12082CH11

ﬁrfm:ﬁ'&rwﬁﬁr

(Three Dimensional Geometry)

**»The moving power of mathematical invention is not
reasoning but imagination. - ADEMORGAN <%

11.1 HftwerT (Introduction)

FHel XIH, avaiftes sHfHfd o1 15999 i 999 fg-farda
&R - ferftar ferwail o ofter & eo W 1 shere

sofafa o 59 SUATH 1 IS99T € T I8 Uk S1EA
T T T GE(aol (GUEA) S A B

formactta Y@net & o9 =9 50 9 T ad o1 Th o5
@{ﬁéﬂ‘ﬁ'ﬂqﬁ Qﬂﬁwwwlmmﬁ@ Leonhard Euler
sTfereRTe TROTET w1 | oF €9 | W i 21 A g6 (1707-1783)

TR AT &Y H ot SR w4 S e o feefq o1 oy sfade iR faveroes
TersToT Jeqa X "Rl

11.2 &1 & ﬁiﬁ—aﬁ'{?@? 3R fder-31quta (Direction Cosines and Direction

Ratios of a Line)

A 10 H, TR KIS, 75 gt fog @ TR arelt |fger W@ L gh x, y 3R z-s1ef
o W1 HAI o, B 3R y S T 107 Feh-h 101 HEA & Ta T HI0N T hIHET AHG:
cosa, cosB?ﬂﬁTcos’y%@T L & f<s-sMEmEea (direction cosines or dc's )hgard! F

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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f T L 1 Feom Fora 3% ¥ A feep-Ion, T W F i -, 7B AR
Ty H %A WA 71 39 YR, fKh-HaEd o fog 95 9 g

7
A
f£-~~"~"~""===""9 AL
. P :
CEEY BRI '
g :
r 1
Y |
p 'y
“/0 g Y
X
X
TRt 1.1

e e, sfafer 9 <) T Y@ i 9 faudia femmed | wer wehd € SR Efae sEen
fep-hiamE o < 9qe ¥ gEfae ofaler § @ Y@ & fau fRe-weT & afgda
g o fau, 39 90 @1 & T a9k W@ e =feul 39 sifgdia fesp-wieme @i
l,mﬁ?némﬁﬁgmﬁlﬁél
femuit siafer o < T Y@ A gt fag @ T Tt € @ gHent [Kep-shiaed w1 A
F o fau, 50 0o fog 9 § 7 W o 9 T @ died ) o gt fag o e
T U Giew W1 o fKeh-orud F i € e qHiaR wsti & fKep-srumal o
T AE () ' 2

T @ o Kp-HhEEd o Faa Sensti i W@ o -39 (direction
ratiosordr’s)%ﬁ %I Wﬁ@i@%ﬁﬁﬁ—aﬁ'ﬂﬁ:{ LLmnd ﬁ@"—\’vﬁ{% a,b,cﬁﬂﬁl
WWKG R @ a =\, b=Am 3R ¢ =\n

FB oEF - F fg-gem st FwE 3
M AT Tk 3@ ok G- a, b, ¢ 3R @1 H Reb-FEEA [, m, n 21 99

2019-20



-fodiar snfafa 479

ERSIGIL [ =ak, m= bk, n =ck .. (1)
B P+m+n*=1
Bl K (@+b+c)=1
1
Bl k=%

\/az +b% +¢?

3d: (1) ¥, 3@ &1 Ke-FMEEd (de’s)
b 4 c

=+ a m=1 et
\/az+l?2+c2 " \/az+bz+c2 " Jai+br +¢?

frdt Y@ & fau afg W@ & fKo-3rgua w99 a, b, ¢ ®, A ka, kb, ke; k # 0 o
feeh- ST 1 Uk e 2| i Uk 1@ o fEep- Sl o &) T i FHE @)
a1 fordt Wk W@ & fih-orumdl & e 99e e 2

11.2.1 ¥@T &t I'a'oga—chlulsd T gay (Relation between the direction cosines
of a line)

HH if fF Tk W@ RS # R £, m, n T g
fag o € T W@ & FH s W@ gifen @i 39 W T
fag P(x, y, ) OTSWI PH x-3& W od PA Wifam
(3ATeRTd 11.2)1

OA
I OP=r. o C o =2 R x= W R
r
ESIRECAY y=mr3ﬁTz=nr.
Bl X+y+2=rPC+m+n)
g P4+yP+2=r 3TTRTa 11.2
3Ad: P+m*+n*=1

11.2.2 & )%ga—ff &I frer aret 3@ @t 7%85—35??5173? (Direction cosines of a line
passing through two points)
FifF < fou fagal ¥ g9 S e Ya afEda @ 1 v | fa T fage
P(x,y,z) AR Q(x,, ¥, zz)@ ‘J,Trl'{ﬁ et @ w ﬁsﬁ—aﬁw & 9 TR 9 T«
F Hhd © (3P 11.3 ()|

ﬂﬁ?ﬁﬁ@ﬁi’@ PQ‘elﬁ ﬁsﬁ—aﬁw l,m,n%ﬁ?%x,yﬁ?z-ﬂ&?é*anﬁﬂT
HUI: o, B, y A B
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oM ST P et Q § ofa wifau st XY-aa &1 Raul S fyerd 21 P T
3 e Gifae s QS &l N W fHerar 81 a1d "HeIv1 519 PNQ #, ZPQN =y
(3TRTd 11.3 (b)) 3EfAT

Z zZ
Q
PN MQ
p N
Y Y
I) 0
s
X (2) X (b)
TRt 11.3
_NQ_ -z
cosy = PO PQ
T THR cosoc:xZP—;;l?:ﬁ'( cos[3=yzp—;2y1

ama: fagafl P(x, y,,z,) T Q(x, y,, z,) 1 Sied a1l Y@r@e PQ Tk fsh-whiam

X=X Yo~V T4 ¥
PQ ° PQ ' PQ

&

S8l PQ = \/(xz_x1)2+(}’2_)’1)2+(Z2_Z1)2

feouit fagal P(x,,y,, z,) 981 Q(x,, y,, z,) I Sigd ATt {@rEe o fep-rgu =
THR ¥ faq 1 T €

N X YTV L L WX X, YTy, 5T g

SETET0T 1 A Tk W@ x, y A1 z-3787 1 YT 9 o 121 hAT: 90°, 60° T2 30°
T HIV A & A K-k A i)

1
T UM AT W@ w Reb-HET [ m, n 81 9 [ = cos 90° = 0, m = cos 60° = >
V3

n=cos 30°= —
2
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SETET0T2 A U @1 ok fKF-31ud 2, -1, -2 ® o STh! fEp-HIEEA A Hifer)
7ol fep-wEEa feeg ?

2 -1 —2
\/22 + (=1 +(=2)* \/22 + (=12 + (=2 \/22 +(=1)" +(-2)?
2 -1 =2
i 333

Saretur 3 & fage (- 2,4, -5) 3R (1,2, 3) i foam areft @ 1 fGb-HhE =
i)

T BW WA § R & fge P(x, vy, z) IRQx,, v, z,) Fi AW @t T@r
[ECEEALIE|

X=X Y= N %

PQ PQ PQ
€, st PQ = \/(xz—x1)2+(y2—yl)2+(z2—z1)2
Tel P 3R Q HUIM: (-2, 4,-5) 3R (1,2,3) Tl
Ty PQ = \/(1-(-2)’+(2 -4 + (3~ (-5)* =77
Tafers < fagelt 1 frem) Ao Yan # fep e
3 2 8
N RN E NG

SETETUT4 X, y 3 z-318f 1 fEp-hIarEa @ Hifery

Tl x-318T U x, y SN 2378 o FY 0°, 90° 3T 90° oF IV I &1 THAT x-378
&1 f&eh-shAET cos 0°, cos 90°, cos 90° 21iiq 1,0,0 B

Tl YR y-3781 MR z-3187 1 fEeh-shiAE %A 0, 1,0 3R 0,0, 1
SETET0T 5 g9Igy o fag A (2,3,-4), B (1,-2,3) 3R C (3, 8,— 11) ®@ €|

T A SR B % faet™ areft Y@ o fach-eram
1-2,-2-3,3+4 3@ —1,-5,7 2l

B 3R C 1 fiet areft Y@ o fasp-equma 3 -1, 8 +2, — 11 — 3, 19q, 2, 10, — 14 €l

T € foh AB 3R BC o feh-21qdd Saurdt €1 3fd: AB iR BC ¥°Id 8] W
AB 3R BC 341 ® B s9affss 21 3m@: A, B, iR C @@ fog |
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[orommerett 11.1]
1. i€ Tk W@ x, y 3R 2-3781 o |9 HAW: 90°, 135°, 45° o 0] &[T € o THeh!
fep—=hIETET A1 iUl
Tk W@l i feeh-shired T ity St el o @Yl WHE i S 2
IfE Tk @1 o fGp-3rua —18, 12, - 4, € o 58kl [{eh-hi@mg @1 8?2
Ty fom o (2,3,4), (= 1,-2,1),(5,8,7) &@ €
ww Bqs w1 qeiel & -t 9@ &g Ak s o 3 fag
(3,5,-4), (= 1,1,2) 3R (=5, -5,-2) &
11.3 3tafver U I@GT hT FHRIOT (Equation of a Line in Space)

Fal XI¥ fg-forfta a1 o Y@t o1 s1e9e i o 99 319 §H Sfalel # s 3@
o |fY e FIdrd GHRON i A H|

T @ Afgded: i e 7, aft
() Ie feu fag @ <t 7 faen @ g o €,
(i) = 3 few U fagsti & gt S 2

11.3.1 73U 7T faig A @ = areit 797 30 7Q Qiewr b & QUIaT IGT T THIHTIT

(Equation of a line through a given point A and parallel to a given vector b )

n A W N

g feena fwm o o fag O & e Z b
T AT o Fig A1 TR G 1 e B /P/,
fog A® I areft den fgu 7w afeer p & i@ A

W 12 A it R (R fem el mem g < |
P feerfa @fcer 7 & (mepfd 11.4)1

=

,Y

a9 AP U< p o WHIR € 1eid AP=Ab , Sl 0

A T IRdfas GE 2l X b 114
W AP = OP - OA

a1efiq Ab=T-d

foetia: Jrad A oF J&is 91 o fae 98 9 @1 o fRdt fog P&t feafd wem
FHAT B1 3 @ H G TH B

F=da+Ab (D)
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fewuit afg l;:af+b}+cl€%ﬁ@%@—%ﬁa,b,c%ﬁ?ﬁm:ﬁ@%@

o Taeb -39 a, b, ¢ B Al b = af +b] + ck @1 o FHIR €M1 =& b i | b |5 Tl S|
AfE9T ®U A HIAT ®Y A= HET (Derivation of Cartesian Form from Vector
Form)

A oifse fo ﬁfqﬁg A& fdens (xl,yl,zl)% R Y@ ﬁﬁﬁ—aﬁw
a,b,c%WFﬂﬁQWﬁ@P%ﬁ%ﬂ?(&y,z)%lﬂa

F:xf+y}'+zl€;5=xlf+y1}+zlk
R l;=af+b}+cl€
= w1 (1) H wfeeentad seh 1, ] SR &, o O I qorl S W EH U
EAED
x=x+Aa; y=y +Ab; z=z+Ac .. (2
I @l o YrEd GHIR B (2) 9 9rEd A faetd S W, 89 U B

B B S S G S 3)

a b c

I 11 HT HTAF GHRTT B
feoguit afs @ #1 fGeb-H=A [,m, n €, @ W@ H1 R

X=X y—=» Z_Zlg
= |
n

l m

AR 6 oI5 (5,2,—4) § S arelt ae 9fe® 37 + 2 — 84 o TR @ 1 9w
e I GHIHON I A HIfU)

T T W@ €, &
G=5+2j-4keN b=37+27-8k
WW%WW%
F=S5i+27—4k+A(37+27-8k) [(1) 9
<ffer Y@ W feud el fag P(x, y, 2) ®1 fearfa wfew 7 2, sa@feg
xi+y j+zk =5i42]-4k+A(3i+2]-8k)

= (5+30)i+(2+2)) j+(-4—8M) k
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AT ol 9 W H 9@ ® T
x—5_y—2_z+4
37 2 -8
S YT o GHIET 1 S €9 B

11.3.2 & fow @ ﬁl’g’aﬁ T ST areit I@T FT GHIEIOT (Equation of a line passing

through two given points)
A <ifsT T e W feom 1%!3313[ A(xl, Yy Z1) 3ﬁTB(x2, Vs zz), o= frufg wfe wa:
g SR p & (M 11.5)1

M it 7 s Wes fag P w1 fRfa z )
afcw 1 @ P @ W AR SR e AR 1 L
— . )7
AP=7-G 1 AB=) —a T dfew ¢ sufen 2 “%

P @ W feo € Af ol S A S
F—d=\(b-ad) g ’
2 F=d+A(b-d),Ae R .. (1) 0 7Y
S @ w1 "y et B
B, = Nt X 3TTeRTd 11.5
B9 U@ © f

F=xf+y}'+zl€,5=x1f+y1f+zll€,3ﬁ?5=xzf+y2}+zzl€
T HA H (1) § gfgeenfud +0 W Ew e ?
x;+y}+zl;=x12+y1}'+Z112+7\.[(x2—xl);+(y2—y1)}'+(zz—zl)lz]
i, J, k o TR ®1 GO W eH I € R
x=x+A0,-x)y=y,+A(,-y)z2=2+A(z,—-2)
A 1 Torelioe e W e U © T
x_xl _ y_yl — Z_Zl
X=X Y=V 7%
S Y@ % FHET 1 FHEE w9 B
sarEtor 7 faget (-1, 0,2) 3R (3,4, 6) ¥ B SH el 3@ o1 |iEy T 7
ifsTa)

T WM g @ 3R b fagei A(- 1,0, 2) 3R B(3, 4, 6) % fearfa wfeen €1
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GE] d=—1i+2k
R b=3i+4j+6k
FHfeTy b—a=4i+4]+4k

oM ey for e W e fordlt wes fog P feufa wfgw 7 21 om@: @ &
qfer e
F=— i +2k+A(41+4]+4k)
x+3 y-5 z+6
IETET0T 8 Ueh TN T FHIdd THIHT R
0 it
7o fRu U THieRRr & oS 'Y

X4 _Y=h_27%

21 39 a1 g e

a b c

Y g FH WEA U0 € & x, =—3,y,=5,2,=-6,a=2,b=4,c=2

T YR i W@ g (- 3, 5, - 6) W BT Sl € qe GiRw 27 +4 j+2k
FHiR B1 I fifSe o Y@ W feuq ferdt fog w1 feafa wfew 7 @ @ @ & e
AT T \

F=(=31+5]j-6k)+\ (20 +4]+2k)

R U= T
11.4 St TGT=Al ok A 0T (Angle between two lines)
A AT R L SIRL, @ fog 9 o areft & et € o faep-srqom s
a,b,c 3a,b,c, 8 I9: 99 AGUfF L R TH &5 P L, R &3 Q 2
amepfa 11.6 ¥ KT ¢ |fge OP &R 0Q W fomR #ifsw) 7F =fifsi fF OP IR 0Q
% H" T I O 7 379 TR0 HIfC fF wfew OP SR 0Q % ek FH: a,, b,
¢, 3R a, b, c ¥ AT 3TF =9 F H 0 z

N

a,a, +bb, +cc,
\/alz+l712+c12 \/a22+l722 +022

[: sin @ F ®9 H, {@1sT o A= HT H0l Q. L,

sin®= /1 — cos” @ T 7w € o) % >y

3 \/1 3 (qa, +bb, +c,c, )2 7
= ( X

a12+b12+012)(a22+b22+c§) TR 11.6

gN U 2

cosO =
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\/(a12+b12+612)(a22+b22+c§)—(a1a2 +b1b2+clc2)2
Jat+02+c2 ) (@G +b2 +c3)

J@b, —a,b)* + (B c,= by ) +(cia,— ¢y a )
- 2 2 2 2 2 2 - ()
\/ (af +b + ¢ \/a2 + b, +¢;

oot | 59 fafd § s@ Yed L oL qa fog @ T R ¥ @ oew
L, 3L, % 9@, 9a fog ¥ o aeft e wae: L, 9L, o 1 3 et
L, 3R L, o fach-3Tqamai o oo feep-shiare & T &1 S L, % fe £, m,, n, 3R
L, fC L, m, n, @ (1) 3R (2) Frfafen e &

cos 0 =1, + mm, +nn) (FifeR Paml+n’=1=C+mi+nd) ..(3)

R sin 0 = \/(11 my—Lym,)’ —(myny—m, n)* +(n, L, —n, 1) (D)
feep - e1qura a,b,c, R a,b,, c, Elgileei
) W% g @ =90°, 31Afq (1) d aa,+bb,+cc,=0
by ¢

2

2 (%)

319 B9 <) T@I3Tl o 9 1 10 F1d SO Toreh THieRoT fau T 7| Afe 39 s
Fo=d,+\b IRF = d,+ub, o a< = H0 0 ¢

by by
qd cosO = |7=—=7
|bl||bz|
el ww AR e 0 - XN _ET4 (1)
) a b, q
iR X—X _ Y~V _27% )
by o

a,
% 9 B FO T ST T@Nd (1) F (2) % K- BEA: a, b, ¢, T

a, b,, cz% ad
a,a, +bb, +c,c,

Jat+b7 +ct & +b2 +C3

cos 0 =
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sarEor 9 fU U Er-gH
Fo=3042]—4k+Ni+2]+2k)

3R F=51-2]+nBi+2]+6k)

% L RV JG hITTT

T WM SN b o= f+2j+2k IR b, = 37 +2]+6k

T Y@l & " w9 ©, ST

b-by, | |(+2]+2k)-(i+2]+6k)
cos 0= |==7|=
A JI+4+4914+36
3+4+12| 19
3x7 21
o omen ()
M = COS 21

IEE0T 10 @-g:
x+3  y-1 z+3

35 4

+1 y—-4 z-5
R = =

1 1 2

o HE I A1d hifoT|

T Teell 1@ o -3 3, 5, 4 3R 9 @1 o k-3 1, 1, 2 71 Al 37k
o &1 0 0T qd

o 31+5.1+4.2 16 16 83
cos 0 = = = =
V352212422 | V506 sV26 15
83
3d: A= R0 cos“( 15 J%I

11.5. &7 T@rell o HeA =I7a9 U (Shortest Distance between two lines)
e § afE 3 W e gfawss wd ¢ df Sk S i FHAaE g g T SR
Hafter ® A < W@l iR 7 A Sk S 1 FAag T, Sk s oeeq gl @
31AIq T @1 oF T fog ¥ T @ W @i=n T a4l
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Toeh Afafier sfafter o, T of Yarnd z
Bt € W A @ wfaesdr iR A g "Hiw
Bt €1 ar%qd H UE Y@nen o gm
FETAEAT BId © 3TN 3= faomaeita @ G F

S
7

(skew lines) Fed | SeELUAT BH \D r
Spfa 117 ® x, y ol -39 & ergfe o ™
FUI: 1,3, 2 THE & STHR a0 FW W C >Y
R & A B
Y@ GE = % fasl % amfe & sl STeEf 117

Wl DB, A% &% W Bd & HH 9

ot 72 AR & fasl % s $1 3 Yant v § s 3w @ S ek
FHeft ferdt off ¥ 2

Tt & e HAae ¥ TR e T U e @ @ W U Y W fed
% fog 1 TE e R feod o g 1 oo 9 Wi @ @i st e ey @l
=J7an g tErEe S fouHaeia el ) dd gl

11.5.1 Fﬁ faggacia ¥@rsit & &ter &t Qﬁ‘ (Distance between two skew lines)
319 B9 (@3l o o9 i =Aad g4 Fefarea fafa 9

T 3 1A A /SR L faemaea @ T Q
feh gefiertor (emmeRfa 11.8) frefafea : L
Fo=d +\b (D) o
R Fo=d,+Ub, (@) — L I,

e | W e fag S foment feafq wfew g, o W R JTFHRT 11.8

fag T fowet feafa wfew g, 8, <ffSw) @ =maw @

gfeer w1 aRemn, ST =JAaq g4 &1 fen o 9&q &1 919 & §AF e (TR
10.6.2)1

=t 1, #R 1, % o= Y A g A pQ € @ F I p, W, W B PQ
%1 feen | s |fw ; 59 ghR Bf fh

I}

X
W

.. (3)

S>
1l
)
)

X
9
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[iC] PQ =d
&l d, =gad i afew &1 ufm 21 9 AT g7 SR PQ o < #1 HI0 0T, 99

PQ = ST Icos 0l
. PQ-ST
g c0s 0= 11 pQ ST
dn-(a, — a,) .
=|—ys7 | I ST =a,-a)
b, x b,)-(d, —a
- |BERL B () 5 g
ST |, x|
Tgfa 31+ =Aaq <8
d =PQ = ST Icos 6l
B d= (b ng)'(éz_al) 2
| b X b,l
FAT B (Cartesian Form)
e
R N | 1”4
Yoq - b 9
iR / X7XH Y7V _ 27 %
’ a, b, )
o o= 1 a9 SU e
X=X Y™ 7%
a, b G
a, b, %)

JBie, —bye,)? +(ca, — cya,)* +(ab, —ah)
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11.5.2 GaTa¥ I@T3ft & @@=l & gu (Distance between parallel lines)
RIS ce i VARt e A o AT ) B e M

F=a +Ab (D)
S F=d, + Wb e
g, Wl |, R fag S o feofq wfew g ok R fEg T L (D)
=1 feorfq wfgwr 4, ¢ (3Tepfa 11.9) = b
i [, W [ Haeta g Ak fag TH [ W
T T e 1 I P B qa W@stt [ SR [, o e o p ;
Zf = TPl S(a7) 1
o S o |fEei ST iR b o o= 1 o1 031 7, FFH 11.9
b x ST = (1b11STlsin 0)7 (3
STl Y@t [ iR 1% e W e 3R Al i 2
™ ST = 4, = G

e (3) 4 &9 U € &%
b x(@,—d,) = |bIPT A (Fif PT = ST sin 0)

1 |bx(d,—d)l = 15IPT-1  (aslal=1)
Tafere T @rell o6 e =<Aad g4
d= 1PT1=| 22X @ =d) | s
b |
SETETOT 11 Y@ed [ 3R 1,5 die w1 gaad g0 9 Riree foreh afeer et §
F=i+i+AQi-j+k) o (1)
R F=2f+)—k+unGi-5]+2k) (2

Tol FHEW (1) 9 (2) B F =G +ADb R 7 =a, + b, T FA W
T 2 fE
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QEEQ Eiz__)l_l,\_lg
3R b xby= (20 = j+k)x(3i-5]+2k)
iJ ok
=2 -1 1| =3{-]-7k
-5 2
TH YR b, X byl = \J9+1+49 = /59
Tfer & T YEnet o de wt =Een i
(b xby)-(d,—a)| _13-0+71 _ 10
b xby, || V59 V59

Sarevr 12 frefafea & T Yt [ sk 4
F=i+27—4k+M(27i437+6k)
3R F=30+3]-5k+n(20+3]+6k)% d= =Faq gt 7 it
T A et TR € (F?) e ww @
G = 1+2j-4k, d, =31 +3}-5k iR b = 2i+3j+6k
THferT @t o o= w1 i

i] ok
e b x(d, —a,) 2.3 6
B bl 121 -1
J4+9+36

C1-9i+14 -4kl _~/293 293 5)
- J49 Jao o 7
[ug=meret 11.2]

: 2 3 -4 4 123 3 40D
- ”is}%ﬁsﬁ_ 3B BB 131
@ RER oo

2. <uiEy fop fogati (1, - 1, 2), (3,4, — 2) W e S arelt W@ fagat (0, 3, 2) 3K
(3,5,6) " M drell W@ W A9 2
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10.

11.

12.

Tfora

. eIy f fagat (4, 7, 8), (2, 3, 4) © B 9H aret 3@, fagst (—1,-2, 1),

(1,2,5) 9 S @it 3@ o FHia 2l

. T95 (1,2,3) 9 oA et T 1 g 9 i St /w3 i 42 -2k

HH® 2

. fog foment feafq ofger 27— j+ 4k QA I =g [+2 ) —k &1 fon o 5=

ATl T 1 G AR HdE 9§ G0 [ i
I @1 w1 FHEE FHHOT T ST S fEg (- 2,4, - 5) ¥ W @ 3R

x+3_y—4—Z+83TwWﬂ%l
3 5 6

. WWWWWWngzy+4:Z;6%ISWWWWEW

ifsra) ’

. qa g 3R (5,-2,3) T M doTelt 3@ 1 GiEer g Hidid w6 § qHinor J6

Al

fagai (3,-2,-5), 3R (3,- 2, 6) W A aTeil [N 1 WEY T4 Hdd &
T gHRIOT 1 AT HifSIT|

frrmfafiad Tar-wi & 91 &1 F0 96 F

() F=27-5]+k+N3i+2]+6k) 3R
F=Ti—6k+u(i+2]+2k)
() 7F=37+]=2k+\(—j—2k) ¥R
F=20-]-56k+n(3i-5]-4k)
freferfian Tar-orei & e @1 B S H R

x—2_y—l_z+3ﬁkx+2_y—4_z—5
5 -3 -1 8 4

@
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13. feamu fr @t x;5=y—+52=§ R

14, W@ F=(i+2]+k) + M@ - J+k) R F=27 - j—k+pn Qi+ +20H)H
ot 1 =Ad9 g0 A1 RIS

15. Y@ x+1=y+1=Z+13ﬁTx_3=y_5=ZI7€FEﬁ?l?ﬁ S EC

7 -6 1 1 )
Al
16. Y@t feh afer gt frefafaa 8, o e s =Fa g 9 s
F=(+27+43k) + M@ =3]+2k) 3R F=4i45]+6k+n (27 +3]+k)
17. @, fSeent qiee wefieheor fefafad €, & o= 1 =a9 16 S
F=(l=0)i+(-2)j+B=20k I F=(s+D)i+Q2s-Dj-2s+Dk

11.6 9AdT (Plane)
Toh THAA i g 9 W T TR ST Feha € Al Fefofad | 9@ % T wd 9 el
(i) HHde 1 Afere SR Tet {65 § THaet w1 g0 716 €, reiq sifets &9 | quaa
T HIH
(i) a8 % 65 9 ToRar € IR G 7 X9 & oo 2
(i) FE f&u U 9 et fagei @ Terar 2l
9 BH HHA! o HGYl 3R HTdd GHIHN Bl W |

11.6.1 37fycia ®Y & WHAS T THIHIOT (Equation of a Plane in normal form)
T gHdA W faeR FifSy fSoet 9ot fog 9 dadd 5 d (d#0) ® (SThfd 11.10)1

g ON qof fig @ 97 W o & a1 ON & £
IfEer A A Afiels 9few € 99 ON =d A
21 9 whfey for Tmaer w w1 fag PRI gafor, ,
NP . ON W @« 2l f"y’z)
3@:  NP-ON =0 (D d N
M cifse P w1 feufs mfew 7§ at © 7Y

NP= 7 - d it (FifF ON+NP=0OP) X T 11,10
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39 N (1) 1 &9 Fefafad 2
(F—dn)-dn =0

o (F=dn)-n =0(d#0)
DI Fen—dn-n=0
U Fon=d @ME n-n=1

e
€ TS I WY FHHT B
FAT BT (Cartesian Form)
GHde 1 e G0 § W@l 5, GHdel o AT 3R Wiy 81’ e §Had
W &g fag Py, y, 2) €1 4

OP=F=xi+yj+zk
T AT A T fGb-F=T [, m, n &1

A=1i+m]+nk

Fon o WEl R (2) W wioefud s W g9 U €,
(xf+y}'+zl€)~(lf+m}'+nl€):d

?ﬁﬁﬂ Ix +my +nz=d .. 3)
T8 GHAA 1 FHIATE GHH B

iR (3) WERRd WX € R AR Fo(al+bj+ck)=dTF
A 1 WY THEHOT B @ ax + by + ¢z = d THAA T HIdd THIHOT & W&l
a, b 3R ¢ GHTA o Afers o fEep-ergum €l

6
IETET0T 13 SH HHAe o |Gy THieh0T T hifse o qo fag @ Eﬁ{ﬁm%
SR T g @ 3o sifed WRw 27 3 G4 4 4%
T AT ji=27-3j+4k 1 d@

i 20-37+4k _20-3]+4k

1l J4+9+16 J29

n=
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T THAA 1 3T THRTOT

. —3A 4 6
(r MR J Nzl
SETETUT 14 99QA 7+ (61 —3 j—2k)+1 =0 R A o5 ¥ STel 7T & Th1e T T
fRep-=hEEA Fd it
T HAA o Fq FHIHLOl 1 39 YRR e RIS Fehdl 8t
Fo(—60+3j+2k)=1 (D)

EC| 1—67 +3 j+2kl=.36+9+4 =7
Tgfer (1) o <1 g&ll 1 7 9 9N G W EA U@ ® TR

wﬁw%ﬁﬁﬁz—gf+%}+zéwé€wmlﬁ<ﬂ%3ﬁ%ﬁ§

Y o $1 30 TER 5 H - 003 2
777

SEETOT 15 §Haa 2x— 3y +4z-6=07h Ha fag ¥ 30 T HifSu
Tl Hifeh aa o ifeetd & fKep-3u 2, -3, 4 7 sOfaT st fep-wiamA 2
2 -3 4 2 -3 4
V23244 223 82 P34 LA 5 " T

ATt FHIRTOT 2x — 3y + 47— 6= 0 1A 2x — 3y + 4z = 6 Fl /29 ¥ A HH
T B U H o

2

4 -5
“T MR
3ﬁ?¢l€lx+my+nz-d,$@ﬁ%3ﬁﬂ?‘fﬁ§ﬁwaﬁ§ﬁd%l%ﬂfﬂ"{

THael 1 gl fag o i %%I

@
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SAEOT 16 HA fag ¥ ¥Had 2x -3y +42-6=0
TR T[S T &d o UK oF [IR9Neh A it
T AWM it g fog ¥ wwad 98 e T @9 6
% P R (v, y,z,) T (PR 11.11)1

e @1 OP o fXeh-31qud x, ..z, 2l
Wﬁﬂﬁwﬁﬁwémﬁmﬁm%ﬂ

o ¥ fe 3TTRTA 11,11
2 3 4 6
NN T RN TR

4

. 2 3 .
Sl OP & feep-ergum @’@’@%I
Fifeh Tk T o fap-hiEE iR fKep-3Tad THEU i 21 ea:

oo N 4 — L
2 T 3 4
J29 0 29 V29
2k =3k 4k
o S VT e T s
Eﬁﬁw%ﬁwﬁuﬁwﬁamﬁwwuﬁ%ﬁsk:%
12 —-18 24
aaaaa%mekﬁéw(z—gz—g,z—gj%

IR qa fog ¥ wwad # I 4T SR "W & Afads w
fSb-HIGEA [, m, n € 9 A &1 T (Id, md, nd) el B

11.6.2 T fou @fgyr & arqeia a7 fou foig &

glahY ST alet GHdeT T THIEUT (Equation of a zZ

plane perpendicular to a given vector and

passing through a given point)

e ¥, ww Ty T Afcy & Aqas e g P(x, Yy 7))
g "Wehd § WY & U T &g P(x, y,. z) ¥ 39 Q Y

Jeh T o1 Shdel Ueh THdel 1 e 2l ¢ (fEu
m 11'12)| X 3:"?&[11.12
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M i fof w9aa T fog A, fSaent fefa
ey G €, ¥ S € SR @y N o oed 81’
s for wwaa W foret fag p a1 feorfa afew 72
(3ARTd 11.13)1

a9 fag P avde o feord @ 2, Ak ok et

o AP, N W @ #, st AB.N-0. W ~7
AP=7—g . THfeq 3Rt 11.13

(F—ad)-N=0 (D)
Ig HHAC kT TS R T

FAT BT (Cartesian Form)
o\ i foF fn @5 A (v, y,, z) 3R WA WGP (v, y,2) € 1 N %
feeF-31qaa A, B @21 C®,

d=xi+y j+zk F=xi+yj+zk 3R N=Ai+Bj+Ck

GEl (F—d)-N=0
Fafey [ (x=x)i+(y=01) J+(z-2)k | (AT +B j+Ch)=0
?HQﬁ?L A(x—xl)+B(y—y1)+C(z_zl)=()

SETET0T 17 39 HHA 1 WY 3R R TRl 0 shifery, S fag (5,2, —4) | S
? 9 2,3, - 1 feep-3rqum areft @1 W &4 B
T B WA € T g (5,2, — 4) 1 Teorfa few g=57 42 -4k ? 3R GHaa o o
&1 afeeis |fke N=20+3j—k 2
TfIT HHdel 1 Gyl w0 (7 —d)-N =08 ved 2|
70 [F—(51+2]-4k)]-(2{+3]-k)=0 e (D)
(1) =1 AT &9 § TR0 HH T eH U ¢, 6

[(x=5)+(y=2) J+(z+4)k]-2i+3 j-k)=0

a0 2(x=5)+3(y-2)—-1(z+4)=0
37eIiq 2x+3y-2z=20
St a1 wAE GHERO 2
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11.6.3 &7 eraiGEa feigait & glehy S arel
qaad &1 GHIEIUT (Equation of a plane
passing through three non-collinear points)
7+ ifee graa W feom 7 smetE faget
R, S 3R T o feufq wfeer wawn: a,p 3R e ®
(3TRTd 11.14)1

gfger RS 3R RT f&u g9de # 21 zafem .
Tfesr RS xRT fogefl R, S 3R Tl srafds Tt 11.14
T AT FHAe T A BN A AT et o
1 fag Pt feufq @fswr 7 21 safee R @ 9T o1et 92 9f€el RS xRT W o, FHd

T G (F—d)- (RS RT) =071
Rl (F-a@). [(b-d)x(E-d)] = 0 (D
IE T TE fagafl § ToRA ame 99da oh GHIhl 1 |y

ks A <

| Feott | SwRiem wfen ® A st fig wE i ST
272 g fag e &) Yan W ferd ® q 388 T del e gHad
g (3TRfd 11.15)1

I THAA Ueh Y&k oh s3I k1 A1 ST sl

fagel R, S @R T ! sfdfde & el @
&k o Je3i oh S ol T T §ee 2 3TeRfT 11.15

ST B9 (Cartesian Form)
qﬁ?ﬁmﬁgﬁ R, S 3ﬁT Téb‘ﬁismﬁ ShHRT: (X1, y1, 21), (X2, ¥2, Z2)3ﬁT (x3, y3, Z3)%|
M ity for waer W ferdt fag Pos s (v, y, 2) @ 3@em feafa wfger 721 @@
RP =(x-x)f +(-y)j+G@-2)k
RS =(e—x)} +(2—y) ] +@-2)

RT —(X3 X1)l+(y3 yl)J +(Z3—Z1) k
T gAl w1 9w 9rEY o g (1) § ufaeerd s W e ud © TR

X=X, Y=y <=z
X2=X1 o= Z-4

X3=X V3~ P Z3—Z%
SiksiEl ﬁ“lg (x1, y1, 1), (X2, y2, 22) 3ﬁT (x3, y3, Z3)@ 'ﬂ\_‘ﬂﬁ I HHAA o HHIHIOT ki
FHT &Y

=0
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saeror18 fogeti R(2, 5,-3), S(=2, -3, 5) SR T(S, 3,~ 3) W M el THae ol G
HHIHROT Td SifSUl
T WM ST G=2{+5]-3k, b=—27 -3 j+5k, ¢=5i+3 -3k
9 G, b ARG W S o6l GG 1 Gy FHiehr et 2
(F—a)- (RSXRT) =0 (F1?)
7 (F—d)-[(b-a)X(E—ad)] =
arerfq [F—(2i+5]-3Kk)]-[(—4i -8 j+8k)x(3i =2 })]=0

11.6.4 THAT F GHIFIUT &7 31d: @E-®Y (Intercept form of the equation of a
plane)

3T I35 W, TH TS o HHIHIOT I, IHh gNI feemel | e ofd: @ o ®9 H
A H| AH AT FHISA HT FHHIOT

Ax+By+Cz+D=0 (D#0) 2l o (D
T AT THA G x, y, 3R z-318fl W e 3id: TS HAN: a, b 3N ¢ (3T 11.16) T
T WHAA x, y 3R z-37ell @ wEw: f6ga3f (a, 0, 0), (0, b, 0), 31K (0, 0, ¢) R firew 2|

_D Z
Tgfae Aa+D=02|TA=7
-D
Bb+D=OZITB=7
_D %
Cc+D=0aIC=— Q (0,,0)

T A 1 oA o TR (1) H giaeeniid s 3K
e 1 W EH U ¢ 6

P (a,0,0)

X TRt 11.16
y

X Z
—+=+-==1 - (2
a b c @

S 3{d: @S ®Y § THAA 61 AU GHIE B

SETETOT 19 Y THAS 1 HHIHOT MG SHITT Sl x, y 3 z-3180 W Ha9: 2, 3 3R
4 3{q: TS e 2l

T | NS, el 1 THIR B |

Tl (D)
a b c

T& a=2,b=3,c=47M 2
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500 Tfora
a,b 3R ¢ T gA w1 (1) § yfqeenfd s W) g0 g9q0 F1 e g

%+%+§=1 A 6x+ 4y +3z=12 9T H &

11.6.5 g foU wwaent & Ufdwde" @ gy W= arem GAae (Plane passing
through the intersection of two given planes)

A AT n, iR on,  wwaw, R W
FHA: 7oA, =d, IR F. A, =d, § Tk gfaesd
@ ® feom foet fog w1 feafq afcw =3 34
THIHION 1 TR HEM (AHA 11.17)]

fi=d R 7-ii, =d

2

gHifew A o Gt arafas o= & fau g9 U § fw
7 (i, +Miy) = d,+Ad,

Fifer 1 @ws T T I8 W@ & fwd fag %1 gqe s 2
T THR THIB 7 - (7, + Mii, ) =d, + \d, a7, %1 FHefia o € i v € foF A
g WEw 7, 3R w1, o THIRON ! TR HA S A 98«1, Bl ST TP HAT
5 WEAE 7 -ii, = d, 3R F i, =d, % Uaede Y@ § 9N are fRE wnaa @
THET 7 (i, + M) = d, + M, | (D)
SHIdig &Y (Cartesian Form)
FHAF €9 o faq 7

i, = Ai+B, j+C, k

i, = A,i+B, j+C,k
3R F = xf+y}'+zl€

@ (1) =1 9REfda &9 2
x(A+ M) +y B, + AB) +z(C, + AC) =d, + Ad,

El Ax+By+Cz—d)+ MAx+By+Cz-d)=0 ..(2)
I Y& A o fau fou gadal & gfdesed 3@ 9 gl SiH 91l fondt 9aad &1 w1
e 7

2019-20



-fordia s=nfafa 501

SEAEIOT 20 WHAAl Fo((+ j+k)=63RF - (2 +3]+4k)=—>5,% Ufdeseq qen fog
(1,1,1) ¥ S oTet gadel 1 AfK9 eIl A1 Sifsg|
T W i =1+ j+k SN i, = 20 43j+4k #Rd, =6 R 4,=-5%
O G 7 - (7, + i) =d, +Ad, FT T FH X,
Foli+ j+k+0 Q21 +3 j+4k)] = 6-51
a F-[(1+20) 7 +(1+30) J+(1+40)] k = 6—5\ (D)
el A U aTdfash §e 2
F:x{+y}+z]€,1_@ﬁ-q—{g_q‘qlﬁ%ﬁ5
(xi+y j+zk)-[(1+20) F +(1+30) J+ (1 +4N)k]1=6-5A
a (1+2A)x+ (1 +30) y+ (1 +4L) z=6-5A\
a0 x+y+z-6)+A 2x+3y+4z+5=0 .. (2

3 YIAER s1efiee goaa fog (1,1, 1) § S €, ofd: I8 g, (2) &I g w70
S

~

(1+1+1-6)+A22+3+4+5)=0

_3
T 14

A% 39 9H & (1) § gfaeenfod 6 W 89 U 7, TR

- [(1+§)f+(1+2)}+(1+§)/€] _ 6—£
7 14 7 14

Ell A

N

10, 23, 13.) 69
Rl Pl =i+ 242k = —
: (7l+14]+7 ) 14

B 7-(200+23 j+26k) =69

S gHad &1 e giew e 2

11.7 S Y@Til & WE-aeid 3T (Coplanarity of two lines)
M st foF @ e T
F = G+ (D)
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e Fo=d,+ub, B o))
T (1) fag A, et feafa wfewr g, 8, €6t STt € qen j, & iR €1 (2)
fag B forwet feafa wfew 6,2, ¥ @9t S 8 Ao b, % IR 2| 99

AB = 4,-4
T W@t He-qed €, A 3R e AR AB, b, 3R b, Te-aeid g1 1

AB.(bx b,) =071 (4, — &) (b xb,) =0
Hdid ®9 (Cartesian Form)
T ofifsry fom fargent A iR B o fenes soer: (xl,yl,zl)éﬂﬁ'{ (xz,yz,zz)?\fl e s
& 51 3R 52 =D ﬁﬁﬁ—?ﬂﬂcﬂﬁ ®®Mia,b,c, 94 a,b, c, %\'I ad

AB=(x, —x)i+ (3, =) j+ (2, ~ 2k

l;l =a,i+bh j+c k; 3R l;z=a2f+b2 }'+c212
T @ He-qe €, A SR et AR AB- (5, xb,)=0 8 Frfafad s s
Y =Rt T THhd 2

Xo—=X1 Yo=YV L~ %

aq, b, ¢ |=0 e (4)

a, b, &)

SaET0T 21 g9isy fo Y

- - 1 -2 z-35 .
x+3_y-1_z 5?{941 x+l_y-2_z e ¥
-3 1 5 -1 2 5

TA wR e WA € fF x, =-3,y,=1,7,=5,4,=-3,b,=1,¢,=5
x,==1,y,=2,z,=5,a,=-1,b,=2,¢,=5

318 Frefafed IR o ™ 89 99 © 6

Xo=X% =N L—%4 21
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11.8 St GHASH o el Rl hIOT (Angle between two planes)

TRSTET 2 B GEdel o oE T IO Ak SATNcidl 9 HEAE iU gR URHd @
(3mepfa 11.18 (a))1 A fSw foF afs < gHael o = %1 w0 @ & af 180 - 0
(STHFA 11.18 (b)) it 37k = T <RIV 1 €H = 0T hl € Gl o <=l BT 1T il

A St foF wwaett, 7o =d, SR 7 -7i, = d, % &9 HF0 T 79 fHE w6
foag ¥ wudel W @ie MU SAfelsl o die 1 B0 02

n-n,

qs cos 0= |—7/——2=
ln, | 1n,l

ITfreial oF i< Rt hIOT
WI/?_)/\=)90 -(90-0)]
n, (/ _)/ ,
/ Naw /9N >
90-9
) HAA 2 “;/
3 ' 180-0

T HIT
@ STFRT 11,18 (®)
| forooft | T el WER e ® AR 7., = 0 iR MR € AR 7, 9iR

7i, TR &I

FAT ©q (Cartesian Form)
M ifSTe e :
A1x+B1y+C1z+D1=O3ﬁT Ax+B,y+C,z+D,=0
o o= 1 10 0 B
o wHaat & stfireta o fiep-egua %AW A, B, C, 3R A, B,, C, 81 zHfaT
A A, +B, B, +C, C,
T |Jae B+ [AZ1B+CE

cos 0

1. afe <9 THdd TR ofd & d9 0 = 90° 3 TH W& cos O = 0. 31
cosG=AlA2+BlB2+ClC2=O
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2. aﬁaﬂ‘vﬁ’wm%aﬁ%: =

it 8
2 B, 2

B_C
C

SETETOT22 T WHAE! 2x+ y—27="5 3 3x—6y—2z="77h = 1 o] Gy fafy
ERUSIGRETIS I

ol q GUael % o9 1 B0 & B S Ik SATcral o i 1 HIV ¢l GHae &
feu T TR W gHae o 9fewr Afaed

Ni=20+]-2k3R N.=3i-6j-2k %l

Ni-N» Qi+ ]=2k)-Bi-6]-2k) [4j
QH\EQ 0= |— — = | —
O IN NG| JA+1+4 J9+36+4 21

A

Ad: 0 =cos 1

SETET0T23 & WHAAl 3x— 6y +2z=7 3R 2x+2y— 2z =57k al= 1 I T HITY|
A x+B y+Cz+D =0 3ﬁTA2x+B2y+C2z+D2=O
¥ FE W W U 2 A =3B =-6,C =2
A,=2,B,=2,C,=-2
3% 2 +(=6) (2) +(2) (-2)
\/(32 £ (=67 +(<21) (22 + 2 +(-27?)

9i: cos 0=

-10 |5 53
Tl7x2V3| 73 21
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11.9 Twae ¥ faw 7w fog =t gt (Distance of a point from a plane)
wfaor wu (Vector Form)

s fog P formen feufa wfewr 5 @it & wvaw ., TSr&eRt W0 7-h = d
(3TeRfa 11.19) | fo=m wifsm)
z

V/

T, T,
T,
p Q L\ P
---- I a
a N’ N N Sy
0 A v 0 I
K--moTT u |

(a) X (b)
TRt 11.19

TH: f9g P9 wHael 1, o WA FHael 1, W foR ISy q9del nr, o 3ffoels
THTE WY 4 B 3: SHH THHWO (F — d ) i =0 €l

(3TeRfd 11.21 (a))
PQ=ON-ON'=1ld- a-il

2, S T o5 ¥ A TG W e 1 e @1 3ehta 11.19 (b) % fow gw 36l whR
T RO T T TR B

1. AfE THTA n, 1 THRWT 7. N=d, % &9 F ¢, &l N THqa | Afera 2

e —'5~|§|‘d' 8

2. g oI5 O® ¥°aad 7 . N=d &1 %%(wﬁ&:@n
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Eanieikay (Cartesian Form)
A AT Px,, y,, z,) T fen fag @ fome feafa wfew g @ aen foo wwaa =1
AT THIHTT
Ax+By+Cz=D%
qad 5=xlf+y1}+zll€
N = Ai+Bj+Ck
37d: (1) o g1 P ¥ UHdd W &d i caTg

(Mf+%}+gé){Af+B}+Cﬁ)—D|
\/A2+B2+C2 ‘

Ax1+By1+CZ1—D|
\/A2+B2+C2 ‘

SETET 24 f9g (2,5, -3) I WHAA F(67-3]+2k) =49 T @ &S
T W G=2i+5)-3k N=6i-3j+2k3Rd=4.
zafere 65 (2, 5, - 3) #1 U Toae @ 50 2:
1271 +57-3k)-(6{-3]+2k) —4l
167 -37+2kl

112-15-6-41 13

J36+9+4 7
11.10 Teh @ 3T Toh HHAA o Ster T hIUT (Angle between a line

and a plane)

UFTaTeT 2 Uk Y@ 3N Uk GHAA oh o9 1 B, srfigeig—> //3{{_9|T

@ IR gude o Al o o= ok IO HT HI
(complementary angle) I B © (3TRTd 11.20)1 / 990_ o /

|feyr ®9 (Vector Form)

T ST foh Y@ B O 7 =G+ A b ® d a
A o1 GHRT 7 ji = d 81 99 W1 SR qHAA % JMeRTd 11.20
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sAfiretss o o= &1 Ho 6, FreAfefad g gR =g fohan <1 g 21

b-ii
1b1-17
3R 39 YR @l 3R WHA o St 1 0 ¢, 90° — 0, G YEd B 37

sin (90° - 0) = cos O

cos 0 =

b-ii | ben
M, m¢=|—=——,[Ao=SM" " |——
it sin ¢ IbIInI‘ \ |b||n|‘
+1 -3
mzs%@nxz =§=Z6 3R THAA 10 x+ 2y — 11 z=3 ok <= 1 101
Hifem)

T UM ST foh Y@ 31k 9da o SAfeia & ord 1 &0 21 KU T Y@ qen gHae
o THHION i AfKY &9 § Fgd i W 1

= (-1 +3k)+A(2i+43]+6k)

S

iR F(10i+2j—11k) =39 &@ &
el b=27+3j+6k 3R ji=10i+2]7-11k

. o Qi+3]+6k)-107+2j—11k)
Poosnes 2+ 3 +6 107+ 22 +11°
IR e
= 17x1s| T 21 T M=y
[woraett 11.3]
1. frefafad ye i & @ 9@ o gHaa & sifield a1 fih-shiae ok gt fag
RUEIGEEIIE LS
(a) z=2 b)) x+y+z=1
(c) 2x+3y-z=5 (d 5y+8=0

2. 3T THAA 1 FEY THEH0 FG KT, S gt fog @ 7 A9 W W 7, MR
gfeer 37 +5 j — 6 k W aAfveia B
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10.

11.

12.

13.

Tfora

. Trfafeq gaaet =1 S THis I Siteg:

@ F-G+i-k=2 (b) F-(20+3] - 4k) =1
(© Fls=20i+@B=0)j+2s+t)kl=15

. Trefafe fefet o, ga fog @ @9 U @ & ag & fadens a9 wifsu)

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
() x+y+z=1 (d 59y+8=0

. Fr=afafaa afqsn o6 siafa Tuact o1 afswr T ST THIEH0 Jd Fieg S

(a) §3(1,0,-2)F 5@ &1 3R {+ £ "wacd R foera 2|
(b) 1 (1,4, 6) T ST &1 3R {244 FAqa R sfuca Tl 2|

. ST Hudcl 1 TR 1 ity s frefafaa i faget o Terar 2

(@ (1,1,-1), (6,4,-5),(-4,-2,3)
b (1,1,0),(1,2,1),(-2,2,-1)

. GUAA 2x+y-—z=>5FN HIC T Hd: Wel I Fq HifoUl
. SH GHA 1 FHIHTOT A RIS TSR y-318 W Hd:E@s 3 X S ad Z0X

& GHId B

. SH GUqA %1 GHIHIO A@ BT S FHEAA 3x — y + 27 — 4 = 0 3

Xx+y+z-2=0%% Wfqesed aur fag (2,2, 1) ¥ Bl ST &1
I UGS 1 Wiy G0 [ HifSe S wHael F.(20+2 ) -3k) =7,

F.20+5]+3k) =9 o wiaesed W@ 3R (2, 1, 3) ¥ EHT ST 2l

ot x+y+z=13?\\T2x+3y+4z=5$9ﬁlﬁﬁi@'{}|%ﬁ?{ﬁﬁ_ﬂﬁﬂmﬁ
x—y+z=0T Aded qa ] GHIRIT T HIFTT

Trae!, foer afser gt 7- (27 +2 ] - 34k)=5 3R

F-3i—-3]+5k)=3 ¥, o a9 & I01 1@ it

frefafad gei § 3w fo = fau 7o gude o g 9HicR 7 Steren seeq
€, o 34 frafd #, 99 A 7 @ TR T 3R 7 & oAdeq At ST o= H1 IO
[d hifeTdl

(@) Tx+5y+6z+30=03M3x—y-10z+4=0

(b) 2x+y+37-2=03Wx-2y+5=0

(€) 2x—2y+4z+5=033x-3y+6z-1=0

(d) 2x—y+37-1=03R2x—y+3z+3=0

(e) dx+8y+7-8=03Wy+7-4=0
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14. ffafed vl & vk Kk M fog @ R Tu @@ g9ae ot g 99 St

fog Tuae
(a) (0,0,0) 3x—4y+12z=3
(b) (3,-2,1 2x—y+27+3=0
() (2,3,-9) Xx+2y—-2z=9
(d (-6,0,0) 2x-3y+6z-2=0
fafaer 3ergvor

SETETUT 26 U W, Tk ¥ & a0l o @ o, B,y, 8, I TR ¢ af fog e R

cos® o + cos? B + cos? Y+ cos? & = 5 Z
Tl U ¥, U THHIT0Th Teheish i eidl ¢ fordeht CO.0 D0, 4, 0)
T, =S N S T B 2 @,0,a) G -
M ST f6 OADBEFCG & o1 St Ui (a,,a)
ST q a1 B (MR 11.21)1 o B(o,a,ﬁ}{
OE, AF, BG @R CD =R faeti €] <& 8@ 0.0) D@, a,0)
ﬁﬁg@ﬁ O aa EEF}WWWOEQW R 11.21
faskul OE o feep-ahtars

a—0 a—0 a—0

Ve rd+a? N +a? +a NP +a* +d°

1 1 1
R S R R

BRI g L 1
FEEET EE N Ewt
A ofifse §t T W St OE, AF, BG, 31k CD, & |19 99T a1, B, Y, 3T & hI0T S
%aﬁﬁﬁﬁ—aﬁ'{:ﬁ:{l,mn%
qd cosoc:% (l+m+n);cosB=%(—l+m+n)

1
cos Y= \/7(l—m+n) cos & = \/f(l+m—n)
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a1l ¥eh Sied W BW UM € TR

cos? o + cos? B + cos? ¥ + cos? d

[d+m+n)’+H+m+n)?] +(-m+n)+{+m-n)

[ = 0| =

4 .
3 [4(P+m*+n?)] =3 (FifF P+m?+n2=1)

SATET0T27 I A 1 HHIHIO A shifee few fag (1, - 1, 2) sfafde @ &R S

W?Wﬁ2x+3y—2z=53ﬁ'{x+2y—3z=8ﬁ@93ﬁ7>5‘?ITF{TS[%I

7ol feu T fag i efafds o arel GHAA 1 FHH
AG-D+By+1)+C(z-2)=07%I . (D

A 2x + 3y —27=5 3 x +2y—3z=8,% @ (1) gN Y& HHqA W ol B o
yfqas 1 9T 3 W BH UM © T
2A+3B-2C=03RA+2B-3C=0

T GHIHTON 1 B I W EH U B foF A=—5C 3R B =4C
1a: e gt 2
~5C(x-1D)+4CH+1)+Cz-2)=0
371 Sx-4y—-z=17
arETor 28 fag P(6,5,9) @ fageii A(3,-1,2), B (5,2,4) 3R C(- 1,- 1, 6) g
i wwaa &1 g0 6 S
o 7M difsu o gaaer o €19 fag A, B, @en C €1 fag P9 9Hdel W o9 *1 U
Dl &H 319 0 PD ¥1d w& € SRl PD, AP &1 AB x AC W W&U 2|

T PD= AB x AC % ST Tohté Ww 921 AP 1 S1fa® ToAwe 2|
T AP =37 16j+7k

iJ ok
3R ABxAC=|2 3 2/=127-16]+12k

-4 0 4

i—4j+3k

. 3
AB x AC & 3w 3ohTE Afgw = Ner!
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3d: §B=(3f+6j+7b.§L:iiiiﬁ
J34
_ 3434
T 17

faereua: fag A, B 3R C o o a1t Tdet sh1 IR0l T1d shifeg iR qd fog P
FT TGS W U G wife
IETET0T 29 JEIEy & Y@
x—a+d y—a _ z—-a-—d
o—29 o« o+

-b+c y-b z-b-c
R al =
B-v § B+v

B T8 o ¢ TR

yp=a Yy =
7, =a+d z,=b+c
?_?R alza—s a2=B—’Y
b = a b,=8
c, =0+ c,=PB+y
319 GR{UTeR
X=X Y=Y H—% b—c—a+d b-a b+c—-a-d
a, b, a |- o-29 o o+9d
a; b, ) B—v p B+
T fo=m i)

T w9 ! Ted WH A Wied W eH U B

b—a b—-a b+c—a-d
21 o o o +90 =0

§ B B+y
it gor 3 fgdta @9 g 21 &1d: <1 Y@ ge-aaid 2l
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512 Tifora
SaTetur30 39 fag o e Sifs sef fogst A3, 4, 1) 3R B(5, 1, 6) 1 fiem
arelt Y@ XY-aa 1 Hed 2l
T el A SR BY W1 aeh T 1 aRw S

FE30 44 +k+AMG-3) +1-4)]+(6-1)k]
aFefiq. F=3i 44+ k+A(27-3745k)% (D)
M ofifse Pae fag @ el W@ AB, XY-d1 &1 Sfa=sg dl 21 aa fag P fefq
A 5 +y ] F TTH R
7 fag erava & g (1) &1 e w1 (FD)

A xi+yj= G420 i +(4-30 j+(1+5Mk
7, G eiR £, TOTRN HY O R W EH I T

x=342A

y=4-3A

0=1+5A

ST THIHTON i B HE T EH UMW © TR

B 23
=5 2. S

a7 erefiee fag o fdwmen [§’§’Oj§l
e 11 T fafaer gonaeit

. feame 7 ga 55 @ (2, 1, 1) foam @l @, faged (3, 5 -1) @R
(4,3, -1) @ fuifd & = &4 2

2. AfE T WO w9 YEnew # RE-FEEd [, m,n, L, m,n @ @ s fE
T T W A9 @ hi K-
mlnz—mznl,nllz—nzll,llmz—lz—nq%l

3. Wi@ﬁ&qwWWW,WW—Wa,b,CGﬁTb—C,C—a,
a—bel

4. x-318 o GHGL q1 YoI-Tog § S el 1@ 1 GHehIo 1 Fifsal

5. afz fageii A, B, C, 3R D& e &9 (1,2,3), 4,5,7), (-4, 3,-6) 3R

(2,9,2)% d AB 3R CD @il & o= &1 S0 Fd HifeT)

[
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11.

12.

13.

14.

15.

16.

17.
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-3 2k 2 3k 1 =5

@ kT HE F@ HIS

85 (1,2,3)® ST ot @91 q 7. (7 42 j-54) +9 = 0 oo @ i
GfeeT FHiehTol A it

9 (a,b, )| STH ol T T 7. (§ + ] +k)=2 o THIR e BT FHHT A
HifsTT)

Wt F=67+2j+2k+A(@-2]+2k @R
F=—di—k+n@i-2j-2k d= % Za9 g0 7@ S

34 fag & féwis 9@ HifSw el faget (5, 1,6) 3R (3,4, 1) 1 faem aref
W YZ-d %1 e 2l

34 fag & féwis 9@ HifSw el faget (5, 1,6) 3R (3,4, 1) 1 faem =
W ZX-de %1 w2l

39 fag o Frdenss Tma ife <=t fagedt (3,—4,-5) 3R (2, -3, 1) Y ToRA arett
W, HAA 2x +y +z=7 % IR S 2l

fog (= 1,3,2) ¥ S el qe0 9dell x+2y +3z=53 3x+3y+z=0% ¥
TAF T A THAA T GHHIU J1q HifoU)

afz &g (1, 1,p) 3R (=3,0, )T 737 +4j—124)+13=0F ¥4 30
R feord =, @ p 1 TH A1 hifr

A 7o+ + k) =19 F (27 +3]-k)+4=0 % FaeIsT @1 ¥ SH
Tt qeoT x-3787 oF FHIGR 1 okl THIOT A1 shifsTu|

afs 0 qa fag qen fag P& féwnas (1,2,-3), €« fog P9 <9 o1l @1 OP
o A9aq qel ol FHIHIU F1d Hitsal

TA Fo(f+2+3k)—4=0 3R F- 27+ j—k)+5=0% T @
FHafdte 3 a1l q1 T 7. (57 +3 j—6k)+8=0 o Taad Iel Hl GHIH
S it

g (= 1,-5-10) 9 W1 7F=2i—j+2k+AGBi+4]+2k) 3R FHqA

7-(—j+k)=5% dfaesd fog & 7 &1 @ 9@ St
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19. 8 (1,2,3) T < ol @on quaedi 7 (G — j+2k)=5 3N 7-Bi+ j+k)=6F
AR @1 1 T THHI0 J1d Hifera|

20. g (1,2, -4 ® SR et iR I e x;Szy_Jrlégzz;lo s

x_315= y_829=z__55 W e @ 1 HE G | it
21. @€ Th HHaA o IFATE a, b, ¢ ¥ AR THH! Ul fag W gl p e € ol g
e Lot 11
a b c p
Te 22 3R 23 H HE ST T A BT

22. T HEASA 2x+ 3y +4z=4 3R 4x + 6y + 8z = 125 o9 &1 I 2

(A) 279E B) 47FE () $TFE (D) % T

23. WHAA 2x—y+4z7=53N5x—25y + 10z =6%T:
(A) TER & (B) HHIMR

(C) y-318 W Hfdesed wid 2l (D) fog (o, 0, %)@ o R

RIS
¢ T @ F fep-mrare W@ gn e it oA fRen < @ aAn sl
1 IR Bl 2
L g W&@Fi@aﬁﬁ@_—w l,m,n%ﬁp+m2+n2=l
¢ T fagsi P(xl,yl,zl)?:ﬁ'{ Q(x, ¥, zz)aﬁ e areft @ w f<ep-hamnEd
NHTXH TN T4 5
PQ ° PQ ' PQ
SR PQ = /(x, — x)” + (3, — y)" + (2, — 2, F

¢ TF YEr w fag-orue 3 et © S Y i fas-shiee o wErgem
Bt g
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¢ It T @1 H Rb-FEEA [, m, n IR Kh-39M@ a, b, c & @
I a o b o @
_\/a2+l72+cz’m_\/az+l72+cz’n_\/az+bz+c2
o foawHdaeta Y@ sfaier &1 9 W@l S 7 d g9 € SR T & giaesd 2l
g Y@t fafa= aafl o 2t 2l
¢ faumaeia Y@reit & s T FI0T 98 &0 7 S U R g (ahE g
fag &) o fawmdeta t@nst § 9 yoie o SHiR GiE 7 a1 gihesel e
& &g | 2
¢ T ll,ml,nl?:ﬁ'{ lz,mz,nzﬁﬁﬁ—WWﬁi’@Tﬁ%ﬁﬂwe%
qd

cos® = L, +mm,+nn|

¢ AR a,b,c 3R a, b, c, Tep-s7udt aclt @ TE@et ok d= w = B
0% o
a, a, +b b, +¢ c,

\/alz+blz+c12 \/6122+b22+6‘22

¢ T 3. fag fomet feafa afew 5 @ 9 o0 ol iR 9few 5 & gEi @
1 KT GHH 7= G + A b T

* 5 (x,y,2) ¥ I o @ o Kes-FE=T £, m, n g, F FHHW

X=X _Y=h_27% 3
[ m n

| s fr fe R G AR ) S E S A T e e
THE F=G+ A (b —a) R
* D (x,y.2) (v, 2) @ TH AR Y@ w FEE G

cos 0 =

A% WY~ 7% 2

Xy = X Yo =V %
¢ AR T et F=g +Ab AR F=d, +Ab,, & o= H AR O T @
51'52
>

16,1 1b, |

cosO =
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¢ R e L0 - 2N I g

1 m, n

TN YT IO s wm et

[, m, n,

cos© =1L, +mm,+nn,)|

¢ T fawmacta e o S # A 30 9% Whe © S S e W
SER

¢ W@ F=a +Ab I F=d, +ub, F A I I

iy % b, | #
Qaﬁi@gﬁx_xl_y_yl_z_zlaﬁ'{ X=X ) )’z_Z Zzéﬁ
a, 1 C 2 b, Ca
ote =Aa g
X=X Y= N 2%
a, b o1
2l
a, b, (%)

J e, —bye,) + (cay — e, +(aphy — arh,)’
¢ JEAR @A F =g +Ab R F=q +ubH A B G

b x (d, —d,)
51|

¢ TF gHad, el ga foag 9 3 ¢ a1 wHaa W o fog 9 sifves s
qfewr A 7, o1 Giker &9 § GHA Fof = d B

¢ TH gHad, fae! g 95 9 0 4 71 Haa o sifiea @i feeh-hiamed
Lm,n €, %1 GHEIOT [x + my + nz = d €

¢ U fog fomen feofq afkwr § o S aren iR 9k N ® o« Foad 0
THEH (7~ G ). N =0T
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T g M g (x,, y,,2,) T A SR T D @ s Rep-erge A,
B,C %, W & THIA Hl THIHIA (x—x,)+ B (y—y) +C(z—z,) =0Tl
e fogel (v, 2,), (4, ¥, 2,) 3 (x,, v, 2,) @ STH o6 T
WEF{'UT%:

X=X Y=Y 2%

Xo =X M=V =% =0

X3 =X Vs — V1 %
= fogett foer feafa wfewr g, b 3R ¢ 1 sfdfde & arel THAA
feer T (F—G) . [(b-d)x(¢—a)]=0
Th Gude S R i (a, 0, 0), (0, b, 0) AR (0, 0, ¢) W HEA €,
E’Eﬁwf+l+£=1%|

b ¢

a

AN 7-7i, =d, AR F-ii, =d,h Fdesad H [ del FHIA 1 G
THIRT 7 - (i, + Aiiy) = d, + Ad, & &l A TH = 2
el
A x+B y+C z+D =0
3ﬁTA2x+B2y+C2z+D2=0
o gidessd | e dlel 9ael 1 HHIR]
(A1x+B1y+Clz+D1)+k(A2x+B2y+C2z+D2)=0%I
AW 7 = G +Ab SR F=ad, +pb, F-a9 T AR
(@, =) (b xby) =0
fE IR %@qu%lg?:ﬁ A(x,, y,z,)dd B(xz,yz,zz)@ ’\FR?ﬁ ? 99 g

Xo =X Vo=V L4
a, b, 9}

g =g =0

a, b, )
< et ToTeoh |iee ®9 7. /i, = d, 3 7-7i, =d, B 91 Sk <<l T = 100

| 7, -, |

02 d9 0 =cos’

I, 1, |
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i
W F=d+Ab 3R TA F-A=dh S H A &0 0 T T

A

b-n
Ib11A]

in ¢ =

el Ax+By+Cz+D =0da

A2x+B2y+C2z+D2=O€FEI'1?l3H-_*’{"TEIﬁ'UT9%W
A A, +B B, +C, C,

JA? +B? +C A2+ B2+ C2

wfew w9 #, uF fog few feft wfw g § 8 9@ 7oai=d¥ Q@

|d—a-7l 8

T 95 (x,y,2)H T Ax+By+Cz+D=0%d gt

0 = cos’!

Ax, + By, +Cz; + D
\/A2+B2+C2

2l
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