose first term(a) is 1

h

e
and common ratio(r) = T= elt

Sum of n terms of a G.P. is given by,

a(r™—1)
Sn = i , =1
Therefore,
o [{(em) 1)
R
'enh -1

- = [

[ limn [
= I=limh |5

2
{'-'1’1 = _—=nh= 2}
n

I=(e?— 1)1 L
=I=(e )hl—l-]ol eh—1
h
1
== (Ez—l)T
lim m

h—0

e*¥—1
{ lim = 1}
x—=0 X

=I=e2-1

2
Hence, the value ofJ- e¥dx=e?—1
1]

16. Question

Evaluate the following integrals as a limit of sums:
b

Je" dx

d

Answer



b
To find: J- e* dx

a

Formula used:
b
J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h:

=nh=b-—a

Let,

b
I=J- e* dx
a

Here, f(x) = X

=[= Egtljh[f(a) +fla+h)+fla+2h)+--+fla+ (n— 1)h)]
Now, by putting x = a in f(x) we get,

f(a) = e

f(a + h)

= (e)**h

— ea+h

Similarly, f(a + 2h)

= ga+2h
= [=lim h[e? + e3*h 4 3*2h 4 ... 4 ga+(n-1h]
—0

This is G.P. (Geometric Progression) of n terms whose first term(a) is 1

ea+h e % Eh
and common ratio(r) = = =e
ea ea

h

Sum of n terms of a G.P. is given by,

a(r™—1)
Sn = i , =1
Therefore,
o [ef(en)" 1)
B
[ enh -1
— 14 a
-l (5
N R Gt
Sleimh e

2
{'-'1'1 =—=nh= 2}
n



= [=e*(el=- 1)1111 m

—I~0 eh —1
h
NG 1
=]=e g—l | h—l
TR
e*—1
{ lim =1}
x—0 X

=[=eP—e¢?
b
Hence, the value ofJ- e¥dx = el —e?
a

17. Question

Evaluate the following integrals as a limit of sums:

b
Jcosx dx

a

Answer

b
To find: J- cosx dx

a

Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,

b—a

b
I=J- cosx dx

a

Here, f(x) = cos x

-+ fla+(n—1h)],

=[= Egtljh[f(a) +fla+h)+fla+2h)+--+fla+ (n— 1)h)]

Now, by putting x = a in f(x) we get,
f(a) = cos a

f(a + h)

= cos (a + h)

Similarly, f(a + 2h)

= cos (a + 2h)

=1= Enéh[cosa + cos(a+h) +cos(a + 2h) +

We know,

-+ cos{fa+ (n— 1)h}]



cosA + cos(A + B) + cos(A+ 2B) + --- + cos{A+ (n — 1)B}

(n— 1)5} . nB
_ cos [A T (sin5
- . B
sinz
Therefore,
cosja+ (n—Dh sin@
. 5 !
=I=1limh _
e sins
2
-COS {a + % - %} Sin%
=I=1limh -
e sins
2
{"nh=b-a}
cosfa +232 - ant
=I=1limh
e sini
b a hy . b—a
cosjats—5—3 sin
=I=1limh { 2 zhz} 5
h—0 .
sinz
a b h b—a
cosj5 + sin
=I1=1limh {2 2 %} 5
e siny
2
h b h
b—a 2X5XC0Si5+5—
= [ = sin x lim 2 [}21 3 2}
e sini
a+b h
— 4 Ccos _4a
= [ = 2sin x lim { 2h 2}
" sini

=>I=Zsinb;ax%;i% COS{ zb—%}]

h
As,h —>0=;,§_>0

yoy mlosf 3]
= I=2sin— % 2

sinx
{ lim _ 1}

-0l x



at+b

o b—a cos[ 3 —0}
= X

= sin—, 1

at+b b-a
sin
2

{2 cos Asin B =sin(A + B) -sin(A-B)}

= |=2cos

s {a+b+b—a} . {a+b b—a}
= [ = — _
sin > sin 5 5
at+b+b—a at+b—b+a
= [ = sin {7} — 5111{7}
2 2
' , {Zb} . [Za}
=] = —— —
sin 5 sin 5

= [=sinb —sina
b
Hence, the value ofJ- cosxdx =sinb —sina
a

18. Question

Evaluate the following integrals as a limit of sums:

= /7

J sin x dx
0

Answer

To find: J-zsinx dx
4]
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,

b—a
n

h:

T
Here,a=0andb = 2

=:-h=g_0
n
s
T
=>Ilh=§
Let,

™

2
I=J- sinx dx
1]

Here, f(x) = sinxanda =0

-+ fla+(n—1h)],

=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]



= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,

f(0) =sin 0
f(h)
= sin h

Similarly, f(2h)

= sin 2h

=[= EE})h[SinO + sinh + sin2h + --- + sin(n — 1)h]
We know,

sinA + sin(A + B) + sin(A + 2B) + -+ sin{A + (n — 1)B}

. (n— 1)B} . nB

~ sin {A + —5 51117
- B
sin

Here A=0and B =h

Therefore,
sin {O + M} sin@
. 2 2
=[= %Iltl]h m
siny
-sin [@— E} sinE
=[=1limh 2 2h 2
h—=0 sini

=[=Ilimh h
h=0 sini
. hy .
sin{—+— stsin—
=[= Enéh {4 %} 4
sinz
[ . (T T
sin{+— stsin—
=[=Ilimh {4 %1} 4
h=0 sini
m Zx%xmng—%}
=[= smz x lim m
h=0 sini

[+ s = smase = 7}
v sin— =s5in45" = —
4 V2



1
=[=2x—=xIlim

V2 o sin%
h
2 i
h
As,sh - 0= > =0
. . (m h
im|siny-— =
o (-]
sins
lim 2
bl h
2 2
sinx
{ lim [—] = l}
x—0 X
bl
siny+—0
1
bl
== \E x sin—
4
[+ s = smase = 7}
v sin— =s5in45" = —
4 V2
1
== \.E X —
V2
=[=1

T
z

Hence, the value ofJ- sinxdx=1
1]

19. Question

Evaluate the following integrals as a limit of sums:

= /7

J cosx dx
0

Answer

To find: J-zcosx dx
4]
Formula used:
b
f f(x) dx = im h[f(a) + f(a-+ ) +f(a +2h) +
where,
b—a

n

T
Here,a=0andb = 2

~+fla+ (n—1)h)],



=h=
n
T
=>h=£
T
=:-11h=§
Let,

T

2
I=J- cosx dx
1]

Here, f(x) = cos xanda =0

= 1= lim h[f(0) + f(0 + 1) + f(0 + 2h) + -+ f(0 + (n — Dh)]
= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,

f(0) = cos 0
f(h)
= cos h

Similarly, f(2h)
= cos 2h

=[= Entl}h[cos() + cosh + cos2h + -+ cos(n— 1)h]

We know,

cosA + cos(A+ B) + cos(A+ 2B) + -+ cos{A+ (n— 1)B}

(n— 1)8} . nB
~ Ccos {A + — 51117

E
51112

Here A=0and B =h

Therefore,
cosy0 + M sinE
. 2 2
=[=Ilimh m
h=0 sini
_cos [@ — E} sin@
=[=Ilimh 2 %‘1 2
h=0 sini
T
[ nh =§}
n b n
2_ M 2
cos!z 2] sin-5
=[=Ilimh
h=0

sins
2



_cos [E — E} sinE_
=[=Ilimh 4 %1 4
h=0 sini
-cos [E — E} sinE-
=[= Enéh 4 % 4
sin
Zx%x cosg—%}
=[= sinz x lim m
h=0 sini
[+ s = smase = 7}
v 8in— =3s5in45" = —
4 V2
m h
1 |cos{z -3}
=:-I=2><—J,_><11m m
V2 h=0 sini
h
2 i

h
As h —>0=:-5—>0

e (33

=0
sins
lim hz
b, B
2
sinx
{ lim [—] = l}
x=01 X
cos g— 0}
=[=+2 X
1
T
== \E X COS—
4
{ 5= )
Vv C0S— = C0845° = —
V2
1
=sI=y2x—
=[=1

z
Hence, the value ofJ- cosxdx=1
1]

20. Question

Evaluate the following integrals as a limit of sums:

J.(_Sx2 +2x )dx

Answer



4
To find: J- (3x? + 2x) dx
1
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],

where,
b—a
n

Here,a=1land b =4

h:

Therefore,
4—1
n
3

= h =-
n

h

Let,

I= J-:(sz +2x) dx

Here, f(x) = 3x2 + 2xanda =1
=[= Eféh[f(l) +f(1+h)+f(1+2h)+-—-+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1) =3(1)2 +2(1)=3+2=5

f(1 + h)

=3(1+h2+2(1+h)

= 3{h? + 12 + 2(h)(1)} + 2 + 2h
=3h?+ 3 +6h+2+2h
=3h2+8h+5

Similarly, f(1 + 2h)

= 3(1 + 2h)2 + 2(1 + 2h)

= 3{(2h)2 + 12 + 2(2h)(1)} + 2 + 4h
= 3(2h)? + 3 + 6(2h) + 2 + 2(2h)

= 3(2h)? + 8(2h) + 5

{7 (x +y)2 =x2+y2 + 2xy}

=1= En}]h[B +3h*+8h+5+ 3(2h)?+8(2h) + 5+ ---+ 3{(n — 1)h}?
+8(n—1)h+ 5]

== Entl]h[B +3h?+8h+5+ 3h%(2)?2+ 8h(2) + 5+ -+ 3h%(n— 1)?
+8h(n—1) + 5]

Since 5 is repeating n times in series

== Lin}]h[5n +3h? + 8h + 3h?(2)? + 8h(2) + ---+ 3h?(n— 1)? + 8h(n—1)]



Now take 3h? and 8h common in remaining series

=1= En}]h[511+3h2{12+ 22+ +(n—1)%}+8h{1+2+ -+ (n— 1)]]

n—1
Z 2=12422 4+ ..+ (n—1)2= n{n — 1)6(211— 1) ;
i=1
— n(n—1)

Zi=1+2+---+(n— 1) =

i=1

2

~1)(2n—1 1
=1= Enéh[5n+3h2 [n(n )(2n )]+gh [M l

6 2

Put,
h=-
n

Since,

h—>Oandh=H=:-n—>oo

== lim 3 _511 i3 (I_?;) [11(11 -1)(2n- 1)] . 3(8) [11(11— 1)”

n—co Il 6 n 2
3] 27 (n(n—1)(2n—1 24 (n(n—1
=[=lim—-|5n+— ( ) ) +—¥
n—ell | n2 6 n 2
3] 9(n—1)(2n—1
=[=lim—|5n+ ( )( )+ 12(n— 1)]
n—oo 1] | 2n
27n—1)(2Zn—1 36
= [ = lim + ( Jt )+—(11—1)l
n—eo | 2nxn n

i 27 /m—1y /2n—1 n—1
= [= lim 15+—( )( )+36( )]
n—eso | 2 n n n

[ 27 1 1 1
= [= lim 15+—(1——)(2——)+36(1——)]
n—co | 2 n Il n

27 1 1 1
=[= 15+—(1——) (2——)+36(1——)
2 co co oo

=I= 15+§(1—0)(2—0)+36(1—0)

27
=1= 15+E><1><2+36
=1=15+27+ 36
=1=78
4
Hence, the value ofJ- (3x? +2x)dx =78
1

21. Question

Evaluate the following integrals as a limit of sums:

o b2

(3x* -2)dx

[=]



Answer
2
To find: J- (3x? — 2) dx
4]
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,
b—a
n

Here,a=0and b =2

h:

Therefore,

2-0

h

Let,

2
1=J-$xl—mdx
4]

Here, f(x) = 3x2-2anda =0

-+ fla+(n—1h)],

=1= Eﬂtljh[f(ﬂ) + f(0 +h) + f(0 +2h) +--+ f(0 + (n — 1)h)]

:I=Hﬁhﬁ®)+ﬂh}+ﬁﬂﬂ+~4¢ﬁn—1%”

Now, by putting x = 0 in f(x) we get,
f(0) =3(0)2-2=0-2=-2

f(h)

=3(h)?-2

Similarly, f(2h)

= 3(2h)2-2

=1= En}]h[—z +3h?—-2+3(2h)?*—-2+--+3{(n—1)h}* - 2]

=1= Entl}h[—2+ 3h?—2+3h*(2)? -2 +--+3h%*(n—1)? - 2]

Since -2 is repeating n times in series

== Eng}h[—ZnJr 3h? + 3h%(2)?...+ 3h%(n— 1)?]

Now take 3h? common in remaining series

=1= En}]h[—2n+ 3h2{12+2%2 + -+ (n— 1)%}]

:-ZF=12+22+---+(I1—1)2

i=1

6

—1)2n—1
=[=1limh [—211 + 3h? [11(11 )(2n )”
h—0 6

! n-1 _n(n-1)(2n— 1)]



Since,

2
h—>Oandh=E=:-n—>0ﬂ

2[ 2y (n(n— 1)(2n—1
= [= lim — —211+3(—) [ ( It )”
11—'0011_ n 6
2 12 (n{n—1)(2n—1
= [= lim — —211+—2[ ( It )”
11—'0011_ n 6
2 2n—1)(2n—1
=I=1lim—-|-2n+ ( ) )]
11—oc>011_ n
4(n—1)(2n—1
=[=lim|-4+ ( ) )l
n—eo | nxn
i n—1y/2n—1
= 1= lim —4+4( )( )]
n—oo | n n
[ 1 1
= [ = lim —4+4(1——) (2——)]
n—co | I Il

1 1
=:-I=—4+4(1——)(2——)

[#a] [#a]
=]=—44+4(1—-0)(2—0)
=[=—4+4x1x2
=]=—44+18
=[=4

2
Hence, the value ofJ- (3x2—2)dx =4
0

22. Question

Evaluate the following integrals as a limit of s

[E=]

(%7 +2)dx

=

Answer
2
To find: J- (x2+2) dx
1]
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,
b—a
n

Here,a=0and b =2

h:

ums:

-+ fla+(n—1h)],



Therefore,

2—0
h:
n
2
= h =-
n
Let,

2
I=J- (x*+2)dx
0

Here, f(x) = x? + 2anda =0

=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]
= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,
f(0)=(02+2=0+2=2

f(h)

= (h)? + 2

Similarly, f(2h)

= (2h)2 + 2

=1= Eféh[z +h*+2+(2h)*+2+-—-+{(n— 1h}*+ 2]
=1= El%h[erhz“L2+h2(2)2+2+'"+ h?(n—1)%+ 2]
Since 2 is repeating n times in series

== EE};MZIH h? +h%2(2)2+ - +h%(n—1)?]

Now take hZ2 common in remaining series

== Enéh[211+ h? {12+ 2%+ -+ (n— 1)?}]

n—1
{ S oozt @10 1)]
i=1 6
nin—1)(2n—1
=I=1limh 211+h2[ ( ) )”
h—0 6
Put,
2
h=-
n
Since,

2
h—>Oandh=E=:-n—>0ﬂ

= [= lim z [211 + (E) [n(n— 1)(2n— 1)”

n—c ]l ! 6

n 6

n—oa ]

i[n(n— 1)(2n— 1)”

2
= [= lim— [211 +



2 2n—1)(2n—1
=:-I=lin1—[211+ ( It )]
n—ca 1] 3n

4n—1)(2n—1)
= [ = lim
n—co | Inxn
[ 4/m—1y/2n—1
= [ = lim 4+—( )( )]
n—sco | 3 n n
i 1 1
= [= lim 4+—(1——)(2——)]
n—es | 3 n n
4 1 1
=>1=4+—(1——)(2——)
3 [#'a) fels}
4
=:-I=4+§(1—0)(2—0)
4
=:-I=4+§><1><2
I 4+8
TITETS
12+ 8
=[=
3
20
=[=—
3

2 20
Hence, the value ofJ- (x*+2)dx= 3
0

23. Question
Evaluate the following integrals as a limit of sums:

j(x +e™® ]dx

Answer

4
To find: J- (x+ e®¥) dx
]
Formula used:
b
J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h:

Here,a=0and b =4
Therefore,

4-0

h



4
I=J- (x+ e?¥) dx
0

Here, f(x) = x + eXanda =0

=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]
= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,
f0)=0+e20D=0+e=0+1=1

f(h)

=h + (e)?h

=h+e?h

Similarly, f(2h)

= 2h + (e)?2D

= 2h + efh

=1= Egtljh[l +h+e?™+2h+e*® + ...+ (n— 1Dh + e?1k]
Take h common in some of the terms of series

== Exjéh[l +ethpethy 420 Dh b1 42+ -+ (n— 1)}

This is G.P. (Geometric Progression) of n terms whose first term(a) is 1

2h

and common ratio(r) = _ = p2h

Sum of n terms of a G.P. is given by,

a(rn_ 1)
Sn = i , =1
and
n—1
nn—1
Zi= 142+ -+ (n— 1)=%
i=1
Therefore,
. 1{(e2®)"~ 1) n(n—1)
i’lz%ﬂéh[ i1 TN 2

[~ limh g2oh X n(n—1)
Sl=imblem 2

L 2h eE‘—ZL_'_h2 n(n—1)
i ) [P — 2

4
{'-'1'1 =—-=nh= 4}
n

: eg—ll. 1 Ly (4)2 n(n—1)
B = FE e =1 LY 2

2h




4
As,h—>0=:-2h—>()andﬁ—>0=>n—>oo

: e —1 1 o 16 (n(n—1)
== X \ Ezh —1 nHED n2 X 2
lim

2h—0 2h

e*¥—1
{ lim = 1}
X

x—=0

ef—1 1 1
=[= ><5+11m[8><(1——)]

2 n-—co n
e® -1 1
== +—8><(1—-—J
2 [#'a)
ef—1
=1I= +8x(1—-0)
e —1+16
2l=———
2
e® +15
=[=
2
4 e? + 15
Hence, the value ofJ- (x+e¥)dx= 2
0

24. Question

Evaluate the following integrals as a limit of sums:

3 b

(x* +x)dx

=

Answer
2
To find: J- (x2+x) dx
0
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,
b—a

n

Here,a=0and b =2

Therefore,
2—-0
h —
n
2
= h =-
n
Let,

2

I=J;(x2+x)dx

Here, f(x) = x2 + xanda =0



=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]
= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,
f(0)=0°+0=0+0=0

f(h)

= (h)2 + (h)

=h?+h

Similarly, f(2h)

= (2h)? + (2h)

=1= L‘E}}h[hz +h+ (2h)?+2h+-—-+{(n— 1Dh}* + (n—1h]

=1= Entl]lh[h2 +h+h?(2)2+h(2)+--+h*(n—1)*+h(n—-1)]

Now take hZ and h common in remaining series
=1= Entl]lh[hz{l2 +224+ -+ (m—1*+h{1+2+-+(n—1)]]

n—1
ZF =1*+2°+ -+ (n-1)°%=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

= 1= pe (FO=DERZD) o0 )

n(n—1)
2

h 6 2

Since,

2
h—>Oandh=E=:-n—>0ﬂ

o 2[/2y* (n(n—1)(2n—1)) 2(n(n—1)
=1=lmy _(ﬁ) [ 6 ]*a[ 2 H

= 1= lim z i [11[11 —U(@n- 1)] T E[M”

n—cl | N2 6 n 2
2[2(n—1)(2n—1)
= [= lim — +(n—1
n—col | 3n ( )
[4(n—1)(2n—1) 2
= [ = lim ( )( )+—(11—1)l
n—eo | 3nxn n

4 /m—1y /2n—1 n—1
= [= lim —( )( )+2( )]
n—eo |3 n n n

[4 1 1 1
= [ = lim —(1——) (2——)+ 2(1——)]
n—ce |3 n n n




13- va(e-)
=>I=%[1—0)(2—0)+2[1—0)

4
=:-I=§><1><2+2

I 8+2
==
3
8+6
=[=——-
3
. 14
=[=—
3

z 14
Hence, the value ofJ- (X +x)dx= 3
0

25. Question

Evaluate the following integrals as a limit of sums:

=

(x* +2x +1)dx

0 e [

Answer
2
To find: J- (x2+2x+ 1) dx
]
Formula used:
b
J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,
b—a
n

Here,a=0and b =2

h:

Therefore,

2—-0

h

Let,
2

I=J- (x*+2x+ 1) dx
4]

Here, f(x) = x2 + 2x + 1anda =0
=1= Enah[f{ﬂ) +f(0+h)+f(0+2h)+--+f(0+ (n—1)h)]
= 1=lim h[f(0) + f(h) + f(2h) + - + f((n — 1)h)]

Now, by putting x = 0 in f(x) we get,



f(0)=02+2(0)+1=0+0+1=1
f(h)

=(h)2 +2(h) + 1

=h2+2h+1

Similarly, f(2h)

= (2h)2 + 2(2h) + 1

=1= Lin}]h[l +h?+2h+1+(2h)*+2(2h)+1+--+{(n—1h}*+2(n—1h
+ 1]

== Entl]h[l +h?+2h(1)+1+h%2(2)?+2h(2)+1+--+h?(n—1)2
+2h(n—1) + 1]

Since 1 is repeating n times in the series

=1= En}]h[l xn+h?+ 2h(1)+ h?*(2)?+ 2h(2) + ---+h*(n—1)?
+ 2h(n—1)]

Now take hZ and 2h common in remaining series
== Eng}h[n+ h2{1?+2°+--+(n—1)*}+2h{1+2+ -+ (n— 1)}]

n—1

Ziz =12+2"+--+(n—-1)*=

i=1

n(n—1){(2n— 1) .
G ;

n—1

Zi=1+2+---+(11— 1) =

i=1

n(n—1)
2

L2 [n(n —1)(2n— 1)] +on {n(n - 1)”

> 1= fim z ;

Put,
h=-
n

Since,

2
h—>Oandh=H=:-n—>oo

2] 2v*(n(n—1)(2n—1)) 2(2)(n(n-1)
=>I=1111—I~]c1=oﬁ_1+(ﬁ) [ 6 ]+ n [ 2 ”

2 i[n(n— 1)(2n— l)]+ 2(2) [n(n— 1)”

—

=[=lim—|n+

n—ell | n2 6 n 2
2] 2(n—1(2n-1
=I=lim—|n+ ( ) )+2(11— l)l
n—ca 1] | 3n
4n—1)(Z2n—1 4
=1=1lim |2+ ( X )+—(11— 1)]
n—ee | 3nxn n

[ 4/m—1y/2n—1 n—1
= [ = lim 2+—( )( )+4( )]
n—ee | 3 n n n

[ 4 1 1 1
=[= lim 2+—(1——)(2——)+4(1__)]
n—oo | 3 n n n




~1=245 (1) (2 o) +2(1 )
=>I=2+%(l—0)l:2—0)+4(1—0)

4
=:-I=2+§><l><2+4

I 6+8
=[= —

3

18+ 8
==

3

26
=[=—

3

z 26
Hence, the value ofJ- (X’ +2x+1)dx= 3
0

26. Question

Evaluate the following integrals as a limit of sums:

Answer
3
To find: J- (2x? + 3x+ 5) dx
]
Formula used:
b
J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,
b—a
n

Here,a=0andb =3

h:

Therefore,

3—-0
h:

Let,

3
1=f (2x*+3x+ 5) dx
4]

Here, f(x) = 2x2 + 3x + 5anda =0
=1= Enah[f{ﬂ) +f(0+h)+f(0+2h)+--+f(0+ (n—1)h)]
= 1=lim h[f(0) + f(h) + f(2h) + - + f((n — 1)h)]

Now, by putting x = 0 in f(x) we get,



f(0) =2(02 +3(0)+5=0+0+5=5
f(h)

=2(h)?2 +3(h) + 5

=2h2+3h+5

Similarly, f(2h)

=2(2h)?2 + 3(2h) + 5

=1= En}]h[B +2h*+3h+5+ 2(2h)*+ 3(2h) + 5+ -+ 2{(n — 1)h}?
+3(n—1)h+ 5]

= Entl]h[B +2h?(1)?+ 3h(1) + 5+ 2h?(2)? + 3h(2) + 5+ --- + 2h*(n— 1)?
+3h(n—1) + 5]

Since 5 is repeating n times in the series

=1= En}]h[B x n+ 2h*(1)*+ 3h(1) + 2h?(2)?> + 3h(2) + ---+ 2h*(n—1)?
+ 3h(n—1)]

Now take hZ and 2h common in remaining series

= Enéh[5n+ 2h? {17+ 22+ -+ (n—1)2}+3h{1+ 2+ -+ (n— 1)}]

n—1
Z 2212422 4 ot (n—1)% = n(n— 1)6(211— 1) |
i=1
=~ n(n—1)

Zi=1+2+---+(11— 1) =

i=1

2

nin—1)(2n—1 nin—1
=I=1limh 511+2h2[ ( ) )]+3h[¥l
h—0 6 2

Put,

3
h=-

n
Since,

3
h—>Oandh=H=:-n—>oo

== lim E 5n 4 2( ) [11(11 -1)(2n- 1)] . 3(3) [11(11— 1)”

n—+co Il 6 n 2

=[=1lim—-|5n+

3 2(9) [11(11 —1)(2n— 1)] . 2[11(11— 1)”
n

n—ell | n2 6 2
3 18(n—1)(2n—1) 9
=I=lim—-|5n+ +-(n—1
n—co Il | 6n 2 ( )

54n—1)(2n—1
= [ = lim + ( It )
n—co | 6nxn

[ n—1y/2n—1 27/m—1
= [ = lim 15+9( )( )+—( )]
n—co | n n 2 n

i 1 1 27 1
= [= lim 15+9(1——)(2——)+—(1——)]
n—oo | n n 2 n

—(11— l)l




=>1=15+9(1—%)(2_é)+§(1_é)
1= 15+9(1—0)(2—0)+§(1_0)

27
=>1215+9><1><2+E

27
=:-I=15+18+E

I 33+27
== 2
66 + 27
==
2
93
=]=—

3 93
Hence, the value ofJ- (2x2+3x+5)dx= >
0

27. Question

Evaluate the following integrals as a limit of sums:
Jx dx

d

Answer

b
To find: J- X dx

a

We know,

b
J- f(x)dx = Eﬂéh[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h:

Let,

b
I=J-xdx

Here, f(x) = x

=[= Egtljh[f(a) +fla+h)+fla+2h)+--+fla+ (n— 1)h)]
Now, By putting x = a in f(x) we get,

f(a) = a

Similarly, f(a+ h) =a + h

=[= Egtl}h[a+a+h+a+2h+---a++(n—l)h]

In this series, a is getting added n times

=1= Enah[an+h+ z2h+ -+ (n— 1)h]



Now take h common in remaining series

= Enéh[an +h(1+2+--+(n-1)]

{-.-Zi=1+2+---+(11—1)=M]

i=1 2
an+ h[—n(nz_ l)”

=[=Ilimh
h—0

Put,
b—a

h p—

n
Since,
h—0andh=——=n— o

b—a b—a(n(n—1)

= [= lim an +

n—ce Il n 2

b—

=1= lim [an + ( > ) (n— 1)]

— oo

= 1= tm a0+ (257) (1))
Si= a(b—a)+((b;a)2)(l—é)

== a(b—a)+((b;a)2)(l—0)

(b—a)?
2

=[= lim [a(b— a)+ (b 2 )(b—a)(n— 1)]

=I=a(b—a)+

=:-I=(b—a)(a+b;a)

2a+b—a

1= -2 (25
2

b+a

1= -7
b2—32
==
2
b2_a2

Hence, the value ofJ-xdx= >

28. Question

Evaluate the following integrals as a limit of sums:

j.(x—l}dx



Answer
To find: J- (x+ 1) dx
0
We know,
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],

where,
b—a
n

Here,a=0and b =5

h:

Therefore,

5—-0
n

h

= h =-
n

Let,

1= J-J(x+ 1) dx

0
Here, f(x) =x+1anda=20
=[= Eféh[f(o) +f{0+h)+f(0+2h)+-—-+ 0+ (n—1)h)]
= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]
Now, By putting x = 0 in f(x) we get,
f0O)=0+1=1
Similarly, f(h) =h + 1
=1= Eﬂtljh[l-l-h—i- 1+2h+1+--+(n—1)h+ 1]
In this series, 1 is getting added n times
=[= Egtljh[l xn+h+2h+--+ (n— 1)h]
Now take h common in remaining series
=1= EE(I}h[I]-I— h(l+2+ -+ (n—1)]

{:-Zi=1+2+---+(n—1)=$]

n(n—1)
=I=limhn+hy{———
h—0 2

Put,



5
h—>Oandh=H=:-n—>oo

5 - I_51[11(112— l)”

=[=lim -
5(n—1)
2

n—aco 1

5
=[=lim -
n—oo Il

n-+

= [= lim [5+

n—co

25(n—1)
2n ]

25 1
= [ = lim [5 + —(1 — —)}
n—ca 2 Il

25 1
s1=5+2(1-2)
2 [#'a)

25
=1=5+—(1-0)

I 5+25

TIENTS

10+ 25
=[=

2

35
=[=—

2

s 35
Hence, the value ofJ- (x+1)dx= >
li]

29. Question

Evaluate the following integrals as a limit of sums:

X dx

[E=]

Answer
3
To find: J- x? dx
2
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,

b—a

n
Here,a=2and b =3
Therefore,

-2
h:




3
I=J-x2dx
2

Here, f(x) = x2 and a = 2

=[= Eféh[f(z) +f(2+h)+f(2+2h)+-—-+f(2+ (n—1)h)]
Now, by putting x = 2 in f(x) we get,
f2) =22=4

f(2 + h)

=(2+hy

= h? + 22 + 2(h)(2)

=h2 + 4 + 4(h)

Similarly, f(2 + 2h)

= (2 + 2h)?

= (2h)2 + 22 + 2(2h)(2)

= (2h)2 + 4 + 4(2h)
{(x+y)2=x%+y2+ 2xy}

=1= LiL%h[‘* +h*+4+4(h)+(2h)*+4+4(2h) + -+ {(n—1Dh}* +4
+4{(n—1)h}]

== Lin}]h[4+h2 +4+4h+h%(2)%+4+4(2h)+--+h*’(n—-1)* +4
+ 4h(n—1)]

In this series, 4 is getting added n times

== Eng}h[-‘-} xn+h?+4h+h?(2)2+4(2h) + -+ h?(n— 1)? + 4h(n—1)]

Now take hZ and 4h common in remaining series

== Eng}h[-‘-}n+h2{12+ 224+ +(n—1)*}+4h{1+2+ -+ (n— 1)}

(n—1)(2n— 1)
n(n— n—
-.-Ziz=12+22+---+(n—1)2= c ;
i=1
n—1
nin—1
Zi=1+2+---+(n—l)=%
i=1
nin—1)(2n—1 nin—1
=I=1limh 411+h2[ ( ) )]+4h[¥]
h—0 6 2
Put,
1
h=-
n
Since,

1
h—>Oandh=E=:-n—>0ﬂ

1= lim = [411 4 (E) [“(“— 1)(2n - 1)]+ 4(1) [11(11— 1)”

n—call n 6 n 2




= [ = lim E[411+ i[n(n— 1)(2n— 1)]Jr E[M”

n—coll n2 6 n 2
1 n—1)Z2n—1
=1= 11111—[411+[: It )+2(11— 1)]
n—ca 1] 6n

[ n—1)(2n—-1) 2
= [= lim 4+[: ) )+—
n—ee | 6n X n n

[ Ilm—1yvs/2n—1 n—1
= [ = lim 4+—( )( )+2( )]
n—ee | 6 n n n

i 1 1 1 1
= [= lim 4+—(1——)(2——)+2(1——)]
n—es | 6 n n n
1 1 1 1
=>1=4+—(1——)(2——)+2(1——)
6 oo o0 oo

$1=4+%u—nxz—m+2u—o)

(n— 1)]

1
= I=4+-x1x2+2

= 6+n
=T hTy
18+1
=[=
3
19
T3

a2
19
Hence, the value ofJ- xZdx= 3
2

30. Question
Evaluate the following integrals as a limit of sums:

3

J(x + x] dx

Answer
3
To find: J- (x% + x) dx
1
Formula used:
b
J- f(x)dx = Eng}h[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],
where,
b—a

n
Here,a=1and b =3

Therefore,

3—1
n

h



Let,

I=J-3(x2+x) dx

1

Here, f(x) = x2 + xanda = 1

== Eﬂtljh[f(l) +f(1+h)+f(1+2h)+--+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1)=12+1=1+1=2

f(1 + h)

=(1L+h2+(1+h)
=h2+12+2(h)(1)+1+h
=h?2+2h+h+1+1

=h? +3h +2

Similarly, f(1 + 2h)

= (1 + 2h)2 + (1 + 2h)

= (2h)2 + 12 + 2(2h)(1) + 1 + 2h
=(2h)2+4h+2h+1+1

= (2h)2 + 6h + 2

{ (x+y)2 =% +y? + 2xy}

== Lin}]h[z+h2 +3h+2+(2h)?’+6h+2+ -+ {(n—1h}*+3(n—1)h
+ 2]

=1= Lin}}h[2+h2 +3h(1)+2+h%(2)*+3h(2)+2+ -—-+h?*(n—1)°
+3h(n—1) + 2]

In this series, 2 is getting added n times

=1= En}]h[2n+ h? + 3h(1) +h?(2)* + 3h(2) + -+ h*(n— 1)? + 3h(n— 1)]

Now take hZ and 3h common in remaining series

=1= Entl}h[2n+h2{12+ 22+ +(n—1)%}+3h{1+2+ -+ (n— 1)]]

(n—1)(2n— 1)
n(n— n—
-.-ZF=12+22+---+(n—1)2= c ;
i=1
n—1
nin—1
Zi=1+2+---+(11—1)=%
i=1
nin—1)(2n—1 nin—1
=I=1limh 211+h2[ ( ) )]+3h[¥]
h—0 6 2
Put,
2



Since,

2
h—>Oandh=H=:-n—>oo

2] 232 (n(n—1)(2n—1 2(3) (n(n—1
=[=lim - 211+(—) ( ) ) + (3) fnl )
n—onl | . 6 n 2
2] 4 (n(n—1)(2n—-1 6(n(n—1
=[=1lim-|2n+— ( ) ) + — Q
n—ell | n2 6 n 2
2 2(n—1)(2n—1
=[=lim—|2n+ ( )( )+3(11— 1)]
11—»0011_ 3n
4n—1)(Zn—1 6
=[=lim |4+ ( ) )+—(11— l)l
n—eo | 3nxn n
[ 4/m—1y /2n—1 n—1
= [ = lim 4+—( )( )+6( )]
n—ee | 3 n n n
i 4 1 1 1
= [= lim 4+—(1——)(2——)+6(1——)]
n—es | 3 n n n
4 1 1 1
=>I=4+—(1——)(2——)+6(1——)
3 oo o0 oo
4
=:-I=4+§(1—0)(2—0)+6(1—0)
4
=:-I=4+§><l><2+6
I 1II)—|r8
=[= —
3
30+8
==
3
38
=[=—
3

3 38
Hence, the value ofJ- (x*+x)dx= 3
1

31. Question

Evaluate the following integrals as a limit of sums:

3 b

(X —xt]dx

=

Answer
2
To find: J- (x? — x) dx
4]
Formula used:
b
f f(x) dx = limh[f(a) +(a +h) +f(a-+2h) +

where,

b—a
n

h:

-+ fla+(n—1h)],



Here,a=0and b =2

Therefore,

2—-0
h:

Let,

I=L2(x2—x)dx

2

Here, f(x) = x¢-xanda =0

= 1= lim h[f(0) + f(0 + 1) + f(0 + 2h) + -+ f(0 + (n — Dh)]
= I=lim h[f(0) + f(h) + f(2h) + - + f((n — 1h)]

Now, by putting x = 0 in f(x) we get,
f(0)=0°-0=0-0=0

f(h)

= (h)2 - (h)

=h?-h

Similarly, f(2h)

= (2h)? - (2h)

= (2h)2 - 2h

== Eng}h[o +h*—h+(2h)?—2h+ -+ {{(n— 1)h}*— (n— 1)h]
== Enéh[h2 —h+h?(2)?-2h+--+h*(n—1)2-h(n—1)]

Now take hZ and -h common in remaining series

== %1111}]'}‘1[}‘12{12+22 +--+Mm—1)2%}—h{1+2+--+(n—1)}]

n—1
nin—1)(2n—1
'-'Ziz:12+22+...+(n_1)2= ( )6( );
i=1
n—1
nin—1
Zi=1+2+---+(11—1)= (2 )
i=1
n(n—1)(Zn—1 n{n—1
=:-I=limh[h2[ ( ) )]—h[ ( )”
h—0 6 2
Put,
2
h==
n
Since,

2
h—>Oandh=E=:-n—>0ﬂ



o 2[/2y* (n(n—1)(2n—1)) 2(n(n—1)
~1=1m (0] [ 6 ]‘a[ 2 H

2[4 [11(11— 1)(2n— 1)] 2[11(11— 1)”
=1=lim—-|= -y

n—cl | N2 6 n 2
2[2(n—1)(2n—1)
= [= lim — —(n—1
n—ee]l | 3n ( )
[4(n—1)(2n—1) 2
= [= lim ( ) )——[11—1)]
n—ee | 3nxn n

4 /m—1y /2n—1 n—1
= [ = lim —( )( )—2( )]
n—ce |3 n n n

4 1 1 1
= im (-3 (2= 2) -2 (1-2)]
n—eo |3 n n n
4 1 1 1
~1=3(1-3)(2-5)-2(1-3)
3 co oo co

- 1=§(1—0)(2—0)—2(1—0)

I : I1x2-12
=I=-x1x2-
3

3
=>I=§—2

8§-6
===

2
=>I=§

2

2

Hence, the value ofJ- (x*—x)dx= 3
0

32. Question
Evaluate the following integrals as a limit of sums:

3
J‘(ilxg +5% )dx
1

Answer
3
To find: J- (2x? + 5x) dx
1
Formula used:
b
J- f(x)dx= En}]h[f(a) +fla+h)+f(a+2h) +--+fla+ (n—1)h)],
where,
b—a

n

Here,a=1and b =3

Therefore,



Let,
3

1= J- (2x? + 5%) dx
1

Here, f(x) = 2x2 + 5x anda = 1

== Eﬂgh[f(l) +f(1+h)+f(1+2h)+--+f(1+(n—1)h)]

Now, by putting x = 1 in f(x) we get,

f(1) =2(1)2 +5(1)=2+5=7

f(1 + h)

=2(1+h)2+5(1+h)

=2{h?+ 12 + 2(h)(1)} + 5 + 5h

=2h2+4h+2+ 5+ 5h

=2h2+9h +7

Similarly, f(1 + 2h)

= 2(1 + 2h)2 + 5(1 + 2h)

= 2{(2h)? + 12 + 2(2h)(1)} + 5 + 10h

=2(2h)2+2 + 8h + 5 + 10h

=2(2h)2 + 18h + 7

=2(2h)2 + 9(2h) + 7

{ (x+y)2 =% +y? + 2xy}

= [=1limh[7 + 2h? +9h +7+ 2(2h)*+ 9(2h) + 7 + -+ 2{(n — 1)h}?
+9(n—1)h+7]

=1= EE})h[T +2h%*(1)+ 9h(1)+ 7+ 2h%(2)? + 9h(2) + 7 + --- + 2h*(n—1)?
+9h(n—1) + 7]

In this series, 7 is getting added n times

=1= Egtljh[7n+ 2h%(1)+ 9h(1) + 2h?(2)? + 9h(2) + --- + 2h?(n— 1)?
+9h(n—1)]

Now take 2h? and 9h common in remaining series

=1= Egtljh[7n+ 2h2{12+ 22+ +(n—1)3}+9n{1+2+ -+ (n— 1)]]

n—1

Ziz =124+224+ ..+ (n—-1)>%=

i=1

n(n—1)(2n— 1) .
6 ;

n—1

Zi=1+2+---+(n— 1) =

i=1

n(n—1)
2



1= [+ 2ne 227 DE DY (a0 )

6 2

Put,
h=-
n

Since,

2
h—>Oandh=E=:-n—>0ﬂ

1z 1im 2|7+ 2@ [n(n— 1)(2n— :L)]+ 2(9) [11(11— 1)”

n—ca 1] | 6 n 2
20 8 (n(n—1)(2n—1 18(n(n—1
=I=Ilim-|"n+— ( It ) +—¥
n—ell | n2 6 n 2
2] 4(n—1)(2n—1
=[=lim—|7n+ ( )( )+ 9(n— 1)]
n—oo 1] | 3n
8(n—1)(Zn—1 18
= [ = lim + ( ) )+—(11— 1)]
n—eo | 3nxn 1

i 8/m—1y/2n—1 n—1
= [= lim 14+—( )( )+18( )]
n—eso | 3 n n n
[ 8 1 1 1
= [ = lim 14+—(1——)(2——)+18(1——)]
n—ee | 3 n n n
8 1 1 1
=1= l4+—(1——) (2——)+ 18(1——)
3 co oo o

== 14+§(1—0)(2—0)+18(1—0)

8
=:-I=14+§><1><2+18

I 32+16
== 3
96 + 16
=[=
3
112
=2]=—
3

o, 112
Hence, the value of | (2x° +5x) dx = 3
1

33. Question
Evaluate the following integrals as a limit of sums:

j(Sx +1)dx

Answer
3

To find: J- (3x%+ 1) dx
1

Formula used:



b
J- f(x)dx = Eﬂéh[f(a) +f(a+h)+f(a+2h)+--+fla+(n—1)h)],

where,

b—a
n

h:

Here,a=1landb =3

Therefore,

i—-1
h:

Let,
3
1=f(3x2+1)dx
1

Here, f(x) = 3x2+ landa =1

== Eﬂgh[f(l) +f(1+h)+f(1+2h)+--+f(1+(n—1)h)]
Now, by putting x = 1 in f(x) we get,
f(1)=3(1)+1=3(1)+1=3+1=4
f(1 + h)

=3(1+h2+1

=3{h? + 12 + 2(h)(1)} + 1
=3(h)2+3+3(2h) +1

= 3(h)2 + 4 + 6h

Similarly, f(1 + 2h)

=3(1+2h)2+1

= 3{2(2h)? + 12 + 2(2h)(1)} + 1
=3(2h)2 + 3 + 3(4h) + 1

= 3(2h)2 + 4 + 12h
{(x+y)2=x2+y%+ 2xy}

=1= EnéhH +3(h)*+4+6h+3(2h)*+4+12h+--+3{(n—1h}* +4
+ 6{(n—1)h}]

=1= En}]h[é} +3h?(1%)+ 4+ 6h + 3h?(2)*+ 4+ 6(2h) + --+3h?(n—1)*> + 4
+ 6h(n—1)]

In this series, 4 is getting added n times

=1= En}]h[é} x n+ 3h%(12)+ 6h + 3h?*(2)%? + 6(2h) + -+ 3h*(n—1)°
+ 6h(n—1)]

Now take 3h? and 6h common in remaining series

== Enéh[4n+3hz{12+ 224+ (m—12*}+6h{1+2+ -+ (n— 1)]]



n—1

n(n—1)(2n— 1) .

Ziz =124+224+ ..+ (n—-1)>%=

i=1
n—1

Zi=1+2+---+(n— 1) =

i=1

n(n—1)
2

nn—1)(2n—1) n(n—1)
4 ] +6h [72

=[=Ilimh [411 + 3h? [
h—0
Put,
h=2
n

Since,

2
h—>Oandh=H=:-n—>0ﬂ

6 ]

= [ = lim E _411 i3 (1_21) [11(11 —-1)(2n— 1)] . 6(2)[

n—oo ] 6 n

=[=Ilim-|4n+

2( E[n(n —1)(2n— l)] . E[n(n— 1)

n—ell | n2 6 n 2
2 2(n—1)(2n—1
=[=lim—|4n+ ( )( )+ 6(n— 1)]
n—oo Il |
4n—1)(Zn—1 12
=[=lim |8+ ( Jt )+—(11— l)l
n—eo | nxn n

T n—1ys2n—1 n—1
= [= lim 8+4( )( )+12( )]
n—oo | n n n

T 1 1 1
= [ = lim 8+4(1——)(2——)+12(1——)]
n—co | n n I

i’I=3+4(1—§)(2—é)+12(1—&)

=1=8+4(1-0)(2-0)+12(1-0)

=[=8+4x1x2+12
=[=20+8

=1=128
3

Hence, the value ofJ- (3x2+ 1) dx = 28
1

Very short answer
1. Question

T2
i . ¥
Evaluate J sin“ x dx
0

Answer

(3
Let | — Jzsin® xdx~(1)



Using the property that _[:f(x)dx = f:f(a: +b—x)dx

T

I= J-Esin2 (g— x)dx
1]

= JZcos®xdx -(2)

Adding (1) and (2), we get
T T T

3 3 £l n
21 = J- sin®xdx +J- cos? xdx =J- dx =—
u] u] 1] 2

T

Hence, [ = -
4

2. Question

T2

i ]
Evaluate J cos- x dx

0

Answer
T
Let | — Jzcos? xdx-(1)
Using the property that fabf(x)dx = f:f(a +b—x)dx
T T
I = [?cos? (g— x)dx = [2sin®xdx~(2)

Adding (1) and (2), we get

T T

T
3 3 £l n
21=J- smzxdx+J- coszxdx=J- dx =—
u] u] 1] 2

T

Hence, | = -
4

3. Question
2
i . ¥
Evaluate J sin-x dx
-T2

Answer
T
Let I = [ % sin®xdx
2

l-cosix
2

Since cos2x = 1 — 2sin®x = sin®x =
T
1(z i
I—EJ-_E(I— co52x)dx
2

T . T

2  sih2x| 3

4 [-L
2

(sinm — sin(—m))



4. Question

T2
i ¥
Evaluate J cos” x dx
—m/2

Answer

T
Let I = [ cos®xdx
z

Since cos2x=2co0s? x-1

1+ cos2x

2.
2

1(3 .
I—EJ-_E(I+ co52x)dx
2

T . T

2  sih2x| 3

4 [-L
2

(sinm — sin(—m))

5. Question

T2
Evaluate J sin” x dx
-T2

Answer

T
Let ] = [Zrsin®xdx
2

f(x)=sin3x
f(-x)=sin3(-x)=-sin3x
Hence, f(x) is an odd function.
. i N " n
Since, f—afl:l)dl = ( if f(x) is an odd function.

Therefore, |=0.
6. Question

w2
i ¥
Evaluate J X cos” x dx
-T2

Answer
T

Let I = [% xcos?xdx
2

2

f(x)=xcos<x

f(-x)=(-x)cos2(-x)

=-XC0S2X



=-f(x)
Hence, f(x) is an odd function.

. i N " n
Since, f—afl:l)dl =  if f(x) is an odd function.
Therefore, |=0.

7. Question

T4
i ¥
Evaluate J tan- x dx
0

Answer

Lot m L

et — 2.0 2. .
I = [#tan®xdx = [#(sec®x — 1)dx

Let tan x=t

= sec2xdx=dt

When x=0, t=0 and when x = %,t =1

1y
Hence, = [Fdt + [f-dxr=1-7

8. Question

[—

Evaluate |
0 X- T 1

Answer

dx

1 1
Let] = fo v

Substituting x=tan® = dx=sec?0d6 (By differentiating both sides)
T

Also, when x=0, 8=0 and x=1, 6—1

Iy
Wegetj_ (e 1 .,.2
98t = [ sec’ods
Since sec?6=1+tan%6

T
We get — J‘Did,g

9. Question

| x
EvaluateJ —|dx
_2 X
Answer
Let ] = f_lz%dx = _[_Oz%dx - fol%dx

[x]=-x, if x<0
And |x|=X, if x=0

Hence, | = _[_02_

dx + foldx



I=-24+1=-1
10. Question

X
EvaIuateJ e " dx
0

Answer
Letr= [~ e ™dx

o

—
=-(0-1)

=1

11. Question

4

EvaIuateJ # dx

=
—
N
|
i

Answer

1

4
Letj:fﬂ\.’lé——xz

dx

Substituting x=4sin® = dx=4cos6d6

Also, When x=0, 6=0 and x=4, e=§

T

F 1

I= J- —4r0s6d#8
o V16 — 16sin2d

T
J’ Edﬂ n
0 2

12. Question

3 1

Eviuate

=
v
[
}
O

Answer
Substituting x=3tan® = dx=3sec?0d6 (By differentiating both sides)

Also, when x=0, 6=0 and x=3, 9=E

T
Wegety— [+ 9+9t1an26' 3sec’6de

Since sec26=1+tan2%6

T

We get 1 _ (298

g I_jﬂdg
T
12

13. Question



2
Evaluate J J1—cos2x dx
0

Answer
T
Let = foz V1 —cos2x dx

Since, cos2x=1-2sin?x = 2sin?x=1-cos2x

£ s
Hence, | = [ =y2sinxdx = —/2cosx H

= —2(0-1)=+2
14. Question

2
Evaluate J log tanx dx
0

Answer

Let 1 = [=logtanx dx

Using the property that _[:f(x)dx = f:f(a: +b— x)dx
I= J-%lo tan (E— x)dx = J-%lo cotx dx
. g 2 . g

T

- [Prog L dx = - [Fogtanc
=, Ogranx X = , ogtanx dx

(Since logai =—log,b)
Since |=-I, therefore 1=0

15. Question

w2 .

- 3+ 5cosx
Evaluate Jlog 7de

0

3+5smx
Answer

T
- 3+5cosx

Let j — [21og2t3ce¥ 4
4] 3+55inx

Using the property that _[:f(x)dx = f:f(a: +b—x)dx

T

. J-%log?) + 5cos (%— x)
1]

3+ bsin (g — 1) &

T
J’E 3+ bsinx
0g——dx
0 gB + bcosx

T
J’El 3 + bcosx
- og—————dx
0 g3 + bsinx



=-1 (Since 1oga§ = —log,b)

Since |=-I, therefore 1=0

16. Question

T2 - 11
: sin” x

EvaluateJ . . dx.n e N.
5 sin” x+cos” x

Answer

Let| _ f”L"dex (1)

0 sin"x+cos"x

Using the property that _[:f(x)dx = f:f(a: +b—x)dx

z sinx
Weget] = [z ————dx

0 sin"x+cos"x

T

2
sin (——;t)
=J- - dx
]‘l R nf— —
o sin x) + cos (2 x)

Since sin(%—x) =cosx and cos(%—x) =sinx

We get — [z _;,.(2)

0 sin"x+cos"x
Add (1) and (2)
T

z
J’SL?I x + cos™x
0

sin"x + cosmx

7
=J-dx
4]

17. Question
T
Evaluate J cos” x dx
0

Answer
Let] = [ cos®xdx
—Jo

Consider cos®x= cos?

X X COSX

= (cos?x)2 x cosx

= (1- sin®x)2cosx

Let sinx=y = cosxdx=dy (Differentiating both sides)
Also, when x=0, y=0 and x=m, y=0

Hence, | become _[00(1— y3) dy



Since [* f(x)dx = 0. We get [ = [ "cos®xdx

- j:u—y?)?dy

=0

18. Question

a—sinB
Evaluate J do
a +sin 8
—Ti2
Answer
%, (a=sinf)
- a—511
Let] = f__j.r Iggm
_ (a—sind)
Let ‘f(ﬂ) - IOQ‘ (a+sind)
(a—sin{—8))

Then f[:_ﬂ) =lo (a+sin(—8))

(a + sind)
(a — sind)

(a— sind)
°g (a+ sind)

=—f(6)

(Since sin(-6) =-sin(8) and log, b = —log,,-)

From this, we infer that f(8) is an odd function.

Using _[_aaf(x)dx — p if f(x) is an odd function, we get that I=0
19. Question

1
Evaluate J X | X | dx
-1

Answer

Let] = f_llxlxldx

[x|=-x, if x<0

And [x|=X, if x=0

Therefore f(x)=x|x|=-x2, if x<0
And f(x)=x|x|=x2, if x=0

Consider x=0 = f(x)=x2

Then -x<0 = f(-x) = -(-x)2 = -f(-x)
Now Consider x<0 = f(x)=-x2
Then -x=0 = f(-x) =-(-x)2=x?=-f(x)

Hence f(x) is an odd function. An odd function is a function which satisfies the property f(-x) =-f(-x), V x&
Domain of f(x)



There is a property of integration of odd functions which states that

a . . .
j_af(;t)dl — 0 if f(x) is an odd function.
1
Therefore| — _[_1 x|x|dx =0

20. Question

b £(x)

Evaluate
J f(x)+f{a+b—x)

a

Answer

_rb flx) o
Letl = [, s X - D)

Using the property that fabf(x)dx = f:f(a +b—x)dx

We get | = j-b fla+b—x)
" Ja fla+b—x)+flatb—(a+b-x))

b flatb-x) o
=1 farser @~ 2

Adding (1) and (2) we get

bf(x)+ fla+b—x) .
ZIZJ; O+ flatb—0™

b
=J-dx

=b—a

21. Question

1

1+x

Evaluate

=

Answer

Let1 = [F— dx

0 1+x2

Substituting x=tanB = dx=sec26d0 (By differentiating both sides)

Also, when x=0, 8=0 and x=1, 9=E

T
< 1
We get| = [s——sec’6ds

Since sec26=1+tan2%0

T
We get | = J‘Did,g

T
4
22. Question



4
Evaluate J tanx dx
0

Answer

L
- SInX

(3
Let] = fo" tanxdx = fo" dx

CO5X

Substituting cosx=y = -sinxdx=dy (By differentiating both sides)
Also, when x=0, y=0 and x=%, y=iE
J

1

We get | _ —fl"_ildx
v

1
Weget]=—log,y V= (Check Q23. For proof)
- 1

1
= —(log,.(—=)—log,1
( gg(ﬁ) g2.1)
Sincelog,1 =0and —log, b = logaé » We get

1=1log,\2

23. Question

(VS )

o=

Evaluate |

dx

(3]

Answer
31,
Let] = _[2 ;dx
Substitute x=eY= dx=eYdy (Differentiating both sides)

x=eY=y=log,x andwhenx=2,y=1og.2, and whenx =3,y =

Since
log,3

logz3 1
We get | = flogQE Eel’d}'

logg3
I=J- dy
1

0gp 2
=log,3 —log,2
= 1ogg§ (Since log, b —log, c = log, g)

24. Question

Y b

-

dx

Evaluate |4 — X

(=]

Answer
Let 1= [7VE—x?dx
Substituting x=2sin8 = dx=2sin6d6

Also, When x=0, =0 and x=2, 9=%



m
We get| — [z /4 — (2sin6)22cos6d6

T
2 —

I= J- 4 — 4sin?8 2cos6dd
0

T
7z —
= J- Vv 1—sin?8 4cos6dd
0

T

K
= J- 4cos?6de
1]

1+cos2d
2

Since cps28 = 2c0s?8 — 1 = cos?6 =

T
F

I= J- (2 + 2c0526)d6
0

m

T
=26 |2 + sin26 |2
0 0

=mn+sin m-sin 0
=T

25. Question

-

1
- 2%
Evaluate J —dx

Answer

Let1=f1 2% dx

0 14+x2
Substituting 1+x2=t
= 2x dx=dt

Also, When x=0, t=1 and x=1, t=2

We get | = ff%dt (For proof check Q23.)

=log,t ﬁ =log.2 —log.1 =log,2 (Since log, 1 = 0)
26. Question

1

Evaluate Jx e* dx
0

a4

Answer

1 -1
Let1= [ xe* dx
Substitute x?=y
= 2xdx=dy

Also, when x=0, y=0 and x=1, y=1
We get| = f;%dy

Since _[ e¥dy = e¥



We get]=£|1= el _g? _e-1
2 10

27. Question

/4
Evaluate J sin 2x% dx
0

Answer
Let]_ s
ety — in?v dy
I= fo" sin2x dx
Substitute 2x=y = 2dx=dy

Also, when x=0, y=0 and ng’ y=%

T
1 = 1 T 1
- _= 2__Z I - =
= cos = COS cos0 | =
2o 2( (2) ) 2
28. Question
2
E‘ 1
Evaluate _dx
xlogx
=
Answer
Let]—fez L dx
e xlogex A

Substitute log,x =y = o _ dy
] - )

Also, When x=e, y=1 and x=e2, y=2

We get] = ffidy (Check Q23. For proof)

2
1= log,2 —log,1=1og,2

=log.y

29. Question

m'2

Evaluate | e* (sinx —cosx)dx

=

Answer
Let]_ (=
et1— Xl aimy — 3 dx
I= f:e (sinx — cosx) dx
Substitute -eXcosx=t = eX(-cosx+sinx)dx=dt
(Differentiating both sides by using multiplication rule)

Also, When x=e, t=-e®cose and x=§, t=0

we get = [° dt=t|_,° =0-(—e°cose) = e°cose

% cose —-afcose

30. Question



rX
Evaluate

x°+1

[ e

Answer

4 x
Let] = _[2 e dx

Substitute 1+x2=t = 2xdx=dt
Also, When x=2, t=5 and x=4, t=17

We get ] = ;f;?idt

—11 tjj—ll:l 17 -1 5)—11 ul

(Since log,b—log,c=1log, f)

31. Question

1
If J(3x3 2% —k) dx = 0. find the value of k.
.

Answer

To find the value of K, First we have to integrate above integral for which we have to apply simple formulas
of integration [ x2dx and [ xdx ,s0

[1(3x% + 2 + 1) =[30373) + 202/2) + kx] = 0

Put the upper limit and lower limit in above equation-

= [3@) +2G)+k.l] - [3.(0)+2(0)+ k.(0)] =0
=(1+1+k) =0

K=-2

32. Question

a

If J‘ijdx — 8. write the value of a.
0

Answer

Doing integration yields-

3;[3
'3

Il
=n

a
a=2
33. Question

X
If f(x) = J tsint dt.then write the value of f'(x).
0



Answer

Doing integration yields-

F(x) = t. (~cost)} - J; X%(t).(—cost)dt

X

= —(xcosx— 0) + J- costdt
0

= —Xcosx + [Si?lt];
then finally f(x)=-x cos x + sin x

To calculate derivative of the above function f(x) we have to apply formula of derivation of products of two
functions-

F(x) =-x cos(x)+sin(x)

F’(x) =-[x(-sin x)+cos x.1]+cos x ;{by formula d/dx (f.g)=f.g’+q.f'}
F’(x) =-(-x sin x) - cos x + cos X

F'(x) = x.sin(x)

34. Question

a
IfJ
0

Answer

1
4+x

=

T
dx = = . find the value of a.
S

Doing integration yields-

1 X g T
IR I _ =
[ztan (2)]0 3

lt ,a tan-10 T
2[:an 5~ tan )—8

a m
tan™l-—-0=—
2 4

t r[+1
a=tan—
4
a=2
35. Question

3
Write the coefficient a, b, c of which the value of the integral J (ax2 —bx + C)dx is independent.

-3
Answer

Doing integration yields-

x*? b12+ \ 3
a3 R

By substituting upper and lower limit in above equation=(9a - b_g + 3.9) —(9a— b_g —3c)

=18a+bc

so now we can say this is independent of variable b



36. Question

3
Evaluate J Fdx
)

Answer

Doing integration yields-

Lagg]B

(3°-3%)

EogB

18
~ log3

37. Question

=[j;[x} dx

Answer
we know that

[]_P0<1<1
1,1<x<2

I= J-l[x]dx + J-z[x]dx = J-lodx + J-zl.dx

=0+ (0)?
= (2-1)
=1

38. Question

Answer

we know that

0, 0<x<1
[M{Ll<x<2
15
I—J- [x]dx +J- [x]dx +J- [xldx oo o+ | [x].dx
14
=(0)+(1)+(2) e 14
=105 ans

39. Question

— |1
| = -lx)-dx.
0



Answer
we all know that-

{x}=x,0<x<1

1 -2
I=J- xdx = ol 1=Eans
0 210 2
40. Question
1
P r};]
I=JeL Fdx
0
Answer

we all know that-
{x}=x,0<x<1
1
I=J- e*dx = (el —e%) =(e—1)
]

41. Question
| =]x[x] dx
0

Answer
we know that

0,0<x<1
1,1<<x<2

1 2 1 2
I=J- x[x]dx+J- x[x]d;t':J- de+J- x. ldx
li] 1 li] 1

J,_-2 2 22 12

x1={

1 2 2

42. Question
1

| = J':}‘_["] dx
0

Answer

we know that

_(0,0<x<1
[X]_{l,l<x<2
1 1 2)( 1 1
— (=0} g, — L — 1 __ 10]
! J;Z dx J;Zdl [IogZ]O 1092[2 2
1
~ log2

43. Question



I=]loge[x} dx
0

Answer
we know that

0,0<x<1

[X]={1,1< x<2

1 2 1 2
I=J- Iog[x]dx+J- log[x]dx =J- Odx +J- logl.dx
li] 1 0 1

=0
44. Question

2
| = J [xj | dx
. J
Answer

we know that

0,0<x<1
1,1<<x<2

1 l,."i 1 l,."i
I=J- [xz]dx+J- [x*]dx =J- Odx +J- 1.dx
li] 1 li] 1

=(v2-1)

[x]=[

45. Question

w4

— i el

| = J sin{x} dx
0

Answer
we all know that-

{x}=x,0<x<1

I= fon'm sin(x)dx = (_cosx)né4 = —(cosg— cos0)

(-3

MCQ
1. Question

1

=

J x(1-x)dx equals
0

A.1/2
B. /4
C. /6
D. /8



Answer
Let, x = sin? t

Differentiating both sides with respect to t

X
— =2sintcost
dt

=dx =2 sintcostdt
Atx=0,t=0

Atx=1,t= =
2

ra| &

y= J- Jsin2t (1—sin2t) x 2sintcost dt
0

T

2 a2 2
2 sin“t cos“t dt
1]

T
lJ-E 2t dt
=3 , sin?
171 2(2)
71— cos t
_ f dt
2Jq
-
1(r 51114r)§
- 2\2 8 /o
1,
= >|(G-0)-0-0)]
T
Y= 38
2. Question
T
J —dx equals
l+smx
0
A. 0
B. 1/2
C.2
D. 3/2
Answer
T 1
y= “[0 1+sinx

Multiply by 1 - sin x in numerator and denominator

" 1—sinx p
o (1+sinx)(1—sinx) *

J’“ 1—sinx p
= o — X
o 1—sin?x

T1—sinx
= — dx
o COS?x

}J’:



o1 sinx
= - dx
o €CO0S?x cosix

T
J- sec’x — tanx secx dx
0

(tanx —secx)g
y =[(0-(1)) -(0-1)]
y=2

3. Question

X tanx
dx

SECX —COs X

O e,

k2

>
=

w
|J|"1,_, a

(3]

0
(9%}
A

[

In this question we can use the king rule

}; = J.Rﬂdx ._.(1)

0 secx+cosx

_J’“ (m —x) tan(m — x)

sec(m — x) + cos(m — x)

T —mt —xt
T wtanx _ xtanx B (2)

0 —(secx+cosx) —(secx+cosx)

On adding eq(1) and eq(2)

T mwtanx
2y = —dx
o Secx + cosx

J’“ mSinx d
= — dx
o 1+cos?x

Let,cosx =t

Differentiating both side with respect to x

E: —Sjnxﬁ-dt=5inXdX
dx

Atx=0,t=1
Atx=m,t=-1

2 f_l—_n d
= t
Y=, 1+¢c2



—m(tan~t £) Tt

e
Il

4. Question

The value of 1—5111: dx is
. 2

A. 0

(=]

B.2
C.8
D. 4

Answer

2m . x x . X x
y= | Jsm?—Jr cos?—+ 2sin-cos- dx
- 0 4 4 4 4

J-QT . X ¥ d
sin—+cos— dx
o 4 4

=4 (— l:l:)si:r + stjr

4[(0 + 1) - (-1 - 0)]
y =8

5. Question

The value of the integral _[ #ﬁmd;{ is
A.0

B. /2

C.n/4

D. none of these
Answer
Mistake: limit should be 0 to m\2

Right sol. In this question we apply the king rule

y= f‘ﬁdx (1)

—
VEeosx + WEsinx

COS(; I) i
L= e

_ ; Vsinx dx --.(2)
0 ysinx + +/cosx

On adding eq(1) and eq(2)



dx

T

Z y/sinx + yjcosx
2y =

1]

Vsinx + +/cosx

7
=J-dx
1]

1 =
y= 503
T

Y=3

6. Question

J‘ 1 — dx equals
olee”

A.log2-1
B. log 2
C.log4-1
D. -log 2
Answer

Take eX out from the denominator

= 1
y= J-U Ex(e_x+1] dx

== E—J('
y= dx
. J; e +1

Let,eX+ 1=t

Differentiating both side with respect to t

L _ x> -dt = eXdx
dx
Atx=0,t=2

Atx=o,t=1

y= —J-lE dat
) Lt
y= —(logt);
y =-(0 - log 2)
y = log 2

7. Question

dx equals
Vx
A.2
B.1

C. /4



D. n?/8
Answer
Let, Jx =¢

Differentiating both side with respect to x

dt 1 odt — 1 dx
—_— = PR
dx 2\. "'I
Atx=0,t=0
At x = 12\4, t = m\2

T

z
¥ = ZJ- sint dt

]

T
y = 2(—cost);
y = 2[0 - (-1)]
y=2
8. Question
dx equals

mi2
J cosX
o (2+sinx)(1+sinx)

D. log

4
;J
Answer

Let, sinx =t

Differentiating both side with respect to x

E=|:|3.5;[ﬁdt=COSXdX
dx

Atx=0,t=0

Atx=m2,t=1

= —— dt
y J; (2+0)(1+1)
By using the concept of partial fraction

1 A4 B
(2+0(1+¢t) (2+r)+ (1+1)

1=A(1+1t)+B(2+1)



1=(A+2B) + t(A + B)
A+2B=1,A+B=0
A=-1,B=1

1
2+ T a+p @

y= [—log(2+t) +log(1+1)]3

y = [(-log 3 + log 2) - (-log 2 + log 1)]

4
= tog3)

9. Question

T2
J ——— dx equals
] 2+cosx

1
A —tan

(54

5
B. ——tan_

7o )
C. 3tan™ (\ﬁ)

D. 2. 3tan 13

Answer

T

- 1

= 2 -

y “[0 1-tanz= dx
A v—

1+tan

T

3 1+tanz%
}’=J- X zxdx
0 2(1+ran i)+1—tan 5

T

T 2 X

3 sec’ 5
y=J-—x dx

03+fanz§

Let, tan;—( =t

Differentiating both side with respect to x

O lsec?t w2di=sectia
at _ 1% o secr a
dx ZSEC > gec 2 X
Atx=0,t=0

Atx=m2,t=1

1 2
V= —dt
) J;.(\,@)Hr?
1

(7= 3
y=2|—=tan"*—
=B,



V3 v

St ()
y= —tan"!|—

V3 V3

10. Question

1 {1-—x
[
0~ 1+4x

>
2| A

2] A

+1

2] A

D.n+1
Answer
Right sol. Let, x = sin t

Differentiating both side with respect to t

EzcostﬁdX=COStdt
dt
Atx=0,t=0

Atx =1,t=m2

T
J’E 1-—sint ¢ dr
y = ————_(CO08
’ o - 1+sint

Multiply by 1 - sin t in numerator and denominator

T
z (1—sint){1—sint

y= J- j( ) )cost dt
1]

(1+ sint)(1—sint)

T

z1—sint
= —cost dt
o cost

= J-z(l—sint) dt
0

T

= (t+ cosf);

- [(g+0)— (0+1)]
m

y=35-

11. Question

a+bcosx

O e,
[



cC. ——
a® +b?

D. (a +b)n

Answer

T 1

V= fo dx

5y
1—-tanZ=
a+hb——=2

1+ran2§

™ 1+tar12%
= - - d-
y J- o X Jx, M
0 a(l+tan §)+b(1—mn i)

m sec? 5
o {(a+b)+ (a— b)tan? 5

Let, tan;—( =t

Differentiating both side with respect to x

dt 1 , X 2 dt zxd_
dl_—zseczz:- —sec2 X
Atx=0,t=0

Atx=m,t=wx

= 2
V= dt
’ J;. (Va+b)2+ (tva — b)?

2 ( 1. _lwa—b)m
V= dal
: va—b\Wa+ b va+ b

1]

2
y= ﬁ@—ﬂ)

I

Va2 — b2

12. Question
IJ.} ! dx is
6 1++jcotx

A. /3

B. /6

C. /12

D. n/2

Answer



y= fp—E gy (1)

o py— —
; VEeosx + WEsinx

dx
T T T
& JCOS(§+E_1) + JSL]’I(E-FE—I)
bl —
y= JF=L gy ..(2)
- = Vsinx + 4/cosx
On adding eq(1) and eq(2)
%\,’sinx+ \/COSX
2y=J- . dx
s Vsinx + +/cosx
T
3
2y = J- dx
T
6
1 kil
e x 3
1,7 w
=3G9
s
Y= 12
13. Question
x 2
- X :T
GiventhatJ — ——— dx =
0 (lx'—a')(.x‘ —b‘)(.x' —c‘) 2(a+b)(b+ec)(c+a)
is
AT
60
B. _
2
c. T
40
D. *
80
Answer

In this question we use the method of partial fraction

1 _ A B
2+ D02+9) (2+4)  (2+9)

1=AX2+9) +B(xX2+4)
A+B=0,9A+4B=1
A =1\5 B =-1\5

, the value of




1 -1
5 + 5
o (xX2+4)  (x2+9)

(=)

dx

}J’:

f==]

1 X 1 X
y = ( tan™l=— tan‘l—)
0

5x 2 2 5x3 3
s T

-G
T

Y= %0

14. Question

jilogx dx =
1

Al
B.e-1
Ce+1l
D.0

Answer
y= [ 1xlogxdx
By using integration by parts

Let, log x as Ist function and 1 as lind function

Use formula [ I x 11 dx =1 [ 11dx — [ (1) (f11dx)dx

y= 108IJ-BdI - J-Q(%logx) (J-de)dx
y = (logx)x — J; G) (x)dx

v =xlogx — J- dx
1

v= (xlogx —x)%
y=I[e-e)-(0-1)]
y=1

15. Question

3

J _ dx is equal to
1 l—X-




c.®
4
p. ©*
3
Answer
_ J-l,.'E 1
1 1+x2
y = (tall_ll)'i@
T Ow
-G-5
T
=12
16. Question
3
s 3x +1
J ~ —dx=
0 X +9

_ J-S 3x 1
0 x24+9 x249

4 3J’3 2x i
=2), 2+ ™

Let, X2 +9 =t

dx

Differentiating both side with respect to x

E=2x=>dt=2xdx
dx
Atx=0,t=9

Atx=3,t=18

3 %1
,q=_j ot
g t

3
= 5 (logo)3®

3
=3 (log18 —log9)



3
3 log2 =log2v2

S .
)y x2+9 *
1 13
—tan‘l—)
(3 3/
1w 0
T
12

So, the complete solutionisy = A+ B
T
= —+ log2vy2
TR
17. Question

i X
The value of the integral J —dx is
o(1+

X}(.l—x‘

>
2| A

=

O
o A

o
w | A

Answer
Let, x =tant

Differentiating both side with respect to t

E= gecit=>dx = SECZt dt
dt
Atx=0,t=0

At X = o, t =1\2

T

2 tant 2t dt
y= sec

‘ o (1+tant)(1+ tan?t)

T

z tant

y= o (1+tant)

T .
— [zsmt o (1)
y o (cost+sint]d

By using the king rule

T

sin(% —t)

T J: (cos(ﬁ—t) +sin(£—f))

2 2

dt




T
v— [Pt 4 (2)
- 0 (cost+sint)

On adding eq(1) and eq(2)

T
Z sint + cost

o (cost+ sint)

T
2
2y = J- dt
0
-

1 .z
y= E(t)ﬂ

2y =

T
Y=13

18. Question

w2

J sin | x| dx is equal to
-T2

Al

B.2

C.-1

D. -2

Answer

In this question, we break the limit in two-part

0 i

y = J- sin(—x) dx + J-zsinx dx
‘2_" 0
y= (cosx)x + (~cosn)?
7
y=(1-0)+1[0-(-1)]
y=2
19. Question

.-'r.ﬁ 1
J ——dx is equal to

3 l+tanx

A.

=

@
w | A

O
2| A

D.

Answer



iy
y= [0 gy (D)

0 (cosx+sin x)
By using the king rule

u COS(%—I)

y= J: (cos(3—x)+sin(5—x))

2

dx

y = _[Ede .(2)

0 (cosx+sin x)

On adding eq(1) and eq(2)

T
5 Z sinx + cosx
y= | ——————=dx
- o (cosx +sinx)

T

Z
2y = J- dx

0

1z
y= 503

}’=g

20. Question

2
The value of J cosx e * dx is
0

Al

B.e-1

C.0

D.-1
Answer
Let, sinx =t

Differentiating both sides with respect to x

E=|:;[1.5;[=>dt=COSXdX
dx

Atx=0,t=0

Atx=mn/2,t=1

1
y = J- etdt
0
y= (e
y=el-e0
y=e-1

21. Question

a 1 ._ T
If fo 0 dx = s then a equals

>
2| A



B. 1
2
c. T
4
D.1
Answer
. a 1 . E
Given, fo mdl =-

_f 1 d__n
L2+ (202 Ty

[11: _1(2,1')]"_'_ T
= lan T, 0—4

= [tan™!(2a) — tan™2(0)] = g
= [tan™(2a) — 0] = g
= tan !(2a) =g

2 t !
= Z2a =tan—
4

2a=1
a=@

Option A: it's not option A, because clearly we got the value of ‘a’ asg after solving.
Option C: it’s not option C, because clearly we got the value of ‘a’ asé after solving.

Option D: it's not option D, because clearly we got the value of ‘a’ asé after solving.

22. Question

If j‘f(x)dx =1. j‘xf(x)dx =a. j‘xjf(x)dx —a’.then j(a —x}j f(x)dx equals
0 0 0 0

A. 4a2

B.O

C.2a?

D. none of these

Answer
]i ]i ]i

Given, Jf(x)dx =1. fo(x)dx =a. szf(x)dx =a-.
0 0 0

Now, [*(a — x)2 f(x)dx



= J-(az —2ax +x3)f(x)dx

1 1 1

= J-azf(x) dx—J-Zaxf(x) dx+fx2f(x)dx
= asz(x)dx—ZaJ-xf(x)dx+J-xzf(x)dx
= a*(1) — 2a(a) + @*

= 2a% — 2a?

=0

Option A:- it's not option A, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving.
23. Question

T
L ,, .
The value of J sin” X cos~ xdx is

-7

>
=
e

IJ|

o
=
N

C.0
D. none of these
Answer
T,
let, 1, = J__sin®x cos®x dx

s =1 n+i1
: _ . n.. . _ sin’ xcos x m—1
[if I, = | sin™xcos™x dx then I, = — — +— A

—sin®xcos®x 2

- 5 tgha

—sin? xcos3x . 2 [ sin® xcosx ‘o

5 5 3

—sin®xcos®x 2 . g

= z 15 cos’x
-

—sin’mcos’m 2 —sin’(-m)cos*(—m) 2 |

= z g Cos° ™ S T (—m)

0 2( 1) 0+2 1
N 15 15[: )
=0

Option A:- it's not option A, this is clearly justified on solving.



Option B: - it's not option B, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving.
24. Question

T3

=

dx is equal to

J sin 2x
T'6

A.loge 3

B. loge V[g

C-élog(—l)

a—

D. log (-1)

Answer

{14
Given, [. fa_1

fé sin 2x
T3
= J- cosec 2x dx
e

[log |cosec 2x — l:l:}tZJf]ﬂf3
= > .
&

_1 2m 2m 1 T T
== [log|cosec — —cot— |] - = [10g|cosec— — cot— |]
2 3 3 2 3 3

1 2 1 1 2 17_
= 51°g[ﬁ+ﬁ]—al°g E_E]

- 5108 [5] -3 0s 4
RER e RERLNG

1 1 -1
= 5108[\5] - 5103[\5]

1 1
= Elog[\,@] + Elog[\,@]

= log[3]

Option A:- it's not option A, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving.
25. Question

1
J '1—x|dx is equal to
-1

A -2
B.2
C.0

D. 4



Answer
. 1
Given, [ |1 — x|dx

(1-x)ifx>1

Now, |1 — x| =
|1 —x] [(l—x)ifx«::l

= f[x —1l)dx + f(x —1)dx

[ xzo +[ le
2 1 2 0

=Fo—o)—(&ﬂ)—%)r%Kl—%)—(ﬂ—ﬂﬂ

0+ 1+atimm
- 2 2

=2
Option A:- it's not option A, this is clearly justified on solving.
Option C:- it's not option C, this is clearly justified on solving.
Option D:- it’s not option D, this is clearly justified on solving.
26. Question

3

X
The derivative of f(x) = J 1

, log_ t

dt. (x> 0). is

X

1
3lnx

1 B 1
3nx 2lnx

C.(Inx) 1 x(x-1)

A

Answer

d d
f.r[:x)z 1 IE 1 IE

loggxaa N loggxza

3x? 2x
3log,x 2log,x

£100) =

x?—x

£100) =

log, x
. x(x—1)
fe)= log, x
f(x) = (In x) 1x(x-1)

27. Question



w2
If I = J x!? sin x dx, then the value of l1g + 90Ig is

.8
D. Q[EJ
2

Answer

Use method of integration by parts

7d
Ii,= me-sinxdx— J-z—_xm(f sinxdx)dx
o ax

T
T —

Iig= (x*(—cosx))Z — J-210x9(—cosx)dx
0

T
10

Ii,= (g) X (—0)—0x(-1)— J-EIOIQ(—-:OS x)dx

7d
IL,= 0+ 10(;{9[-:051':1;{— J- —_xg(fcosxdx)dx)
o dx

T 2
Io= 10((1‘951111')3— J- 9xssinxdx)

1]

I,g=10 (g)g — 901,

I, +90I, = 10 (g)g

28. Question

1
X gx=
!(H)”

A =



D. 16

3
Answer
We know that y — [*f(x)dx = ["f(a+b— x)dx

_J’l X = 1 1+0—x i
Y= e a—o=" T ), a-a+o-0=™

1

(o5 —=9)
Y= \Ts3xs~ Ts2x52/,

29. Question

lim J : + ! 4.+ ! }isequalto

n—}ILZIl—l 2n+2 2n+n

A ln EJ

3

B. In

LI | 1

C.In

1D |

D. In

2|

Answer

Given, lim[ L Lt 1}

n—oo V2R+1 2n+2 2Zn+n

; 1 1 1
= 11Tl 1 +

la(@r) w(2+2) @D

li - + ! + ot !
=lim—-{——+—=+-+—
oy ] 1 2 2+1
2+n 2+n
n
1 1
= lnn—Z—T
nemnAd ) 4o

. . . 1 . 1 .
Now for easy solvation, replace lim ¥, with [, E with x and - with dx
T—=oo

1

[ 35 e
ZJch'JL

0

[log(2+ x)]5




log(2+ 1) —log(2+ 0)

log3 —log2

- s ()

n(3)
= In{=
2
Option A:- it’s not option A, this is clearly justified on solving.
Option B:- it's not option B, this is clearly justified on solving.

Option D:- it’s not option D, this is clearly justified on solving.

30. Question

1-x7|dx is

e L]

The value of the integral

A 4
B.2
C. -2
D.0O

Answer
i 2 BTN
Given, f_2|1 — x?| dx

—(1—x3)ifx<0

NOW,Il_IzIZ{ 1—x%ifx>0

] 2
J-ll—ledx+f|1—x2|dx
-2 0

f—(l— x%)dx + f(l—xz)dx

5 b

[0-0 - (SF-2)+[(2- %) - -0

8 242 8
3 3
=0

Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving.
31. Question

mi2

. 1 .

J —3dx is equal to
o l+cot"x



A0
B.1
C. /2
D. /4

Answer

i .-
};-: 2&(1;[ ...(1)

0 sin®x+cos®x

Use king's property y — [°f(x)dx= [ f(a+b - x)dx

I sin3 (E - x)
2

2
o sin? (E—I)+cosg[§—x)

£ 3
}J’: Z&dk‘ ...(2)

0 sin®x+cos®x
On adding eq.(1) and (2)

{14 {14

2 sin®x 7 cosix
2y = ———dx + | ——————dx
o Sin®x + cos3x o Sin®x+ cos3x
T .5 3
5 J’zsm x +cos*x
V= | w3 dx
. o Sin®x + cos3x

T
1(z
V= EJ;dI
1/
}’=5(§—0)
s
}’=g

32. Question

m'2 .
r SIX
— — = dx equalsto

5 S X + COSX

A n

B. /2
C.1/3
D. /4

Answer

Given, [/2__sinx _;,
0 sinx+cosx

. . d . .
Now, sin x = A(sinx + cosx) + BE (sinx + cosx)

sinx = A (sinx + cosx) + B(cosx — sinx)
Equating ‘sin x' coeff:- Equating ‘cosx’coef f: —
1=A-B 0=A+B

A-B=1



A+B=0

1 1
sinx = 2 (sinx +cosx) — 2 (cosx — sinx)

T

J-2 % (sinx + cosx) — % (cosx —sinx)

, dx
sinx + cosx
1]

o /2 |
J’ 1(5111x+c05x)d J’ l(cosx—smx)d
= —|— |dx — — | ——— |dx
2\sinx + cosx 2\sinx + cosx
4] 4]

T2

1 1 . AT
= EJ- 1dx -3 [log(sinx + cosx)],'?
4]

1 T 1 . L7
= E[l]':' z -3 [log(sinx + cosx)],’?

—1[” | 1[1 in + cos—) — log(sin0 + cos 0)|
=313 2 (:-g[:sm2 cosz) og(sin cos0)

m 1
= ———[log(1+ 0) —log(0 + 1)]

4 2
= T _10-0]
4 2
T
= E_0
T
T

Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving.

33. Question

-

- - J} dx is equal to
1+x~

L
J‘ 4 { sin
0

A0
B.
C. /2
D. /4

Answer

Given, fold% [sin‘l (:—;)}dl



1
_J’ 1 d( 2x )d'
_0 2x )z'dx 1+x2) ™

1= (1 +x?
1
J’ 1+ x? (1+x2)2— 2x(2x)
) JaO+x2)2—ax2’ (1+x2)2

1
f 1 2 +2x% — 4x7
) Ja—x232 1+x?

dx

1

J‘ 1 2-2%
) 1—x27 14«2 X

1]

dx

1—x2" 1+ x2

.f 1 2(1—x%)

1

[ e
1+ x2 *

0

= 2[tan™*(x)]}

2[tan™2(1) — tan™2(0)]

2E—ﬂ

2

Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving.
34. Question

T2

-

J xsinx dx is equal to
0

A. /4

B. /2

C.n

D.1

Answer

Given, f;b x sinx dx

T

ERE

Tfa
= xJ- sinx dx —J- 1J- sinx dx |dx
1] 4] 4]
4]



"2

[x (—cos I)];b —J- (—cosx)dx

1]

= [g (0) — 0] + [sin;t];?2

=0 + (1-0)

=1

Option A: - it's not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving.
35. Question

mi2
J sin 2x log tanx dx is equal to
0

A n
B.m/?2
C.0
D. 2n

Answer

. T
Given, fo /25in 2x log(tanx)dx

/2
T 5 d
= [log(tanx)J-sian dx] —J- a[log(tanx)fsinz;t dx
0 0
a2
_ [l tana —cost] /2 J’ 1 - —costd_
= |log(tanx). 5 . P (sec”x). > X

= (0-0) _j-’—'fz cosx 1 —cos2x dx

0 sinx cos®x’ 2
T2
—COS2X
=0— | —— dx

2sinxcosx

e

cos2x
= J- , dx
sin 2x

0

= _f;f? tan 2x dx)

[log | sec 2x|]r72
2 0

5 [(log| secm| —log|sec0])]

1
2 (logl —1logl)



_l
=35(0-0)

=0

Option A: - it’s not option A, this is clearly justified on solving.
Option B: - it's not option B, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving

36. Question

=

. 1
The value of J— dx is
0

5+ 3cosx

A. /4
B. /8
C. /2
D.0

Answer

. T 1
Given, [”
_[0 S5+3cosx

Now put, tan;—( =t

dt and -
anda cosxy = ——
1+t2 1+t2

dx =

Limits will also be changed accordingly,

From (0 to m) To (0 to o)

J‘ 1 2 it
B 5+3(1_f2)'1+r2
o 1+ t2

— _[m 1+t7 2
0 5+5t24+3-3t2 1+t2

[t
GO

)
= %[tan‘l(oa) — tan™1(0)]

-3

T

4

Option B: - it’s not option B, this is clearly justified on solving.



Option C: - it's not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving
37. Question

x—lJ lﬁdx:
XJ/1+x7

X
Jng
0

A.nin?2
B.-mIn 2
C.0

T
D.——In2

-
-

Answer

. o 1y 1 )
Given, [ “log (1 + ;) - dx
Put x = tané
dx =sec?6 do

Limits also will be changed accordingly,

Xx=0- =0
X=00 = § =%
/2
= J- 10g(tanﬂ+cotﬂ)ﬁseczﬂ dé
0
/2
= J- log(tan® + cot) Seczﬂseczﬂdﬂ
0

/2
= J- log(tané + cotf) dé
0

/2

J’ 1 (sinﬂ +C058)dﬂ
N e cosd  siné

1]

T2

J’ | sin® @ + cos? 8 "
N e sinf cosé

1]

Tfa

1
- J- log (sin Bcos 6‘) de

0

/2
= J- log(sin@ cos8)™* do

0




/2
= —J- log(sin@ cos@) db
0

/2 "2
- J-log(sinﬂ)d8+f log(cos&)de
0 0

(Some standard notations which we need to remember)

— [—glogz — glogz]

—[~mlog2]

= mlog2

Option B: - it's not option B, this is clearly justified on solving.
Option C: - it's not option C, this is clearly justified on solving.
Option D: - it's not option D, this is clearly justified on solving
38. Question

2a
f(x) dx is equal to
0

A 2 }f(x) dx
0

B.0O

C. }f(x) dx —Tf(ia —x)dx
0 0

A

D. ]:f(x) dx —-ff(ia —-x)dx
0 0

Answer

We know that f:f(x)dx — f;f(x)dx+ fcbf(x)dx
y= J; f(x)dx = J; f(x)dx+f F(x)dx
A= J-af(x)dx

B = J:af(x)dx

Let, t=2a-x=x=2a-t
Differentiating both side with respect to x

dt
_—= — d = 'dt
dx 1=

Atx =a, t=a



Atx=2a,t=0

B — —J:f(Za— £)dt

Use [*f(x)dx = — [ f()dx and [ f(x)dx = [ f(6)dt
B = J:f(zﬂ:— d

The finalisy = A + B

y= J-af(x)dx + J-af(Za— x)dx

39. Question

b
If f(a + b - x) = f(x), then fo(x) dxis equal to

a

a—btl
b
8. 220 5(b+x) dx
b
C. b:a ‘f(x)dx
“ht
D. — Jf(x)dx
Answer

Given, f (a + b - x) =f(x)
at+tb-x=x
a+b=2x

_ a+b

2

Now, [ xf(x)dx

b
=fa;bf(x)dx

_a+b

b
[reoa

a
Option A: - it's not option A, this is clearly justified on solving.
Option B: - it’s not option B, this is clearly justified on solving.
Option C: - it’s not option C, this is clearly justified on solving

40. Question
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The value of Jtan_ [7,,J dx. is
0 l+x—x~

Al

B.0

C.-1

D. /4

Answer

1 _ x+x—1 N
y=J, tan™ (l—x(x—l]) dx

a+b

Use tan™? (ﬁ) =tanta+tanth

1
y = J-tan‘lx+ tan™(x — 1) dx
0

y= foltan‘lx — tan~*(1— x)dx ---(1)

Use king's property y — [°f(x)dx = [ f(a+b— x)dx
1
y= J- tan (1 —x) — tan"}(1— (1 — x)) dx
0

y= foltan_ll:l— x)— tan ‘xdx ...(2)

On adding eq(1) and (2)

1 1

2y = J- tan™'x — tan (1 —x)dx +J- tan™}(1 —x) — tan ' xdx
0 0

2y =0

y=0

41. Question

T 4+3sinx
The value of J log] —— |dx is
5 4+3cosx

A2
B. 3/4
C.o0
D. -2

Answer

y= fo’ilog(w) dx (1)

4+3cosx.
Use king’s property y — f:f(x)dx = fabf(a +b — x)dx

% 4+35111(%—x)
T J; log 4+3c05(£—x)

2

dx




y= foglog(4+3closx) dx --(2)

4+3sinx

On adding eq.(1) and (2)

T T

9 J’El (4+35111x)d_+f51 (4+3cosx)d
y= %2\ +3cos/™ 0 S\a 35/

9 J’%l (4+33111x)(4+3c05x)d
y= °E\4+3cosx/\a+3simx/ ™

2y = J-zlogl dx
0

y=0
42. Question
w2
The value of J (x3—xcosx—JMH5x—1]dx.s

-T2
A.0
B.2
C.n
D.1

Answer
Gi LTI 5
iven, [°7 (x®+ xcosx + tan® x + 1) dx
w2 w2

‘L 2
X
Z[T] + 4 [x(sinx)]™ 1,2 J- 1.sinx dx ¢+ J-tangx.tanzx

/2 /2 -2
+ (l)—'r /2
14 w2 T . T T . —1T
I REe
w2

+ J- tan®x(1 + sec®x) dx + (1)__{,2

—n/2

+17/2 I I w2
[x—] +%[1)—%[1)+ [T tanx(1+ seczx)dx+f Jtan® x.sec?x d;t+(;t)__r;2
2 o

HEEE

2 rr;’Z 4 . rr;’Z
tan® x tan® x
=—0+0+10 secx|]™? + +1
g —TT 2 2 4
—-m/2 —-m/2

w2
) ]+0+f_ﬂ2tanx+_[ _r,ztanx sec?x dx +[tan x] +[E— (—E)]

w2

=0+0+0+0+m
=T
Option A: - it’s not option A, this is clearly justified on solving.

Option B: - it’s not option B, this is clearly justified on solving.



Option D: - it’s not option D, this is clearly justified on solving
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