KHMH113

T 31 3TdhetsT

(Limits and Derivatives)

s With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD +

13.1 wfHwert (Introduction)

Ig A o HI Tk iRl 71 el T HI g€ w0E
& e gera: wia o fogefi o aRads @ wer o o9 o e
At URed T TeAE R Sl @1 Uee €H STl i
(IrEafaes &9 9 gty foee fom) Wﬁ“i\ﬁﬁﬁﬁ (Intuitive
idea) YA 1 AT TH HIHT R TES AR 3 AR G
o SISTIIUIG oh1 S LT hiTl| STk 9IS TH STaehars i
RIS T o T aTae S SR STeeherst o STSHITUT oh
FS TFIT HUN| §H F© (AR AME Horl o Tahas |
T |
13.2 rahetSli o1 WESEd are
(Intuitive Idea of Derivatives)
iferer FET A erHifea foren @ o6 fie ww wEi/es weer 9 vt ¢ Tehel § 4.92
X 0 07 Fa1 ¢ Al fie g HeX § 99+ T g () Hehel H AU T IHI (1)
% Tk o o B9 W s=4.92F & T )

G AR 13.1 | Uk @Sl 92q ¥ iR T uw fie o Sehel | fafa=
T (1) W W T 99 H gl (5) § W 2

¥ gl W THA 1 =2 Wehg R YT 1 o A w1 €1 32T €1 3@ qHE
TEoH o fU 1= 2 Uehe W TATG BH oo fafae Traiauel W med 97 Ad wE Th
T ® SR YN H € TR W =2 Wohg W AN ok SR H D YR TS|

Sir Issac Newton
(1642-1727 A.D.)
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t=1, 3 t=1,% o= AA A 1=1, s =1, GHe RO 13.1
& o9 T HT T T B (1,—1,) W T A W B ” 5
1 T o 2 Tehel H HeA oM 0 0
1 4.9
_ 1, =0 3 1, = 2 S dAH TR 5 L
FEATITA (1, ~1,) 18 15.876
1.9 17.689
19.6—
= m:%ﬁr/@r 1.95 18.63225
(2-0) 2 19.6
T GRR, =13 =27 &= HqLF o1 2.05 20.59225
19.6 - 4.0\ 2.1 21.609
= ((2_—1)@?:14.714?/@ 22 23.716
25 30.625
T4 YR fafae o iU =1 3R =2 o= & 3 44.1
e o o1 GRehe Hd ol fEfafad grof 13.2, 4 78.4
t=1 TFS IR =2 Fhel & T HeX I ohe
o meg At (v) =t 2
WRUT 13.2
t 0 1 1.5 1.8 1.9 1.95 1.99

1

v 9.8 14.7 17.15 | 18.62 19.11 19.355 19.551

TH GO U BH STdelih i @ foh mWiem an -+ 9g @1 @1 SH-sg r=2
WA I Aol Aol SR ST ST € B9 SEd € o /= 2 W BH a7 1 TH
g 3= Al T U B 1 SR 6 © Toh 1.99 Wehg 3R 2 Uehg o o™ o AT
T A e @ gn T fepterd € TR 1= 2 Webs W wieA 9 19.55 W@ 9 g sty
* 2l

79 freend i freafafaa sfiererl & wq=ea 9 fofad oo e 21r=2 9os
Y YRY I gU fafaer THaiaiell W A1 o 1 giehe Sifu) 9d i 9ifd 1= 2 Iohe
SR 1 =1, Wohe o o= WA A (v)

_2%FS SR, T F da T F
B t, =2
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LHHSH T H T — 2¥EHSH | & U
t, =2
_ L, UelH T H gl - 196
- t,—2
frfafeaa ot 13.3, 1= 2 Fohel 3R 1, Hohe o i wiex ufd Tehe § A A
Vﬁ%:

H|RUT13.3
t 4 3 25 22 | 21 2.05 2.01

2

v 294 | 245 | 22.05| 20.58 | 20.09| 19.845 | 19.649

TEl : B A 3d € o A% 8H =2, § URH hid g TR HHAel| i ofd
S B @ BH r=2 W AT T 3Afueh Tesl |y e 2l

STfeherl o 9UH FH=ad | B (=2 R 9 8 Tl 9¢d IHA=Rel § "I
A A foran B SR 99 omen 1 ® fh r=29 fwfaa qd w9 ewenfea s |
STfehel oF Tt F=ad | +=2 T 31d BH a1 Hed FHAladel | 71 a7 14 fohan
2 ¥R a9 omen 1 ® fF 1=2 & fHfad o %z Syefea s 7 w2 fags w9 9
et SR T WeA S o 3 S 3T Th GHM o W T =1feT g9 fHfvea
w9 ¥ frerd frehrerd € & 1= 2 R fig &1 97 19.551 9@ 3R 19.649 H/A & =
2| TR ®9 ¥ BH e Thd B
foF =2 W dwfas am 19551 A s249¢°
oA IR 19.649 WA, & M Bl femmmmmme e /B
S o wTeft e W § AT -
% IREdT ®T R T o TEA S
fromfea  foren, o8 Freferfaa 2 % """"""" /0
“fafay o gl o aRed &l T ﬁ-?é :
1 A oI 81 W hed @ TR

T e s =492 t=2 W  fe--- gl 000 C

RSt 19.551 37 19.649 ok = . Co R

o gl 0 / 2 Z:i'tzzl-ktl ‘g‘qq_a:[,t
T O &1 gl & TE

foeen fafy et 13.1 9§ <wfé SFH 13.1
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B T8 oid WA (1) IR =M o R 9 fie &1 T (5) * oo 71 SE-sd
I o STFH by, b, ..., BT T Y FT AT ST FA 2 O & AT A <k
ST B HT T G et € S

ClBl C2B2 C3B3

AC,  AC, AC,
% TG S STTHA FI B T, Sl CB,=s, -5, T T T S fie wHraa
h,=AC,® T %I €, T TP 13.19 = freehd frsper gifeea 8 6 o 9%
1 A ok o 65 A TR THIR@1 o @Tel 1 AR SR Bt 81 g vesl H, 1=2
T W fYE 1 dichifeln 97 9% s=4.92 % (=2 T W90 & @A o THM 2l

13.3 9T (Limits)
IRt foreer 30 qed 1 3R Tyeeqan fAfde @ @ for ed @i i ufean @ik
Afush T &9 ¥ GHZH 1 STEvThdl ¢ 80 Gl %1 Hheq 4 IRfad g9 & fog
_@'—s)’m (illustrations) hT SR W 2
F f(x) = R TR FSW s #NT F S9-S" x I h
e Fehe M =4 €, fx) 1 AF S 0 1 SR STEL a1 Sl 81 (3W SR 2.10
st 2)7H wed ¢ lim f(x)=0
(FH f(x) ! W YA T, 5 x YA H1 AR SE €Al B, TG Wl ) £ (x) Bl H,
e x I T ST SHIEL Bl €, il UH TS S¢ S9 x = 0 R f(x) H1 AF g =0fgu
MUk &9 Y S x> a, f(x) — [, T [ B £(x) i G el Sl © SR

T T8 YR foran s g lim f(x) =1

Tl g(x) = Ixl, x +0 R fo=ar =ifsm) WWWg(O)W&W‘!ﬁ%IX@
0 o Tt fehe AMl o T g(x) oF A &1 Uieheld & o foq gx 2Ed @
g(x) T AM 0 H1 SR SER FI 21 3@ i o) = 0.x 20 faw y=1d
G § I8 Feodl ¥ T Bl 81 (W 3Mehfa 2.13 1A 2)

2_
frefafad wem W fER Ff: A(x)=> 24,x¢2.
o

x % 2 o Aty ke Ml (AfRA 2 T&Y) o fau A(x) o AF 1 afeem
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HIFST| 3T =T ! WIhR HUzq foF T 71
4 % e &) 7T (i 13.2) ¥ KU wew

y=h(x) % 3@ R fo=aR 3 9 9! fFfea (0,4)
el firern 21

T 9eft SwIdl | T W A x = ¢ R Hed
o Sl HH YU H A AT o ard H 39 W 0,2)

SMeTia &Y § o x ol @ 1 3 ST B 2
& ST T x oF W& g 1 AR 3R B
#mm?ﬁaﬁﬁTmﬂ%ﬁT%,aaﬁLxﬁxf(
e gfi A T A A FH S FHRd © T ¥ -2,0) O (2,0)
ek 81 Tohd &1 399 @i ®9 9 < g \;',
- 9T¢ gey K1 G 3R I ey k1 HEn 9iE Bt
21 Wer £ o T &l 1 I Ax) 1 98 HE © Fd 13.2
S f(x) o AM W SRR B € S x, q 9 <2 SR SER Bl 81 SH YhI a1d uey i
o1l gHeh gwid o folu, e W faer sifsg
1, x<0
f(x)z{z, x>0 y=fx)

0,2)

AP 13.3 W 30 o 1 Aed <M T E T8
TR 0 W fH A x<0% fau@ f(x)oh 7@ W —2 (0,1
W fAeR wmtar ® SR 1 o wEE ® et 9 W ()

> =<

X' € >X
and et 1 & im f(0=1%) 55t 56r 0 W £ w1 AW v
x> 0 fau f(x) o 71 W 3R wa 7, 2 € @i 0 Y
% T vy w1 H im £ () =2 31 g9 fefq F and ol 3MHfT 13.3

¢ & ki T f=-fa= ¥ SR o7 39 %% Whd © R 99 1 Y T SR IR
Bl € q9 f(x) 1 G AR 21 (9ol € wed 0 W uRefia 21)

arIST
g9 %ed ¢ 6 }Lnal f(x), x=a ™ f(x) T R (expected) M &, fSe x oh

¢ IR Fiehe oMl o faY £(x) &1 AF KT 1 38 7F 1 0 W f(x) H ¢ 98
H T FEd B
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%‘?Wﬁ%%}gﬁ}f@), x=a W f(x)hl aruferd o © fSEd o ah <R

3R o fere WMl o T fx) o A KT &1 38 99 Sl W £(x) HI Q987 BT
i wed 2

g 3¢ SR ¢ uey i Had G 8 9 89 36 SHARTS WH &l x=a W f(x)
F1 WA Fed € o 38 M gy 9 frefia w3 2

ﬁﬁﬁ?ﬁq%ﬁwmqﬁﬁﬁﬁwW%T%Fx=aﬂf(x)
1 i iR 2

Fia 1 (Mustration 1) HEH fx) = x + 10 T fT=R FIT &0 x =5 W FHerd i Al
A T AR | B, TH 5 oF 3T (he x o HHI oh faIT £ o A o1 Iehard &
5 o 3fera Tiepe o1 3R & fag 4.9, 4.95, 4.994, 4.995... 3efE €1 3 faigati W fx)
& HH = gRofeg 21 36 URR, 5 o 37d fee iR € 3R arafas €& 5.001,
5.01, 5.1 ot &1 g7 fagefl W ff wer o 9= RO 13.4 ¥ Ky 2

H|RUMT 13.4
x 49 | 495 | 499 | 4.995 5.001 5.01 5.1
fx)| 149| 1495| 1499 | 14995 15.001| 15.01 15.1

Groft 13.4 9 &9 i od & fF fx) 1 76 14.995 ¥ §€1 @IR- 15.001 9 B
€, 98 e Hd g R x = 4.995 AR 5.001 o ot o SHIT el sfed 7 8l
€ Heul BT qehETd © o 5 o o SR 1 GEmed o fy x = 5 W £(x) 1 AE

15 & a1eiq lim f (x)=15
Tl YHR, 5 x, 5 o S IR S A1 €, £ H HA 15 B AET 2efiq
lim f (x)=15

31q: 7€ W9reA B TR £ oh ord et w1 WA SR ¢ qet et EiEn, <A 15 o s
g W TR

lim f(x)= 1in;f(x)=lin}f()€)=15

x—5"

T 15 F 9UeR BH oF aR H I8 (TRY Ho o STerd S 3Tehid 2.9(ii) STE 2
o fen ®, o1 SRt fohfad oct a1 €1 36 3epfd & &9 o4 3d ¢ foh Si9-91 x, S
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o A1 Al TR AR A AE 3R ST &I, He f(x) =x+ 10 H1 3@ &g (5, 15) i
N S BIaT Sl 81 89 SEd © TR x=5 W i Wed & WA 15 o e
Bl 2

TR 2 HE f(x) = x* T =R FISU ST H x = 1 N 36 G &1 GH I0 HH
1 JA | et 1efd i T 9d gU 9 xoh 1 o fehe HHI oh faT f(x) o AN
%! UG Hd B 39 Rl 13.5 | T e

RO 13.5

X 0.9 0.99 0.999 1.001 1.01 1.1

fx) | 0.729] 0.970299 | 0.997002999 ( 1.003003001 | 1.030301 | 1.331

39 OROlt § eH A e ® TR x= 1 W £ 1 3 0.997002999 § Sifies SR
1.003003001 ¥ %4 &, 98 Heqdl & gC fF x = 0.999 3R 1.001. & &9 Fo
Y T Tfed 7 81| 98 | GeheTd @ foh x=1 1 A | o aT¢ 3R] 1 Gemsii
W AR w7 ereriq

lim f (x)=1,
TH YFR, 5 x, 1 % IE AR S TN ¢, A £ HT HA | FH1 =G 37eiiq
lim f (x)=1,

Iq:, I8 W9 © fop ad ver ot Wi SR Td et i WiH S 1 o SWeR B

TH YR

lim £ (x) = lim £ (x) =lim f (x) =1
AT 1 o SR BF &1 98 6t He oF ofieh@ il 3Tehtd 2.11, 3= 2 ° fan
2, i TEet Tohfad ool a1 €1 39 SMehfd o 89 M <d ¢ foh SH-Si¥ x, | o =1 dl
TE AR AT AE AR W B, B f(x) = 131 @ fag (1, 1) HT 3R SR gral
S 2
B I: el Hid § o x=1 T %o &l 71 W 1 o e B

TR 3 HAT f(x) = 3x W =R FINU TBY, x =2 R 36 Fed Hi A AG HH 61
Y Y| Frefafad grol 13.6 Td: T S 2
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H|RUT13.6
x 1.9 1.95 199 1999 2001 201 2.1
f(x) 5.7 5.85 597 5997 6.003] 6.03 6.3

Tefad gH STeclihd i € b x a1 d &g A S 2wy SR SR B ¥, f(x)
FT A 6 1 AR SR Bl g Tid &Il 81 eH 39, 39 YR AfeifEd F dehd

g fom Y
lim £ 2)= i ()=t (3)=6 0.0
STRTd 13.4 § USRI SHHT i@ 39 a4 &l
ERRCIR
7 T: T 2 W T fFx =2 W wer H A g
x=2 W HT F GO B o/ @0

TEIA 4 3= BeH f(x) = 3 W fo=R HINT A=Y &r
x =2 W ST G Jd FE H GG HL TE HeH
X T B % IO 9od U & AF (39 frefg \%
H 3) 9 Fl & 2efiq 2 ok 37edd Fee feigeti & ShY 13.4
T 9T WE 3§ I:
lim f (x) = lim_f (x)=lim f (x)=3
f(x) =31 TeE BB § (0, 3) ¥ WM el x-378 oF i 3@ 3R
aMrepfal 2.9, 3teard 2 ® <wifan T 21 59 e ot T € foh ereiie Wiwn 3 © qema: W

AT TIeliRd e € b et arafas W@ o % o lim f(x)=3

TR 5 FEH flx) = + x T fomr Fifow ww lim f(x) g won =wd e
x =17 e flx)sh AF GRON 13.7 ® GROfteg i 2

H|ROT 13.7
x 0.9 0.99 0.999 1.01 1.1 1.2
f(x) 171 | 1.9701 | 1.997001 | 2.0301 231 2.64
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399 I qehdTd T g © R /Y\
lim / (x)= lim f (x) =lim f (x) =2 4
3Tepfd 13.5 ® T Alx) = x> +x o 3
aerg ¥ 9E T © R S-S x, | A
AN TR BT, M@ (1, 2) I AR :
ST BIA STl €1 1/
aazgﬂ‘aﬁzﬁwmﬁ%ﬁs XX
i fm=ra M
ord, frefafaa @ qeai i e
’ ) TR 13.5
=T F WHR HAY
lin}xzzl, nn}leaﬁ{nn}xﬂzz
i lim x? + limx=l+l=2=hm[x2+x]_
x—l x—l x—l
qm lim x. £iirll(x+l)=l.2=2=£ig}[x(x+l)]=£ig}[x2 +x].

T 6 HeM f(x) = sin x W frar FIfw) gt lim sin x § wfa ¢ ST w00 feom §
x—>§

ww%laﬁ,wﬁgéﬁﬁmf(x)%qﬁ(ﬁw)aﬁmm%
| 13.8

. L o1 | Zooo1 | Zvo01| Zrou
2 2 2 2

f(x) 0.9950 0.9999 0.9999 0.9950

lim f(x)= lim f(x)=lim f(x)=1

1
x~>5 x—= -

oY gH e Y gehd € TR
2
THeh SAfAReR, T@ f(x) = sin x & @ ¥ T el © S A 3.8 JeAH 3

TR m i fiemimm e fd lim sinx= 1.

x>
2
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TR 7 He f(x) = x + cos x W fo=R Hifsw) &w lim f (x) S T ed B

Tel B 0 & Fhe fix) & A (Frehean) wrviiag fvu 2 (@R 13.9).
| 13.9

x 0.1 | -001 [ —0.001 0.001 0.01 0.1

f(x) 0.9850 | 0.98995 | 0.9989995 | 1.0009995 | 1.00995 1.0950

ol 13.9, 9 &9 e & g © T
lim £ (x)= lim f (x)=lim  (x)=1
7o feorfq o off &0 deror e € TR lim £ (x) = £ (0) = 1.

376, 1 3T W &) TEHR & Ghd ¢ 5

1in(1)[x+cosx]:limx+limcosx—°n-g|a 4 99 22
x—

x—0 x—0

TR 8 x>0 o U, Hed f(x)=%m faar e & lim £ (x) @ AT
e &

1, B el i € foh e o1 Uid Gl s artas @ €1 er:
6 B9 f(x) % WH GRONEG Y ©, x A o 91 AR SR Bl €, 1 e o1l e
21 = 89 0 o b x & ¥ATHE AMI % T ®eld & HHI ] GRUEg 4 B (39
arolt § 5 forelt um quifer e fefud e 2

F= & 7€ Ao 13.10 9, 89 @A © TR S x, 0 1 SR SR B 2, flx) 9
3R 1 Bral a1 @1 T8l g6t 21ef ® foh, fx) 1w fRet € e 9 oft o= feen
ST Gehell 2l

RO 13.10
x 1 0.1 0.01 10
£(x) 1 100 10000 102

T €9 9, 59 ke Tehd & lim f (x) =+
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&q feoofl oft #xd € & 50 wgasd W B9 3@ R &1 el a1 ==t T@l s
gwiaosn im f(x), g Fwn =wd €, st

x+2, x>0

Tl I HE B 0 o e x o fAT f{x) 1 WRON &AW €1 UeTOl hid € TR x
R HHI o Tt 89 x — 2 1 A TohTon &1 STavaehdl © 3R x o HFTeHsh qH
% AU x + 2 1 °4F Frrrem 1 TEvaehar 2idl 2

H|ROT 13.11
x -0.1 - 0.01 —0.001 0.001 0.01 0.1
f(x) -2.1 -2.01 ~2.001 2.001 2.01 2.1

RO 13.11 1 92 o gfafted 9, g0 e &3 € fF B &1 /6 2 9%
E @I ® AR

1inol_f(x)=—2
gt k1 @ifam o= sfaftesl 9, 7q fma w@ © R
Y

e W UM 2 T 56 1§ 3R 3d:
lim f(x)=2 , 2)}/

/X
&1 Fed € & 0 W wer wi dio el 2 0
TH el Wl e SRt 13.6 W fean @ wEl, 'm 0,-2)
fouqult &hd & foF x = 0 W Held &1 9 qoid: IRefog €
R, ard |, 0 % SR ¢, WG x = 0 W %o &1 dl Y’
Refa off =2 2 3NTeR e 13.6
Twid 10 T i geid o w9 d, g im f(x), 30w § @t
x+2 x#1
f(x)={ 0 x=1
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H|IOT 13.12
x 0.9 0.99 0.999 1.001 1.01 |1.1
f(x) 29 2.99 2.999 3.001 3.01 (3.1

gl Wi WE, 1 & e x o oI 89 f(x) o Wi ! GROMEg L &1 1 9§ w0
x % T ) ® WE W, T wdta g € foh v = 1 W e 1 6F 3 g ey s

linll_f(x):3
T YPR, 1 W 9L x o fAU flx) F A ¥ AREME fx) F TH 3 A AT,
A Y

linll+f(x):3_ 0.3
i o T iR e g g o ’
3d:

>

0,2)

lim f (x) = lim f (x)=lim f (x) =3
MM 13.7 § ®ed ol ofer@ Hm o aR 7 X
AR fmA 1 9 a1 € AT, 79 AW <9 § R

I &9 °, T 3 fg W Fe H1 0 IR 58T Y
Trmn fg=-fg=1 81 Tehd © (e &) < aRenfea i) AMeRfa 13.7

13.3.1 @imreil &1 SerTiord (Algebra of limits) 393 Il W, 89 3Tacihd &
g% & fF dm ufsean =, oo, O SR WW % U Sd @ S 9 T
foamei o iR it guRkenfod &1 e T 21 @1 arad o, g1 5! form suufa
& g % w9 H sveiie ®9 9 S
uﬁmm?ﬁmﬁfaﬁwgaﬁwﬁé%’ﬁ}cigalf(x)aﬁw}cig;g(x)aﬁf Calic i
S

(i) & werl o AN B HH Her w1 Ssh w9 g 8, e

lim [f(x) + ¢ ()] = im fix) + lim - g(x).

N

2,0 O @0 ~
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(i) < Hor o AT h HH Wl i WS w1 HAR Bl 8, i
lim [fix) - gl = lim flo) — lim o).

(iii) = weE o UM K1 HH Her w1 HHSA w1 [UH g €, g
lim [fx) . (0] = lim fio). lim g(x)

(iv) & Wl o AR 1 EHH Herl B HES w1 A g €, (et 8 IR
BT 7)), 3

f(x) lim f (x)

_ Xx—>a

lim =
ag(x)  limg(x)

feouit fasiv w9 9 fearfa (i) 1 W fafyre feufa § s/ g(x) T THT 3T=R %er ©
for foredt arcafess @@ 4 & fow g0 = 4 9 9@ @

lim[ (A.f) (x) |=Atim f(x) .
3T X ATl §, B9 TIq 3 foh 59 R Wi fafere YRR o6 werl i Himed
o T W W ol WA TR S 2

13.3.2 5@0&?’ 3 TRET Fort @t ???'HTQY ( Limits of polynomials and rational
functions) n Fd 1 Tk & flx) TgILE B haard 7, 9 fX)=a,+ax+ax
+.. . +ax, S asTH STEfGE Gead § R R wehd Sem a o T g, # 0

T WA ® T limx =g omd:

xX—a

. 2 ! . . 2
limx* =lim(x.x)=limx.limx=a.a=a
X—a x—a X—a x—a

n O SANTHA T T AYAH EHE] Fardl ¢ T
limx" =a"
X—a

Hqa, " AT f(x)=a, +ax+a,x* +...+a,x" Th FEILEA Held g1
Ay @ X, Ay X .. anx”WﬁWWéWﬁW@,ﬁﬁ%’%

lim £ (x) = lim[a0 +a,x+a,x* +...+anx”]
xX—a x—a
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. . . 2 .
= lima, +limag,x+lima,x" +...+lima,x"
xX—a x—a X—a xX—a

= a,+aq hmx+a2hmx +...+a, limx"
xX—a x—a

— 2 n
= day +ala+a2a +...+ana

= f(a)
(grfeea o o 3T Suded & ke =0T o Siifae gHg forn 21)

g(x)
TH WoH f Uk R Her hedr § AR fx) = n(x) , STl g(x) 3R A(x) @
qETE € 5 h(x) 2 0. @

o g(x) lime(x) g(a)
fim () = i ) ™ Temae) ™ A(a)
Tafy, afk ha) =0, 3 feafm@t € - () & g(a) £ 0 IR (i) & g(a) =0. 94 =
feorfa o &9 wed © fF o @1 i 72 21 9 =1 fefg & &w
g0 = (x—a)g, (x), 5@ k gx) ® (x —a) HT TETH HW T TH THR

h(x) = (x — a) 'h, (x) F(F h(a) = 0. 1, A k> 1 T T 2

limg(x) lim(x—a) g (x)

}Ci_fgf(x) = E}éh(x) - )ilvi__;ra;(x—a)l}h(x)
}ci_rg(x—a)(k_l) & (%) 0 (a) -0
= }E};hl(x) h(a)
Ik < [, Hmn gRenfy T8 R
SR 1 HE F B
() lim[x'—x+1] @ I xx+)]

i) lim [T+ o+ x” ]

x——1
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zol orfee gl HiaTd s Tgu< el i WM 71 37 Hiemd gea faget W ke
o A §1 79 U §

@ Impe-v+1]=1P-1+1=1

Giy lim[x(x+1)]=3(3+1)=3(4)=12

x—3

Giiy lim [l+x+ x? +...+x10] =1+ (D) + (=124 o+ (=D)©

x——1

=1-1+1+...+1=1.

TETET0T 2 WA I RIS
_ lim_ x*+1 - hm_x3—4x2+4x
@ | x+100 @) 15 I -4
o[ TN 2
5 _x3 —4x* +4x @) x—>2_x2 -5x+6
lim| 72 ! }
v 25 L x*—x X =3x%+2x]

g gl foamefia wer afdg o €)1 em:, B9 Ted Yed fagel W 3 werl o AM

Waﬂﬁ%lw&%%,%waﬂ%,%ﬂm,aﬁ@mﬁ %wwﬁﬁaﬂw
2, &l T 3d gU ®orl i A ferad €

2 2
. x +1 17 +1 2
i) B9 U % lim = =—
® “Slx+100 14100 101

(i) 2 W e FH HH T FE W EH 39 %aﬂmﬁ’mﬁ%l aa:

3 2 _n)\? -2
oAl ox(r-2) o x(x-2)

=2 x -4 xﬁZm T o2 (x+2) FAE x #2
~ 2(2—2)_9_0
T o242 4
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(i) 2 T T FH A U FE W, B I %éﬁ“@—qﬁ’mﬁ%,aﬁ:

2)(x—=2
b 26=2)
=2 ) —d4xt+ax - 77 x(x-2)
(x+2) 242

lim = _4
T oe-o2x(x-2) 2(2-2) 0

ifer aftenfoa =& 21

(iv) 2 T HeH ®1 °E U FE W, 79 39 %éﬁ“@—qﬁ‘mﬁ%l s

3 2 2(x=2
limi— limM

=232 —5x+6 2 (x—2)(x—3)

_ lim— = =" =4

(v) U8 BH e whi UREE %o S| qH: foed 2

x—2 1 x-2 1
{xz—x_x3—3x2+2x}= x(x—1) x(x2—3x+2)

i x=2 1 }
__x(x—l) x(x—l)(x—Z)

_x2—4x+4—1:|
- _x(x—l)(x—2)

x*—4x+3
- x(x—l)(x—Z)
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0 .
1 W HeH &1 79 91| ® W 89 Ewwmﬁ% a1:

lim x2—2_ 1 ; X2 —4x+3
=l ko x =32 42x | T ol X(x—l)(x—2)
—3)(x-1

i 373) (1)

&0 feuqult #ed @ fop Swert o Wi e H A U (x— 1) i R fopan mifeR po 1.

T Hequl ST 1 7 9 1, st foh o1t afRomi | wge ', i Ty
% B9 H T 2
o 2 fRet o o n ok faw,

lim
X—a x _ a

femuit Iwddd wHg o dm 2q ek g ® welh p i URHT @ © 3R
a YT B
Wﬁ'(x"—a")ﬁ(x—a),@Wﬁm,%’q%@ﬁ%ﬁﬁ

X'—a'= (x—a) X' +x2a+x3a*+ ...+ xa?+ ah)

n n
X —d n—1
=na .

n n

.ox' = .
3H JehX lim =lim @'+ x2a+x3ad>+ ... +xa?+a)
x—=a X—dad x—a

= an—l +a an—Z +. . + an—Z (a) +an—l
- an—l + an—l +.. +an—l + an—l (n ‘q—c'\')

= l’l(lnil

IETET0T 3 A J@ hiST

15
! N
(i) lim=5— (iiy lim Y1
-l x o —1 x—=0 X
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& () TR 79 @
T X m xls—l;xm—l
el R p
. xls—l . xlo—]
— lim +lim
x=1| x—1 -l x—1

15 ()" = 10(1)° (3w 799 9)

15 10_3
' 2

J+x— -1
fim MFX L g A
x>0 X yol oy —1

[

2 _12

— m 2!

y—>1 y_l

1
5 1
Loy v feomi 3 =

315

13.4. fremuTfadiE wer Al oht 'Fﬁ'HTlIV (Limits of Trigonometric Functions)

A0 &9 H, el o 9 | HEffead qe (39 o 9 5 % ) Fo
Tl 1 HeT 1 Iieed e H gad @l
SR

EEERE Sl e el R e
T WeR £ iR ¢ U & fF aRem & wia &
Teft x F AT £ () < g x) TRElt @ o T Az

A

[EEIRIEIR]

im ) i im o0 @ &1 sfe § ! y=f(x)\X
: . 0 a 7
lim gy < im o) 58 ot 13.89 fot @

T2 foHan T 2 TR 13.8

2019-20



316 Tfurd

T 4 Hefasr uia (Sandwich Theorem) AF oY, f, g3ﬁ'{ h IRt JHE wed
g & fop aftarn o geifs widl o 9ot x
o U £ (x) < g( x) < h(x). Tordt arefaes

gE oo fag afe UM gy =

= lim 5 4 lim g(x) = 1 =4

xX—a

amepfa 13.9 9 fost o oy foran o B

et %ol ¥ Gefia fFefafad
e sl ® TE R S
Wﬁf’ﬁ%{‘ﬁﬂ?ﬁ%:

0<|x|<% % fou cosx <X g (*)
X

SUUfT 89 Sd © T sin (- x) = — sin x 3 cos( — x) = cos x. 3d: 0<x<% & fog

srEfenT 1 fag w6 o fou 78 99w 2| B
SMepfd 13.10, § TH THE g9 * &F% O Bl & AOC,

(
xirl“@mam%aﬁt0<x<g|%@1@’-s'BAaﬁICD,0Aa%maa AN

2| THer rfafied AC =1 fiemn T 21 @
AOAC &1 &F%Fd < Ja@e OAC &9 < AOAB &1 &F%a

1 3Rt 13.10
s ~OACD<—1(OA) <-OAAB.

2 2n 2
FAq CD<x.0A<AB. AOCD¥H

CD .
sin x = a({ﬁﬁOC:OA)aﬁ'{ 31d: CD = OA sin x. 39 2ifafiem

AB
tanx:aaﬁ'{ 3Ad: AB = OA tan x. 39 T

OA sin x < OA x < OA. tan x.
Fiifh T OA ¥ ¢, 89 U ©

sin x < x < tan x.
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aaﬁﬁs0<x<g,sinxa=|m%ﬁtwumr{sinx,@wﬂﬁ qAT 3 W, TH U B

X 1
—<
sinx cosx

gl &1 kT FH W, T U B

1<

cosx<w<lwﬁﬁ[ﬂf§§l
X
Ui 5 frefafed < Aeequl HE 2
. L
@ lim>t=] (i) lim——r=0
x=0 X x—0 X

sin x

suutd (i) (%) § et (Inequality) o STER %eld , el cos x 3R 3TeR el

e 9 1 & S @, % = o fed 2

zoer e w@ife M cos = 1,30 @ € fF W o (1) 1 swfa Hefaw
g @ gof ]

X

(il) =1 Fag w1 o fou, ga Sreptufafa gdafaen 1—cosx=2sin2(§jwmaﬂﬁ

AP 2sin’ (;j sin (;j
%’, qd lim——— = lim————~<4 =lim———<sin (ﬁj
x—0 X x—0 X x—0 2

X
2

(3]
sin 5
= lim—.limsin(gj =1.0=0

x—0 i x—0
2
Wﬁﬁqﬁﬁ@ﬁwmﬁwawaﬂwm%%x%oéﬁoéﬁ

@W%I‘s{ﬂﬂﬁy:%?@ﬂv_{wmww%l
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. sindx . tanx
SETETUT 4 WA 96 HIC (§) lim = (ii) lim
x—08Iin 2x =0 x
) T sin4x lim sindx 2x )
&l (1) meO sin 2x T x>0 4x ' sin2x '

. | sindx sin 2x
— 2.lim +
x=0|  4x 2x

_ 2 1im {s1n4x}+ lim {s1n2x}

4x—0 4x 2x—0 2x

=211=2Gdx = 0,4x — 074 2x — 0)

X . sin x . sinx . 1
— lim — lim .lim

tan
X x—=0 x COS X =0 x x—0 COS X

TR U9 ® (ii) lim =11=1

T 9 o, fogent dSimet 1 91 Hohred 999 &9 | WA i SAevdehdl
2, frefafea 2:

e R e lim fg;?marwq%ﬁwﬂwmamwaﬁﬁ%w

X—a g

T f(a) 3R g(a) T HH H S AR 9 = €, @ &9 dEd € Al g 39 e
F Y F TR T S U GHTE B HI RO ¢, e W AR wm
f@) = f, ) fx) Tora w8 £, (@) = 0 3R f, (@) # 0 1| 36 TR g() = g, )
g,(0).frEd ¥ S/l g,(a) =0 3R g,(a) % 0. flx) IR gx) § ¥ 39T oG (IR
T ®) o e # d © SR

28 =%,aﬁq(x)¢o faed €

G I
i wag(x)  q(a)
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gyaTaet 13.1
9T 1 9 22 9% frAfafea dweti o 9 o S

: 22 .
1. limx+3 z.hm(x———j 3. limnr?
x—3 X—T 7 r—l
_ 4x+3 1045 +1) -1
4. lim=> 5. lim X2 ** *1 6. tim ) 1
x—=4 x—=2 x— -1 x—1 x—0 X
2 4
. 3x"—=x-10 . x =81 . ax+b
7. 11m2— 8. 11m2— 9. lim
=2 xT -4 =23 2x" =5x-3 =0 cx+1
1
.73 -1 2 4 bx+
10. hIIlI 11. hmaxz—bxc,a+b+c¢0
g =lex"+bx+a
z0 -1
120 fi £ 2 13, lim 22 14, 1im 22 4 h20
‘>2 X472 x=0  bx x—=0 sin bx
. sin(m—x) 2x—1
15, lm ————= 16. lim cosx 17. lim 28—
x> (- x) x>0 T — X x>0 cosx—1
18, lim X xcosx 19. lim xsecx
x>0 bsinx =
20. MniggiiBEJLha+b¢0,
x=0 ax+sinbx
; tan2x
21. lim (cosec x—cotx) 92 .7 T
© x>0 : 2 x‘“g

2x+3, x<0

23. lim £ (x) s lim f (x) , smq ifore, i f(x)z{s(xﬂ),

2019-20



320 T

) . x>=1, x<1
24. limf(x) g wifsw, &t f(x)={

| x|
. . =, 0
25. hmf(X),quWﬁm,aﬁf(xk{x x7

. x#0
26. lim f(x) 5 wifre, st f(x)={1x1’

x—0
0, x=0
27. lim £ (x) | 5 #ifse, @t f(x)=1x1-5

a+bx, x<lI

28. ma“rﬁqf(x)_{df, x=1

b—ax, x>1
AR =fg lim £ (x) = £ (1) a AR b o G AE B2
29. 9 AT a,, a, ..., a HA AEAfIF GEAT E HR TH wAT

f(x)=(x=a)) (x=a,)..(x~a,) ¥ dRefm @1 lim 7 (x) 0 €2

fodl a#a,a, .. a,% faC }Cij}(}f(x)aﬂqﬁ%_cﬂaﬂ'ml

|{+1, x<0
30. =k f(x)=10, x=0
|x|—1, x>0

T o f ARl o foaw im g = st 22
f(x)=2

31, A wE flo), lim 5 =, WqE w1 g, @ mf(x) % 7w
-l x© — x>

ifsra)
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32. T quiet m iR p % fag lim f(x) sl lim £ (x) S o1 sifer @, af

mx* +n, x<0
f(x)= nx+m, 0<x<1

nx3+m, x>1

13.5 3TdehctST (Derivatives)

B e] 13.2, W <@ ek § foh fafae wwaiavel  fie @t feafd o1 st 36
1 FG w1 G9a € T fis ot feaf uiefda e @ 1 v & fafay eof @
f4feera gt (parameter) =T ST SIR 39 X 1 1A T 1 WG w1 Food gaw
IRede Bl T ], 3T oA & w1 fawa 2| ardfaes Site shi 3fes feafal it &
o UE ufran wmEifed & &1 AT Bl 21 SIEU: Th Ihl % {@-1@d
T O AfH o fIT THT & 3 &0 T AT i TS S 98 ST AT
Bl ® ToF 1 ha Do o, fafae Toa W ehe i SeE ST ek S=iehi
1 36 g a7 o URehel whi STEvFshdl el € foHd SR 1 Uehe ¥ HETO
sTaeTeh o1l faxia Geor i fodl faeie W oh odHe qod Sl 36k qedl |
e 1 Afeerarolt A STewas B T T SR U s ot feufaat | @ S
arefise 2l © for woh orerer o S fopelt it ok Arder ufRed foRg wehR B 22 aiar
o Wid o YS9 f6g W Her i STashas 56 o9 1 ged $EY 2

uftarar 1w <ifSI f we arafass qHg word @ SR s9eT IR & id § U fag
a®l a W f 1 S

lim

h—0

Y qRefye € svd foh 39 S w1 eafEacd 81l a W f(x) 1 e [ (a) 9 Tt
Bl 2
AR IS T f/(a), @ T x o Hiel JRed s IREm sdqwr 2l

SETEIOT5 x =2 W Had  flx) = 3x 1 TAhersl A hiTed)

fla+h)-f(a)
h

3(2+h)-3(2)

T EmAae  f'(2) = G0 ur AT .

h—0 h h—0
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im0 i i3s3
h—0 h h—0 h h—0

3d: x=2 W HAT 3x H] AIHAS 3 2

SETETUT 6 x= —1 W e flx) = 262 + 3x — 5 1 Aasharsl 94 Hitol I8 d fag
HifsT & £7(0) + 3f"(-1)=0.
T B9 T8 x =03 x =1 T fx) 1 TEhels I1d Hd &1 8 Id & 1

f=1+m)-f(=1)

f'(=1) = lim .
[2(—1+h)2+3(—1+h)—5}—[2(—1)2+3(—1)—5}
= lim
h—0 h
= li 2hz_h—l' (2h-1)=2(0)-1=~1
= h g B B

, _ f(0+h)-F(0)
R £'(0) = lim #

h—0

2

i lim[2(0+h)2+3(0+h)—5}—[2(0) +3(0)—5}

h—0 h

2
1im 2 fim(2h+3)=2(0) 4323

h—0 h h—0

w1 £1(0)+3£'(~1)=0
femuit 2w feafa # s S o w fog W staswas &1 98 W & § W\ A
FH o fafqy fadi &1 gt yam afwfaa @1 fFefafed sge o #=a 2
JEET0T7  x =0T sin x T 3TThaS A il

&AM ST fix)  =sinx. @9

F(0)= %Lmof(OJrh]z_f(O) ~ lim sin(0+h)—sin(0) _ lim

h—0 h -0 h

in h
sinh _,
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SRS x =03 x=3 T He Ax) =3 1 heS 6 SIS

T iR TFhels Teld | Uiedd sl WOl 8, FeSEY ¥ I8 TR § T =R T
1 Y oI5 T STk I BF AR 39, SRdd |, Frefafad uieer @ o faem 2

7(0) = 1imf(0+h)_f(0)=lim 373 im0,
h—0 h -0 h h—0 h
, . f(3+h)-f(3) . 3-3_
R f(3) = lim T ———=lim —==0.
39 g9 UH fog W wem & ){\
SfeeheTS] i ST SATE T&d P CE )} T — Q(ath, flath))

FW 2
HH AT y = f{x) TH Fe
2 R "Wm offST 38 wem &

P(a, fla
A® W P = (a, fla)) AT f(a)""'(']:('))l",'l":R
Q=(a+h fla+ h) I TER y=fx) ' '
frre foig €1 emmeRfa 13.11 o1& — : : >X
¥ AT BIEH S © T 0 ¢ ath
3TTeRfe 13.11

, . fla+h)=f(a
f(a):}gl(l)( 2 (a)

YT PQR, ¥ ¥8 T ¢ foh o orqura ookt dim &0 of © €, Jendar 9
tan (QPR) o SR € S for Sftam PQ o1 @Tel @1 HH1 o 1 Sihan o, 5@ b, 0
3R SR B 2, fog Q, Pohl 3R S1URR el @ @I ¥9 W € i

jim L= S(a) QR
70 h Q-P PR
Tg 39 q% o qod & TR SiePQ, 9% y = fix) o foig PR waefl &1 SR e
Bt ?1 31a: f'(a)=tany .
T U o £ o foy 80 qeieh feig W 3ferhels 1 Y Tehd B | 97 ok fag
W TR 1 ARG B A UE Tk A9 Weld i URad Har © S B f @
TS HEl Sl & SI=ieh ®9 ¥ 8H Tk el oh Shers] sl (Hefeliad ThR
Rt e )
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uftarr 2 wE ofifSw o f weh arsafess A e ®,
f(x+h)=f(x)
h

lim
h—0
Y qRwfia wor, Sl wel HHr b1 eI §, i x W f 1 Sfeshers GRa feha
ST B 3 £(x) W FEia foman Sar 21 Sferhers! o1 39 G 1 Taehetst sl TIH

fagia «ff e s 2

= TR )= i (A= (1)

h—0 h

T f/(x) 1 IR 1 Hid 9@ € STel el Sudsd i 1 s 81 U

BT oh STFeRerS o ToT= FeneHd 1 -l fx) %(f(x)) g frefua fea

w%wﬁipf(x),aﬁg%@ﬁﬁﬁﬁmwélsﬁymf(@%wﬁaw
o &9 H SeoifEd e Sar 8 36 D (F(x) ) @ oft Frefua foran sman 21

a|  (dr
aqTE‘aW(dx)_@‘lﬁ

Tk SR x = a W foh 3Taharst &l %f(X)
frefia fepan T 21

JETET0T 9 f(x) = 10 x 1 3Taharsl Ad hifarg]

R R e

h—0

— 1im 2 _ 1im (10)=10

h—0 h h—0

FATETUT 10 f(x) = x> T STheASl A HIST

T f(x)z}g})f(x+h]z—f(x)

2 2
i ) =) i (4 2x) = 2
h—0 h h=0
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SETET0T 11 Uoh 3TeR aidfash W& q o AU, 3=’ WM flx) = a 1 TS
Ad hifeg|

T %‘F[Tﬂﬁ% f(X)=}11LI(l)f(x+h]Z_f(X)

- 1im =4 =lim9=0 FifE p 20

=0 h h—=0 h

1
mlzﬂx)=;waqawaamﬁm|

T %'IZI‘TI?[% f(X)= }}E}I(l)f(x—i_hlz_f(X)

1 1

_ im &R X
h—0 h

Al - - - |
_lm—|——— | _ 1m -
T 0 | x(x+h) | T 0 x(x+h) T2

13.5.1 BTl o 3TaehersT T SISHETIUIT (Algebra of derivative of functions) &
Sahers 1 e uReqw | dr freew @ @ w9 9 wfmfad € 0 eudes &
ol o Tehed @ i o ol o ST T TR hd 1 BH Sh! eterEd goa
o U ®:
THE 5 HA ST £ O3R g X TH Wer © fF SR SwafTss wid H SR stasher
Reyfoa €, 7

() = weEl o AN 1 SRS 37 Fel o Sehers H1 AT B

LA+ ()] =L f 48
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(i) T WOl oh A 1 SFThS 3T Herl oh oSl o A B

d d d
L @=-g®)]=—f-——e

(i) < werl o UM 1 STFwerS AN o 9 (product rule) ¥ T
TI'QT%:

d d d
L) g()]=—- g+ f@) g

(iv) T el oh ANTHA hl STFherS Edrad IR 98 (quotient rule)
T fgan T € (SRl wE W IEW T)

i(f(x)}iﬂx).g(x)— f) 4 g
dx (g(x)°

T U HiHst 1 qed €9 YHAl W SAEvIhd §Y § SO0 Hdl € eH 3%
Tei fag & & dmeti w1 frofd #1 &g 98 799 Saar € fF 999 9a6r & worl
o 3feshels s TRehfed Ty ST &1 w5 o oifan < el 1 frefafad €0 @ 1
el W1 Gehal & TEH Sk GTER0 & | e § FeEd e 2l

e wifeg u=f(x) 3ﬁ?v=g(x)?|3l

g(x)

(uv)’=u'v+uv'
IE el oF UM o STeshe o ol Leibnitz F=m =1 oM a4 Iocifea g
21 56 R, wnThe frEm €

7 ’ ’
u uv—uyv
& Q- 5
1% v

3, U BH FS AHF HeHl o ATkl hi ol Tg I WA ¢ R Her
£(x) = x 1 STohers) 3= Feld | €1 98 © i

f(x+h)=f(x) _ limx+h—x
h h—0 h

f () = lim
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T U1 3R SYGH WHA BT FAN Ax) = 10x =x + x + ... + x (10 T%)
(SwH Y9 o (i) W) o STEhes o YR o i ©

o) d
- o (x+...+x) (10 9)

ix+ +ix 10 9
dc T dx ( )

1+..+1 (10 95) = 10.

T o9 < ® R 39 9o 1 A oE g9 o WA 9 off e e S gk 2l
%qmﬁ%,f(x)=10x=uv,aﬁ'umﬁ%\_ﬂﬁuQ@EFWIIHIOWWW
%ﬁ?v(x)=x.2|€?€q3ﬂ=|ﬁ%ﬁu?ﬂwo%w%wuﬁv(x)=xaﬂ
Herhers | o SN €1 39 YR UM 9 9, 8W UM ©

f(x) = (IOx)’ = (uv)’ =uv+u' =0x+10.1=10

THT SMUN W Ax) = x> & STEHeSl 1 HH U fHa ST Fehel 21 89 T ©
f(x)=x2=x.x3ﬁ'{ 3d:

i d d d

Lo (xx)=—(x)x+x—

AN = Ay i)
= lx+x1=2x

fush =T &9 § B fefafEa 989 U ©:
i 6 TR om quieR 1 o fAT fix) = x0T SRS xR

SUUTH 3Tahers Held 1 IRE 9, 89 U@ 7

o Em-r() (xenf
f'(x)=lim =lim ; .

h—0 h h—0

fems wia et & (o4 hy = ("G )" +("C))x"h+ L+ ("C, )8R

(x+h)"=x"=h(nx"~'+... + h*~") 39 TR

df(x) lim(x+h)"—x” h(nx”_1+....+h”_1)

= lim

dx h—0 h h—0 h
— lim (nx”_1 +..+ h”_l) |
h—0 > T nx
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ferercaa: &1 STh! n W A 3R oH g @ ot 7 R fag X g €
n=1 7 foIq 98 "o & v o veet fe@mn s g @

d , d .
L) o L)

(x).(x”_l)+x.i(x”_l) (T'H 93 ¥)

da
dx dx

=1x"" +x.((n—1)x"_2) (3T aRehe T &)

= x4 (n— I)x”_1 =nx""
femult ST 999 x, %1 qeft =l o forw ger @ erufq p i oft arafas den @
Tehdl 81 (Al 30 SOt T8l fag T w3)
13.5.2 agqa? 31T FreRlvTfirdts Wttt o 3iaeerst (Derivative of polynomials and

trigonometric functions) ¥R THfANEd T | URY HT S FHRI IgILA Herdl oh
TR Faed 2

uHE 7 W WS fix) = a,x"+a, X"+ ..+ax+a, T TEIEE He 7 et as
Tt arEafas W@t € 3R ¢ » 0 79 STehelst o 39 YRR & S @t

df (x)
dx
9 YT 1 IYUfd T 5 SR YHA 6 o AN (i) Rl HE Y W@ 9 U 1 S
Hehdt 21
JATETUT 13 6x10 — x55 + x o 3TTheTs bl URSke hifsTg)
g0l SUE YHA A1 WUl YA waarl @ f Suddd wed w1 sradhor

600x” —55x> +1 Bl

1

=na,x"" +(n—1)a, x> +.+ 2a,x+a,

FEEWUTI4 x=1 W fx)=1+x+x2+x>+.. +x° BT Adhels A it

o SUEd WHA 6 1 Gl SgA Sdarl © fF STdE oM %l sTadhor
1+2x+32+...+500° 81 x=1 T H BT o1 A1 1 +2(1) +3(1)2 + ... + 50(1)*

(50)(51)

=142+3+...+50="—"— = 1275 2l
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SETETT 15 f(x):xTH 1 SFIFAT T FIY

WWE»’W)C:O%ﬁﬁﬁﬁmﬁmqﬁmﬁﬁélﬂqﬁu=x+l3ﬁ?v=x
TR TR TE o1 TN R B S = 1 3R v = | TEfeT

df(x):i[x+1j_i[£j_u’v—uv,_l(x)—(x+1)1 1
dx dx v

X

2 2 2
1% X X

Cdx
IEEIUT 16 sin x o STTheiS] sl IR Sl
A HH ST f(x) = sin x, 99

df (x) _ limf(x+h)—f(x)=hm sin(x+hlz—sin(x)

dx h—0 h h—0

2cos( hJsin(hj
= lim 2 2) (sinA—sin B o §F 1 YA FHch)

h—0 h

sin—
limcos| x+— |.lim 2 =cosx.l=cosx
= 10 2 hs0 h .

2

SEEIUT 17 tanx oF STIFeTS 1 YReHe shifaul
T@ WM ST fx) = tan x, T
df (x) limf(x+h)—f(x) . tan(x+h)—tan(x)
- h

=lim
dx h—0 h h—0

]|:Sin(x+h) B sinx:l

cos(x+h) COS X

sin(x+ h)cosx—cos(x+h)sinx
hcos(x+h)cosx

sin(x+h—x)

m
= >0 heos(x+h)cosx

(sin (A + B) & T &1 TN Fh)
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Ctim 32 i !

= o0 ko hs0 cos(x+h)cosx

=1 =sec’ x

' 2
COS X

SEEIOT 18 f(x) = sin® x o kel hl TRehord o)

Tl B9 THHT UF UK 3 o AU Leibnitz T G &1 90 H 2
df(x) d

o - a(sin X sin x)

x

= (sin x)" sin x + sin x (sin x)’
= (cos x) sin x + sin x (cos Xx)
= 2sin x cos x = sin 2x.

| wo=eet 13.2

x=10T x> — 2 H dhersl AG HifC]

x=1TR x FT THeTS A HIfT

x =100 T 99x T 3TEhHeTS AT il

o fogid 9 fafafad s o 3dshas Jd shifd:

i) ¥ -27 (i) (x—1)(x-2)

oo x+l
(iir) 2 (iv) 1

B W N =

100 99 2
X

=+ .+ —+x+1
100 99 2

& fou fag =ifse f& /(1) =100£7(0).
6. TRel seR adfass @&l a & U ¥ +ax" '+ a2 2+, 4+ d"  x+a" H

SAaHES AT HIFTT
7. ﬁﬁgf?:ﬁﬁa?:ﬁ'{b,a?m,

5. wed f(x)

@ (x—a)(x=b) (i) (ax®+b) i) ~—,
EACEEE IR LIS LY
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n

8. fadt 3R o fom xx_z" HT TR [ HIATY

9. fAfafad o stewas Fd Hifsa:

0 263 (i) (56 +3e-1) (x-1)
(i) x_3(5+3x) @iv) x5(3—6x_9)

_ ) 2 x?
v) x_4(3—4x5) (vi) P

10. 9| fagid 9 cos x 1 AThalS A HiTST
11. frafafed woqi o sTeshds Jd wifsul

() sinxcosx (i) secx (iii) Ssecx+4cosx
(iv) cosec x (v) 3cotx+5cosecx
(Vi) Ssinx—6cosx+7 (vil) 2tanx—7secx

fafarsr Sqrevor
IETET0T 19 Yo Tagid § f o1 Taeherst o ISy Sl f 39 YR WS e
) 2x+3 . 1
O fx= () f)=x+—
x—=2 X

T (i) S AT fF we x = 2 W IR 7@ @)1 fed, g9 ue @

2(x+h)+3 2x+3
()= tim EE =) wehd k2

h—0 h h—0 h

. (2x+2h+3)(x—2)—(2x+3)(x+h—2)
_ lim
= 10 h(x—2)(x+h—2)

o (2x43)(x—2)+2h(x-2)—(2x+3)(x—2)—h(2x+3)
— lim
) h(x—2)(x+h—2)

lim il = !
=0 (x=2) (x+h=2)  (x-2)
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T: oF T & x=2 W wer 7 o aftfia 2 R
(i) x=07R Wer gRefd F& 21 <ifd, & T @

(o)
x+h+ - x+—
x+h X

f(x+h)-f(x)

A L h
— hml h+ ! —l
h—=0 h x+h x

Cdim e X o
= -0k x(x+h)| m—0h x(x+h)
. 1 b
= {%(Th)}l =
T o AR o x =0 R wer f7 aReifi T 2
SETET0T 20 Wor THgid ¥ e f(x) 1 SEEHSS A BT S Ax)

(1) sinx+cosx (i) xsinx

f(x+h)-f(x)
h

T ()®W U €, f(x) =

sin(x+h)+cos(x+h)—sinx—cosx

= lim
h—0 h

sin x cosh +cos x sin i+ cos xcosh —sin x sin 4 —sin x —cos x

= lim
h—0 h

sinh(cosx— sin x) +sin x(cosh — 1) + cosx(cosh — 1)

= lim
h—0 h
cosh—1 _
= lim Slnh(cosx—sinx)+lirnsinx—( ) +1imcosx—(COSh )
h—0 h h—0 h ho0

=CO0S X — sin x
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(x+h)sin(x+h)—xsinx

i f(x) = LA Gl A G B

h—0 h h—0 h

(x+h)(sinx cosh+sinh cosx)—xsinx

= lim
h—0 h

xsinx(cosh—l)+xcosxsinh+h(sin xcosh+sinh cosx)

= hrn
h—0 h
) xsinx(cosh—l) . sinh . . .
= lim +1lim,_,, xcos x +1lim (sin xcos + sin &icos x)
h—0 h h—0

=X COS X + sin x

FaTET0T 21 (1) fix) = sin 2x (i1) g(x) =cotx
o 3aehersl ol URehe HiTeTd|

et (i) FeRTofAfd I3 sin 2x = 2 sin x cos x 3T IO SHINTI 56 THR

dx dx dx

- 2[(sin x)

’

cos x +sin x(cos x),}

= 2[(cosx)cosx+sinx(—sinx)} = Z(Coszx—sin2 x)

(if) TR ¥, g(x) = cotxzzz);;c T WITHS T H1 AT 39 T W O, @l Hel
e e 3 dg ) d (cotx)= d (C?ijz (cosx)'(sinx?—(czc)sx)(sinx)'
dx dx dx\ sinx (sin x)

(= sin x) (sin x)—(cos x) (cos x)

(sinx)?

. 2 2

sin” x4+ cos” x )

= -—————5 ———=—cosec’x
sin” x
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1
Torehoua: STt &M <o fob cotx = -
X

FT T F © TF tan x T STTHAS sec? x © S BHAY T 17 § 2@ 7 SR Y
& 3R Hed F STEdes (0 Bl 2l

ﬁ =i(cotx)=i[ ! j

_uRerfera foran s gehar 21 I8l B9 29 a2

dx dx dx \ tanx

(1) (tan x)—(1) (tan x)’

(tan x)*

B (0)(tan x)—(sec x)2

(tanx)2
2
—sec” x b
= 5= —Cosec’x
tan” x
5
.. X  —COosx .. X+cosx
IETEI0T 22 (1) —————
sin x tan x

T TS A IS

5
T (i) WM iR h(x):%.aﬁﬁﬁ%qﬁmﬁa%,mwwm
TS 129 T T |

(x° —cos x) sin x — (x° —cos x) (sin x)’

h'(x) =

(sinx)?
o (5x4 +sin x)sinx—(x5 —COS X)COS X
a sin? x
—x° cos x+5x*sinx+1
(sin x)*
N X+cosx . ¢
(if) & HeR — T AR 2| BT WA 3 SR el off 7@ a2
X
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(x+cosx) tan x — (x +cos x) (tan x)
(tan x)2

W (x) =

(1—sin x)tan x — (x+ cos x)sec” x
B (tan x)2

EFTT 13 UT fafaer goaraet
1. v fogid 9 fafafed s &1 oS Fd sifs:

() —x (i) (=x)' (i))sin(x+1)  (iv) cos (x - g)
TG el o STehels Hd HITST (I8 THe S 6 a, b, ¢, d, p, g, r 3R

s TAfe=a YEW TR 7 SR m qe o il F):
r 2
2. (x + a) 3.(px+q) | TS 4. (ax+b)(cx+d)
1
ax+b I+ 1
5. 6. —% 7. ———
cx+d 1_1 ax”“ +bx+c
X
ax+b 2
g, — g, PX_tgxtr 10. 22 4 cosx
px +gx+r ax+b X x
11. 4x-2 12. (ax+b)" 13. (ax+b)" (cx+d)"
) cos x
14. sin (x + a) 15. cosec x cot x 16. X
1+sinx
17 Sin x + cos x 18 secx—1 19. .
" sinx—cosx " secx+1 osmex
a+bsinx sin(x+a) ‘e
20, ———— 21, ——— 22. x"(5sinx—3cosx)
c+dcosx CcoS X
23. (x2+1)cosx 24. (ax2+sinx)(p+qcosx)
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T
4x+5sinx xzcos(j
25. (x+cosx)(x—tanx) 26. ————— 27. 4
3x+7cosx X
sin x
X X

I+ tanx 29. (x+secx)(x—tanx) 30. sin x

HRTIT

¢ Wor 1 oTuferd W S U fag o o SR o fagei W fek v ®, foig
W el o S0 U8 S AT (Left handed limit) =1 qfefee shear €156
TR ST¢ & skt AT (Right handed limit) |

¢ T fag W e wt HEn ST vet 3R <€ ger i el 9 g s9Ets 9
g afe o Hurdt &)

¢ afx fordh fog w ad ver SR S et T A Ut F & @ T8 HEl S
2 T 39 foig W wer #1 i w1 i 77 R

¢ TF AAaE W@ a 3N F For £ % fag UM gy et f (o) TR TR o
B gahd (T ®, T uRIfd & SR guw )

¢ T f3R g ok foau frefafad om B €

lim[ f(x)£g(x)]=lim f (x)£lim g(x)

}gg[f(X).g(X)]ﬂi_{I;f(X).}Ci_gI;g(X)

{f(x)} Y
g(x) | lim g(x)

lim

¢ frafafad $2 ams @9 2

. x"—a _
lim =na"
X—a x—a

1

. sinx
lim =il

x—=0 x
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. l—cosx
Iim

x—0 X

a W AT f Sl Adehels

=0

7@=tin DTG 5 ot 7

Y% fog W Tahers, STahersl %ol

77 =L g LIBT3 i i 2
Tl u 3ﬁ'{ ver fau fr=fafad Fﬂ"l%ﬁ?ﬂ 2
wxv)Y=u'+v

wv) =uv+uy’

’

(EJ il aerd et gftfid 2

1% V

frefefed o ames Ewas 2

d n n—1
— (X )=nx
pn (x")

d .
—(sin x)=cos
pn (sin x) X

d .
—(cos x)=—sin x
x

e gRyfr
T o 3fer W e o SO o 9 w1 9rier 29 & AW Y@ ©

Issac Newton (1642 — 1727) 3R G.W. Leibnitz (1646 — 1717). edl ot o
T WA Gk e T ST R e % S o 1% THR STH
foehma ¥q o™ TfUrasT A AR TR IRYs Yeheas &1 G 99 He™ Tl
A.L.Cauchy, J.L.Lagrange 3 Karl Weier strass ! 9T €1 Cauchy = &e 1
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YR o fSraer! 319l 9 oAT9ehd: U1 &l § iR *Y g 21 Cauchy
D'Almbert &1 €T Fheddl o TAN o G STaharsl i qRAT | o ht
sin &
(04

IRAT ¥ URY & gL =07 fau

F S SIe fRu s=i

Ay _ fla+d)=f(x)

n l » fan 3R j 0,9 fo@ d@im w0 () o faw oy,

“function derive’e " I8 <=M

1900 @ qd =g G a1 o foh hei ! UgHT 9gd hia ¢, THie e
Fa1eti w1 TgT 9 9 off| Afeha St 1900 H $eE | John Perry TS 379 1 3@
o) 1 TER 1 IR foha for o 1 g fafmi it arond wwe € @ik
el TR R U ST Gehdl €1 F.L. Griffin = el o 31&9 i g9 od o
IE W IR Heh g S fohan 37 A 7@ aga Aol e e

ST 7 oheret TIoTa 3t fes &1 fawai S/ wHifcent, T fomm, srefeme,
Safas & e ®1 S Feeye 2l

4

@ —

o,

2019-20





