(Proofs in Mathematics)

«*Proofs are to Mathematics what calligraphy is to poetry.
Mathematical works do consist of proofs just as
poems do consist of characters
— VLADIMIR ARNOLD +

A.1.1 gfiehT (Introduction)

Fe IX, X 91 XIH &0 ®oF, 99 ®oF, HoF o Foem, foam qen gfaemras
ey AR AR, SATa wed, We a1 s fae=m w1 Heheual o ar
q 15 g% 2l

T2l &n T @l 51 fag (vmfE) w6 %) fafa= fafedt = famr w3

A.1.2 3uufs =1 €2 (What is a Proof?)

fopelt oI Sher 1 STUa | el 1 Tk SATHH SHafate gl €, TEeh Toish wed
o afiferca =1 ferelt aRenfrg w5 =1 fereft arfvmpeia =n feelt Ut wrear grr wefore shed
€, T8 Frmfae fafy 9on Fo staftnfia 9ai gR1 haal wiehr arfeher Frremt w61 W=
ek g wfqared fan ST g 2l

79 YR Y IUUT (R qehl 1 Tk Een Bl §, T o Yok ey Sa
URereuTd qern Fehd Bid €1 fushal s ferelt wien o Sud XU gu qet 9 wore Gfd
5N fag #@ & Wy Fed-Fof T | @Y fag FA FT o101 SHk TAJ 1A
1 g S S el 81 39 YR Torelt wien o1 g & &1 3 fafeat weiia g
§, d: YoTel SUUMA SiefEl SIWcdel SUUT qe SHeh Sifdiem Wedsh faty H o
f-fir ek B ®, foeht ==t e w1 T 2

U SUUTH 98 Hied %1 9% 39U ©, Ford g WY v § ye qea 9 yRy &
e 1 Iqufd wefud w3 Bl
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(i) Hrem-Hrem SWEA (Approach) T Teh! 1 Teh S@el €, S U&d 1<fal Shieqd
T | T IR ek, AN, aRenfyd 9af qen qd gt @A w wer
Y qeh o TrEdl o @ g, fag fhu S orel frswd w61 yeEiforg et 2

fr=fafEa 33 W foar +ifs:
TEETOT 19 ¥ —S5x+6=0a x=3q x=2 73l

T - 5x+6=0 (e ?)
= (x=3) (x—2) =0 (TF = & Jod Hoh G & W)
= x—3=0Ax—2=0 (YEAGHE A ab=07dd a=0Ab=0,a, b REA)
=  x-3+3=0+3T x—2+2=0+2 (THH &F A 9&i § THH &A1 g
T ITH! Yehfa uRafda &l et 21)
=  x+0=3Ax+0=2 (I o A Yok o q&HHk(Identity) T o
TN §T)
= x=3Tqx=2 (AN & Fald YUlich o qeaH T[0T & FANT FRII)
X=-5x+6=0=x=3Tx=2
Tl p USA HH “x2—5x+6:0”%3:ﬁ'{qﬁ'@'ﬁfa'79ﬂ “x=3Ax=2" Bl
FAT p ok SASH x> — S5x + 6 hl, TR qod Th 3T &Ah (x-3) (x—2) ¥
gfeenfid T % BH Th HATH 11 “(x— 3) (x=2) = 0 T FW &
Wﬁm%ﬁ%
(i) =R (x—3) (x —2) FFE FHR =k x2 — 5x+ 6% THE () © 2
(i) Toreht =St i STeh THM T 3= &Sl 4 84 9 qiqeenfud & Ted ¢ 2 374
T vom 1 en fusel wHenstl § [orEe g0 fag Y g € ereq
X=5x+6=x*-3x-2x+6=x(x-3)-2(x-3)=(x-3)(x-2)
fedta e qeh o 9y ®Y9 (dek o 9oE)) g §HE Bl 2

T SWA r YARA (Premise) I U HUF @ W@l 2, @@ @
5: “x=3=0 "Ax—2=0" 9 Bl &1 T =0 (steps) =T Fifae FISs (brackets)
o fean 21
TE Wi TR a9 7ok werdl @l € 5ol qe g9 eAfaw fehd W wge 9 2

T I FEHE wAger R gm aE wmhh we A 2 fE p =g
T 2l

pH URY Fh A GN p = r= s = ... = ¢ HI YHIUG HifsCl 37d:
“p= ¢ TA B
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nforg o Squfesl 267
FETET0T 2 Tag T &1 ®er £ R > RS f(x) = 2x + 5 §R1 GRAITE €, Th Toheh
(one—one)qv_cﬂ%
Syufe e AT foF wem £ whel ' A f(x) = f(x,) = x, = x,

(THT FE HT TR
e WE AT R f(x) = f(x,) A0 20+ 5=2x,+ 5

= 2x+5-5=2x,+5-5 (XA &l H WA WEA g W)

= 2x1+0=2x2+0

= 2x, =2x, (i HEAs § A qelHEh H1 )
. 2 X = 5, (R e e v s 4 e e )
= X, =X,

3Td: Ho Tha! T

(i) TiUTHr ST

T ST, |ieE F fag w0 w1 Tk uE fafy 2, fowe we s

21 21 39 fafy o syt goiedw fefafed sifwpEla w srenfa g 2

N & TH Y59 Suaq=ad S |, AR
(i) 9ehd H&A 1 e ST
(i) UFd W& k+1e SVE & ke S,AWS=N

T ST o1 Tagid o8 & 9 A T ®2F “S(n), n = 1 & o0 91 & (Fiea
et e URf9es Hem j o fau wed ©) 3R 9f€ ®ed n=ko foq 9 e | @
fdfifed & o o8 n=k+ 1 o forq erfaria: o1 @ (S et o7 quifen k> j), @ w&q
o fondt ot o quifeh n, ST n> j o forg gea g )

e T D S o 2

cos® sin© cosn® sinn 9}

—sin n©® cosnO

mmszrﬁA:[ } z—ﬁﬁ-@@ﬁAnz[

—sin® cos O

[cosne sinn 9}

—sin n® cosnO

7ol 9 for=n o P(n) : A" =
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cos O sin 9}

T & © R P(l):Alz[_Sine cos 6
31d: P(1) 9 2
3« /M faan & P(k) 9T @, ereiq
. cosk©® sink©
P(k) : A" = —sink © cosk ©

al &n fag & WEd € R Pk + 1) T B, 5 &t P(k) T ®, @i

[cos(k+1)9 sin(k+1)0} 5

. k+1
Pk+1):A —sin(k +1)@ cos (k+1)0

Ev_{: Ak+1 — Ak . A
ifef P(k) ¥ €, THfere
[ cosk® sinke} { cos O sin 9}

Ak+1 — .
| —sink © cos k6 —sin® cos 6

[ cosk O cos B —sin k 0 sin 6 cosk Osin © + sin k © cos O
| —sin k B cos 0 —cos k 6sin © —sin k 0sin 6 + cos k 6 cos ©

(ST T[0T ST)

[cos (k+1)0 sin(k+1)0
| —sin(k +1)0  cos (k+1)6

APk + 1) T B, 519 H Pk) A B
3AUE P(n), n ok 9t A (&F Tﬂﬁ) %fﬁqw%
(iii) Tafwr= feafaat o fa@ss grr srgar 90T gRT Suuta

FU p = ¢ H| 95 FE F1 78 o Faad aft G961 8, S p Hl 3F FoAI
r,s,t(qﬁm)ﬁﬁ'@%ﬁﬁ?mmmﬁémﬁp:rv s v 1 (SR <y e
g “gr ok faw)

f gufqey oAl r= gq;
s = q;
A 1= ¢q
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Tforg & suufeEl 269
ﬁwﬁﬁfﬁn—mm,ﬁ (rv sv t):q,ﬁqﬁffw%\%ﬁ'{gﬂwl):q
T Bl 2
74 fafu & afeher #1 T Gua <90 1 St S #1098 oty et w9
T shaet adt glaursEe © W foaved g a sedl w1 GE %9 @l
sareur 4 fedt s ABC, @ fag wifsw f%
a= bcosC+ccosB
&1 WM WifT R p U “ABC U 19w ® 7 del g e
“a=bcosC+ccos B”®
M SAfTT fF ABC & T39S €1 3T A § BC (SToRIFAIaR 988 TE) W o«
AD Gif9u]
&6 T € for w B 1 @ =i Bgs o erferrentor e 1 gHeRio e
m%,mﬂpﬁr,sﬂm zﬁﬁ@ﬁmmm%,aﬁ
r: ABC T =i s €, fed 2 ¢ =gahior 2
s : ABC U atfushenior et 8, forqd £ C stfrepapion 21
t: ABC U "wshiv F19qst €, fSew £ ¢ wwahion 2
3d: B WET i ST Al GArEEt o foy sten-srerm fag w2
UM () 94 £ A, Z B, d £ C A & =[ei0 € (3t Al1)
R0 1951 ADB, 511

BD
E=COSB A
ERIGE BD =AB cos B=ccos B
A st ADC gN . b
D _ .
AC = Cos
31 CD = AC cos C []
B a 5 C
=bcos C A AT
3q a=BD + CD

=ccos B+ bcosC .. (1)
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9T (i) & £ C Afererepton @ (3epa A1.2)
TR 39 ADB §N

BD
E =cos B
ERIGE BD = AB cos B
=ccos B

R IS ADC 8N

CD
—— =cos £L ACD

AC
=cos (180 - C)
o eos C 3TTeRfA A1.2
awfq CD=-ACcos C
=—bcosC
3= a=BC=BD-CD
awfq a=ccos B-(-bcosC)
a=ccos B+ bcosC .. 2)
<97 (iii) & £ C THHIT & (3TMepf A1.3) A
191 ACB, s/
BC
E=COSB . ,
ERIGE BC = AB cos B
qeq a =ccos B,
b cos C=bcos90°=0 u
Id: en for T € a=0+ccosB B a C
=bcosC+ccosB T A1.3 .. 3)

FEERTT (1), (2) G (3) W &9 uW ®, fop fomelt forqgwr ABCH
a=bcosC+ccosB

I ()W r = ¢ FH0E 2l

FIM (i) W 5 = ¢ FAI0E 2

q 9N (jii) ¥ + = ¢ TAOE B

IA: (r v s v 1) => g THTUE B Al p = ¢ THIE 2,
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wford ® syufaEr 271

AU SUUf: KU U e w1 did g % o6 was o, g9 SUeh 9uged
et wren 1 Toag ek, Yo WIed w1 YA i ©
(i) Tarenfem grT SUUt (Reductio Ad Absurdum):
IET BH TH WAl 4 YRH F © ok afiehedd e 7 qen frend steed 81 deh o
i o 9T g e 59 Frehd W uged € o U T W he, 3T €, W Uk
ferieiferd 21 o7d: Yo oM ToF © 39 ol & Tk ISR g HHE B
SETET0T 5 W AT WSl w1 Wead Ui (Infinite) BTdT €1
&1 UM eifory foh w9 319 @metl (Prime Numbers) &1 @q==d P® S SRfHd
21 €1 39 A ok 0 (Negation) i, S1ifd THE 319 W& 1 T=e STafRfi
&l €, T UM od €, i Wesd ST9d Hemstl s wqead IRiHd €1 sy g9 e
SIS TENSH H YAEE H Thd §| AW e fF P, P, P,,..., P, HUE 19N

TEme wt guEl 21 e e ey
N= (P, P,P..P) +1 (D)

1273

e ® fF N o1 gemstt &1 g § 6 7, Fife ae g &1 R off wen
g a1fu 2
N1 dl 19T 9@ ® A1 G G 2l

e N 3199 §&A1 2 d (1) ¥ o Bl © T T U 199 HeN &1 e
g, S g o 7 R

T R, A N U T TE&A 7, df 3Uh1 H U 9 Th 9T 99 (Divisor)
WWIW@?ﬁﬁ%ﬁG@TNﬁﬁW(W@)ﬁWW%,W
I 9 fordt & g N o fawifig 6@ W el Tee | o=al 21 31d: N & 19
ST G ok ST IS 3T HEA €

fohq 78, 30 FoF a1 fF 7o Qeft o1 wemet ot g o oft €, TRt 1
70 YR AR JHUROT foh @eft ety geme w1 g ufifid 2, or| R
3d: G AT FES w1 gyee Ui B 2

(e S for Swfaa Sudfa o fafir= qemedt o fawves gmr syufa
F1 Tee o1 SYEM ot ?)

(ii) WS HAT T UlaeMTHe ( contrapositive ) YT oF WART gRT SUUTA:
TRT FUfaasr HUH p = ¢ F f95 FH F TIH W 89 SUh GAGeT HUA
~q= ~p @ fag F g (foenefl TAger w1 gefog FT R €)1

foreht feu gu wufasy wed o fpd qon 9Reheamn &1 fafma otk 378 9 s &1
oY+ 9§ YS9 HUT F1 GRAUARHR HOH da9d B
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IETETT 6 TG HINT fF £(x) = 2x + 5 G TRAT e £: R — R Thsh! He B

&l Thadd Qéﬁ_clﬁ B %, Wﬁ‘{f(xl) =f(x) = x, =x,.
SHHT TN HIh TH THIU HET 8 4+ 5=20,+5 = % =, T p=> g, F
T HTF, & 2+ 5= 20, +5F pT Ay, =x, FIT ¢ 2| T a0 H TH I
2 ¥ “veay fafu” grn fag & 9o 2

B9 U YEd Y o YIdHATHE HeA o TAN g ot g Y Hehd 71 fEu e
FUT HT TR FH ~ g = ~ p T, A AR f(x) = f(x) Tx =x"FH
EIRE RIS X # X, ?ﬁf(xl) #f(x,)”

Ad X, #X,

= 2x, #2x,

= 2x+5#2x,+ 5
= fx) #f(x,).

Hifh “~ g = ~ p”, AR “p = ¢” TG B, 3H YHR YU gl 2|
IETET0T 7 GHIUE IfST f “afg 3egg A, Invertible 2, @ A, Non-singular €
T STYH U Hl FdlehTeqh &9 § foad W p = ¢ 58T pHeF “3TE A, invertible
e q FIT “A, non-singular B

Yo O 1 AU 63 o Tasl H §H 9ok GiqucHeh A 1 JHINE Hid ©,
#1fq If A TH non-singular T8 &l g FE A invertible &l 1
I A T non-singular Y8 &l 2l 3kt aref g3 Al =07

aﬁif 1 Al 7@l 7, FfFIAI=0

37d: A, Invertible &l 2l
79 YR B I8 WA 3 5o £ 4 AT non-singular 37 & € @1 A,
invertible =&l 1 \?ﬂﬂﬁ ~q= ~p.
37d: If< Tsh 37T A invertible g, A non-singular 21
(iii) WISTEIUT (counter example) gRT 3uufa:
Tford o sfderd § U0 oot off o ¥, 59 el uftefeud samaehisheor 1 9y

3Iqafd A0 H o G TAH STEEA B S © SR SHATIHRIH] & TSI i
stfafradar eifofla o @t 2

e feafq o e envwg @ T, wem w1 e g s % fou, B9 U SEe
% Toh| fordll For 1 T T ITell IR0 YRR Feelrdl 2l

Ad Al =
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Fifeh WA p = ¢ 1 TEA, WEA ~ (p = ¢) 1 Shael AE Teh 39U el &1 37
g off suufa &1 ww fafu 2

SETETUT 8 HEA: TAF ne N I, (o2 + 1) Th A9 H&A 2
78 o fefafaa 9eor o YR W T T9T T 99 T o
2 +1=24 1=5% % % a9 "em 2
)7+ 1=241=17 5 foF 19 Hem 2
27 +1=2541=257 1 foF T 21974 2|
Tafa, gom 3fic ¥ g sarqsisor 9Et gdia g @1 sfadien e yfqured
foram T R 2% 4 1 = 2% 4+ 1 = 4294967297 Tk HUNT TN @ & FfE
4294967297 = 641 x 6700417 €1 Sl < HEAA 1 OAES € (1 91 W9 o o)
TG YHR I8 AHIH foh “TdF noh fIu 22" + 1 T 1960 G & Ve N
G B
T el I8 U IS R 22 + 1 3199 721 &, 1 IR0 SATHIHI H1 @fed
FH o fau v 2
d: e fag X 51 fof &M “va8® ne N& faq, 22" + 1 T 219 9&m
7w e 2
IEETOT 9 FUT “YAF Gad B STk Bl 71" W faEr St
suufa: gn frefafed e W faear o 8
i fx)=x
(i) gx) =e
@) h(x) =sinx
3 Tefl Her xoh Wi AT o fau Had g1 9fE g9 stEsheEd W foar w1 a3
x % Gt T o fAU STerRerg 21 9% eH 39 faverd o fou Ufta s @ T e
‘Yo Had wer Sfashed Bl ©7 " 1 fohg Ak B9 e “o(x) = IxI” w1
FTFHEHIIA HI Sig HL, S fF Had 2, a1 9 @4 § T 98 x =0 W oy el
21 THHT qd T8 gaT fh Fe “Udeh Tad e sTashar i gl 2" A 2| T
“O(x) = x| 1 Sheel TE Teh IIELT, SAMUHIHN 1 T i o foQ T4 2| o
WA “G(x) = |xI” 1 RT TT Hor e, “ U Fad he edeRerd el 217 %
TeT 1 YIRTE FHed B

J

> —
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