Chapter 11 Three dimensional Geometry

EXERCISE 11.1

Question 1:

If a line makes angles 90°,135°,45° with x,» and z —axes respectively, find its direction
cosines.

Let direction cosines of the line be /. and n.
Hence,
[ =c0s90°=0
; 1
m=c0s135°=cos(90°+45°) = —sin45° = ——=

2
1
n=cos45°=—
2

oL L

Thus, the direction cosines of the line are V2 and \2

Question 2:

Find the direction cosines /,” and n of a line which makes equal angles with the coordinates
axes.

Let the direction cosines of the line make an angle a with each of the coordinates axes.
Hence,

[ =cosa
M =COos5c
n=cCcoso

Since, I* +m* +n° =1

Hence,
= cos’ @ +cos’ a+cos’a =1

= 3cos’ =1

3 1
= oS a:§

= Cosa =

1
foo
J3
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Thus, the direction cosines of the line, which is equally inclined to the coordinate axes, are

R
"5

+

-

Question 3:

If a line has the direction ratios —18,12,—4  then what are its direction cosines?

If a line has direction ratios —18,12,—4 | then its direction cosines are

e 18 18 _-18_-9
J18) +(12) +(~4) “Jasa 22 11
12 2 12 6

m= - = —=—
JE18) +(12) +(—4) Vs 2 1
-4 wlf, o B

n= — —_——

JOIBP +(12) +(-a)" Vis4 22 1

-9 6 -2
Hence, the direction cosines are 11 11and 11 .

Question 4:
Show that the points (2.3,4),(-1L-2.1).(5.8.7) are collinear.

Given points are 4(2:3:4).B(=1,-2,1) apq C(5.8.7)

As we know that the direction cosines of points,

(x¥:3:21) and (£:32:%:) are given by (x,=x).(»:=%) and (%-2) .

Therefore, the direction ratios of AB are

(_1_2)=(_2_3) and (1_4)
= —3,-5 and -3

The direction ratios of BC are

[5_ J [8 J and ( 7-1)

= 6,10 and 6
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It can be seen that the direction ratios of BC are —2 times that AB i.e., they are proportional.

Hence, AB is parallel to BC. Since point B is common to both AB and BC, points A, B, and C
are collinear.

Question 5:

Find the direction cosines of the sides of the triangle whose vertices are (3.5.74).(-L12) anq
(-5,-5,-2),

Vertices of the triangle are A(l 5’_4)=B(_1=1~2) and C(_5=—5,—2)
The direction ratios of the side AB are

(-1-3),(1-5) and [2*(_4)]

=-4,-4 and 6

Hence, the direction cosines of AB are

7 i -4 _ 4 _ 42

V(6 V8B 2T T
5 -4 _ 4 _ 4 2

ey ey Ve 27
6 6 6 3

B T R R R

The direction ratios of BC are

[_5(_1)]°(_5_1) and (-2-2)

= —4,-6 and —4

Hence, the direction cosines of BC are

- 4 _ 4 _ -4 =2
oy ey VB2
B -6 =5 & -3
R R R C X AN
- = 4 4 2
B R Ry RN L

The direction ratios of CA are
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(-5-3).(-5-5) and [_2 *(_4)]

= —8,—-10 gnd 2

Hence, the direction cosines of AC are

-8 -8 -8 -4

‘ \/(—8)2+(10)2+(2)2 Jies 22 Jn2
e -10 _ -10 _ -10 _ =3

e 02+ (22 Vies 2V42 Ja2
2 2 2 1

BT 80727 I68 2482 YA

Thus, the direction cosines of the sides of the triangle are
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EXERCISE 11.2

Question 1:
B3~ 4123 3 —i2

Show that the three lines with direction cosines 13713 713" 13°13°13” 13713 '13 are mutually
perpendicular.

Two lines with direction cosines %% and %77, are perpendicular to each other, if
L +mm,+nn, =0
12 -3 4 4 12 3

For the lines with direction cosines, 13’13’13 and 1371313, we get

12 4

-3\ 12 -4 3
!‘£3+m’m:+”lnzZEX]3+[E]XE+[§]XE
48 36 12

169 169 169
=0

Hence, the lines are perpendicular.

4 12 3 3 -4 12

For the lines with direction cosines, 13713713 and 13713 '13, we get

4 3 12 [—4) 3 12
L, +mm, +nn, = —x—+-—x 4+ —x—

13713 13 L13) 13 13
_12 48 36
169 169 169

=0
Hence, the lines are perpendicular.

3 412 12 -3 -4

For the lines with direction cosines, 13°13 13 and 13713713 , we get

LL+mm,+nn, = — [X| = |+| —= [X| = |+| = [X| —=
13 13 13 13 13 13
36 12 48
+

169 169 169
=)

Hence, the lines are perpendicular.


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

So, the all three lines are mutually perpendicular.

Question 2:
Show that the line through the points (L-1,2),(3.4-2) s perpendicular to the line through the
points (0.3.2) ang (3.5.6).

Let AB be the line joining the points (L-1.2) and (3.4, _2); and CD be the line through the

points (0.3,2) and (3.5.6)
Hence,

If, ABLCD; = aa,+bb,+cc,=0

Here,
aa, +bb, +cc, =2x3+5x2+(-4)x4

=6+10-16
={

Hence, AB and CD are perpendicular to each other.

Question 3:

Show that the line through the points (4.7.8).(2,3.4) is parallel to the line through the points

(-1,-2,1),(1,2,5)

Let AB be the line through the points (4.7.8) and (2’3?4); CD be the line through the points

(—1.-2.1) and (1.2.5).
Hence,
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a,=(2-4)=-2
b=(3-7)=—4
6 =(4—8 =—4

a,=[1-(-1)]=2
b,=[2-(-2)]=4

¢, =(5-1)=4
o _b_a_g
If, ABLCD; a, b, ¢
Here,
8.2
a, 2
b_4_
b, 4
a_—4_
o) 4
a b ¢
=L=_1l="
a, b, ¢,

Hence, AB is parallel to CD.

Question 4:

Find the equation of the line which passes through point (1.2,3) and is parallel to the vector
3 +2f-2k

It is given that the line passes through the point 4(1,2,3),

Therefore, the position vector through A(1,2,3) i
a_’ =i+ 2}' +3k
q -~ -~ -~
b=3i+2]-2k

So, line passes through point A(1,2.3) and parallel to b is given by reaiib , where [ 1s a
real number.

Hence,
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- . - ~ - ~ ~
r=i+2j+3k+A(3+2]-2k)

This is the required equation of the line.

Question 5:
Find the equation of the line in vector and in Cartesian form that passes through the point with

~

positive vector 27 — j+4k and is in the direction i +2j—k

It is given that
- == i
a=2i—j+4k
_)

~

b=i+2]—k

. : . - - :
Since, the vector equation of the line is given by » =a + Ab, where A is some real number.

Hence,
— - o H ” i
r=20-j+ak+2(f+2j-k)

Since, 7 is the position vector of any point (%.7.2) on the line
Therefore,

xf—)5?+zi\::2f—j+4kh+ﬂ,(f+2}—:’€)

=(2+A)f +(-1+24) j+(4-A)k
Eliminating [/, we get the Cartesian form equation as

x-2 y+1 z-4
1 2 -l

= s n B 2 O
Thus, the equation of the line in vector form is "~ RS JF B ;L(E *2j- k) and
x-2 y+1_z-4

cartesian formis 1 2 -1

Question 6:

Find the Cartesian equation of the line which passes through the point (-2.4.-5) and parallel
X+3 y—4 z+8

to the line given by 3 5 6

It is given that the required line passes through the point (-2.4.-5) and is parallel to
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x+3 y—4 z+8
3 5 6

Therefore, its direction ratios are 3k,5k and 6k, where k =0

It is known that the equation of the line through the point (x.31:2) and with direction ratios
X=X _Y=» _zZ7%
a,b,c is givenby a b ¢

Hence, the equation of the required line is

x+2 y-4 z+5
— = C—

3k 5k 6k

x+2 y-4 z+5

= =k
3 5 6
x+2 y—-4 z+5
Thus, the cartesian equation of the lineis 3 5 6
Question 7:
x-5 y+4 z-6
The Cartesian equation of a lineis 3 7 2 . Write its vector form.
x=5 y+4 z-6
It is given that the Cartesian equation of the line is 3 7 2
Hence,

The given line passes through the point (5,-4.6)

Therefoe,

= - " -
The position vector of the point is @ =5 =4+ 6k

Also, the direction ratios of the given line are 3,7 and 2

This means that the line is in the direction of the vector, b =37 +7j+2k

As we known that the line through positive vector @ and in the direction of the vector b is

. . = = =7
given by the equation, ¥ =a+2Ab; AR

Hence,
== (57 4] +6F)+ A (31 + 7] +2F)
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This is the required equation of the given line in vector form.

Question 8:
Find the vector and the Cartesian equation of the lines that passes through the origin and

(5-2.3),

The required line passes through the origin.

Therefore, its position vector is @ =0 (1)

The direction ratios of the line passing through origin and (5.-2.3) are
(5-0)=5
(2-0)=-2
(3-0)=3

Hence, the line is parallel to the vector given by the equation, b =5 =2 + 3k

The equation of the line in vector form through a point with position vector a and parallel to
b is,
- =
=r=a+Ab; LeR
== 0+ A (5 -2 +3k)

= r=A(51-2j+3F)

The equation of the line through the point (x> 7152, ), and direction ratios 4.b.¢ is given by,

X=X _Y=h_z2-%

a b c

Hence, the equation of the required line in the Cartesian form is
x-0 y-0 =z-0
= == —]
5 -2 3
¥

-

=

W | M

x
5

Question 9:
Find the vector and the cartesian equations of the line that passes through the points

(3,-2,-5),(3,-2,6)
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Let the line passing through the points, P(3,-2.-5) and @(3.-2.6) pe PQ. Since PQ passes
through © (3.-2,-5) , its position vector is given by
a=3-nj 5k
The direction ratios of PQ are given by
(3-3)=0
(-2+2)=0
(6+5)=11

The equation of the vector in the direction of PQ is
b=0i-0j+11k
=11k

The equation of PQ in vector form is given by,

r=a+Ab, LeR

= (3 -2 +5k)+112k
The equation of PQ in Cartesian form is

XX _ Y-y _z-f

a b ¢
=3 yp+2 =45
5 2 3

Question 10:
Find the angle between the following pairs of lines:

- - A oon - - ~ - - ~ - ~ ~
() T=2-SirkrA (342 +6k) g g r=Ti-6k+ (i +2]+2k)

= a2 oA = s A n = om ) 2 5 N
(i r=3i4 jo2k+ AT j-2k) g 7 =20 56k + u(3F - 5] —4k)

Let [ be the angle between the given lines.

Then the angle between the given pairs of lines is given by
-

b b,

5] [p.

Bos =
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() The given lines are parallel to the vectors, 5 =3i+2j+6k and by=i+2j+2k ,
respectively.
Therefore,

|ﬂ=\}32+23+62 =49 =7
|z;::\f12+22+22 =\V9=3

-
b,.b2=(3:‘+2j+6k).(;'+2j+2k)
=3x14+2%x2+6x%x2
=3+4+12
=19
Hence,
-
Bos = 4%
i {2
Bos = 19 :E
7x3] 21

0 =cos" [-12)
21

(ii) The given lines are parallel to the vectors, & =i —j — 2k and b, =3/ =5/ 4k respectively.
Therefore,

6=+~ (2 =6
byl =) +(=5) +(-4)’ =50 =542
;fz:(f—}—zfé‘).(ﬁ—s}—até)

= 1x3-1x(=5)=2x(-4)

=34+5+8
=16

Hence,
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-
6os —| B2

i o]
g 16 o 16 \=| 16 |

(V6).(sv2)] IN2+3542] [10v3]
Bos =%

Question 11:
Find the angle between the following pair of lines:

x-2 y-1 z+43 x+2 y-4 z-5
(1) 2 5 -3 and -1 8 4
Y
2

x-5 y-2 z-3
and 4 1 8

z
1

X
(i) 2

- ., x=2 y-1 z+3
i) Let & and ? be the vectors parallel to the line pair of lines 2 = 5 -3 and
x+2 y—-4 z-5
-1 8 4 respectively.

Hence, b =2+5j-3% and b, =-i+8]+4k

Therefore,
b= (2 +(5)" +(-3)" = V38
b2 = (=1 + (8 +(4)" = VBT =9

- . & = .
bb, = (21 +5]-3k).(~F +8] +4F)
=2><(—1)+5><8+(-3)><4

=—2+40-12

=26
The angle [ ] between the given pair of lines is given by the relation,
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By = b b
5P,

i — 26 L 26
J38x9| 938

0 =cos™' [ij
938

- - r_r_z
(i) Let & and » be the vectors parallel to the given pair of lines 2 2 1 and
x-5 y-2 z-3
4 1 8 , respectively.
Therefore,
6] = J@? @7 + (7 =B =3
—)
by| = J(4) +(1)> +(8)* =/81 =9
= . . “ . . o
bb, = (21 +2]+k).(41 + ] +8k)
=2x4+2x1+1x8
=8+2+8
=18
-
Bos — bb b
If [11s the angle between the pair of lines, then ‘ |10
——
Bos = b .b,
o
bos = A,
3x9] 3
0 =cos™ [E]
3
Question 12:
1-x Ty-14 z-3 7-7x y-5 6-z
Find the values of p so the line 3 2p 2 and 3p 1 5 are at right

angles.
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1-x 7y-14 z-3

The given equations can be written in the standard form as 3 2p
7-7x _y-5 6-z
3p 1 5

The direction ratios of the lines are given by

2p
a=-3b=—
' ' 7 and 6 =2
._3p
a, = ,b, =1
- T and € =5

Since, both the lines are perpendicular to each other,

Therefore,

aa,+bb, +cc,=0
= 4
(—3):{2)4—‘ 2—p]x]+2x(—5):0
7 7
g-"3+~2~-'{3—10=0

11
?pzm
11p=10x7
70
ST
_10
Hence the value of P= 11

Question 13:

XS _y+2_z x_y_Z
Show that the lines 7 -5 land 1 2 3 areperpendicular to each other.
XS _y+2_ z x_y_Z
The equations of the given lines are 7 -5 land 1 2

Here,
a, :7’bl :_S and Cl =1

a,=1,b,=2 and ¢, =3

2

and
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Two lines with direction ratios, %-P,¢ and @.5,¢, are perpendicular to each other, if
aa,+bb, +cc, =0

Since,
Tx1+4(=5)x2+1x3=7-10+3
=0

Hence, the given lines are perpendicular to each other.

Question 14:
Find the shortest distance between the lines

?=(5+2‘}‘+A:)+l(f—}+kﬂ) and ?=2f—‘}\'—ka+y(2f+.}=+2kh)

Given lines are e (f+2‘}’+}\:)+/1(f—}+12) and ?=2§—‘;—ka+y(2f+}+2k‘)

Hence,
(71271 gy (- 744)
— Ao oA e o n ~
a,=(20 - j-k) jpq b =(27+]+2k)

— —

- - - -

Shortest distance between the lines © =@ +4b, and © =4, + 1b, is given by,
= N o -
|t} (& —4)

= . (1
T
Here,
E—i’:(z?—"'—k")—(f+2_}+k")=§—3}—2k"
xb, =1 -1 1
2 1 2
=(-2-1)i =(2-2) j+(1+2)k
=-3i +3k
- -
bxby| =(=3) +(3)’
=949

=18
=32
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Putting all the values in equation (1), we get
(—35 +3k).(i —3}—2}2)
W2 ‘

-3.1+3(-2)
32

32

Hence, the shortest distance between the two lines1s 2  units.

Question 15:
x+1 y+1 z+1 x-3 y-5 z-17

Find the shortest distance between the lines 7 -6 1 and 1 -2 1
x+1 y+1 z+1 x=3 y-5 z-17
The given lines are 7 -6 1 and 1 -2 1

The shortest distance between the two lines,

X=X _Y=—)» _zZ—z X=X, Y=V _z27%
a b| ¢ and @ bz ¢ 18 given by,
X=X Vo= EH—EF
a b G
a, b, c;

d= 2_ - o 2 (])
\/(blcl = bzcl) + (Claz — 64 ) + (albz = azbl)

Here,
x=-Ly=-lLz=-1apnd x,=3,5,=512=7

a="7,b=-6,¢,=1 3pd @, =1, b,=-2,¢, =1

Hence,
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X=X W= 575 4 6 8

a, b, e |=|7 -6 1

a, b, &5 1 =2 1
=4(-6+2)-6(1+7)+8(-14+6)
=-16-36-64
==116

Also,

2

J(be,-ba) +(aa,—c,a ) +(ab,—ab ) =\(~6+2) +(1+7) +(-14+6)
_J16+36+64
=116

Putting all the values in equation (1), we get

=16
J116

=116

=-9./29

|| =2v29

Therefore, the distance between the given lines is 2429 units.

Question 16:
Find the shortest distance between the lines whose vector equations are

?:(f+2_}+3f€)+,1(f—3}+2£) ond ?=4f+5}+6£+y(2f+3}+§).

- - - ~ - - ~ - ~ ~ ~ ~ ~ ~
The given lines are r=(F+2]+3k)+ A (1 =37 +2k) g 7 =4 +5]+6k+p(2i +3]+E)

Hence,
-

a_,’z(f+2}’+3f€) and 2

- -~

(z—3;+2!;’)
- x s ~ o o P
a, = (4 +5]+6k) 4 by =(27+3]+F)

— —

- — - —
Shortest distance between the lines =@ + b and © =4, + 1, s given by,
- o o
‘(h ><F)2).(a2 —a,)|
d= >——> v (])
e |

Here,
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E:—E,’:(athsh 6k)~ (i +2]+3k) =37 +3]+3k
- o roJ k
bxb =l -3 2

3 5 1

=(-3-6)7 —(1-4) j+(3+6)k
= —95+3_}'+9};

- = = - 3

b, x| = J(-9)" +(3)" +(9)
=+/81+9+81

=+/171

=319

Putting all the values in equation (1), we get

(—9?+3}+9£).(33+3}+3§)
319
—9%3+3x3+9x3]|

B 319 |

- -27+9+27‘

319

9
3\@‘

3

Hence, the shortest distance between the two lines is V19 units.

Question 17:
Find the shortest distance between the lines whose vector equations are

F=(1=0)i+(t=2) f+(3-20) gng 7 =(s+1)i +(25-1)f-(2s+1)k

=3 2 A 7 — o % y
The given lines are r=(1-t)i+(t=2)j+(3-20)k anq r=(s+1)i+(2s-1)j—(2s+1)k
—

ie., ?=(§—2}+3;2)+;(_f+;_2;;) and r=(f—f+§)+s(f+2_}—2£)

Hence,
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—

e e - —
Shortest distance between the lines =@ +Ab and © =4, + 1, is given by,
= 2 5 o
)2

d= > - 0
N )
Here,
ay-a, = (i~ j-k)-(i-2j+3k)=j- 4k
- - i } E
bxb =|-1 1 -2
1 2 -2

=(2+4)1 -(2+2) j+(-2-1k
=2i-4)-3k

- - 5

b, 5| = (2)° +(—4)° +(-3)
=v4+16+9
=29

Putting all the values in equation (1), we get
(27 -47-3k).(7-4k)
B |

—4xl—3x(—4”

. |

]

8
Hence, the shortest distance between the lines is +29 units.
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EXERCISE 11.3

Question 1:
In each of the following cases, determine the direction cosines of the normal to the plane and
the distance from the origin.

@)z=2 @)x+y+z:l

(c) 2xt3y-z=5 (d) 5y+8=0

(a The equation of the plane is z=2 or 0x+0y+z=2 ill)
The direction ratios of normal are 0,0 and 1.
Therefore,

(b)

NO* +0%+1° =1
Dividing both sides of equation (1) by 1, we obtain
0.x+0.y+1l.z=

This is of the form Xx+my+nz=d  where /. m,n are the direction cosines of normal to
the plane and d is the distance of the perpendicular drawn from the origin.

Hence, the direction cosines are 0,0 and ! and the distance of the plane form the origin
is 2 units.

x+y+z=1 ."U)

The direction ratios of normal are 1.1 and 1.
Therefore,

JOY + (1) +(1) =3

Dividing both sides of equation (1) by V3 , we get
1 1 ] ]
—X+—F—=yV+—=z2=—"F
B3BTOBB

This equation is one of the form x+my+nz=d where [,m,n are direction cosines of
normal to the plane and d is the distance of normal from the origin.

1 1 1

Hence, the direction cosines of the normal are V373 and V3 and the distance of normal
1

form the origin is V3 units.
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(C) 2x+3y_Z=S .(].)

The direction ratios of normal are 2,3 and —1.
Therefore,

J@F +(3) + (1) =Via

Dividing both sides of equation (1) by V14 | we get
Z 3 1

5
X+ y— z=
JieT JiaT Vet e

This equation is one of the form x+my+nz=d where /,m,n are direction cosines of
normal to the plane and d is the distance of normal from the origin.

-1

2 3
Hence, the direction cosines of the normal are V14714 and V14 and the distance of
5

normal form the origin is J14 units.

(d) Sy+8=0
= 0x+5y+0z=8 (1)
The direction ratios of normal are 0,5 and 0.
Therefore,

Dividing both sides of equation (1) by 5, we get

0x+y+022§

This equation is one of the form x+my+nz=d where /,m,n are direction cosines of
normal to the plane and d is the distance of normal from the origin.

Hence, the direction cosines of the normal to the plane are 0,1 and 0 and the distance of
8
normal form the origin is 5 units.

Question 2:
Find the vector equation of a plane which is at the distance of 7 units from the origin and

normal to the vector 3i +5] —6k .
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— = i &
The normal vector is n=3i+5j—6k

" 3;+5; 6k _3i+5]-6k

_7 \/ 5)" +(6) J70

The equation of the plane with position vector s given by, r/i=d
Hence,

N

‘3z+5;—6kJ ;

Question 3:
Find the Cartesian equation of the following planes:

(a)’
(b) '

i)

(21+3; 4&]-1

(c);I(S‘zﬂf+(3—ﬂf+(25+0£]=15

(a)

(b)

(c)

Given equation of the plane is
—n oA A
r(i+j-k)=2  ..(1)
For any arbitrary point, (¥..2) on the plane, position vector ris given by,
F = xi+ ) -2k
Putting the values of rin equation (1), we get
(xf+ﬁ—z}2).(f+}'—f):2
= x+y—z=2
- A ~ ~
r(2f+3]-4k)=1 (1)
For any arbitrary point (%.3.2) on the plane, position vector s given by,
r=xi+yj -2k
Putting the values of 7 in equation (1) , we get
(xf+ _}5;—2}(‘\).(21? +3j —4)’2) =]

= 2x+3y—-4z=1

r_.,l_(s—2r)f+(3—t)}+(2s+r)kﬂ_|=15 (1)

For any arbitrary point, (¥.3.2) on the plane, position vector ris given by,
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F = xf ) — 2k

Putting the values of rin equation (1), we get
(xf+yj—Z:{:).[{S—Zt)f+(3—f)j+(2,3‘ +r)ﬂ: 15
=(s-2t)x+(3-t)y+(2s+1)z=15

Question 4:

In the following cases, find the coordinates of the foot of the perpendicular drawn from the
origin.

(a) 2x+3y+4z-12=0

(b) 3y+4z-6=0

(c) x+y+z= 1

d Sy+8=0

(a) Letthe coordinates of the foot of perpendicular P from the origin to the plane be (x.31.2,)

2x+3y+4z-12=0 ..(1)

The direction ratios of normal are 2,3 and 4
Therefore,

J2F +(3) +(4) =29

Dividing both sides of equation (1) by V29 , we get
12

2 X + 3 v+ i Z= (2)
V290 297 290 20

This equation is one of the form x+my+nz=d  where [,m,n are direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (ld,md,nd )

Hence, the coordinates of the foot of the perpendicular are
[ 2 12 3 12 4 12 )

[24 36 48)
=
29 29 29

(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x.31.2,)

3y+4z-6=0 A1)
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(©)

The direction ratios of the normal are 0.3 and 4.
Therefore,

NOP+32+4% =5

Dividing both sides of equation (1) by 5, we get
3 4 6

Ox+—y+—z=—
5

This equation is one of the form x+my+nz=d where [,m,n are direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (id,md,nd )
Hence, the coordinates of the foot of the perpendicular are

X
[OXE,;XEHEXEJ

Let the coordinates of the foot of perpendicular P from the origin to the plane be
x+y+z=1 "{U

The direction ratios of the normal are 1.1 and 1.
Therefore,

Jay +(7 +(1) =3

Dividing both sides of equation (1) by V3 , we get,
1 1 ] ]
— Xt Ytz =—F
BUBTB B

This equation is one of the form x+my+nz=d where [,m,n are direction cosines of
normal to the plane and d 1is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (id,md,nd )

Hence, the coordinates of the foot of the perpendicular are

[ 6 3 6 4 6]
Ox—,—x—,—x—
33 3.9 3

[ 18 24]
= 01_$_
23723
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(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be

5v+8=0

= 0x—5y+0z=8 sl L)
The direction ratios of the normal are 0.—5 and 0.
Therefore,

O +(=5)"+0=5

Dividing both sides of equation (1) by 5, we obtain

8
Ox—y+0z=—
d 5

This equation is one of the form x+my+nz=d where /,m,n are direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by (Id,md.nd )

Hence, the coordinates of the foot of the perpendicular are
[Uxi,—l x§,0x§)
5 5 5

:(0,—30]
5

Question 5:
Find the vector and Cartesian equation of the planes

(a) that passes through the point (1.0.-2) and the normal to the plane is i+]-k

(b) that passes through the point (1,4.6) and the normal vector to the plane is [=2j+ k.

(a) The position vector of point (L0,-2) is a=7 -2k

7 -

The normal vector N perpendicular to the plane is /V = i+j—k
The vector equation of the plane is given by,

:>(r_’—a_j.;\_f"=0

:[?-(?—2:2)1.(%}—;2]:0 (1)

Since, r'is the positive vector of any point (%.7.2)in the plane.

Hence,
— n " ~
F=xi+ yj+zk
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Thus, equation (1) becomes
:>[(xfﬂgﬁé)-(;‘_z;z)].(f+j_;z):o
:>[{x—l]f+y}‘+(z+2)ﬂ.(?+}—IE)=0
:>(x—l)+y~(z+2)=0

= x+y—-z-3=0
H¥rY—2=3

(b) The position vector of point (1,4.6) is a=i+ 4] +6k

The normal vector N’ perpendicular to the plane is N'=i- 2j+k
The vector equation of the plane is given by,

:>(r_’—a N=0
:;>[7—(f+4}+6k’\)}.(f—2}+kﬂ)=(} (1)

Since, r'is the positive vector of any point (%..2)in the plane.

Hence,
_)
xi + y; +zk

Thus, equation (1) becomes
:>[(xf+J5?+z£)—(f+4}+6£)}.(f—2}'+:‘2)=
=[(x-1)i+(y-4)j+(z-6)k].(i-2]+k)=0

:(x—l)—2(y—4)+(z—6)=0
=>x—2y+z+1=0

Question 6:
Find the equations of the planes that passes through the points.

@ (LL-1),(6,4,-5),(-4,2,3)
) (L10),(121),(-2,2,-1)

(a) The given points are A(l,l,—l),B(6,4,—5) andC(_4~2,3)_
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I
6 4 -5|=(12-10)-(18-20)—(~12+16)

4 -2 3
=2+2-4
=0

Since, the points are collinear, there will be infinite number of planes passing through the

given points.

(b) The given points are A(L,1,0),B(1,2,1) gpd C(-2.2.-1),

11 0
1 2 1 [=(2-2)-(2+2)
2 2 -

=-8

# ()

Thus, a plane will pass through the points.

The equation of the plane through the points (%15 2152)5(%2:2:22) and (%Y5:23)is given

by

X=X ¥Y=-» =5

= (<2)(x-1)-3(y~1)+3z =
= -2x+2-3y+3+3z=0

= -2x-3y+3z+5=0
=>2x+3y-3z=35

Question 7:
Find the intercepts cut off by the plane 2x+y—z=35

2x+y—z=5
Dividing both sides of equation by 5, we get
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= —x+=-——=1
5 > D
SN
5 5 -5
2
X y z
The equation of a plane in intercept formis @ b ¢ , where @4 and ¢ are intercepts cut

off by the plane at X.» and z—axes respectively.

Hence, for the given equation,

azé,b:S
2 and ¢=-5

5
-, 5
Thus, the intercepts cut off by plane are 2° and -5.

Question 8:
Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.

The equation of the plane ZOX is Y =0

Any plane parallel to it is of the form, ¥ =a
Since the y-intercept of the plane is 3,

Therefore, a =3

Hence, the equation of the required plane is ¥ =3.

Question 9:
Find the equation of the plane through the intersection of the planes 3x—y+2z-4=0 and

x+y+z-2=0 and the point (2-21),

The equation of the given plane through the intersection of the planes 3x—y+2z-4=0 and
x+y+z-2=0 is given by

(B3x—y+2z-4)+a(x+y+z-2)=0; aeR (1)

This plane passes through the point (2,2,1),
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Hence, this point will satisfy equation
= (3x2-2+2x1-4)+a(2+2+1-2)=0
=24+3a=0
-2
=So=—
3
a2
Putting 3 in equation (1), we get
:>(3x—y+22—4)—%(x+y+z—2)=0
=3(3x-y+2z-4)-2(x+y+2z-2)=0
=>9x-3y+6z-12-2x-2y—-2z+4=0
= Tx-5y+4z-8=0

Question 10:
Find the vector equation of the plane passing through the intersection of the planes

=3~ 5 ; =32 = )
iV‘(QI ] _3k) = r.(2: o +3k) =9 and through the point (2,13),

r(2i 427 -3k)=7 4 720 +5]+3k)=9

The equations of the planes are an
Hence,
—_ a - =
= r.(2f +2j-3k)-7=0 (1)
= (20 +5]+3F)-9=0 il2)

Equation of the required plane is given by
| 720 +27-3k)-7| +a[ (20 +57+3k)-9]=0; AR
Therefore,
= r (2 +2]-3k)-7 +ar)(2i +5]+3k)-94=0
:F.’[(zhzj—:;é)u,(zhs_}:r312)]=9,1+7

=] (2424)i +(2452) j+(34-3)k]|=94+7 . (

sl
p——

The plane passes through the point (2,1,3)

=2 2o A
Hence, its position vector is given by, # =2i + j+3k

Putting in equation (3), we get
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= (27 + j+3k) [ (2+24)7 +(2+52) j +(3A-3) k] | =94 +7
=2(2+21)+(2+51)+3(34=3) =92 +7

=4 +4A+2+5A4+9A4-9-94-7=0

=92.-10=0

==

10
A=
Putting 9 in equation (3), we get
=57, §?+§}+EI€J=I’?
9 9" 9

= 7.(38] +68+3k) =153

Question 11:
Find the equation of the plane through the line of intersection of the planes x+y+z=1 and
2x+3y+4z =5 which is perpendicular to the plane x—y+z=0,

The equation of the plane through the intersection of the planes X+ y+z =1 and 2x+3y+4z=5
1s

= (x+y+z-1)+A(2x+3y+42-5)=0
= (24+1)x+ (34 +1)y+(4A+1)z—(54+1)=0 (1)

The plane in equation (1) is perpendicular to the plane x—y+z=0

Since the planes are perpendicular, % +bb, +¢¢, =0
Here,

a,=(24+1),b, = (34 +1) 4nq & =(42+1)

a,=1,b,=~1 and ¢, =1
Hence,
= (22 +1)x1+(32+1)x(=1)+(42+1)x1=0
=2A+1-31-1+4A4+1=0
=31+1=0
:M,zfl
2
_-1

A
Putting 3 inequation (1), we get
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1 1 2
= —x+—z+—=0
3 3 3

= x—z4+2=0

Question 12:

=Woce o na8
Find the angle between the planes whose vector equations are ””'(2H2j _3k)_5 and

r(3f -3 +5k)=3

=¥ 2 7 ot W i o o
The equations of the given planes are }”'(21 s | _3k) =3 and r'(?’x =44 +5"‘) =3

—

If 7 and " are normal to the planes, 7% =4, and 7"/, =4,

Then the angle between them 6 is given by,

o
0 =cos™' - (1
B )
Here,
~ ~ - — - ~ ~
=2i+2j-3k gnd n, =3i =3 +5k
Hence,

5 W
1, .1, —(2.' S Bk) ( 3j+5k)
:2x3+2x(—3]+(—3)><5

ﬂ\/ ) +(2) +(3) =17
] =(3) +(—3)~+(s)" =13

Substituting these values in equation (1), we obtain

0=cos” \—15‘
V17| |43
=cos’' L
J731

Question 13:

In the following cases, determine whether the given planes are parallel or perpendicular, and
in case they are neither, find the angles between them.

(a) Tx+5y+6z+30=0 gnd 3x—y—-10z+4=0

(b) 2x+y+3z-2=0 gnd x—-2y+5=0


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

(¢) 2x-2y+4z+5=0 and 3x-3y+6z-1=0
(d) 2x-y+3z-1=0 and 2x—y+3z+3=0
(e) 4x+8y+2z—8=0 gnd y+z—-4=0

The directions ratios of normal to be the plane Li:a@x+by+cz=0 are a.bh,¢, and
L,:ax+b,y+c,z=0 gre a,.b,,c,

If,

U B B

L||Ly; =—+
a, b, ¢

L1L; =>aa,+bb, +cc,=0
The angle between i and £: is given by
‘ala2 +bb, +c]c2| |

‘\/alz +b|2 +cl2 '\/az2 +b22 4“922 |

0=cos™!

(a) The equations of the planes are 7x+5y+6z+30=0 and 3x—y—-10z+4=0

Here,
a,=7,b,=5 gpnd ¢, =6
a,=3,b,=-1 gnd ¢, =—10
Hence,
aa, +bb, +cc, =Tx3+5x(-1)+6x(-10)
=-44
#0

Therefore, the given planes are not perpendicular.

Also,

&4. 7

a, 3

h_35_

b, -1

a_6 __3

c, —10 5
ai hl cl
# =l 2

It can be seen that, @, b, ¢,
Therefore, the given planes are not parallel.

The angle between them is given by,
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a,a, +bb, +cc,

2 2. -3 2 By
\/al +b°+c; .\/az +b +c,

0 =cos™

7x3+5%(-1)+6x(-10) |

V7Y +(5) +(6) J3) (=1 +(-10)

=cos™

_ o] 21560
V1104110
-1 _44
=CO08 |——
110
= COS L=
5

(b) The equations of the planes are 2x+ y+3z-2=0 and x—2y+5=0
Here,

a,=2,b=1 apd ¢, =3
a,=1b,=-2 gnd ¢, =0
Hence,
aa, +bb, +cc, =2x1+1x(-2)+3%0
=2-240
=)

Thus, the given planes are perpendicular to each other.

(¢) The equations of the planes are 2x—2y+4z+5=0 and 3x-3y+6z-1=0
Here,

a,=2,by=-2 agpnd ¢, =4
a,=3,b,=-3 gnd ¢, =6
Hence,
a,a, +bb, +¢,c; =2x3+(-2)x(-3)+4x6
=6+6+24
=36
=0

Thus, the given planes are not perpendicular to each other.

Also,
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a1_2
a, 3
b] Oy P
b, -3 3
¢ 4 2
e 6 3
b ¢

O B G

1
It can be seen that, @ b, ¢,

Hence, the given planes are parallel to each other.

(d) The equations of the planes are 2x—y+3z-1=0 and 2x—y+3z+3=0

Here,

a,=2,b =-1 and ¢ =3

a,=2,b,=-1gpd ¢, =3
Hence,

a4_2_,

a, 2

-l

b, -1

a_3_4

Gy 3

b _¢

&

Therefore, a, bz Cy

Hence, the given lines are parallel to each other.

(¢) The equations of the given planes are 4x+8y+z-8=0 and y+z-4=0
Here,
a,=4,b=8 gnd ¢, =1
a,=0,b,=13pd ¢ =1
Hence,
aa,+bb, +cc, =4x0+8x1+1
=9

0
Thus, the given lines are not perpendicular to each other.

Also,
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alzi
a, 0
b_8_g
b, 1
Gt
¢ 1
a b ¢

Thus, the given lines not parallel to each other.

The angle between the planes is given by,

aa,+bb, +c¢c, |

0=cos™
\/af +h’+¢’ .\/af +b +¢,’

4x0+8x1+1x1 ‘

@ 6 ) 0 ) ()
49
= C0s m‘

=cos”' %J

=45°

Question 14:
In the following cases, find the distance of each of the given points from the corresponding
given plane.

Point Plane
(a) (0 0, 0) 3x—4y+12z=3
(b) B21) 2x—y+2z+3=0
(©) (2,3 5) x+2y—-2z=9
(d) (—6,0,0) 2x=3y+6z-2=0

The distance between a point, © (%72 ) and a plane Ax+By+Cz+ D=0 ig given by,
‘Ax] + By, +Cz, + D|
\ JL&+B+Ct |

(a) The given point is (0,0,0) and the plane is 3x—4y+12z-3=0
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Therefore,
3x0+(—4)x0+12x0+(u3)‘

JEr+(=4) +(2) |

d=

|
2l

»

(b) The given point is (3 ~2,1) and the plane is 2x—y+2z+3=0

Therefore,
s 2x3+(—l)x(—2)+2xl+3‘
) + (-1 +(2)
|13
BNG
13
8

(c) The given point is (2.3.-5) and the plane is *+2y-2z-9=0

Therefore,
e I><2+2><3+(—2)><(—5)+(—9)‘
Joy+@y+(2 |
_ i‘
Vo
_2
_3

(d) The given point is (=6.0.0) and the plane is 2x =3y +6z-2=0

Therefore,
i 2x(—6_}+(—3)x0+6x{)+(—2)|
V2 +(-3)" +(6)
|1
Ja9
it
7

=2
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MISCELLANEOUS EXERCISE

Question 1:
Show that the line joining the origin to the point (2,11) i perpendicular to the line determined
by the points (3,5.-1),(4.3,-1)

Let OA be the line joining the origin 0(0.0,0) and the point A(2,11),
Also, let BC be the line joining the points, B(3,5,-1) and C(4.3.-1),

The direction ratios of OA are 2, 1 and 1 and of BC are (4 -3)= 1=(3 _5) =2 and (-1+1)=0

If, OA L BC= aa, +bb, +cc, =0
Here,
aa, +bb, +cc, =2x1+1(=2)+1x0
=2-2
=1

Thus, OA4 L BC proved.

Question 2:

If Lsmsm and L>my1, are the direction cosines of two mutually perpendicular lines. Show
that the direction cosines of the perpendicular to both of these are

mn, —myn,, ml,—nd, lm,—lLm,

L, +mm, +mn, =0 (1)
IP+m’+n’ =1 ..(2)
L2+mt+n?=1 ..(3)

Let /,m,n be the direction cosines of the line which is perpendicular to the line with direction

cosines L1 and Lsms.n,

Therefore,
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I+ mm +nn =0

I, +mm, +nn, =0

i m n

—_— = —

mn, —mp, nl,—nl  Im,—Im,

I? m’ n*

= 2 = 2 = 2

(mny,—myn)” (nly—nd)  (hmy—ILm,)

2 2 2

- ["+m”+n ( 4)

(ml‘”z —myhn, )2 +(”1"2 =yl )2 +("'r1mz —l,m, ]2

Since, [.m.n are direction cosines of the line.
Hence,

P+m’+n’ =1 ..(5)

As we know that,

(1,1 +m? +n|2)(322 +m,’ + 3121)—(21!2 +mymy +mny ) = (mn, —myn, )2 +(nl, —nyl, )2 +(1m, —L,m, )2

Putting the values from (1), (2) and (3), we get
=1.1-0=(mn, —m,n, )2 +(md, —nyl, )2 +(Lmy —Lm, )2

= (mpn, —mon, ) +(nl, —ml, ) +(Lm, —Lm,) =1 ...(6)
Putting the values from equation (5) and (6) in equation (4), we get

2 2 2
[“+m +n l

(mlnz —mn, )2 ! (”l‘rz =y, )2 + (‘Ilmz —lm, )2 .

Hence,

2
I m’ n’

= = :]

2 — M )2 (HI!2 & r"z‘ll)2 (‘Tlmz —Lm, )2

(mln
Therefore,

! =mn, —m,n,

m=ml, —n,l,

n=I{m,—Lm,

Hence, the direction cosines of the required line are 7, =My, ml —ml, hmy, —Lm; proved.

Question 3:
Find the angle between the lines whose direction ratios are @.b.¢ and b—c,c—a,a-b,
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The angle 6 between the lines with direction cosines @.5.¢ and (b—c).(c—a).(a-b) is given
by,

a(b—c)+b(c-a)+c(a-b) ‘

va’© +.£:-24—«:‘3.\/(b—c)2+(c—af)2 +(-ar—15)2 ‘

Bos =‘

- | ab—ac+be—ab+ ac—be ‘
|~ja +b% + ¢ \/(b c +(c a) (a—b)z‘

=cos” 0

=90°

Thus, the required angle is 90°

Question 4:
Find the equation of a line parallel to x-axis and passing through the origin.

The line parallel to x-axis and passing through the origin is x-axis itself.
Let A be a point on x-axis.

Therefore, the coordinates of A are given by (a.0,0) , where a € R
Hence, the direction ratios of OA are @,0,0

The equation of OA is given by,
x—a y-0_ z-0
0 0 0

= =da

o
I 0 0

r_Y_Z2
Hence, the equation of line parallel to x-axis and passing originis 1 0 0

Question 5:

If the coordinates of the points A, B, C, D be (1,2,3),(4,5,7),(—4,3,—6) and (2,9,2)
respectively, then find the angle between the lines AB and CD.

The coordinates of A, B, C and D are (1.2.3),(4,5,7),(-4.3,-6) and (2.9:2) respectively.
Hence,
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a,=(4-1)=3 a,=[2-(-4)]=6
b =(5-2)=3 b,=(9-3)=6
¢ =(7-3)=4 &y=[2-(6)]=8
Therefore,
a _b _¢ _
= e e

Hence, 4B | CD

Thus, the angle between AB and CD is either 0° or 180°.

Question 6:
x-1 y-2 z-3 x=1_ y-1 z-6
Iftheline -3 2k 2 and 3k 1| =5 are perpendicular, find the value of k.
Here,
 ==3 a, =3k
b =2k b, =1
=2 &5 =5

Two lines with direction ratios, %-51-¢ and @,5,.¢; are perpendicular, if
aa,+bb,+cc,=0

Therefore,

= —3(3k)+2kx1+2(-5)=0

= -9%+2k-10=0

= Tk=-10

= k= ﬂ

B
__10

Hence, for 7 , the given lines are perpendicular to each other.
Question 7:

Find the vector equation of the plane passing through (1.2.3) and perpendicular to the plane
r(f+27-5k)+9=0
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Here,

—

r=(f+2j43k) g N=(i+2]-5k)

The equation of a line passing through a point and perpendicular to the given plane is given by
I =r+AN; AeR
Hence,

:7=(f+2.}*+3k’“)+1(£+2}—5f2—)

Question 8:

e GO
Find the equation of the plane passing through (a.b,¢) and parallel to the plane r'(z I k) =4

o BN
Any plane parallel to the plane, r'(z I k) == , is of the form

:(f+j+§)=ﬂ. eslL)

Since, the plane passes through the point (a,b,c).

- - - 5l o
Therefore, the position vector # of this point is 7" = ai +bj +ck
Hence, equation (1) becomes

z(af+b}+cf$).(f+}+!€):i

=a+h+c=A7

Putting A =a+b+c in equation (1), we get
;?(f+}+kh)=a+b+c s )
This is vector equation of the required plane.
. NN U T .
Putting » =xi + )/ +zk in equation (2), we get

:>(xf+;£+z§).(f+}‘+l€):a+h+c

=x+y+z=a+b+c
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Question 9:
S e " T2 n o 5
Find the shortest distance between lines '~ 61 +2j+2k+ j~(I —2j+ Zk)

r=—4f —k+ (3 -2j-2k)

The given lines are
— - y ~ e -, -~
r=6£+2j+2k+l(z‘—2j+2k) (1)

r=—4i —k+p(3i -2] - 2k) swi(2)

- = el - - e
The shortest distance between two lines © =@ +24b and =4, + 45, is given by

= 2 5
B (b, x bgl.(r,zE —a,)|
| |pxb, ()

e - - —
Comparing, " =@ +Ab, and " = a, + Ab, to equation (1) and (2), we get

A

l

4 =60 +2]+2k gnd @ =—4i —k

by=1-2j+2k gnd b, =31 -2j -2k

Therefore,
— -3 A ~ ~ A ~
a, - a, = (-4~ k) (67 + 2]+ 2k)
=-10i -2 -3k
- - iod k
bxb=|1 -2 2
3 2 2
=(4+4)i—(-2-6)j+(-2+6)k
:8;+8}+4kh

Putting all these values in equation (1), we get

and
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(8£+3j+4f2).(-|(}f-2}—3£)
‘(8? +8}+4§)‘

~80-16-12 |

JB) +(8) +(4)
—108

Tiaa

108

12
=9

Hence, the shortest distance between the two given lines is 9 units.

Question 10:

Find the coordinates of the point where the line through (5.1,6) and (341) crosses the
YZplane.

The equation of the line passing through the points, (%:%52) and (%2:32:2,) is
Xy Ry ki

X.

I TR T R S 4

The line passing through the points (5,1,6) and (3:4.1) is given by,
x—95 _ y-1 2-6 . x-5 _ y—1 _ z—6 = ko)

35 4-1 1-6 -2 3 -5
=>x=5-2k,y=3k+1,z=6k-5

Any point on the line is of the form (5—2k,3k+1,6 - 5k)
Any point on the line passes through YZ-plane

=5-2k=0
:>k:3
2
=3k +1 :3x[§]+]=E
2 2
:>6—5k:6~5x[-§j:_]_31
2 2
(02,5)
Hence, the required point is \ 2~ 2
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Question 11:

Find the coordinates of the point where the line through (5.1,6) and (3:4.1) crosses the ZX-
plane.

The equation of the line passing through the points (%:%:2) and (%223222) is
X=X _ Y-y _z-2

I
H=% V=W 2L

The line passing through the points (5.1,6) and (3-4.1) is given by,
x—5 y-1 z-6 x-5 y-1 =z-
= — = = ==
3-5 4-1 1-6 -2 3 =5
=x=5-2k,y=3k+1,z2=6k-5

6 =k(say)

Any point on the line is of the form (5—2k,3k+1,6 - 5k)

Any point on the line passes through ZX-plane
=3k+1=0

=Sk=——
:>5—2k=5—2[—1)=z
3 3
L
3

=6-5k =6—5[—

(17 23)
Hence, the required pointis \ 3~ 2

Question 12:

Find the coordinates of the point where the line through (3.-4,-5) and (2.-3.1) crosses the
plane 2x+y+z=T,

The equation of the line through the point (%:31:2) and (%22 32:25) is

X=X _Y=» _Z2-%

H=% WM —W 2L

Since the line passes through the points (3.-4,-5) and (2-3.1) jts equation is given by,
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X—3  y+4 2435
2-3 -3+4 1+5

= x—]3:y1lt4:z+5:k(wy)

=>x=3-k,y=k—4,z=6k-5

Thus, any point on the line is of the form (3—k.k—4,6k-5)
This point lies on the plane, 2x+y+z=7
=2(3-k)+(k-4)+(6k-5)=7
—>5k-3=7
=k=2

Hence, the coordinates of the required point are
= (3-2,2-4,6x2-5)
= (1,-2,7)

Question 13:

Find the equation of the plane passing through the points (-1.3,2) and perpendicular to each
of the planes x+2y+3z=5 and 3x+3y+z=0,

The equation of the plane passing through the point (-13.2) is
a(x+1)+b(y-3)+c(z-2)=0 (1)

where a.b,¢ are direction ratios of normal to the plane.

We know that two planes,
ax+by+eztd =0 and ax+by+c,z+d, =0 are perpendicular, if @4 +bb, +¢¢, =0

Since, plane (1) is perpendicular to the plane, X +2y+3z=5
Therefore,
=al+b2+c3=0

= a+2b+3¢c=0 . (2)

Also, plane (1) is perpendicular to the plane, 3x+3y+z=0
= a3+b3+cl=0

=3a+3b+c=0 ..(3)

From equation (2) and (3), we get
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a b c
— —] =
2x1-3x3 3x3-1x1 1x3-2x3
a b ¢
S —=—=—==k (sg
ikl
=a=-7Tk.b=8k,c=-3k

Putting the values of 4.5 and ¢ in equation (1), we get
= —Tk(x+1)+8k(y—-3)-3k(z-2)=0
:>(—?x—?)+(8y—24)—32+6=0
=-7x+8y—-3z-25=0
= Tx-8y+3z+25=0

Question 14:

—H a2 5 i _
If the points (LLp) and (-3.0.1) be equidistant from the plane r'(SI | —IZk] H13=0 then

find the value of P .

Here,
- A n A
a=i+j+pk
- a A
a,=-3i+k

i P A % _
The equation of the given plane is }“'(33 " 2k] +13=0

The perpendicular distance between a point whose vector is @ and the plane PN =d is given
by

]

la:N —d

W

;:3;+4}—|2kﬂ and d =-13

Here,

Hence, the distance between the point (LLP) and the given plane is
‘(f+}+ pk) (37 +4] - 12&)-(—13)’
‘3? +4F-12k |

=D =

iy 3+4-12p+13]

| \{33+43+(—12)2
sl 2 020 (1)

13
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Similarly, the distance between the point (=3.0.1) and the given plane is

(<37 +£).(37 +47-12k )~ (-13)

=D, = T = ,\ ~
: 37 +4j-12k
|-9-12+13|
=D, = :
\/32+42+(-12)'
8
D,=— ..(2
=D, == (2)

From the given condition, 2 =D,

20-12 8
-] 13 p|zﬁ
=[20-12p|=8
=20-12p=8or —(20-12p)=8
=12p=120r 12p=28

7
:>p:lorp:§

Thus, the value of » =1 or P=3.

Question 15:
Find the equation of the plane passing through the line of intersection of the planes

i+ j+k)=1, . r(2i+3j-k)+4=0
?‘—(!+.;'+ )— andl'( S o )+ ~ 7 and parallel to x-axis.

=Moo o @\ e A = A=
The given planes are r'(z +J +k) =1 and J'(2I 2 _k)+ =0

The equation of any plane passing through the line of intersection of these planes is given by
[?.’(f+_}+£)—1}+A[E’(zi’w}—é)w} -0
P (22+1)i + (32 +1) j+(1-2)k | +(42-1)=0 (1)

Here,

a,=(22+1),b, = (32 +1) gnq & =(1-2)
Since, the required plane is parallel to x-axis.
Therefore, its normal is perpendicular to x-axis.

The direction ratios of x-axis are 1, 0 and 0.

Therefore,
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a,=1,b,=0 and ¢, =0

Hence,
=1.(2A+1)+0(34+1)+0(1-2)=0
=24+1=0
D A=—
__ 1
Putting, 2 in equation (1), we get

1, 3~
= ‘——' 2k [+(-3)=0
r 2‘;+2 }+( )

= }—312)+6=0

Thus, its Catersian equation is ¥ —3z+6=0

Question 16:

If O be the origin and the coordinates of P be (1329_3), then find the equation of the plane
passing through P and perpendicular to OP.

The given points are 0(0,0,0) anq P(1,2,-3)
The direction ratios of OP are

a=(1-0)=1
b=(2-0)=2
(':(—3—0)

~3

The equation of the plane passing through the point()"l V7)) s
a(x-x)+b(y-y)+c(z-2)=0

where, 9,0 and ¢ are the direction ratios of normal.

Here, the direction ratios of normal are 1.2 and -3 and the point P is (1 2,-3),

Hence, the equation of the required plane is
=1(x-1)+2(y-2)-3(z+3)=0
= x+2y-3z-14=0


https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions
https://www.cuemath.com/?utm_source=website&utm_medium=pdf&utm_campaign=ncert-solutions

Question 17:
Find the equation of the plane which contains the line of intersection of the planes

= A s o SMoa  m A _
r.(z+2;+3k)—4—0,r.(2:+;—k)+5_0 and which is perpendicular to the plane

:(5f+3.}—6kA)+8=0.

The equations of the given planes are
—3 . - 5
rli+2j+3k)-4=0 (1)

r(2i+j-k)+5=0 wil2)
The equation of the required plane is,
—3 A - ~ -3/ A ” ~
[r.(i +2j+3k)—4]+ A[r.(zf +|j—}'c)+5] =0

PT(2A+1)i +(A+2) j+(3-2)k |+(54-4)=0 (3)

EM o, s _
The plane in equation (3) is perpendicular to the plane, iP"(S'! & & 6k) Rl

Therefore,
0

= 5(24+1)+3(1+2)-6(3-1)
=194-7=0
7

= AL=—
19

7
A=—. :
Putting 19 1n equation (3), we get
= 7. §f+£}+@§ ~lp
19 19 19 119

= (337 +45] +50£)-41=0 (4)

The Cartesian equation of this plane is given by
= (xf + 7 + 2k ).(337 + 45+ 50k ) - 41=0
= 33x+45y+50z-41=0

Question 18:
Find the distance of the point (~1.=5.-10) from the point of intersection of the line

=2 s o A 2 4 2 i I
r=2i—j+2k+a(37+4]+2k) and the plane r{i-j+k)=5
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The equation of the given line is
?:2?—}+2ka+l(3f+4}+2£] e 1)

The equation of the given plane is
- on A
r(i-j+k)=5  ..(2)

Putting the value of r from equation (1) in equation (2), we get
:>[2?—}'+2£+A(Sf+4}+2£)}.(f—j+£]=5
=[(34+2)i +(44-1) j+(2A+2)k |.(i-j+£) =5
= (31+2)-(41-1)+(24+2)=5
=>1=0

— = = 4%
Putting this value in equation (1), we get the equation of the line as 7 =2i — j + 2k
This means that the position vector of the point of intersection of the line and plane is

=2 s A “
r=2—j+2k

This shows that the point of intersection of the given line and plane is given by the coordinates
(2,-1,2) and (-1,-5,-10),

The required distance between the points (2,-1,2) and (-1.-5,-10) js
/ 2 P! 2
d=\J(-1=-2) +(=5+1) +(-10-2)
=9+16+144
=+/169

=13

Question 19:

Find the vector equation of the line passing through (1,2,3) and parallel to the planes
rli-jrak)=5 4 r(3+j+k)=6

Let the required line be parallel to vector b given by,
b=bi+bj+bk

The postion vector of the point (1,2.3) s
a=7+2j+3k

The equation of line passing through (1.2.3) and parallel to b is given by,
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ay oy T
=r=a+Ab
—y

= r.(i—j+2k)+A(bi +b,] +bik) a1}

The equations of the given planes are
-5 - 5
ri-j+2k)=>5 i 2)
:(3f+}+£)=6 ..(3)
The line in equation (1) and plane in equation (2) are parallel.
Therefore, the normal to the plane of equation (2) and the given line are perpendicular.
= (7= j+2k) A (b +b,] +b)=0
= A(b—b,+2b,)=0

=b,—b,+2b, =0 ...(4)
Similarly,

= (35 +7 +!€).}l(b,f+bj_}'+b3f€) =0
= A (3B +b,+b;)=0
= 3b +b, +bh,=0 sl 3]

From equation (4) and (5), we obtain

_ b = b, = by
(-1)x1-1x2  2x3-1x1 1x1-3(-1)
s BB
3 5 4

Thus,

The direction ratios of » are —3,5 and 4.

Hence,
b=bi+b,j+bk
=3 +5]+4k

Putting, the value of b in eqation (1), we get
?z(f+2}+3l€)+/1(—3f+5j+4£)

Question 20:

Find the vector equation of the line passing through the point (1.2,-4) and perpendicular to the
x-8 y+19 z-10  x-15 y-29 z-5

two lines: 3 -16 7 and 3 8 -5 .
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Here,
b=bi+b,j+bk
— n ” -
a=i+2j-4k

The equation of the line passing through (1.2,-4) and parallel to vector b s given by
e
=r=a+Ab

-

= r=({+2]-4k)+A(b] +b,] +bk) i)

The equations of the lines are

x-8 y+19 z-10
3 -6 7 ~{2)

x-15 y-29 z-5
3 8 s =)

Since, lines of the equations (1) and (2) are perpendicular to each other

= 3b, ~16b, +7h, =0 ..(4)
Also,
Lines (1) and (3) are perpendicular to each other
= 3b, +8b, —5b, =0 .(5)

From equations (4) and (5), we obtain

= b, B b, B b,
(-16)x(=5)-8x7 7x3-3x(-5) 3x8-3x(-16)
b b b

= —= = —

24 36 72

4 _5_5

23 6

Hence,

The direction ratios of » are 2,3 and 6

Therefore,
b=2i+3]+6k

Putting b =27 +3j + 6k in equation (1), we get
=7 =(i+2]-4k)+ (2 +3] +6F)
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Question 21:

Prove that if a plane has the intercepts @.5.¢ and is at a distance of 7 units from the origin,

1 1 1 1
_+b_2+_:

then @’ o pt.

The equation of the plane having intercepts 4.5.¢ with X, .z axes respectively is given by,

X y z
—t =t —==1 a1
a+b+c ()

The distance P of the plane from the origin is given by,

a b c

Question 22:
Distance between the two planes: 2x+3y+4z=4 and 4x+6y+8z=12 g
2

(A) 2 units (B) 4 units (C) 8 units (D) V29 units
The equations of the planes are
= 2x+3y+4z=4 z(l)

=4x+6y+8z=12
=>2x+3y+4z=4 s(2)
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Since given planes are parallel, and we know that the distance between two parallel planes
ax+by+cz=d, gnd ax+by+cz=d, ig given by,

dz_dt

Vat +b + ¢

1 s |
Y2 +3)
_2
~ 29

D=

5

+4)

2

Hence, the distance between the given plane is V29 units.
Therefore, the correct answer is D.

Question 23:
The planes: 2x—y+4z=5 and 5x-2.5y+10z=06 are

5
0,0,—
(A) Perpendicular (B) Parallel (C) intersect y-axis (D) passes through ( 4J

The equations of the planes are

2x—y+4z=5 el )
Sx—-2.5y+10z= (2)
Here,
a 2
a 5
e
b 25 s
¢ 4 2
c, 10 5
Therefore,
& b ¢
b B o

Hence, the given planes are parallel.

Therefore, the correct answer is B.
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