Chapter 2 Inverse Trigonometric Functions

EXERCISE 2.1

Question 1:

1
sin”'| ——
Find the principal value of [ 2) .

nom
Range of the principal value of sin”' (x) i [ 2’ 2)

. 1 g
)
Thus, principal value of 2 6.

Question 2:

2

g

cos”' [
Find the principal value of

cos™ [—
Let, 2

Hence,

(3
cos y = =

o
=COos—
6

Range of the principal value of cos™ (x) js (0:7)

o
cos | — |=| —
Thus, principal value of 2 £
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Question 3:

Find the principal value of ¢0S€€ "(2).

Let. cosec™ (2)=y
Hence,
cosecy =2

9
=cosec| —
6
Range of the principal value of

Thus, principal value of

Question 4:

tan”' (—\/g)

Find the principal value of

Let, @' (—V3)=»

b

Hence,
tan y = —\/5
5)
=—tan| —
3
T
=tan| ——
-5)
tan™' (x)
Range of the principal value of
) tan~’ (—\B):[—
Thus, principal value of

Question 5:

. o cos”’ [——]
Find the principal value of 2

g 2)- [E
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1
21

cos| —=|=y
Let, ( 2]

Hence,

1
Goxy =

e
:cm[ﬁ_g]
(3]

Range of the principal value of cos™ (x) =[0,7]

(5
Thus, principal value of 2 3 ).

Question 6:

Find the principal value of @n ' (~1)

Let, tan ' (-1)=y
Hence,

tan ' (r) = [ ; ,;

Range of the principal value of

-1 T
- an” (-1)=-2
Thus, principal value of 4).

Question 7:

sec™ (iJ
Find the principal value of V3

!
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2
sec 1[_] =y
Let, V3

Hence,

2
secsz
3

o

Range of the principal value of

sec” (x)=[0, x]—{%}

- (35
Thus, principal value of V3 6/,
Question 8:

fcot"(\/g)

Find the principal value o

Let, cot”” (‘/g) =
Hence,

COty=\/§

ol

Range of the principal value of cot”" (x) =(0,7)

cot"'(\/g)=[%].

Thus, principal value of

Question 9:

cos”’ (—L}
Find the principal value of V2
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1
CoSy=——

NG

el
()
(2]

Range of the principal value of cos ' (x) =[0,7]

=3
cos” | ——= |=| —
Thus, principal value of 2 4.

Question 10:

£ cosec’ ' (—\5)

Find the principal value o

Let, cosec” (—\5) =y

Hence,
cosec y = =2

T

= —cosec| —
( 4 ]

=cosec| ——

4

o cosec"l(x)=[—£,—
Range of the principal value of 2

o)

Thus, principal value of

Question 11:

5 1Y L1
) tan (1)+cos (~—j+ sin [__]
Find the value of 2 2)
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Let, tan”! (1) =x
Hence,
tanx =1

Therefore,

Hence,
1
cosSy=——
¥=73
5
=—C08| —
3
[=-3)
=cos| T ——
3
=
=cos| —
3
Therefore,

Hence,

Therefore,

Thus,
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tan™" (1)+cos™ [—l]+sin—‘ [_ll _r 2m
2 2, 4 3 6

_3n+8n-2m
12
O

12
3r

4

Question 12:

cos”’ [lJ +2sin™ [l)
Find the value of 2 2

Let, tan' (1)=x
Hence,

COSX =—
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Therefore,

Thus

g O

3
Question 13:
Find the value of 8in”' x=y_ then
(A) 0<y<nm B)
(C) 0<y<n D)

It is given that sin~' x =y

o sin x = [
Range of the principal value of 2°2
n m

<y
Thus, 2 4 2

The answer 1s B.

Question 14:
Find the value of tan"’ V3 —sec™! (—2)is equal to

(A) 0 B) 3
id 2
©) 3 (D) 3

Let tan.l(“@) =
Hence,

tanxzﬁ

=0
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o tan'lx:[——,EJ
Range of the principal value of 22

tan—'(fs)z[g]

Therefore,

Let sec ' (—2)=y
Hence,

secy =(-2)

n
=—sec| —
5)
;r}
=sec| ——

T
= SecC ﬂ'——j

2:@]
=sec| —

o sec'Ex=[0,:r]—{£}
Range of the principal value of 2

2r
) _2 L
Therefore, See ( ) 3
Thus,
tan~' /3 —sec '(—2)=£—2—ﬁ
3 3
. 2
3

The answer is B.
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EXERCISE 2.2

Question 1:

3sin”' x =sin”’ (3x—4x3),xe {—l,l]
Prove 2°2].
Let x=8in
Hence, Bin " (x) =
Now,

RHS =sin"' (3x—4x")
=gindfisio - )
=8in"'(sin3 )
=8
=3sin"' x
= LHS

Question 2:

3cos ' x=cos™ (4x3 - 3x),x = [l, l}
Prove 2" 1.
Let x =0os
Hence, Bos™ (x) =
Now,

RHS =cos™' (4x3 —3x)
=8053]c((${ﬂ)s3 - )
=60s ' (cos3 )
=8
=3cos ' x
=LHS

Question 3:
4 B 4 T 1
tan —+tan —=tan —
Prove 24 Z.
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x+
tan" x+tan"' y =tan '

Since we know that L=
Now,

G

LH&S‘=tan"zﬂan‘li
11 24

2 1

ll+24
_ -1
=tan 7 7

e
48+ 77

l 264
264-14

264

=tan™' [Ej
250

=tan"

Question 4:

2 4 o | 31
2tan —+tan —=tan —
Prove 2 7 17

2tan ' x =tan"' 2x2 tan' x+tan"' y=tan

Since we know that 1-x* and 1-
Now,

i
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LHS =2tan™ 4 +tan™ L
2 7

2><l
=tan” 22+ta11"
)
l_ =
2
-t Jrw 7]
=tan | — |+tan | —
\ 3
(4
3-1-
. -1
= tan T ]
s
37
28+3
e S 21
el e
21
=tan ' ﬂ
17
= RHS

Question 5:

Write the function in the simplest form:

Let x=tan0 =0 =tan ' x
Hence,

tan

o Y14a% —1

x#0
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G+ x -1 _ 1+tan’ 0 —1
% tan @
_tan_l[secﬂ ~1]
tan@
—_— ,[1—0059]
sin@
2sin’ 2
= tan '
2sin—cos —
6
= tan'{tan~)
2
=P
2
|
= Etan X
Question 6:
tan”™' ! A x‘ >1
Write the function in the simplest form: x =1

Let x =cosec® = 0 =cosec 'x

] 1

x2 =1 Vcosec’d — 1

= [an_] (L]
cotd

=tan”' (tanf)
=0

=cosec 'x

U -1
=——5CC X
i

Question 7:

1-cosx

tan ' [ }0 <x<m
Write the function in the simplest form: 1+cosx
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. l-cosx=
Since,
Hence,
tan
Question 8:

tan”' [
Write the function in the simplest form:

-1 [cosx—sin X

CcOS X +sin x

Question 9:

u

2sin? = 1+cos x =2cos’
and
1 Jl—cosx i
— |[=1a
l+cosx
. X
sin —
—tan”'| — 2
X
cos —
2
- X
=tan | tan—
2
-
2

COS X —SIN X

COsS X

COSX +SsIinx
cos X
sin x

J =tan”'
1

=1 COS X
sSinx
1+

COos X
l—tan x
l+tanx

= tan™" (l)— tan”' (tan :c)

T
=—-x
4

Write the function in the simplest form:

X

COSX—sinx

COS X + sIn x

}O<x<x
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x=asinf =6 =sin”’ [EJ

Let a

Hence,

tan~

X -1 asing
—— =1tan
g% x® Ja? —a?sin? 0

=tan™'

asinf J
av1—sin’ 0

|
=tan_,[asin9]
(

acosf
=tan™' (tan@)
=0
. '| nx
:S]n —
ol

Question 10:

SQJT—XS —d
T i |azli—<xL

tan™ [
Write the function in the simplest form: a’ —3ax

x=atan9:>9=tan"(£j

Let a

Hence,

o 3a’x—x gy 3a’-atand —qa’ tan’ 0
a’ —3ax’ a’—3a.a’ tan’ 0

- 3¢’ tanf —a’ tan’ O
a’ —3a’tan’ 0

=tan™' (tan30)
=30
=3tan? X
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Question 11:

tan™ [2008 [25%:1“1 —)]
Write the function in the simplest form: 2

1

sin. —=x
Let 2
Hence,
: 1
SIN X =—
2
)
=Ssin| —
6
T
Xi—
6
; _][1] n
sin” | — [=—
2 6
Therefore,
tan ' 2{:()1{25.ir1"l =tan"'| 2cos 2><£]
2 I 6
=tan™ 2905——]
Al l}
=tan~ | 2x—
="
:tan"[l]
4
T4
Question 12:
_] !
Find the value of cot(tan a + cot a)

= s T
. tan' x+cot ' x ==
Since 2
Hence,
_] _] ?r
cot(tan a+cot a) = cot(—]
2

=0
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Question 13:

x{<1,y>0

1[._] 2x _tl—sz
tan—| sin 5 +C0s — |
I+y and ¥y <1,

Find the value of

Let x=tan0 =0 =tan ' x

Hence,
] DX . _]( 2tan0 ]
sin -=sln | ———
1+ x° l+tan- 0
=sin"’ (sin 29)
=20
=2tan"' x

Now, let y =tang = ¢ =tan"' y

Hence,
1 - . 2
cos' —2 =cos” ﬂ
1+ y° l1+tan” ¢
=cos™' (cos2¢)
=2¢
=2tan" y
Therefore,

1 . [=y® 1 _
tan—| sin”' —~— + cos”" yz :ta11-(2tan"’x+2ta11 'y)
2 1+ >

= tan (‘[an‘1 x+tan™ y)

|5
=3

Question 14:

I1 -1
——+cos  x |=1

sin [sin"
If 2 , find the value of x.

o sin[sin"' L+ cos™ x):l
It is given that 5
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Since we know that Sin(x+ »)=sinxcos y+cosxsiny

Therefore,

sin[sin‘I L] cos(cos" Jc)+cos[sm‘l i sin(cos‘] x) =1
5 5
1 v 1 N 5
[g]x(x)+ cos(sm ‘E sm(cos ‘x)zl
§+ cos(sin'1 %) sin(cos‘1 x) =1 (1)

1 :>siny—1
5 Y 5

sin~

Now, let
Then,

2

cosy=[1- [l]
5
26
5
y= cos™ [ﬁJ

5

Therefore,

sin"'lzcos”’ [&) o D)
5 5

Now, let cos' x=z=cosz=x
Then,

Therefore,

cos™ x=sin~

From (1).(2) and (3), we have
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=5 £+ cos{cos"] &Jsin(sin" VI-x? ) =]
5 5
§+i\;’1—x =1

= x+2/641-x% =5

= §—x =261 —%*

On squaring both the sides

25+ x> —10x =24 —24x°
25x* =10x+1=0

(5x=1)" =0
(5x-1)=0
1

-

5

Question 15:

g x—1 ax+1 T
If tan"' X +tan' 2= , find the value of x.
x—2 x+2 4

1 x_l —1 x+1 TE
+tan =—
x—2 x+2 4

It is given that tan~

+
tan'1x+tan"ly=tan"'[x y]
Since 1-xy

Therefore,
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= tan =
1_(x—1)[x+1) 4
x=2)\x+2
:Han_l_(x—l)(x+2)+(x+1)(x—2) _n
(x+2)(x=2)—(x-1)(x+1)| 4
th_lwx"‘+x—2+x?—x—2 o
X—d4-x+1 | 4

= tan’' w4 x
=3 4

Question 16:

sin”! [sin —J
Find the value of 3.

Since, finsin  (B- )

Therefore,
. _|( " ZH] " _g[ ‘ ( 2ﬂ]}
sin”' | sin— |=sin"' | sin| 7 ——
3 3

=sin” (sin E)
3

3
Question 17:

tan”! [tan —]
Find the value of 4 ).
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Since, tntan (8- )

Therefore,
tan"[tan3—n]:tan‘] —tan _3_7:]]
4 4

=tan”' | —tan ;'I—EH
4

=tan"' | —tan EH
4

Question 18:

tan[sin"' = feot —J
Find the value of 3 24,

.3 .3
Sin EZJ’C$SH‘1X:—

Let
Then,
: 4
= cosx =v1—sin’ x e
5
= SCCX =—
4
Therefore,

Now,
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Thus, by using (1) and (2)

P | 3 -1 2 ] 3 -1 2
tan| sin  —+cot — |=tan| tan —+tan —
5 3 4 3
[ 3 2
-1 4+3
= tan| tan 1_3.2
L 4 3
_117J
= tan| tan= —
6
_17
6
Question 19:
-I( ?ﬂ')
cos | cos— |
6  is equal to
i RS il
(A) 6 (B) 6 ©) 3

._,( 7?1’} _( —71!)
cos™'| cos— |=cos™!| cos——
6 6
=cos ' [COS[ZN—EH
6
_.[ [STEH
=cos'| cos| =—
6

Thus, the correct option is B.

Question 20:

. [n . _][ ID
sin| ——sin"~ | ——
3 2)) is equal to

1 1
(A) 2 (B) 3 ©)

I

(D)

(D) 1
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Hence,
: 1
SiNx=——
2
. T
=—sin—
6
. T
=sin| ——
%)
T
. el
6

| 2]
Since, Range of principal value of 2 2],

Therefore,

Then,

Thus, the correct option is D.

Question 21:

£ tan"' /3 —cot™ (—\/5)

v/

(A) 7 B) 2 (C) 0

Find the values o is equal to

Let tan '3 =x

Hence,

(D) 243
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A T
tanx:ﬁ:tanz ge(__

3, where 2
tan"'3=2
Therefore, 3
-1 _
Now, let a (_\5) e
Hence,

coty= (—v@)

]
t(z)
(%)

Since, Range of principal value of cot” x=(0,7)
Therefore,

cot” (~3) =2
6
Then,
tan ' /3 —cot ! (—\/g)zﬁ—s—}r

Thus, the correct option is B.
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MISCELLANEOUS EXERCISE

Question 1:

. cos” [cos —EJ
Find the value of 6 /.

-1 137 o T
cos” | cos =cos |cos| 2w +—
6 6
5 ba
=C0S | Ccos—
[ 6 }

£
6
Question 2:

: [ T ]
tan
Find the value of 6 ).

: _][ ’m]_ [
an tan— |[=tan
6
=tan™ —tan[s—ﬁﬂ
i 6
=tan tan| T ———
6

=g

o)

s}
e

M

=)

|
wn
O\‘;:]

B
|

=tan™'| tan E]
6
=
6
Question 3:
2gin”' = =tan™ B
Prove that 5 T .

P
Let sin
Then,

3 . 3
—=X=Smx=-—
5 5
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Therefore,

Thus,

Question 4:

. _I 8 - _’ 3
SiIn  —+8S1n
Prove that

—=tan

4T
36..

[ﬁ’om ( 1)]

(ST [225 15
CoSX = (1—| —= | = J—=—
17 289 17

= oo B : 8
§in" —=x=S>sinx=—
Let 17 7
Then,
Therefore,
8
tanx =—
15
x=tan™ &
15
sin”' — =tan™ E
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< S :
sin gzy:>smy:

Now, let
Then,

Therefore,

Thus, by using (1) and (2)
LHS =sin~ Ii+31
17

8
= tan' +ta

=tan"
|__

= RHS

Question 5:
12
Prove that

L4 4
COS —=X=COSx=—
Let 5 5

Then,

4
cos' —+cos” —==cos
5 13

-

5
3
4
4]

48

65 .
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Therefore,
3
tan x = —
4
\c=‘[an"E
4
3
cos”'—=tan™' = sl
5 4 ( )
cos"'—=y:>(:0sy=—lE
Now, let 13 13
Then,
siny=—
Therefore,
tan y = —
5
=tan™' —
¥ 12
5
| =t yrd Ll 2
cos an” = (2)
Thus, by using (1) and (2)
L 4 412 13 45
cos —+cos —=tan —+tan  —
13 4 12
3 5
4 4712
L 4 12
" _561
=tan | —
33

cos E=z:>cos:/:=—
Now, let 65 65

Then,

. [33}3 56
sinz=,l-| —| =—
65) 65
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Therefore,

Thus, by using (3) and (4)

L4 412 33
€os" —+¢€08 —=¢C0S  —
5 1 65
Hence proved.
Question 6:
cos"E+sin"'§—Sin"&
Prove that 13 5
cos"E— :>cosv~—E
Let 13 4 o]
Then,
12 5
siny=,]1-| —| =—
13 13
Therefore,
tan y=—
—‘[au_Li
s 12
cos™ -2 = tan™ > (1)
3 12
sirf'——xﬁsin;::—é
Now, let 5
Then,

Therefore,
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sin”’! b z=>sinz=
Now, let 65

Then,

Therefore,

. 156
sin E:tan — (3)

Thus, by using (1) and (2)

LHS =cos E+51 4
13

19 K
=tan —-+-E

3

5

3

4
'53

24}

12 4
[20+36

=sin = [Using (3)]
= RHS
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Question 7:

tan
Prove that 16

< ap D : 5
sin. —=x=>sinx=—
13 13

)
cosx=,/l-| —
13

Let
Then,

_12
13

Therefore,
tanx =—
x=tan™ >
12
o 5
sin” —=tan= —
12
cos”' 2 — COS o
Now, let 5 + 4 5
Then,
siny = l—(ijz —
5 5
Therefore,
tan y = —
4
=tan~' —
£ 3
2 B il
cos —=tan —
5 3

Thus, by using (1) and (2)
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RHS =sin~ ]i+cos E
12 5
=tan~ litha 24
12 3
sS4
= tan ' 2 3
=tan'| —
6
=LHS
Question 8:
tan ' —+tan ' —+tan" —+t£m'il
Prove that 8
Solution:
LI—LS‘=tan"é+tan‘11+tan“—+tan‘1é
5
1 1 1 1
3 — -
—tan?| 2L |4+tan"'| 33
1 1 1 1
o i
5 7 33
=tan ' 2 +tan ' i
34 23
o[ Jran( )
= tan + tan
17 23
6,11
- al 17 23
= tan Tl
17 23
= tan E
325
=tan'1(1)
-
4
= RHN
Question 9:
_1\/_ 1 ~1 l_,r
tan™' Vx =—cos™ | — |,x €[0,1]
Prove that 2 I+x )
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Solution:

Let x=tan’ @
Then,

x/;:tanﬂ
6 =tan ' /x

[1—x _1-tan’6
l1+x/) 1+tan’@

=cos 20

Therefore,

Thus,

RHS = lc(}s" (l—_x]
2 1+x

= %cos" (cos20)

=l><29
2

=0

—tan™" /x

=LHS

Question 10:

x/l+sinx+\/1—sinx] % [ n]
,xe| 0,

-1
C o,
Prove that {\/HSinx—\/l—sinx

Solution:

- = 2
{\fl+sinx+\/1—sinx]_ (\/1+Slnx+\!!1—smx)

= : (by rationalizing)
(\/1+sinx:)2 —(\/l—sin x)

- (L+sinx)+ (l—sinx)+2\/(l +sinx)(1-sinx)

- l+sinx—=1+sinx

—
2(1+\!1—5m“ x)

Jl+sinx —y1-sinx

l+cosx

2sin x sinx

2cos? >
2

. X X
281N —cos —
2 2

X
=got—
2
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Thus,

\/I+sinx—\/l—sinx

=cot™! [cot i]
2

LHS"COt'_l{\/1+Sinx+Jl—SinxJ

b= J SO S

Question 11:

<x<l

m—mj_g_l -1

tan ™' { = cos  x,—
Prove that VI+x+1-x

) )

1
x=c0s20 =0 =ECOS_| X

Let
Thus,
LA =t Y1 E=N1=X
vi+x+vl-x
ipieh V1+c0s 26 —1-cos 20
J1+c0s260 ++/1—-cos 26
oy V2c0s20 —/2sin%6
V2cos’ @ +\/25in26.
- V2 cos —\/25in6
V2 cos8 +/2sinf
e cosﬂ—sin@]
cos6 +sinf
. l—tanﬂj
1+tan6

=tan '1-tan ' (tan6)

_E 0

4

T 1 )
= CO8T X
4 2

= RHS'
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Question 12:
9t 9 . 4

in 1
Prove that 8 4 3

1 1
7]

COS —=X=>COSX=—
Now, let 3

Therefore,

Hence proved.

Question 13:

Solve 2 tan ' (cosx) = tan”' (2cosec x) '

It is given that 2tan ' (cosx)= tan™' (2cosec x)
2x

2tan”’ = tan™"
an (x) an .

Since,
Hence,
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1—cos” x

2c0sx
=
l1-cos“ x

2 )
= tan”' [ﬂ] =tan"' (2cosec x)

] = (2cosec x)

2c08x _ 2
sin“x  sinx
= COoSX=sInx

=tanx=1

=>tanx=tan%

Therefore,

V1
X=nw+—
4, where neZ .

Question 14:

an_] I__X :itan_l x,(x > 0)
Solve 1+x 2

_ tan]x—tan‘yztanlu
Since 1+ xy
Hence,

I-x 1
: taﬂ_l—: —tan_lx
I+x 2

_ _ 1 ~
= tan"' 1—tan Ix:Etan Ly

T 3,
= —=—tan x
4 2

:>tem"x=E
6
:>x:tan£
6
= !
\E

Question 15:

Solve Sin(tan” x),lxl <15 equal to

X l 1

(A) 1=+ (B) V1-+° (©) i+ D) i+
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Let tany =x
Therefore,

Now, let tan x=y

Therefore,
y=sin"' [ s ]
V1+x?
Hence,
tan™' x =sin™" [ 2 }
V1+x?
Thus,

sin (tan™" x) = sin [Sin_l [\/l%x N

X

V14 32

Thus, the correct option is D.

Question 16:

sin™ (I —x) —2sin”' x o tl

Solve: 2 , then x is equal to
0,2 1L+
(A) 2 B) 2 (QN

l

T | A=
L sin (l—-x)—2s8in x=
It is given that (1-x)

= sin™' (1-x)—2sin™ x:%
= -2sin"' x :%—sin" (1-x)
= —2sin” x=cos™ (I—-x) (1)

Let sin x=y=siny=x

Hence,

1
(D) 2
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cos y =1-x’
y=cos” (\;‘l —xz)

sin'x=cos 'vVl—-x

From equation (1), we have
—2co0s™ y1-x* =cos™' (1-x)

Put x=siny

= —2cos™ y/1-sin’ y =cos™ (1-sin y)

= —2cos ' (cos y) =cos ' (1-siny)
= -2y =cos”" (lwsin y)

= 1-sin y =cos(-2y)

= l-siny=cos2y

= 1-siny=1-2sin’y

=>2sin” y—-siny=0
=siny(2siny—1)=0

=siny = 0,%
Therefore,
szl
2
=L
When 2, it does not satisfy the equation.

Hence, x =0 is the only solution

Thus, the correct option is C.

Question 17:

tan l(éj—tan" i
Solve Y X+ is equal to
n n

(A) 2 (B) 3 )

g

(D) 4
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Solution:
L
tan'l(ﬁj—tan"—x_y:tan‘1 F by

y X+y MES Bl
] YN\ x+y

_JC(JC+ y)—y(x—y)

| )

=4 y(x+y)+x(x-y)
y(x+y)

= tan '

x*+xy—xy+y*
xy+ 3y +x°—xy

=tan"'| tan EJ
4
=1
4

Thus, the correct option is C.
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