28. Straight Line in Space

Exercise 28.1

1. Question

Find the vector and Cartesian equations of the line through the point (5, 2, -4) and which is parallel to the
vector 31+ 2)—8k.

Answer

vector equation of a line is

t=3+2b

hered = 51 + 2j—4k&b = 31 + 2j— 8k
so the vector equation of the line is

t =51+ 2j—4k + A(31 + 2j—8k)

the Cartesian equation of the line is

X% ¥Y—h I

by b, bs
where x,,y,,z, are the coordinates of the fixed-point ‘a’, and b,,b,,b, are coordinates of b

so, the cartesian equation becomes as follows

x—-5 y-2 z—(-4)
3 2 -8

2. Question

Find the vector equation of the line passing through the points (-1, 0, 2) and (3, 4, 6).
Answer

the direction ratios of the required line are
(3-(-1), 4-0, 6-2) = (4, 4, 4)

=b = 4 + 4 + 4k

since the line passes through (-1, 0, 2)
=3= 11+ 0f + 2k

the vector equation of the line,

t=3+Ab

=T = (=11 + 0f + 2k) + A(41 + 4] + 4k)
3. Question

Find the vector equation of a line which is parallel to the vector 217 _:]'_ 3}1 and which passes through the
point (5, -2, 4). Also, reduce it to Cartesian form.

Answer
the vector equation of a line that passes through a fixed point3 = 5j— 2] + 4k and is parallel to the vector
b = 2i—j+ 3kis

f=3+Ab



=T = (51— 2] + 4k) + A(21—7 + 3k)
the Cartesian equation of the line is

—Xx _ Yy—v. _ Z— Iy
by b, bs

where x,,y,,z, are the coordinates of the fixed-point ‘a’, and b,,b,, b, are coordinates of b

so, the cartesian equation becomes as follows

Xx=5 y—(=2) z-4
2 -1 3

4. Question

A line passes through the point with position vector ji — 3j‘ + 4L and is the direction of 3i + 4J — ﬁk Find
equations of the line in vector and Cartesian form.

Answer

The vector equation of a line passing through a fixed-point ‘a’ and having directions parallel to} is given by

1

T=3+Ab

Here3 = 2i—3j + 4k&b = 31 + 4j—5k
=T = (21— 3] + 4k) + A(31 + 4j - 5k)
the Cartesian equation of the line is

X% ¥Y—h I

by b, b

where x,,y,,z, are the coordinates of the fixed-point ‘a’, and b,,b,,b, are coordinates of b

so, the cartesian equation becomes as follows

x—2 y—(3) z-4
3 4 -5

5. Question

ABCD is a parallelogram. The position vectors of the points A, B and C are respectively,
41+5j-10k, 2i—-3j+4k and —j+2j+k. Find the vector equation of the line BD. Also, reduce it to
Cartesian form.

Answer



-4 -3 -2 -1

Given: the vectors of point A = 4 + 5j — 10k, B = 2i — 3] + 4kand
C=-i+2]+k

this means that the vector equation of line AB is given by
t=3+2b

where3 = 4i + 5j— 10kandb = (2—4)i + (-3 -5)j + (4 —(~10))k
=b = —2i—8f + 14k

so the vector equation of AB is

T, = 41 + 5] — 10k + A(—2i— 8] + 14k)

now the vector equation of BC is given as

t=3+2b

where3 = 2i—3j + 4kandb = (—-1-2)i+ (2—(-3))j + (1 -4k
=b = —3i + 53k

therefore the vector equation of BC is given as

T, = 21—3] + 4k + A(—31 + 5/ —3k)

The concept of the question:

the vector equation of the diagonal BD is given by

= — —
r=r1,—1,

and the vector equation of diagonal AC is given by

R

=7T=(2-491+(-3-5)j+ (4—(-10)k
+ M(-3-(-2))i + (5-(-8))] + (-3 —14)k}

=T = —2i—8j + 14k + A(—1 + 13]—17k)......(1)
T can be written as

f=xi+ ¥+ 2k (2



Comparing 1&2
X=-2-2,Yy=-8+13%, z=14-17}

X+ 2 y+8 z— 14
-1 13 —17

}L=

Therefore, a cartesian equation of the required line is

xX+2 yv+8 z— 14
-1 13 @ 17

6. Question

Find in vector form as well as in Cartesian form, the equation of the line passing through the points A(1, 2, -
1) and B(2, 1, 1).

Answer

the vector of point A can be written asi + 2j — ik and that of point B can be written as 2f + i+ iz

vector equation of line AB is given by

t=1+2—k+Ai-7+ 2k)
Herex=1+Ay =2—-Xz = -1+ 2)

x—1 —2 +1
ﬁ;\_ = ‘(— ¥ z
1

|
[
[

Hence the cartesian equation of the line is

x—1 y-2 z+ 1
1 -1 2

7. Question

Find the vector equation for the line which passes through the point (1, 2, 3) and parallel to the vector
i—2j+ 3k. Reduce the corresponding equation in Cartesian from.

Answer

here the vector for point A(1, 2, 3)isg = | + 2] + 3t and the vector parallel to which the line is required is
i—2j + 3k

vector equation of a line is

t=3+2b

hered = i + 2j + 3k&b = i—2j + 3k
so the vector equation of the line is
f=1+2]+3k+Aai-2] +3k
Herex=1+4+},y=2-2),z2=3+ 3}

x—1 y—2 z—3

A= —2 3

Hence the cartesian equation of the above line is



8. Question

Find the vector equation of a line passing through (2, -1, 1) and parallel to the line whose equations are
Xx-3 y+1 z-2

2 7 -3
Answer
X—X — Z—Z
the direction ratios of the line L= y— % = !
by b, bs

Are<b,,b,,by»

So in this question the direction ratios of the given line are <2, 7, -3>
So the vector equation of  — 2§ + 7] — 3k

Here3d = 2i—§ + k

vector equation of a line is

t=3+Ab

so the vector equation of the line is

f=21—-7+k+ a2+ 7-3k

Herex =2+ 23, y=-1+73,z=1-3}

XxX—2 y+1 z—1
2 7 -3

}L=

Hence the cartesian equation of the above line is

x—2 y+1 z—1

2 7 -3

9. Question

. . . -5 y+: — . . .

The Cartesian equations of a line are X = 4 = - 6, Find a vector equation for the line.
3 7 2

Answer

Cartesian equations of a line is? = }'TH = %6

Let this be equal to A

X—5 yv+4 Z—6

3 7 7 — 2

X =3A+5y=—-4+7hz =6+ 2X1..(1)
F=xi+y+zk.(2)

Hence comparing 1&2

t = 5i—4f + 6k + A(31 + 7] + 2k)

10. Question

Find the Cartesian equation of a line passing through (1, -1, 2) and parallel to the line whose equations are



Answer

. . . . . x—3
cartesian equation of the given line 'S\T =— =

Hence its direction ratios are<1, 2, -2»
The cartesian equation of the line is given by

X—X y¥—n Z—14 I . . .
= = the pointis (1, -1, 2) and the direction ratios are <1, 2, -2»>
by b, b,

The cartesian equation of the line is

x—1 y—-(-1) z-2
1 2 =2

Let this be equal to }

x—1 _ y—(—1) _ z—2 _
1 2 —2
Xx=1+Ay=-1+2Az=2-2k..(1)
F=xi+y+zk.(2)

Hence comparing 1&2

The vector equation of the line is given as
F=1—]+2k+ A1+ 2j—2k)

11. Question

. N . . 4-x 1-z .
Find the direction cosines of the line = X = . Also, reduce it to vector form.
2 6

-

L

Answer
the equation of the line is

4—x y 1-z

2 6 3

But to make it cartesian equation the coefficient of x, y, z must be one so the above equation becomes as

X—4 vy z—1

-2 6 -3

Now the direction ratios of this line is <-2, 6, -3>
Concept of the question
Direction cosines of line

X% ¥Y—h I

by b, b

b, b, bs

Are given as , ,
Vb3 + b3 + b3 b} + b3 + b3 b + b3 + b]

Here

bf + b3 + b = 2% + 6% + (=3)* = 49



b2 + b2 + b2 = V49 = 7

Hence direction cosines of the above line are

{2 6 —3)
777

cartesian equation of the line is

X—4 vy z—1

-2 6 -3

Let this be equal to A

x—4 y z—1
—_ = = ;'L
-2 6 -3

Hencex = 4 -2\ y = 6Az = 1—3A....(1)
t=xi+y +zk-(2)

Hence comparing 1&2

F =4+ k+A-21 + 6]— 3k)

12. Question

The Cartesian equations of a line are x = ay + b, z = cy + d. Find its direction ratios and reduce it to vector
form.

Answer
the cartesian equation of the line can be written as

x—b y-0 z-d
a 1  c

We have written the above equation ion this way because the coefficients of x, y, z must be 1
Therefore the direction ratios of the above line are <a, 1, ¢

x-=b y-0 z-d
a 1

Let

= A(say)
Thereforex=b +aj, y=Az=d+ c}....(1)

F=xi+y+zk..(2)

Hence comparing 1&2

The vector equation of the line is given as

¥ = bi + dk + Aai + | + ck)

13. Question

Find the vector equation of a line passing through the point with position vector 1 — j:i_ 3£; and parallel to

the line joining the points with position vectors 1 _:i_ 4L and 217 _:]'_ jL Also, find the Cartesian equivalent
of this equation.

Answer

direction ratios of the line joining the points with position vectorj —j + 4k andi + i+ 2k is «(1-1), (-1-1),
(4-2)>

i.e. <0,-2,2



the vector equation of the line passing through the point with position vectori— 2j — 3k and having direction
ratio <0, -2, 2> is given as

t=1-2j—3k + A(-2] + 2k)
Herex=1,y=-2-2},z=-3+ 2}

x—1 y+2 z+ 3
o -2 2z

=

A

hence the cartesian equation of the line is

x—1 y+2 z+ 3
o -2 @ 2

14. Question

Find the points on the line X7 —_ = 3 at a distance of 5 units from the point P(1, 3, 3).

Answer
let Q be the point on the given line
It is of the form (33-2, 2 -1, 24 + 3)

x+2 y+1 z—3

By letting . .

distance of point P from PQ = \,I(BJ'L— 2—-1)2 + (2A—1—-3)2 + (24 + 3 —3)2

=5% = (3A—-3)2 + (2A—4)% + (20)?

=25 = 90 + 9— 181 + 4A* + 16 — 16) + 4)°

= 17A*-34A =0

= 17AMA-2) =0

=i=02

So the points on the line are ((3(0)-2), (2(0)-1), (2(0) + 3)) and (3(2)-2,2(2)-1, 2(2) + 3)
i.e.(-2,-1,3)and (4, 3, 7)

15. Question

Show that the points whose position vectors are _2 1 + 3,J 1 + jj’ + 31;- and "1 + 91;- are collinear.
Answer

let the given points are A, B, C with position vectors g{,ﬁ and ¢ respectively so
3=-21+3,b=1+2] +3kande = 71 + 9k

We know that equation of line passing through 3 and b is

=3+ Ab-3)

P =21+ 3+ M(1-(-2)i+ (2—-3)] + (0-3)k}
t = -2 + 3] + A(31—§—3k)....(1)
If A, B, C are collinear then C must satisfy eq. (1)

71 + 9k = —2i + 3] + A(31—7—3k)



On comparing the coefficient of j, ]‘,R on both sides of the equation } = 3 for all i,jand k

Hence the points A, B, C are collinear.
16. Question

Find the Cartesian and vector equations of a line which passes through the point (1, 2, 3) and is parallel to
-Xx—-2 y+3 2z-6
1 7 3

the line

Answer

Firstly, we need to write the cartesian form of the given line i.e. of? = FTH = zza—&

Cartesian equation is

xX+2 yv+3 z—3
-1 7

3

2

So the direction ratios of the given line are <-1, 7, 3/2>

Vector Equation of line passing through the point (1, 2, 3) i.e. position vectorg = i + 2j + 3k and having
direction ratios <-1, 7, 3/2> is

L. R - R . 3.

r=1+2]+3k+1[—1+7]+5k)

And the cartesian equation is

x—1 y—2 z—3
-1 7 3

2

17. Question

The Cartesian equations of a line are 3x + 1 = 6y - 2 = 1 - z. Find the fixed point through which it passes, its
direction ratios and also its vector equation.

Answer

The equation of line is
3X+1=6y-2=1-2
This can be written as

3x +1 oy - 2 1-z
1 1 1

To make it a cartesian equation we need to make the coefficient of x, y, zto be 1

Therefore, the cartesian equation is

x+1/3  y-1/3  z-1
/32 16 -1

...(1)

the Cartesian equation of the line is

Therefore on comparing (1)&(2)

The fixed point through which it passes is (—?12 1)

And the direction ratios are < é,é,—l >



1=
|-

= ;& =
&

Let

_11 = A(say)

-1 1 1 1
¥ = r + 5;\,}’ =3 + g)L,Z =1—x..(3)

F=xi+y +zk..(4)
Hence, comparing 3&4 we get,

-1 1 - 1 1. .
T = ?’1‘+§]‘+ k+1(§’1‘+g]‘—k)
18. Question

Find the vector equation of the line passing through the point A(1, 2, -1) and parallel to the line 5x - 25 = 14
-7y = 35z.

Answer
firstly we need to resolve the given line
The given line can be written as

5x—25 14—7y 35z
1 B 1 1

We need to make the coefficients of x, y, zequal to 1
Therefore the line becomes as follows

x—5 y-2 z—0
1/5 =7  1/35

Therefore the direction ratios of the given line are < 3 —7,3—1_ >

Vector equation of line passing through the point A(1, 2, -1) and having direction ratios

Exercise 28.2

1. Question

2 3 A 2 3 3 o]
Show that the three lines with direction cosines 1_'_‘ _J'i 1_' - - _4_1_'are mutually

1371371313 13713 131313
perpendicular.

Answer

I, m, n are generally written as direction cosines or the direction ratios of unit vector-*,

12 -3 —4
Let ll:E' m1=E, n1=E

bt mo =22 =2
279 2Ty 2T g
| = i m-= = j Na = E
3733 T 1 '3 T 1

For the lines or vectors to be perpendicular their dot product or scalar product should be zero and for the
lines or vectors to be parallel their cross product or vector product should be zero.

So we will use scalar product to prove these lines perpendicular to each other.



Il + mims + nyno = (1_ i) (‘_ E) 4, 3, _ 483612
12 v 12 13 X 13 + 13 X 13 + (13 X 13) 169 0
4 3 12 -4 12 3 12-48+36
I>l3 + mom +nn=(— —) (— _) (_ _)=7=
213 2m3 +mnz3 = (—x )+ (ox ) H(g x5 - 0
lil3 + mims + nyn3 = (E i) (‘_“ —_3) (E —_4) _ 36+12-48 _
1l3 Mz +minz = (Sx o)+ (DX D) gx g = 0

Therefore, all three lines or vectors are mutually perpendicular to each other.
2. Question

Show that the line through the points (1, -1, 2) and (3, 4, -2) is perpendicular to the through the point (0, 3,
2) and (3, 5, 6).

Answer

The direction ratios of a line can be found by subtracting the corresponding coordinates of two points
through which the line passes i.e. (subtract x coordinates, subtract y coordinates, subtract z coordinates),
this is the direction ratio of the line. There can be no direction ratio of a line passing through only one point,
there should be at least two points.

The direction ratios of a line passing through the points (1,-1,2) and (3,4,-2) are,
(3-1,4-{-1},-2-2) = (2,5,-4)

Or it can also be the other way you can choose the first and the second point of your own choice.
The direction ratios of a line passing through the points (0,3,2) and (3,5,6) are,

(3-0,5-3,6-2) = (3,2,4)

The direction ratios of lines are,

(a1,b1.,c7) = (2,5,-4)

(as,by,c5) =(3,2,4)

By using dot product.

(a;a; + byby + ¢405)

cosf =

\faﬁ +bl+ cfxfag +b3+c?

[2x3+5x2+(—4)x4]

cosf =

J22+ 52+ (—4)2\/32+ 22 + 42

0

cosf@ =

V22 +52+ (—4)232+ 22 + 42
cos0 =0

m

0 =3

Therefore,, the lines are perpendicular.
3. Question

Show that the line through the points (4, 7, 8) and (2, 3, 4) is parallel to the line through the points (-1, -2, 1)
and (1, 2, 5).

Answer

The direction ratios of a line can be found by subtracting the corresponding coordinates of two points
through which the line passes i.e. (subtract x coordinates, subtract y coordinates, subtract z coordinates),
this is the direction ratio of the line. There can be no direction ratio of a line passing through only one point,
there should be at least two points.

For the two lines to be parallel or anti parallel to each other the fraction of their corresponding direction
ratios should be equal.



The direction ratios of a line passing through the points (4,7,8) and (2,3,4) are (4-2,7-3,8-4) = (2,4,4)
The direction ratios of a line passing through the points (-1,-2,1) and (1,2,5) are (-1-1,-2-2,1-5) = (-2,-4,-4)
The direction ratios are proportional.

2 4 4

ST s —1(constant)

Hence the lines are mutually parallel and even overlapping each other because of the constant -1 or 1.
4. Question

Find the Cartesian equation of the line which passes through the point (-2, 4, -5) and parallel to the line
. X+3 v—-4 z+§
given by = = .
3 5 6

Answer

The Cartesian equation or the symmetrical form of equation is the one which is of the form

R _YTVa PR
N . - n{constant)

Where (x7,Y1,2Z7) is the point through which the line passes and a,b,c are the directional ratios of the line or
the directional ratios of the line are proportional to them.

The Cartesian equation of a line passing through the point (-2,4,-5) and parallel to the line

x+3 y—4 z+8 . x+2 y—4 Z+5

3 35 6 3 35 6

5. Question

. -5 yv+2 y .
Show that the lines X = _z and X_Y_ Eare perpendicular to each other.
7 =5 1 1 2 -
Answer
The Cartesian equation of the lines are \;7" = }'_i = 2;10 and % = }'T_D = %0, as we know their direction ratios

we can find weather they are perpendicular or not, for proving the lines to be perpendicular we can only
consider the numerator of the dot product when we use cos 8 = numerator

cos 0 = 7x1 + 2x(-5) + 1x3
cos0=7-10+3

cos0 =0
m
e=5

Therefore, the lines are perpendicular.
6. Question

that the line joining the origin to the point (2, 1, 1) is perpendicular to the line determined by the points
(3151_1) and (41 31 _1).

Answer

The direction ratios of a line can be found by subtracting the corresponding coordinates of two points
through which the line passes i.e. (subtract x coordinates, subtract y coordinates, subtract z coordinates),
this is the direction ratio of the line. There can be no direction ratio of a line passing through only one point,
there should be at least two points.

The direction ratios of a line joining the origin to the point (2,1,1) are (2-0,1-0,1-0) = (2,1,1)
The direction ratios of a line joining the points (3,5,-1) and (4,3,-1) are (4-3,3-5,-1-{-1}) = (1,-2,0)

By using the dot product we can find the angle between the two lines,



a;a, + b;b, + ¢y,

cosf = 7 ;
yaij+bi+ciyai+b3+c3
2x1+1x(-2)+1x0
cosf =
V22 4+ 12+ 12,12 + (-2)2 + 02
0 = 0
cos T 222492 17 (—2)2 102
cos0 =0
T
0= S

Therefore, the lines are mutually perpendicular.
7. Question
Find the equation of a line parallel to x-axis and passing through the origin.

Answer

Vector equation of alineis =3 + Ab Where 3 is the position vector of the point a through which our line
passes through and  is the vector parallel to our line and T is the general vector of a line satisfying these
conditions and A is a constant.

The direction cosines of the x-axis are (1,0,0), direction cosines are the direction ratios of a unit vector.
The equation of a line parallel to x-axis and passing through the origin is,

T = (0i+0j+0k) + A(1i+0j+0k)

=M\

Therefore, this is the family of lines satisfying the condition of the question.

8 A. Question

Find the angle between the following pairs of line :

r=(4i-j)+2(i+2j-2k)andr =i-j+ 2k —p (21 +4j- 4k)

Answer

We know that angle between two lines given with their vector equation is the angle between their parallel
vectors always.

By using dot product to find the angle between the lines using their parallel vectorsb_; and b_z)

=l
Tl

cosf =

S S
|

= (4-1) + Ai+2j-2k)
I = (i-j+2k) - u(2i+4j-4k)
a; = 4i-1 b, =1+2j-2k

—

ds

I
—

-+ 2k b, = 21 + 4] - 4k

[bs] = VDT @7+ (-7 = 3

[b,| = J@T+ (HZ+ (-2 = 6



Let © be the angle between given lines. So using dot product we can find the angle.

ol

bJ.' 2

cos 0 ==
by |

=

2

_ (i+2j—2K)(2i+ 4] — 4k)

3¥6
— 2+188+9 =1
cosb=1
6 =0°

8 B. Question

Find the angle between the following pairs of line :
r=(31+2j-4k)+A(1+2j+2k) and r=(5j-2k)+p(31+2j+6k)

Answer

We know that angle between two lines given with their vector equation is the angle between their parallel
vectors always.

By using dot product to find the angle between the lines using their parallel vectorsb_; and b_z)

=l
Tl

cosf =

S S
|

[bs[b, |
T = (3i+2-4k)+A(i+2j+2k)
T = (5-2k)+u(3i+2j+6Kk)
a; = 3i+2§-4k, b, = 1+2j+2k
a, = 5-2k, b, = 3i+2j+6k
|b_1}| =y12+22+22=3
by|=va+22+62=7

Let © be the angle between given lines, so using the dot product,

_ (i+2j+2k)(3i+2j+6k)
3x7

_ 344412 _
21

- 19
= cos~?! (—)
21

8 C. Question

19

Find the angle between the following pairs of line :
fz}-.(.i“—i-j—i-ﬂ.“{)and;: jjj—“ {(\fg—l)l—(ﬁ—l)‘]—-l-k}

Answer



We know that angle between two lines given with their vector equation is the angle between their parallel
vectors always.

By using dot product to find the angle between the lines using their parallel vectorsb_l’ and b_;
b,
[bs|b,|

I = Ai+j+2k)

=l

cosf@ =

=l

S
T

2j+ul(V3 - 1)i-(V3 + 1)j+4k]

— A A

b, = i+j+2k b, = (V3 - )i-(V3 + 1)j+4k

by =vIE+ 12722 = V6

|bs| = J(N’r?) — 1)2+[—(V3 + 1)]2+ 42 = V24 = 2V6

Let 6 be the angle between given lines, so using the dot product equation,
b,.b,

[bs b

cosf@ =

(1+7+2k)((V3 — Di— (V3 + 1)j+4k)

\.’EXZ\.’E
_-2+48 _ 6 _ 1
2x6  2x6 2
1
cos 6 ==
m
®=3

9 A. Question

Find the angle between the following pairs of lines :

x+4 y-—-1 z+3 X+l y—-4 z-5
= = and = =

3 5 4 1 1 2

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

x+4 -1 z+3 x+1 —4 z—5
3 =] 4 1

a;=3,b;=5c=4;a=1,by=1,¢c,=2
now to find the angle between two lines we use cross product equation,

a,a, + byb, + ¢ 0o
Jai +b?+ cf\fag +bZ+c?

cosf@ =

3X1+Ix1+4K2

cos B =

V33452444212 412422



16

cos 6 = —
1043

g

cos 0 =—
\-'3

[T}

0 = cos™? (%)

2y
9 B. Question

Find the angle between the following pairs of lines :

x-1 yv-2 z-3 Xx+3 v-5 z-1
== = and == =

-

Ly
|
L]
|
—_
oo
e

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product

equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

-3 -1 8

x—1 y—2 z—3 d x+3 y-5 z—1
2 4

a;=2,by=3,¢g=-3;a=-1,bb=8, =4
now to find the angle between two lines we use cross product equation,

a,a, + byb, + ¢ 0o

cos8 = .2 Z ) Z 2
yaj +by +civas +bs +c;
_ 2x(—1)+3x8+(—3)xd
cos 6 T 2R e32(—3)2 (-1 242 4a?
10
Ccos B =—

0232

_ 10
0 = cos 1( _)
9,22

9 C. Question

Find the angle between the following pairs of lines :

5-x y+3 1-z X l-yv z+5
== = and = = T =

—2 1 3 3 =2 —1

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

5—x y+3 1—z X 1-v Z+3

ST T3 and TS T, these are not in the standard form but after converting them, we get,
E=F+3_z;landl=}r__1=2
2 1 -3 3 -

a1=2,b1=1,c1=—3;a2=3,b2=2,c2=—1

now to find the angle between two lines we use cross product equation,



a;a, + b;b, + ¢y,

cosf = ; ;
yaij+bi+ciyai+b3+c3
(2)=3+1x(2)+(-3)=(-1

c0s 0 = - (=3)x(-1)
V22+12432,/324224(-1)7
6+2+3

cos @ =%

14

e |
0 = cos™3(2)
9 D. Question

Find the angle between the following pairs of lines :

r+3 41 2y-3 z-5
:} _z:SandX 1:-} L:ZL

3 -2 1 3 2

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

x—2 +3 x+1 2y—3 -5 . .
\T = 1"—2 z=5and \T = FT = ZZ these are not in the standard form but after converting them, we get,
2 +3 5 +1 }'_E 3
‘_=1"_=£and‘_=_az=£
3 -2 4] 1 p 2

a1=3,b1=—2,c1=0;a2=1,b2=g,c2=2

now to find the angle between two lines we use cross product equation,

a,a, + byb, + ¢ 0o

cos 6 = 52 z I z z
yaj +by +civas +bs +c;
3><1+(—2]><§+0><2
cose="—_—_ ———
V3TH(-2)2+0% |12 +(2)2 422
W 2
0
I ——
cos © J3H (2% 2+(5)2+22
cos6=0
p="1
2

9 E. Question

Find the angle between the following pairs of lines :

XxX-5 2y+6 z-3 Xx-2 y+1 z-6
— - = and = = =

1 —2 1 3 4 5

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,



X—3 2y+6 -3 x—2 +1 —6 . .
L; = 1-'_2 = ZT and YT = }'T =" these are not in the standard form but after converting them, we get,
- b=
X5 _ 3 _z3 g _yHl 26
1 -1 1 3 4 35

Given there are two vectors which are parallel to these lines,
3 = 1i-1j+1k b = 3i+4j+5k
They are parallel because they have same direction ratios.

So angle between the lines is the angle between these vectors which are parallel to the lines.

By using dot product equation,

ab
CoS 0 = —=
13|
1i-1j+1k)(2i+4j+5K
cos 6 = L -1 n)(f 1+5K)
|1i-1j+1k||3i+4j+35k]|
6 1x(3)+(—1)x4+1x5
COS O =
V13 (—1)2+12/32 442452
3-445
cos O ="
v 3 5y2
4
cos 6 =—
S5v/a
8 =cos H{—=)

9 F. Question

Find the angle between the following pairs of lines :

-Xx+2 y-1 z+3 Xx+2 2y-8 z-5
—2 7 -3 -1 4 4

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.
Equations of the given lines are,

x—2
2

Given there are two vectors which are parallel to these lines,
d = 21+7§-3k b = -1i+2j+4k
They are parallel because they have same direction ratios.

So angle between the lines is the angle between these vectors which are parallel to the lines.

By using dot product equation,

b
cos @ =——
E
cos 6 = {21+73—3E}(—1i+zj+4j1§]
|2i+7j—3k||-1i+2j+4k]
—2+14-12
cos 0 =

V2272302, (1) 2+22 442



cos0 =0
m
0=5

10 A. Question

Find the angle between the pairs of lines with direction ratios proportional to
5,-12,13 and-3,4,5

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

XXy _ ¥ ¥a_  E7E KXo ¥Y—¥a2 ZZ3
=== and
ay by €y ag by Cz

We are given with the direction ratios and we have to find the angle between the lines having these direction
ratios.

a;=5Db;=-12,¢;=13;a,=-3, b, =4, =5
By using dot product equation, we get

a;a, + b;b, + ¢y,

COSB: {.2 2 2 [.2 2 2

vai +by +civas; +bs + ¢
S5¥(—3)+(—12)x4+13x5

oS 6 = --zJ( ]2( 2]. 5
V52 +(—12)2+132,/(-3)%+42457
—15-48+65

COS 9 =%
1342542
1

Cos 6 =—

6

(7}

8= cos‘l(é—lz_‘)

10 B. Question

Find the angle between the pairs of lines with direction ratios proportional to
2,2,1and4,1,8

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

XXy _ ¥ ¥a_  E7E XXs Y ¥ 2723
=% = and e
a 1 Cy dp z Cz

We are given with the direction ratios and we have to find the angle between the lines having these direction
ratios.

a;=2,b1=2,¢;=1;a,=4,by=1,¢,=8
By using dot product equation, we get

a;a, + b;b, + ¢y,

cosf =

\faﬁ +bl+ cfxfag +b3+c?



2x4+2x1+1%8

cos 6 =
V2242241242 412487
8+2+8
cos 6 =
Axg
2
cos 0 ==
3

0= cos‘l(g)

10 C. Question

Find the angle between the pairs of lines with direction ratios proportional to
1,2,-2and-2,2,1

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.

Equations of the given lines are,

XXy _ ¥ ¥a_  E7E KXo ¥Y—¥a2 ZZ3
=== and
a; by €1 dz b2 Cz

We are given with the direction ratios and we have to find the angle between the lines having these direction
ratios.

ai=1b1=2,=-2;a=-2,bb=2,c=1
By using dot product equation, we get

a,a, + byb, + ¢ 0o

cos8 = .2 Z ) Z 2
yaj +by +civas +bs +c;
_ 1x(—2)+2x2+(—2)x1
cos 9 = J1E+224(—2)2,[(—2)2422 412
—2+4-2
cos § = ==
3x3
cos6 =0
g=1
2

10 D. Question

Find the angle between the pairs of lines with direction ratios proportional to
a,b,candb-c,c-a,a-b

Answer

We are given with the direction ratios and the vector equations of two lines, we have to find the angle
between the two lines, and weather they are parallel or perpendicular to each other.

The direction ratios are a,b,c and b-c, c-a, a-b .

The vectors with these direction ratios are,

X = al+bj+ck and ¥ = (b-c)i+(c-a)j+(a-b)k

By using dot product equation to find the angle between them, we get,

Xy
<] I3

cos B =



_ (al+bj+ck){(b—c)i+(c—a)j+(a-b)k}

CO0S B = ———— - - =
|ai+bj+ck]||(b—c)i+(c—a)j+(a—b)k]|
a(b—c}+blc—al+c(a-b
cos B = — ﬂ(ﬁ] (ﬂ ) (ﬂ )
|ai+bj+ck||(b—c)i+(c—a)j+(a—b)k]|
6 ab—ac+bc—ab+ca—ch
COS Y = Laibjeck||(b-0)i+(c-a)j+(a—b)K]
cos6=0
m
6="1
2

11. Question

Find the angle between two lines, one of which has direction ratios 2, 2, 1 while the other one is obtained by
joining the points (3, 1, 4) and (7, 2, 12).

Answer

In the Cartesian or symmetrical form of equation the angle between two lines can be found by dot product
equation and in this equation we will use the direction ratios which are in the denominator of the equation.

% = % = % in this equation a,b,c are the direction ratios of this equation.
Direction ratios of the first line are a; = 2, b; = 2, ¢; = 1 which corresponds to 2,2,1.
Direction ratios of the line joining (3,1,4) and (7,2,12) .

= (7-3,2-1,12-4) = (4,1,8) .

a»=4,b,=1,¢c,=8

now to find the angle between two lines we use cross product equation,

a,a, + byb, + ¢ 0o

cosf@ = ; ;
vai+bi+ciyal+bi+c
2Xx4+2x1+1x8
cosf =
V22 + 22 +12y42 4+ 12 + 82
cose=g
3

0= cos‘l(g)
12. Question

Find the equation of the line passing through the point (1, 2, -4) and parallel to the line
x-3 v-5 z+1
4 2 3

Answer

The Cartesian equation of a line passing through a point (x4, y;, z;) and having directional ratios proportional
to a,b,c is given by,

X% V=W 7%
a b C

Now the point (x1, y1, ) = (1,2,-4) and the required line is parallel to a given Iine? = ? = %1 now as we
know that if two lines are parallel and direction ratios of one line are a,b,c then the direction ratios of other
lines will be ka,kb,kc where k is a constant and which gets cancelled when we put these direction ratios in

the equation of the required line.
So the direction ratios of the required line are ;

a=4A b =2Ac=3A



hence the equation of the required line is,

x—1 y—-2 z+4
42 22 3A

X—1 y—2 z+4
4 2 3

13. Question

Find the equation of the line passing through the point (-1, 2, 1) and parallel to the line
2x-1 3y+5 2-z
4 2 3

Answer

The Cartesian equation of a line passing through a point (x4, y1, z;) and having directional ratios proportional
to a,b,c is given by,
X_X1=Y_y1 _ L— 14

a b C

2x—-1 3y+3
2

not in the general form of the Cartesian equation because the coefficients of x,y,z in the Cartesian equation
5

1
i . x— Z4+— -z . .
are 1, so the equation will reduce to the form —2 = —2 = 27 how as we know that if two lines are parallel
2 z -3

Now the point (X1, y1, 1) = (-1,2,1) and the required line is parallel to a given line

2— . .
TZWhICh is

2
and direction ratios of one line are a,b,c then the direction ratios of other lines will be ka,kb,kc where k is a
constant and which gets cancelled when we put these direction ratios in the equation of the required line.

So the direction ratios of the required line are ;
a=2\b=2Ac=-3\

hence the equation of the required line is,

x+1 y—2 z-1

22 2 —3A
3 A

x+1 y—2 z-1

2 2 -3
3

14. Question

Find the equation of the line passing through the point (2, -1, 3) and parallel to the line
r=(i-2j+k)+2(2i+3j-5k).

Answer

Vector equation of a lineis7 =3 + Ab Where 3 is the position vector of the point a through which our line
passes through and b is the vector parallel to our line and ¥ is the general vector of a line satisfying these
conditions and A is a constant.

Now the point vector through which the line passes is 3 = 2i- ]“+3f{ and the required line is parallel to a line
having vector equation,

T = (i-2j+k) + AM2i+3j-5k)
The parallel vector is,

b = (2i+3j-5k)

So the vector equation of the required line is,



T = (2i-j+3k) + p(2i+3j-5k)
Where [ is a constant or a scalar.

15. Question

Find the equation of the line passing through the point (2, 1, 3) and parallel to the IineX 1 = y =

X
and —_ =

-3

z
5

(SRR

Answer

The Cartesian equation of a line passing through a point (x4, y;, z;) and having directional ratios proportional
to a,b,c is given by,
X_X1=Y_Y1 _ Z— 1

a b C

The required line passes through the point (2,1,3), now we need to find the direction ratios of the line which
are a,b,c . this equation of the required line is,

X—2 y—1 z-3
a b

We are given with the Cartesian equation of the two lines which are perpendicular to the given equation, as
the lines are perpendicular with the required line so the dot product will result in zero.

The first line is \;11 = 1"2;2 = ? the dot product equation is,

axl+ bx2+cx3=0
a+2b+3c=0......... (i).

The second line is i = % = Z the dot product equation is,

ax(-3) + bx2 +cx5=0
-3a+2b+5¢c =0 .......... (ii).

Solving equations (i) and (ii), we get, by cross multiplication method,

a —b c

10-6 5-(-9) = 2-(—6) =A
a__P _f_ )\

4 -14 8
E=L=E=)\

2 -7 4

a=2\b=-7\ c=4A
using a,b,c in the required equation we get,

x—2 y—-1 z-3
20 —7A 4A

X—2 y—1 z-3
2 -7 4

This is the required equation.

16. Question

Find the equation of the line passing through the point 1 + J _31;- and perpendicular to the lines



f:i+}-.('2i+j—3f() andf:('lin+j—f()+p (1+J+k)

Answer

The vector equation of a line passing through a point with position vector @ and perpendicular to two lines
with vector equations ¥ = a; + Ap, and ¥ = a; + Ab,, is given by ¥ = @ + A(b, x b,) because as we know that

vector product between two vectors will give you a vector whose direction is perpendicular to both the
vectors, so the required equation is parallel to this vector and hence this is the equation.

Now we are given with,
o= (’1‘+]‘—3R) and the lines perpendicular to required line are,
F = i+A(2i+j-3k) and T = (2i+j- k) +p(i+j+k)

—

b, = 2i+j-3k and b, = i+j+k

Now,
b; xb, =12 1 -3
11 1

=i(1+3)-j(2+3) +k(2-1)

-~

xb, = 41— 5] +k

=l

Therefore, the required equation is,

T = i+j-3k + p(4i-5j+k)

=

17. Question

Find the equation of the line passing through the point (1, -1, 1) and perpendicular to the lines joining the
points (4,3,2), (1,-1,0) and (1,2,-1), (2, 1, 1).

Answer

The Cartesian equation of a line passing through a point (x4, y;, z;) and having directional ratios proportional
to a,b,c is given by,
X_X1=Y_Y1 _ Z— 1

a b C

The required line passes through the point (1,-1,1), now we need to find the direction ratios of the line which
are a,b,c . this equation of the required line is,

x—1 y+1 z-1
a b ¢

Direction ratios of the line joining A(4,3,2) and B(1,-1,0)
= (4-1,3+1,2-0) = (3,4,2)

Direction ratios are 3,4,2

Direction ratios of the line joining C(1,2,-1) and D(2,1,1)
=(2-1,1-2,1+1) = (1,-1,2)

Direction ratios are 1,-1,2

It is given that the line AB is perpendicular to the required line, so the dot product equation will be equal to
zero .

ax3 +bx4 +cx2=0



3a+4b+2c=0.......... (i).
It is given that line CD is perpendicular to the required line, so the dot product will be equal to zero .

ax1l + bx(-1) + cx2=0

Solving equations (i) and (ii) by cross multiplication method, we get
a B —b B C
D) --D2) @B)-@)(1) DE) -

a —b C

a=10A b =-4Ac=-7A
Therefore, the cartesian or symmetry form of equation of the required line is,

x—1 y+1 z-1
10h —4x —7A

x—1 y+1 z-1
10 -4 =7

18. Question

Determine the equations of the line passing through the point (1, 2, -4) and perpendicular to the two lines
XxX-8 y+9 z-10 Xx—-15 y-29 z-5
== = and == =
8 —-16 7 3 8 -5

Answer

The Cartesian equation of a line passing through a point (x4, y1, z;) and having directional ratios proportional
to a,b,c is given by,
7% Y76 _ 274

a b C

The required line passes through the point (1,2,-4), now we need to find the direction ratios of the line which
are a,b,c . this equation of the required line is,

X—1 y—2 z+4

a b C
It is given that a line having Cartesian equation % = {'—J;z = z_?m is perpendicular to the required line, so the
dot product equation will be equal to zero.
ax8 + bx(-16) + cx7 =0
8a-16b+7c =0 ...... (i).
It is given that a line having Cartesian equation \_Tb = }'_ng= z_;: is perpendicular to the required line,

So the dot product equation will be equal to zero.

ax3 + bx8 + cx(-5)=0

3a+8b-5¢ =0 ........ (ii).

By solving equation (i) and (ii), we get, by using cross multiplication method,

a —b C

(—5)(—16) - (8)(7) (-5)(8)—(3)(7) (8)(8)— (3)(—16)




a_b_c _;

24 61 112
a =24\ b =61A c=112A
Put these values in the required equation of line,

X—1 y—2 z+4
24} 61A 112X

Therefore, this is the required equation of line.

19. Question

. 5 w+?2 y .
Show that the lines X = V = Eand X = = Eare perpendicular to each other.
7 -5 1 1 2
Answer
The Cartesian equation of the lines are \;;' ¥z 2;10 and 1; = % = g and we need to find that weather the

lines are perpendicular or not, so we will use the dot product equation, as we know the direction ratios of
both the lines.

ajay+biby+cicy = (7)(1) + (-5)(2) + (1)(3) =7-10+3=0
Hence the given lines are perpendicular because,
cos06=0
T
0= E

20. Question

Find the vector equation of the line passing through the point (2, -1, -1) which is parallel to the line
6x —2=3y+1=2z-2.
Answer

The Cartesian equation of a line passing through a point (x4, y1, z;) and having directional ratios proportional
to a,b,c is given by,
7% Y76 _ 274

a b C

The required line passes through the point (2,-1,-1), now we need to find the direction ratios of the line
which are a,b,c . this equation of the required line is,

X—2 y+1 z+1
a b

It is given that a line is parallel to the required line and has the Cartesian equation 6x-2 = 3y+1 = 2z-2,

6x—2  3y+l  2z-2 x—= y4i  z-2
= = ,_ a2 _2 2 __" 3

6 6 1 2 3

which can be further solved to it's generalized form, which is

|
I~

% 1 +J.
- = }'_2 =
2

So we get the direction ratios as, =
1

-4

=A

|,

a=1Ab=2A c=3A

as we know that two parallel lines have their direction ratios, suppose a line has direction ratios a,b,c and the
line parallel to this line will have direction ratios ka,kb,kc .

putting these values in the required line equation, we get,

x—2 y+1 z+1
1A 22 3A




x—2 y+1 z+1
1 2 3
To convert this Cartesian form to the vector equation form, first equate the Cartesian form to a scalar,

x—2 y+1 z+1
1

Il
Il
Il
>

Now equate all parts to this scalar individually,
X-2 = A, y+1 = 2A, z+1 = 3A
X=24+Ay=2A-1,z=3A-1

we know thatT = xi+yj+zk = 3+Ab

xi+yj+zk = 2+Ni+ (2N - 1)j + (3A - 1)k
xi+yj+zk = (21-1j-1k) + A(1i+2j+3k)

21. Question

If the lines x -1 _ 7 = and == = s are perpendicular, find the value of k.

Answer

We are given with the Cartesian equation of two lines and their direction ratios are in the form of some
variable we need to find the value of this variable so that these lines are perpendicular to each other. We
can use the dot product equation to solve this problem, which is,

a1a2+b1b2+c1c2 =0
the equation of the lines are,

x—1 y—2 z-3
-3 2k 2

x—1 y—1 z-6
3k 1 -5

By using the direction ratios of these lines in the dot product equation, we get,
(-3)3k + 2k(1) + 2(-5) =0
-9k + 2k-10=0

—-10
k=22
7

22. Question

If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, -6) and (2, 9, 2) respectively, then find
the angle between the lines AB and CD.

Answer

We need to find the angle between two lines AB and CD but we are not given with the equations this time
and we are given with only the points through which these lines start and end.

The coordinates of A, B, C, D are (1,2,3), (4,5,7), (-4,3,-6), (2,9,2).
The direction ratios of line AB are (4-1,5-2,7-3) = (3,3,4)
The direction ratios of line CD are (2+4,9-3,2+6) = (6,6,8)

We can see that the fraction of the corresponding direction ratios will be a constant,

3 4 1
- =- == (constant)
& g 2



Therefore, lines AB and CD are parallel to each other, so the angle between them can be (° or 180° .
23. Question

Find the value of so that the following lines are perpendicular to each other.

x-5 2-y l-zx 2vy+1 1-z

Sh+2 5 -1 1 47 -3
Answer

We are given with the Cartesian equations of two lines and their direction ratios are in the form of variables,
we need to find the value of this variable and give the complete equation, it is also given that the lines are
perpendicular to each other.

The equations of the lines are,

x—5 2-y 1-z
5A+2 5 —1

X 2vyv+1 1-z

1 4\ @ -3

These are not in their standard form, so after converting them, we get

Xx—5 y—2 z-1
EA+2 -5 1

Now as we know the direction ratios of both the lines, so by using the dot product equation, we get,
ajar+ byby+cico=0

(5A+2)1 + (-5)2A +1(3) =0

5A+2-10A+3=0

-5A+5=0

A=1

24. Question

n 5 _

Find the direction cosines of the line Xr- = = - .Also, find the vector equation of the line
2 6 6

through the point A(-1, 2, 3) and parallel to the given line.

> —
2 2y-—

Answer

In this question we have to convert Cartesian equation to vector equation, we are given with the Cartesian
equation of the line which is %2 = ¥= J—: as we can see that this line is not in the standard form, so after
converting it we get,

7
x+2 ¥V¥—5 z-5
2 3 —6

Now the direction ratios of this line is 2,3,-6

The direction cosines of the line are,

2 2

V22+324(-6)2 7

3 3
ms=—r——————==-
V22+324(-6)2 7



—6 —6
N =" ez 7
V25435 +(—6) 7

To convert this Cartesian form to the vector equation form, first equate the Cartesian form to a scalar,

(2}

7
x+2=]|-"——2 _ITTh =)
3

2 ]

Now equate all parts to this scalar individually,

X4+2 =2\, y -g = 3\, z-5 = -6A

X =22,y = 3)\45, Z = 5-6\

we know thatT = xi+yj+zk = 3+Ab

xi+yj+zk = (2A-2)i + (3/\+§)j + (-6A+5)k

xXi+yj+zk = (—2T+§]“+5f{) + A(2i+3j-6k)

Therefore, the vector equation of the line is the mentioned above.

Exercise 28.3

1. Question

F—2 +3 -2 y- -3
Show that the lines . and X2 6 _Z7 intersect and find their point of
“ 3’ 3 % /
1 2 3 2 3 3
intersection.
Answer
Given: - Two lines equation: £ = =2 — 2¥3 g 22 _ ¥° _ 223
1 2 3 2 3 4
To find: - Intersection point
We have,
X y—2 z+ 3
- = = = A (let)

1 2 3

=2xXx=Ay=2A+2andz=3A-3

So, the coordinates of a general point on this line are
(A, 2A + 2, 3N -3)

The equation of the 29 line is

XxX—2 vyv-—6 z—3 et
R )

2X=2u+2,y=3u+6andz=4u+ 3

So, the coordinates of a general point on this line are
(2u+2,3u+ 6, 4u + 3)

If the lines intersect, then they must have a common point.
Therefore for some value of A and [, we have

SA=24+2,2A+2=3u+6,and3A-3 =4u + 3



and 3A-4u=6...... (iii)

putting value of A from eq i in eq ii, we get
=22(2u+2)-3u=4

=24u+4-3u=4

>u=0

Now putting value of uin eq i, we get

SA=2u+2
=A=2(0)+2

As we can see by putting value of A and p in eq iii, that it satisfy the equation.

Check

=23A-4u=6

= 3(2) = 6 ;Hence intersection point exist or line do intersects

We can find intersecting point by putting values of 4 or A in any one general point equation
Thus,

Intersection point

A2AN+2,3A-3

=2,6,3

2. Question

. -1 y+ — +2 y— + .

Show that the lines x—1 = 1 = z—1 and X = 1 = z+1 do not intersect.
3 2 3 4 3 -2

Answer

Given: - Two lines equation: %1 = %1 = *1and x:Z = }'T—l = Z_+21

To find: - Intersection point

We have,

:=<;—1_3,f+1_z—1_]'th
5 - 2~ 5 — Ay

=>x=3A+1,y=2A-1landz=5A+1

So, the coordinates of a general point on this line are
(BA+1,2A-1,5A+1)
The equation of the 2"d [ine is

X+2 y-—-1 z+ 1
4 3 =2

= p(let)

=>2X=4u-2,y=3u+landz=-2u-1

So, the coordinates of a general point on this line are
(4p-2,3u+1,-2u-1)

If the lines intersect, then they must have a common point.

Therefore for some value of A and , we have



=2>3A+1=4p-2,2A-1=3p+1,and5A+1=-2u-1

and 5A + 2u = - 2 ......(iii)

putting value of A from eq i in eq ii, we get

8 — 6—9u
= — =

3
= 8u—6—9u =6
>-u=12
=>u=-12
Now putting value of pin eq i, we get

) = -3
3

4(-12)-3
3

=>;'L=

=>A=-17

As we can see by putting value of A and u in eqiii, that it does not satisfy the equation.
Check

LHS

=5\ +2u

=5(-17) + 2(-12)

-85-24

=-109
# RHS
Hence intersection point does not exist or line do not intersects

3. Question

+ 7+ 3 +5 -2 — —

Show that the lines x+1 = YT = Z7- and - = y—4 = z-6 intersect. Find their point of
3 5 7 1 3 5

intersection.

Answer

Given: - Two lines equation:% = }'fa = Z:E'and \;12 = }'T_‘L = 2;_6

To find: - Intersection point

We have,

X+1 v+ 3 z+ 5

= = = A (let)

3 5 7
=>x=3A-1,y=5A-3andz=7A-5

So, the coordinates of a general point on this line are



(3A-1,5A-3,7A-5)
The equation of the 29 line is

Xx—2 y—4 Z—06
1 3 5

= p(let)

>5X=Ud+2,y=3u+4andz=5u+6

So, the coordinates of a general point on this line are
(LW+2,3u+4,5u+6)

If the lines intersect, then they must have a common point.
Therefore for some value of A and y, we have

3A-1=u+2,5A-3=3u+4,and7A-5=5u+6

L+ 3
= 5( )—3pn =7
3
5p + 15—9p
ﬁf=

= bp+ 15—9p = 21

= —4) = 6
3
==
‘ 2

Now putting value of uin eq i, we get

- 243
3

Lo _ T3te
6
A 1
= A =_
2

As we can see by putting the value of A and p in eq iii, that it satisfy the equation.
Check
=>7A-5u=11
1 3
~7(3)-5¢-2 =11

7+15
2

=

=11

=11 =11

= LHS = RHS ; Hence intersection point exists or line do intersects

We can find an intersecting point by putting values of g or A in any one general point equation
Thus,

Intersection point



3A-1,5A-3,7A-5

3(3)-15(5)-37(3) -5
2 A2 A2

1 1 3

2 2" 2

4. Question

Prove that the lines through A(0O, - 1, - 1) and B(4, 5, 1) intersects the line through C(3, 9, 4) and D( - 4, 4, 4).
Also, find their point of intersection.

Answer

Given: - Line joining A(0, - 1, - 1) and B(4, 5, 1).

Line joining C(3, 9, 4) and D( - 4, 4, 4).

To Prove: - Both lines intersects

Proof: - Equation of a line joined by two points A(x4,Y1,21) and B(xy,y>,25) is given by

X% V=V T

X —% Y2—¥1 Z; =1y

Now equation of line joining A(O, - 1, - 1) and B(4, 5, 1)

x—0 v +1 z+1
S 4-0 54+1 1+1

y+1 z+1
6

=22 = A(le)

= |

=>X=4\, y=6A-1landz=2A-1

So, the coordinates of a general point on this line are
(4N, 6A-1,2A-1)

And equation of line joining C(3, 9, 4) and D( - 4, 4, 4)

Xx—3 y—4 z-—4
—4—-3 4-9 4-4

= 2%1' = p(let)

=>x=-7u+3,y=-5u+9andz=4

So, the coordinates of a general point on this line are
(-74+ 3,-5u+9,4)

If the lines intersect, then they must have a common point.
Therefore for some value of A and [, we have

=24 A=-Tu+3,6A-1=-5u+9,and2A-1=4

=6A+5u=10...... (i)
and2A =5 ...... (iii)

from eq iii, we get



ﬁ;\_:

B

Now putting the value of A in eq i, we get

-3 _ T7p+3

2 4

sy =-1

As we can see by putting the value of A and p in eq ii, that it satisfy the equation.
Check

= 6A + 5u =10

=6(3) + 5(-1) = 10

30-10
=
2

= 10

=10 =10

= LHS = RHS ;Hence intersection point exist or line do intersects

We can find intersecting point by putting values of 4 or A in any one general point equation
Thus,

Intersection point

-7Ju+3,-5p+9,4

-7(-1)+3,-5(-1)+9,4

10, 14, 4

5. Question

Prove that the line 1 = (1 +_|—k) +}.~('3i“ —J) and 1 = (41 —l::)+.u (21 -|-31;;) intersect and find their point of

intersection.

Answer

Given: - Two lines having vector notion ¥ = (i + j—k) + A(3i—f)andt = (41— k) + p(21 + 3k
The position vectors of arbitrary points on the given lines are

15t line

=(1+7-k)+A@Ei-1

= GBA+ DI+ (1-Nj—k

2nd fine

= (41— k) + p(2i + 3k)

= (2n + DI + (3p— Dk

If the lines intersect, then they must have a common point.

Therefore for some value of A and u, we have

=>BA+1)=2u+4,1-A=0,-1=3u-1



and u=0...... (iii)

from eq ii and eq iii we get

=2>A=1landpu=0

As we can see by putting the value of A and u in eq i, that it satisfy the equation.

Check

=>3\-2u=3

=3(1)-2(0) =3

=23=3

= LHS = RHS ; Hence intersection point exists or line do intersect

We can find an intersecting point by putting values of g or A in any one general point equation
Thus,

Intersection point

>F=(1+j-k) +A3i-7

=t=(1+7-k + (31—

=T = 4i-k
Hence, Intersection point is (4,0, - 1)
6 A. Question

Determine whether the following pair of lines intersect or not :

. m ~ P Y ~ ~

r=(1 )+ x(2i +k) and 1 = (21 ~1)+u (1 +] ~k)
Answer

Given: - Two lines having vector notion ¥ = (i1—17) + A(2i + k) and ¥ = (2i—) + (i + j—k)
The position vectors of arbitrary points on the given lines are
15t line

=({-7) +A21+ Kk

= (2A + Di—j + Ak

29 jine

= (2i-) +ni+j-F

=(n+2)i+ (p—Dj—pk

If the lines intersect, then they must have a common point.
Therefore for some value of A and u, we have

22N+ 1)=u+2,-1=u-1,A=-q

from eq ii and eq iii we get



=2>A=0andpu=0

As we can see by putting the value of A and p in eq i, that it does not satisfy the equation.
Check

=2>2A-u=1

=2(0)-(0)=1

=20=1

= LHS#RHS ;Hence intersection point exist or line does not intersects

6 B. Question

Determine whether the following pair of lines intersect or not :

— rL 4 r
X 1:‘ lzzandx—lz} -;Z=2
2 3 5 1
Answer
Given: - Two lines equation:? = %1 = zand =2 = 1"—;2;z= 3
We have,
x—1 v +1 3 (let
2~ 3 —E= A

=>X=2A+1,y=3A-1landz=A

So, the coordinates of a general point on this line are
(2A+ 1,37 -1, A)

The equation of the 2" line is

x—1 y—2
5 1

= pn(let),z = 3

=>2X=5u+1,y=p+2andz=3

So, the coordinates of a general point on this line are
BSu+1,u+2 3)

If the lines intersect, then they must have a common point.
Therefore for some value of A and u, we have

=22\ +1=5u+1,3A-1=p+2,andA=3

=2>2A-5u=0...... (i)
=23A-u=3.... (ii)
and A =3 ... (iii)

putting the value of A from eq iii in eq ii, we get

=>3A-u=3
=3(3)-p=3
:p=6

As we can see by putting the value of A and pin eq i, that it does not satisfy the equation.
Check
=22A-5u=0



=2(3)-5(6)=0

=2-24=0

= LHS=#RHS; Hence intersection point exists or line does not intersects.
6 C. Question

Determine whether the following pair of lines intersect or not :

x-1 y-1 z+1 x-4 y-0 z+1

== = and =
3 -1 0 2 0 3
Answer
. . . x—1 -1 +1 x—4 —0 +1
Given: - Two lines equation: — = ¥—= = 22 -gnd =— = = = %
3 -1 1] 2 1] a2
We have,

X_l—y_l—z-i_l—llt
T

=>X=3A+1,y=-A+landz=-1
So, the coordinates of a general point on this line are
BA+1,-A+1,-1)

The equation of the 2"d line is

xX—4 vy-0 z+ 1
> =0 " 3 = p(let)

=>2X=2u+4,y=0andz=3u-1

So, the coordinates of a general point on this line are

(2u+4,0,3u-1)

If the lines intersect, then they must have a common point.

Therefore for some value of A and , we have

=2>3A+1=2u+4,-A+1=0,and-1=3u-1

>A=1.... (ii)

and pu=0...... (iii)

from eq ii and eq iii, we get

>A=1

andpu=0

As we can see by putting the value of A and u in eq i, that it satisfy the equation.
Check

=>3A-2u=3

=3(1)=3

=3=3

= LHS = RHS ;Hence intersection point exist or line do intersects

We can find intersecting point by putting values of g or A in any one general point equation

Thus,



Intersection point
2u+4,0,3u-1
4,0,-1

6 D. Question

Determine whether the following pair of lines intersect or not :

Xx-5 y-7 z+3 Xx-8 y—-4 z-5
= = = and = = — .
4 4 -5 7 1 3
Answer
Given: - Two lines equation: \;: = FT_? = z_+_3 and % = 1"—:4 =

To find: - Intersection point
We have,

x—-5 y-7 z+ 3
4 4 = -5

= A (let)

=>X=4A+5,y=4A+7andz=-5A-3

So, the coordinates of a general point on this line are
(AN +5,4N+7,-51-3)

The equation of the 2" line is

Xx—8 y—4 z—5
7 1 3

= p(let)

>X=7u+8,y=p+4andz=3u+5

So, the coordinates of a general point on this line are
(7u+8,u+4,3u+5)

If the lines intersect, then they must have a common point.
Therefore for some value of A and y, we have

24N +5=7u+8,4A+7=p+4,and-5A-3=3u+5

SUu=4A+3 ... (ii)
and-5A-3u=8..... (iii)

putting the value of u from eq ii in eq i, we get
24\ -Tu =3

=4A-T7(4N+3) =3

=4\-28A-21=3

=-24\ =24

s>A=-1

Now putting the value of A in eq ii, we get
SU=4A+3

>u=4(-1)+3

=>|J=—]_



As we can see by putting the value of A and p in eq iii, that it satisfy the equation.
Check

=-5A-3u=28

=-5(-1)-3(-1)=8

=25+3=38

=>8=28

= LHS = RHS ;Hence intersection point exist or line do intersects

We can find intersecting point by putting values of i or A in any one general point equation
Thus,

Intersection point

4N+ 5,4N+7,-5A-3

4(-1)+5,4-1)+7,-5(-1)-3

1,3,2

7. Question

Show that the lines T = 31 +jj 4k -|-,-(1 +2}+212;)andf —5i— jj +1 (31 +2j +61;;) are intersecting.

Hence, find their point of intersection.
Answer

Given: - Two lines having vector notion ¥ = 3i + 2j—4k + A(i + 2j + 2k) and
F=51—2] + pu3i + 2j + 6k)

To show: - Lines are intersecting

The position vectors of arbitrary points on the given lines are
15t line

=31 + 2§—4k + A1 + 2] + 2K

=+ 3+ (20 + 2] + (2A— Dk

2" fine

= 51— 2j + pu(3i + 2j + 6k)

(3p + 5)i + (2p—2)j + 6pk

If the lines intersect, then they must have a common point.
Therefore for some value of A and y, we have

=>A+3)=3u+52A+2=2u-2,2A-4=06u

and A-3u=2...... (iii)

putting value of A from eq i in eq ii, we get
SA-u=-2

23U+2-u=-2

=2>2u=-4



s>u=-2

Now putting value of uin eq i, we get

=>A=3u+2

=>A=3(-2)+2

=2A=-6+2

s>A=-4

As we can see by putting value of A and p in eq iii, that it satisfy the equation.
Check

=>A-3u=2

=-4-3(-2)=2

=2-4+6=2

=2=2

= LHS = RHS ; Hence intersection point exists or line do intersect

We can find an intersecting point by putting values of g or A in any one general point equation
Thus,

Intersection point

=F = 5i—2] + u(3t + 2j + 6k)

l

t=5i—2f + (-2)(31 + 2j + 6k)

=% = —i—6j— 12k

Hence, Intersection pointis (-1, - 6, - 12)
Exercise 28.4

1. Question

Find the perpendicular distance of the point (3, -1, 11) from the line X = y S

Answer

Given: - Point P(3, - 1, 11) and the equation of the Iineg = 1"—_32 = ?

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.
Thus to find Distance PQ we have to first find coordinates of Q

X y—2 z—3

2 -3 4

= A (let)

>X=2\yYy=-3A+2,z=4\+3
Therefore, coordinates of Q(2A, - 3A + 2,4A + 3)

Now as we know (TIP) ‘if two points A(xq1,y1,21) and B(X3,y2,23) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,25 - 1)’

Hence

Direction ratio of PQ is



=(2A-3),(-3A+2+1), (4N +3-11)

=(2A-3),(-3A+1), (41 -8)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(2,-3,4)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

ajar + bybs + c1c5, = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

=22A-3)+(-3)(-3A+3)+4(47A-8)=0
=24A-6+9A-9+16A-32=0

~20A-47 =0
L
AT 59

Therefore coordinates of Q
i.e. Foot of perpendicular
By putting the value of A in Q coordinate equation, we get
- QG300 + 24G0) + 3)
29 29 29

94 —83 275
N Q(zg’ 29 ' 29
Now,
Distance between PQ

Tip: - Distance between two points A(x1,¥1,27) and B(x5,y»,25) is given by

= v;(xz_xﬂz + (y2 —y)? + (2, —2,)?

2 2

(94 3)2 N (—83 N 1) N (275 11)
29 29 29

(94—87)2 N (—83 + 29)2 N (275— 319)2
29 29

NN
29 29

49 N 2916 . 1936
841 841 841




_ 4901
2. Question

Find the perpendicular distance of the point (1, 0, 0) from the line > —1_y+1_z+ 10, Also, find the

2 -3 8
coordinates of the foot of the perpendicular and the equation of the perpendicular.

Answer

Given: - Point P(1, 0, 0) and equation of Iine? = =

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.
Thus to find Distance PQ we have to first find coordinates of Q

x—l_y+1_z+10_]'th
2 - 3~ g~ My

=>X=2A+1,y=-3A-1,z=8A-10
Therefore, coordinates of Q(2A + 1, - 3A - 1,8A - 10)

Now as we know (TIP) ‘if two points A(xq1,y1,21) and B(X3,y2,23) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,25 - 27)’

Hence

Direction ratio of PQ is

=(2A+1-1),(-3A-1-0),(87A-10-0)

= (2A), (-3A-1), (8A-10)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(2,-3,8)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

aja + biby + c1¢c; = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

=2(2N) + (-3)(-3A-1)+8(8A-10)=0

=24A+9A+3 +64A-80=0

=2>77IA-77=0

=>A=1

Therefore coordinates of Q

i.e. Foot of perpendicular

By putting the value of A in Q coordinate equation, we get

=Q(2(1) + 1,-3(1)—1,8(1) —10)

=Q(3,—-4-2)

Now,

Distance between PQ



Tip: - Distance between two points A(xq,Y1,21) and B(X3,Y>,2>) is given by

= v;(xz_xﬂz + (y2 —y)? + (2, —2,)?

=J(1-3)2+ (0 + 4)2 + (—2—10)2

= V(=22 + (9?7 + (-2)2

=V&+ 16 + 4

[24

= 2V6 unit
3. Question

Find the foot of the perpendicular drawn from the point A(1, 0, 3) to the joint of the points B(4, 7, 1) and C(3,
5, 3).

Answer

Given: - Perpendicular from A(1, 0, 3) drawn at line joining points B(4, 7, 1) and C(3, 5, 3)

Let D be the foot of the perpendicular drawn from A(1, 0, 3) to line joining points B(4, 7, 1) and C(3, 5, 3).
Now let's find the equation of the line which is formed by joining points B(4, 7, 1) and C(3, 5, 3)

Tip: - Equation of a line joined by two points A(x1,¥1,21) and B(X>,y>,2») is given by

=% Y=y I

X —% Y2—¥1 Z; =1y

—1 —2 2

Now

Il N A e N
-1 —2 2

Therefore,

>X=-A+4,y=-2A+7,z=2A+1
Therefore, coordinates of D(-A+ 4, -2A+ 7,2A + 1)

Now as we know (TIP) ‘if two points A(xq1,y1,21) and B(X3,y2,23) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,25 - 1)’

Hence

Direction Ratios of AD

=(-A+4-1),(-2A+7-0),(2A-2)

=(-A+3),(-2A+7),(2A-2)

and by comparing with given line equation, direction ratios of the given line are

(hint: denominator terms of line equation)



= ( - 1! - 2:2)
Since AD is perpendicular to given line, therefore by “condition of perpendicularity”

ajar + bybs + ¢c1c», = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

S>-1(-A+3)+(-2)0(-2A+7)+2(2A-2) =0
SA-3+4rA-144+4A-4=0

=29A-21=0
1 21
= 1= —
9
1 7
=473

Therefore coordinates of D
i.e Foot of perpendicular
By putting value of A in D coordinate equation, we get

=D(-A+4-27A+ 722 + 1)
=D 7+4 27 -I—727 + 1

17

5 7
N (’3’3)

W

4. Question

A (1,0, 4), B(0, - 11, 3), C(2, - 3, 1) are three points, and D is the foot of the perpendicular from A on BC.
Find the coordinates of D.

Answer
Given: - Perpendicular from A(1, 0, 4) drawn at line joining points B(0, - 11, 3) and C(2, - 3, 1)

and D be the foot of the perpendicular drawn from A(1, 0, 4) to line joining points B(0, - 11, 3) and C(2, - 3,
1).

Now let's find the equation of the line which is formed by joining points B(0, - 11, 3) and C(2, - 3, 1)
Tip: - Equation of a line joined by two points A(x7,y1,2z7) and B(x5,y2,25) is given by

X% VoV ZTTL

X% Y2—¥1 Z; =4y

x—0 y + 11 z—3
2—-0 -3+11 1-3

X y + 11 z—3
2 8 -2

Now

_:s:;_j,f+11_25—3_)th
=2~ 8 ~ — —Me

Therefore,



=>X=2\,y=8\A-11,z=-2A+ 3
Therefore, coordinates of D(2A, 8A - 11, - 2A + 3)

Now as we know (TIP) ‘if two points A(xq1,¥1,27) and B(X5,¥»,25) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - Y¥1,23 - 27)’

Hence

Direction Ratios of AD

=(2A-1),(BA-11-0),(-2A+3-4)

=(2A-1),(BA-11),(-2A-1)

and by comparing with given line equation, direction ratios of the given line are

(hint: denominator terms of line equation)

=(2,8,-2)

Since the AD is perpendicular to given line, therefore by “condition of perpendicularity.”

a;a, + biby + c1¢; = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

>2(2A-1) + (8)(BA-11)-2(-2A-1)=0
S 4N-2+64N-88 +4A+2=0

~72\-88 =0
L 88
AT
,_u
= 1= —
9

Therefore coordinates of D
i.e. Foot of perpendicular
By putting the value of A in D coordinate equation, we get

= D(21,84—11,-24 + 3)

D(2 (%),8 (%) - 11,—2(%) +3)

22 11

D 5
[:9’ 9'9)

5. Question

Find the foot of perpendicular from the point (2, 3, 4) to the line 4-X = J = 1__2 Also, find the

2 6 3

perpendicular distance from the given point to the line.
Answer

Given: - Point P(2, 3, 4) and the equation of the Iine‘j‘%x = % = ?

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.

Thus to find Distance PQ we have to first find coordinates of Q



=~ = A(let)

4—x ¥ 1—-z
6 3

=>X=4-2\,y=06A,z=1-3A
Therefore, coordinates of Q( - 2A + 4, 6A, - 3A + 1)

Now as we know (TIP) ‘if two points A(xq,y1,21) and B(x3,y>,Z3) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,25 - 1)’

Hence

Direction ratio of PQ is

=(-2A+4-2),(6A-3),(-3A+1-4)

=(-2A+2),(6A-3),(-3A-3)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(-2,6,-3)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

ajar + bibs + c1¢, = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

=-2(-2A+2)+ (6)(6A-3)-3(-3A-3)=0
=24A-4+36A-18+9A+9=0

=249\ -13 =0
1 13
=2 1= —
49

Therefore coordinates of Q
i.e. Foot of perpendicular

By putting the value of A in Q coordinate equation, we get
2(13)+4613 313 + 1

170 78 10

BRI

Now,
Distance between PQ

Tip: - Distance between two points A(x1,¥1,27) and B(x>,y>,25) is given by

= xf'f(xz_xﬂz + (2 —y)? + (2, —7,)?
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6. Question

Find the equation of the perpendicular drawn from the point P(2, 4, -1) to the line

X+3 y+3 z-6
1 4 -9

Also, write down the coordinates of the foot of the perpendicular from P.

Answer
Given: - Point P(2, 4, - 1) and equation of Iine# =< — =

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.

Thus to find Distance PQ we have to first find coordinates of Q

X+5 vyv+3 Z—6

: : — = (et

=>X=A-5y=4A-3,2=-9A+ 6
Therefore, coordinates of Q(A - 5,4\ - 3, - 9A + 6)

Now as we know (TIP) ‘if two points A(xq,y1,21) and B(x5,y>,23) on a line, then its direction ratios are
proportional to (x5 - X1,y - Y1,22 - 71)’

Hence

Direction ratio of PQ is

=(A-5-2),(4AN-3-4),(-9A+6 +1)

=(A-7),(4N-7),(-9A+7)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(1,4,-9)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

ajar + bybs + c1¢», = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to



each other.

=21A-7)+ (4)4A-7)-9(-9A+7)=0
=>A-7+16A-28+81A-63=0

=98A-98=0

>A=1

Therefore coordinates of Q

i.e. Foot of perpendicular

By putting the value of A in Q coordinate equation, we get

= Q((1)-54(1)-3,-9(1) + 6)

= Q(-41,-3)

Now,
So, Equation of perpendicular PQ is
Tip: - Equation of a line joined by two points A(x7,y1,27) and B(x5,y2.25) is given by

X% Y=V I
X% Y2—¥1 Z; =4y

7. Question

Find the length of the perpendicular drawn from the point (5, 4, -1) to the line I = 1 + ,f(21 + 9ii+51:;)_

Answer

Given: - Point (5, 4, - 1) and equation of lineT = 1 + A(21 + 9] + 5k)

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.
As we know position vector is given by

f=xi+y+zk

Therefore,

Position vector of point P is

51 + 4§ — 1k

and, from a given line, we get
LF =1+ A2+ 9 + 5k

-~

_xi+y) +zk =1+ A2i + 9] + 5k)



xi +y] +zk = (1 + 20)i + 9A] + 51k

On comparing both sides we get,

=>x=1+2\y =9\, z=5A

9

x—1 i
= 2

z
5

=2, Equation of line

Thus, coordinates of Q i.e. General point on the given line
= Q((1 + 2A), 9A, 5A)

Now as we know (TIP) ‘if two points A(xq1,y1,21) and B(X3,y2,23) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,25 - 27)’

Hence

Direction ratio of PQ is

=(2A+1-5),(9A-4), (5A + 1)

=(2A-4),(9A-4), (512 + 1)

and by comparing with line equation, direction ratios of the given line are

(hint: denominator terms of line equation)

=(2,9,5)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

aja, + biby + c1¢; = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

=2(2A-4) + (9)(9A-4) + 5(5A+1) =0
=24A-8+8lA-36+25A+5=0
=110A-39=0

39

=A=10

Therefore coordinates of Q
i.e. Foot of perpendicular

By putting the value of A in Q coordinate equation, we get

- ¢2(gyg) + 1 (575)-6575)

188 351 195
=Q 110°110°110
Now,

Distance between PQ

Tip: - Distance between two points A(x1,¥1,27) and B(x>,y>,25) is given by

= v;(xz_xﬂz + (y2 —y)? + (2, —2,)?
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8. Question

Find the foot of the perpendicular drawn from the point 1 n 5:i n 31:; to the line f = j+ 21;; —|—,ﬂ(1 +Zj —|—312;)_
Also, find the length of the perpendicular.

Answer

Given: - Point with position vectori + 6j + 3k and equation of line ¢ = j + 2k + A(i + 2j + 3k)
Let, PQ be the perpendicular drawn from P (j + 6] + 3f) to given line whose endpoint/ foot is Q point.
Q is on line

fF=7+2k+ A+ 2+ 3k

=AM+ (2A+ 1)j+ (32 + z)ﬁ is the position vector of Q

Hence,

P_d = position vector of Q — position vector of P

=PQ = (A + (2A + 1)j + (3% + 2)k) — (i + 6] + 3k)

=PQ = Al + (2L + 1)j + (32 + 2)k—1—6j— 3k

>PQ = (A—1i+ (1 + 2A—6)j + (3A—3 + 2)k

=>PQ = (A—1)i+ (2A-5)j + (3A— 1)k

Since, PQ is perpendicularon linef = j + 2k + A(i + 2j + 3k)

Therefore, their Dot product is zero

Compare given line equation with § = 3 + Ab

—

=PQ.b=0



>{A-1Di+ (2A-5)j+ GA—-DkL{i+ 2]+ 3k} =0
=>(A—-1)(1) + 2(2A—-5) + 3(3A—1) =0
2A-1+4A-10+92 -3 =0

=14A-14=0

>A=1

Hence Position vector of Q by putting the value of A

A+ (A + Df+ 32+ 2)k

=i+ 2+ 1Dj+ 3+ 2k

=1 + 3j + 5k Foot of perpendicular

and Distance PQ, putting the value of A in PQ vector equation, we get
2P0 = (A—1i+ (2A-5)j + (3A— 1k

=PQ = (1-1)i+ (2-5)j + (3— 1)k

=>PQ = —3j + 2k

Now, Magnitude of PQ

We know that,

|AB| = \;m ; where x,y,z are coefficient of vector

Hence

= |PQ| = /0% + (—3)2 + 22
=|PQ| = VO + 4

= |pQ| = /13 units

9. Question

Find the equation of the perpendicular drawn from the point P(-1, 3, 2) to the line

I = ( 2] + 31{) +}..('2i +j +3l:;)_ Also, find the coordinates of the foot of the perpendicular from P.
Answer

Given: -

Point P( - 1, 3, 2) and equation of linef = (2 + 3k) + A(21 + ] + 3k)

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.

As we know position vector is given by

f=xi+y+zk

Therefore,

Position vector of point P is

—i+ 3] + 2k

and, from a given line, we get



L= (2§ +3k) + A(21 + ] + 3k)

-~

xi +y +zk

(2] + 3k) + A(21 + § + 3k)
_xi+ vy +zk = 20+ (A + 2)] + (3L + 3)k

On comparing both sides we get,

2>X=2\,y=A+2,z=3A+3

y—2 z—3 A
"2 ", Equation of line

Thus, coordinates of Q i.e. General point on the given line

= Q(2A, (A + 2), (3A + 3))

Now as we know (TIP) ‘if two points A(xq1,y1,21) and B(x3,y2,23) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,25 - 27)’

Hence

Direction ratio of PQ is

=Q2A+1),(A+2-3),(3A+3-2)

=(2A+1),(A-1), BA+1)

and by comparing with line equation, direction ratios of the given line are

(hint: denominator terms of line equation)

=(2,1,3)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

aja, + biby + c1¢; = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

2222 + 1)+ (A-1)+33A+1)=0
24A+2+A-14+9A+3=0

S 14N +4=0
X 4
AT T
N 2
= A= ——=
7

Therefore coordinates of Q
i.e. Foot of perpendicular
By putting the value of A in Q coordinate equation, we get

2N, (A + 2), (32 + 3)

e as( e



Position Vector of Q

4 12 15
7't

Now,

Equation of line passing through two points with position vectord and bis given by

f=a+Mb-3)

154

LE= (i3 42k + Al B+ B - (i + 3+ 28
10. Question

Find the foot of the perpendicular from (0, 2, 7) on the line Xr- = Y =

Answer
Given: - Point P(0, 2, 7) and equation of Iine% =5 =3

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.
Thus to find Distance PQ we have to first find coordinates of Q

xX+2 y-—-1 z—3
-1 3 @ -2

= A (let)

=>X=-A-2,y=3A+1,z=-2A+3
Therefore, coordinates of Q(-A -2, 3A + 1, - 2A + 3)

Now as we know (TIP) ‘if two points A(xq1,¥1,27) and B(x5,¥>,25) on a line, then its direction ratios are
proportional to (X5 - X1,¥Y2 - Y¥1,23 - 27)’

Hence

Direction ratio of PQ is

=(-A-2-0),3A+1-2),(-2A+3-7)

=(-A-2),(3A-1),(-2A-4)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(-1,3,-2)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

a;a, + bibs + c1¢5; = 0 ; where ‘a’ terms and ‘b’ terms are direction ratio of lines which are perpendicular to
each other.



=>-1(-A-2)+(3)3A-1)-2(-2A-4)=0
=>A+2+9A-3+4A+8=0

=14A+7=0

1
A=—3

Therefore coordinates of Q
i.e. Foot of perpendicular

By putting the value of A in Q coordinate equation, we get
( 1) 2,3 L + 1,-2 L + 3
=Q(—(-3)-23(3 + L-2(-3) + 3)

3 1
= Q(-3.—3

7Y

11. Question

x+1l v-3 z

Find the foot of the perpendicular from(1, 2, -3) to the line

Answer

Given: - Point P(1, 2, - 3) and equation of line x; L = 1"_—_23 = _il

Let, PQ be the perpendicular drawn from P to given line whose endpoint/ foot is Q point.
Thus to find Distance PQ we have to first find coordinates of Q

x+1 y—-3 z A (let
2 = =3 — g - My

=2>X=2A-1,y=-2A+3,z=-A
Therefore, coordinates of Q(2A -1, - 2A + 3, - A)

Now as we know (TIP) ‘if two points A(xq,y1,z1) and B(x3,y>,Z3) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - ¥1,23 - 1)’

Hence

Direction ratio of PQ is

=(Q2A-1-1),(-2A+3-2),(-A+3)

=(2A-2),(-2A+1),(-A+3)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(2,-2,-1)

Since PQ is perpendicular to given line, therefore by “condition of perpendicularity.”

aiar + bijbs + c1¢5 = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

S202A-2)+ (-2)(-2A+1)-1(-A+3)=0
> AN-4+4N-2+A-3=0



=0A-9=0

>A=1

Therefore coordinates of Q

i.e. Foot of perpendicular

By putting the value of A in Q coordinate equation, we get

=Q(2(1)—1,-2(1) + 3,-1)

=Q(11,-1)

12. Question

Find the equation of the line passing through the points A(0, 6, - 9) and B( - 3, - 6, 3). If D is the foot of the
perpendicular drawn from a point C(7, 4, - 1) on the line AB, then find the coordinates of the point D and the
equation of line CD.

Answer

Given: - Line passing through the points A(0, 6, - 9) and B( - 3, - 6, 3). Point C(7, 4, - 1).
We know that

Tip: - Equation of a line joined by two points A(x7,y1,27) and B(x3,y2.25) is given by

X% VoV ZTTL

X% Y2—¥1 Z; =4y

Hence equation of line AB

x—0 v—06 z+ 9
—-3-0 —-6-6 3+9

X yv—6 z+ 9
-3 -12 12

—X—y_6—2+9—llt
= 3" 12 - 1z My

=>X=-3\y=-12A+6,z=12A-9
Now coordinates of point D
D(-3A, (-12A + 6),(12A-9))

Now as we know (TIP) ‘if two points A(xq1,y1,21) and B(X3,y2,23) on a line, then its direction ratios are
proportional to (x5 - X1,¥Y2 - Y¥1,25 - 27)’

Hence

Direction ratio of CD is

=(-3A-7),(-12A+6-4),(12A-9 + 1)

=(-3A-7),(-12A + 2), (12A - 8)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(-3,-12,12)

Since CD is perpendicular to given line, therefore by “condition of perpendicularity.”



ajar + bijbs + c1¢, = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

=2 (-3)(-3A-7)+(-12)(-12A + 2) + 12(12A-8) =0
=9\ + 21 + 144A-24 + 1447 -96 =0
=297A-99=0

A 1
= A= -
3

Therefore coordinates of D
i.e. Foot of perpendicular
By putting the value of A in D coordinate equation, we get

-3\, (-12A + 6),( 12A - 9)
= o [-3(5).12(3) + 6.12(3) ]
= D(-12,-5)

Hence equation of line CD

X% ¥V T/

X% Y2—¥1 Z; =4y

Xx—7 V-
—-1-7 2

13. Question

5 r
Find the distance of the point (2, 4, -1) from the line X == =

Answer

Given: - Point P(2, 4, - 1) and equation of line KIE = ¥*3 _

Let, Q be a point through which line passes
Thus from given equation of line coordinates of Q is
Q( - 51 - 316)

As we know line equation with direction ratio of given line is parallel to given line.

Hence Line is parallel tob = 1 + 4j— 9k

Now,



_PQ = (—51—3j + 6k) — (21 + 4 k)
_PQ = (-71—7] + 7k)

Now let's find cross product of this two vectors

- i j ok
_bxPQ =11 4 —9
-7 -7 7

—

_bxPQ = —351 + 56j + 21k

The magnitude of this cross product

L [bxPQ| = V1225 + 3136 + 441
_ |o xPqQ| = vasoz

And Magnitude of b

Lo = viFieFs1

_ [bxpql
-4 ="

_ y/aso0z
=>d - N
~d=7 units

14. Question

Find the coordinates of the foot of the perpendicular drawn from the point A(1, 8, 4) to the line joining the
points B(0, - 1, 3) and C(2, - 3, - 1).

Answer
Given: - Perpendicular from A(1, 8, 4) drawn at line joining points B(0, - 1, 3) and C(2, - 3, - 1)

and D be the foot of the perpendicular drawn from A(1, 8, 4) to line joining points B(0, - 1, 3) and C(2, - 3, -
1).

Now let's find the equation of the line which is formed by joining points B(0, - 1, 3) and C(2, - 3, - 1)
Tip: - Equation of a line joined by two points A(x1,¥1.z1) and B(X>,y>,2>) is given by

X% V=V T

X —% Y2—¥1 Z; =1y

x—0 v+ 1 z—3
" 2-0 -34+1 -1-3




X y+1 z—3
2 =2 —4
Now

X y+1 z—3 3 (let
=275 T~ g =M
Therefore,

2>X=2\,y=-2A-1,z=-4A+3
Therefore, coordinates of D(2A, - 2A -1, - 4A + 3)

Now as we know (TIP) ‘if two points A(xq1,¥1,27) and B(X5,Y5,25) on a line, then its direction ratios are
proportional to (X5 - X1,¥Y2 - Y¥1,25 - 27)’

Hence

Direction Ratios of AD

=(2A-1),(-2A-1-8),(-4A+3-4)

=(2A-1),(-2A-9),(-4A-1)

and by comparing with given line equation, direction ratios of the given line are
(hint: denominator terms of line equation)

=(2,-2,-4)

Since AD is perpendicular to given line, therefore by “condition of perpendicularity”

aja, + biby + c1¢c; = 0 ; where a terms and b terms are direction ratio of lines which are perpendicular to
each other.

S2(A-1)+ (-2)(-2A-9)-4(-4A-1)=0
>4N-2+4A+18+16A+4=0
»24A+20=0

20

A= —=

= 24
A 5
T AT TS

Therefore coordinates of D
i.e Foot of perpendicular
By putting value of A in D coordinate equation, we get

D(2A,—2A—1,—4A + 3)

(- s(Y-1-wh e s

52 19

=D__r_r_
( 33 3)

Exercise 28.5
1 A. Question

Find the shortest distance between the following pairs of lines whose vector equations are :



~ o

r=3i+8j+3k+2(31-j+k)and r=-31-7j+6k +1(-31+2j+4k)

Answer
Equation of line in vector form

Line I
= (31+8j+3k) + A(3i—j+ k)
Line Il:
t = (31— 7] + 6k) + p(—3i + 2f + 4k)
Here
a, =31+ 8j+ 3k

i, = 31— 7+ 6k

b, = —3i+2j + 4k
The shortest distance between lines is

|(a2—a1)FxE’)|

b, x b, |

d=

(a2, —a;) = (=31 —7j + 6k) — (3i+ 8] + 3k)

(a; —a,) = —6i — 15j+ 3k

-~

S R
by xb,=13 -1 1

-3 2 4
=b,xb,=(—4-2)i— (12+3)j+ (6 — )k

|@— a7)(b, x b, )| = [(—61 — 15] + 3K)(—6i — 15} + 3K)|

= | @ - a)(b; x b,)| =270

Putting these values in the expression,

[:32 —al)(_)x b }l

Ib, x by |
d— 270
V270
d= V270
d = 330 units

1 B. Question



Find the shortest distance between the following pairs of lines whose vector equations are :

f:(ISiN+5j+712;)+}-.('i“—23+?1%') and 1 =—i—j-k+u(71-6j+k)

Answer

Equation of line in vector form
Line I:

t = (31 + 5]+ 7k) + A(1— 2§ + 7k)
Line II:
f=(-1—-7-k)+pn7i-6+k
Here,

3, =31+ 5]+ 7k

-

A= —i-j—k
b, =i—2j+ 7k

b, =7i— 6] +k
The shortest distance between lines is

_ 1@z —3)(b; x by)]

d — —
[by X by|

(@, -3 =(—i—-7-k) - (31+ 5]+ 7k)

(3 &) = —4i— 6] — 8k

-

by xb,=|1 -2 7
7 -6 1
b, xb, = (=2 +42)1— (1 — 49)j + (=6 + 14)k

X
= b, x b, = 401 + 48] + 8k

b, x b,| = /407 + (48)2 + 82

= |b; x b, | = 8vV62

|@; — a7)(by x by )| = |(—4i — 6 — 8K)(40i + 48] + 8K)|
= |@ - a)(b, xb,)| = | - 512

= |(@ -3 (b, x b,)| =512

Putting these values in the expression,

4 |G -3 (b;xby)|

|b; x by
512
N
64

d= —
V62



d o4 it

= —— units
V62

1 C. Question

Find the shortest distance between the following pairs of lines whose vector equations are :
r=(1+2j+3k)+A(21+3]+4k) and r =(2i+4j+5k)+p(31+4j+ 5k)

Answer
Equation of line in vector form

Line I:

= (1+ 2]+ 3k) + A(21+ 3] + 4k)
Line Il
= (21 + 4j + 5k) + p(3i+ 4j + 5k)

Here,

b, = 31 + 4j + 5k
The shortest distance between lines is

(32 _31)(_)’( b )l

b, x b, |

(2, —a;) = (2i+ 4j + 5k) — (i + 2j + 3k)

(2, —a;)=1+2j+ 2k

. T 7k
by xb,=2 3 14
3 45
b, xb, = (15— 16)i— (10 — 12)j + (8 — 9k

=b,xb,=—1+2] -k

by x by | = (mDZ+ 22 + (-1)?

= [b;xb;| = V6

|Gz — @by x b,)[ = 1(1+2) + 2K) (=i + 21 - K]
= |@ - 3)(b; xby)| = 1

Putting these values in the expression,

|(32 )(_)Xb_z})l

b, x b, |

1
d = — units
V6



1 D. Question

Find the shortest distance between the following pairs of lines whose vector equations are :

-

r=(1-t)i+(t-2)j+(3-t)k and r=(s+1)i+(2s-1)j—(2s+ 1)k
Answer

Equation of line in vector form

Line I:
1-0i+ (t—2)j+ (3 -tk

(
F=(1-2]+3k)+t(-1+j-k)

f=(s+1Di+(2s—1Dj— (2s+ Dk
= (1—7—k)+s(i+2]—2k)

Here,

The shortest distance between lines is

_ 1@z —a) (b, x by)|

d — —
[by X by

(@ -a)=(-j-k - (-2/+3k

(3;—3,)=0i+]—4k

-~

. . |t 7 k
by xb,=]-1 1 -1
1 2 =2
b, xb,=(—2+2)i— 2+ Dj+ (-2— Dk

—_—  —

= b, xb, =0i— 3] -3k

by x by | = (0)7+ (—3)2 + (—3)2
= |b, xb| = 3v2
|(@ — a)(b; x b;)| = (01 + — 4k)(01 — 37 — 3K))|

= |@ -3 (b xb;)| =9

Putting these values in the expression,

_ 1@z —a) (b, x by)|

d — —
[by X by

E

d:

B3]

3



d 3 it

= — units
V2

1 E. Question

Find the shortest distance between the following pairs of lines whose vector equations are :
r=(A-1)i+(a+1)j—(l+A)kand r=(1-p)i+(2p-1)j+(u+2)k
Answer

V. Equation of line in vector form

Line I:

F=A-1Di+Q+1j— (1+ Mk

P=(1—wi+ (2p-1)j+ (u+2)k

F=(1—-7+2k)+p(-i+21+k)

The shortest distance between lines is

_ 1@z —a) (b, x by)|

d — —
[by X by

(@ -a)=(-j+2b - (-1+j-k

-~

(3, —3,) = 21— 2]+ 3k

—

.
1 X by

[=n

b, xb, = (1+2)i—(1—-Dj+(2+ Dk

= b, xb, = 31+ 0j + 3k

by x b;| = V32 +02 +32

= [b)xb;| = 3v2

|@2 — @) (by x b,)| = 1(21 - 2j + 3k)(31 + 0f + 3K))|

= |@; - a)(b; xb;)| =15

Putting these values in the expression,

4 |G -3 (b;xby)|

[by X by|




units

1 F. Question

Find the shortest distance between the following pairs of lines whose vector equations are :

3

n~

~j-k)+2(2i-5j+2k) and 1= (1 +2j+ k) +u(i-j+k)

r=(2i

Answer

;—n

VI. Equation of line in vector form

Line I:
= (21 —7— k) + A(21— 5] + 2k)
Line Il

=({+2+kK)+p(i-j+k

Here,
;,=21-j-k
L =1+2j+k
b, = 21 — 5] + 2k
b,=i—j+k

The shortest distance between lines is

|(a; — )(_)Xb_z})l

b, x b, |

d=

(@ -a)=(+2+k)-(2i-j-k

(2, —a3;) = —i+3j+2k
by xb,=12 -5 2
1 -1 1

—

b, xb, = (<5 +2)i— (2— 2)j+ (-2 + 5)k

—s —

= b, xb, = —31+0j+3k

by x by| = /(=3)7+02 + 32
= [b;x b| =
|2 — @by x by)| = 1(=i + 3] + 2K) (=31 + 0j + 3K))

= |(@ —a)(b; xb,)|[=9

Putting these values in the expression,

[:32 (_)Xb }I

Ib1><b I




d ==
3\;@
d 3 it
= — unics
V2

1 G. Question

Find the shortest distance between the following pairs of lines whose vector equations are :

;.

r=(i+])+2(2i-j+k) and 1 =2i+j—k+u(3i-5j+2k)

Answer

VII. Equation of line in vector form

Line I:
=(i+0j+k)+A2i-j+k)

Line II:

t=(21+]—k)+ p(3i— 5+ 2k)

Here,

3, =i+j+ok
L =2i+]-k
by=2i-j+k

b, = 31— 5j + 2k
The shortest distance between lines is

1@ - Fxb)l

|b><b|

-~

(3;-a)=i+j-k) - (+]+0k

(3;-3,)=1+0j-k

-~

. |t i k
by xb,=12 -1 1
3 -5 2

b, xb, = (—2+5)i— (4—3)j+ (-10+ )k

—>—>A
=>1><21

_>
','-“_'}

[b:xba| = V3ZH (CDPH (=72

|@; — a7 (by x b,)| = |(i + 0] —k)(31 -] — 7K)|
= |@ -3 (b, x by)| =10

Putting these values in the expression,

|(a2—a1)FxE’)|

b, x b, |

d=




d= —
V59

d= 2 unit
= —— Uunits
V59

1 H. Question

Find the shortest distance between the following pairs of lines whose vector equations are :
r=(8+31)i—(9+16%)j+(10+7x)k and r =151+29)+ 5k +p (31 +8) - 5k)

Answer
VIII. Equation of line in vector form

Line I:

i~
T

((8+ 301~ (9 + 161)j + (10 + 7N)k)

(81 — 9j + 10k) + A(31— 16] + 7k)
Line Il

= (151 + 29] + 5k) + (31 + 8] — 5k)
Here,

=81 9j+ 10k

3, = 151 +29j + 5k

The shortest distance between lines is

_ 1@z —a) (b, x by)|

[by X by

d

(a; —a,;) = (15i+ 29j + 5k) — (81 — 9j + 10k)

(2, —a,) = 7i+38j — 5k

by xb,=13 —16 7
3 8 -5
b, x b, = (80— 56) 1— (—15 — 21)j + (24 + 48)k
= b, x b, = 241 + 36]+ 72k
= b, x b, = 4(61 + 9j + 18k

b, x b,y | = 4,/62 + 92 + 182
b, x b, | = 4v4a1
b, xby| =4x21

= [by x b,| = 84



|2 — a)(by x b,)| = 14(71+ 38] — 5K) (61 + 9} + 18K))
= |(@ —a;)(b; x b, )| = 4(42 + 342 — 90)

= |(@ —3;)(b, x b, )| = 1176

Putting these values in the expression,

4 |G -3 (b;xby)|

[by X by
1176
84
d = 14 units

2 A. Question

Find the shortest distance between the following pairs of lines whose Cartesian equations are :

x-1_y-2 z-3 _  X-2 y-3 z-3

]
(%]
I
(%]
e
th

Answer
Given data:
Pair of lines:

x—1 y—-2 z—-3 x—-2 y—3 z-—5

2 3 4 ' 3 4 5

To find the shortest distance between these two lines
Solution: We need to write this in vector form

Line I:

[}
7%}
e

t=(i+2]+3k) + a(2i+ 3 + 4k)

Line Il:

b, = 3i+ 4j + 5k
The shortest distance between two skew lines is

_ 1@z —3)(b; x by)]

d — —
[by X by|

(z, —3;) = (21 + 37+ 5k) — (i+ 2]+ 3K)



. |17k
byxb, =12 3 4
3 4 5
b, x b, = (15— 16) i— (10 — 12)j + (8— 9)k

—

(@ — a))(b; x by)| = (i +7 +2k)(—i+ 2] — K)|
= @ —a) (b, xby)|=|(-1+2-2)|
= |@ -3 (b, xby)|[=1

Putting these values in the expression,

_ 1@z —a) (b, x by)|

d — —
|by x by|
1
1= 76
1 .
d= \,"_E units

2 B. Question

Find the shortest distance between the following pairs of lines whose Cartesian equations are :

— . 41 .'_..‘
X 1:‘ lzzand—X 1:} h;z::
2 3 3 1
Answer
Given data:
Pair of lines:
x—1 y+1 x+1 y-—2 5
p— =z’ p— ;Z=
2 3 3 1

To find the shortest distance between these two lines
Solution: We need to write this in vector form
Line I:

x—1 y+1

=

Z
2 3 1
F=(1—7+0k)+a(2i+ 3]+ k)
Line II:

x+1 y-—2
Rz

t=(-1+2j+2k) +B(31+]+0k)



-~

Here 3 =1—j+ 0k

a, = —i+2j+ 2k

=l

=2i+3j+k

!

b, = 3i+j+ 0k
The shortest distance between two skew lines is

_ 1@z —3)(b; x by)]

[by X by|

d

(3, -3 =(-i+2j+2k) - (i-]+0k)

= (3, —3,)=—-2i+3j+ 2k

by xb,=12 3 1
3 1 0

b, xb, = (0—1)1—(0—3)j+(2— 9k

=b,xb,=—i1+3]—7k
[b:xbz| = V=DZ+37+ (=72

|2 — @) (by x b,)| = 1(=2i + 3] + 2k) (—1 + 3§ - 7))
= @ -a) (b, x b)) =1(2+9-14)
= @ -a)(b; xb;)| =3

Putting these values in the expression,

4 |G -3 (b;xby)|

|b; x b, |
de
V59
d= i units
V59

2 C. Question

Find the shortest distance between the following pairs of lines whose Cartesian equations are :

Answer
Given data:
Pair of lines:

x—1 y+2 z-—-3 x—-1 y+1 z+1
-1 1 =21 2 =2

To find the shortest distance between these two lines



Solution: We need to write this in vector form
Line I:

x—1 y+2 z-3
-1 1 -2

=

F=(1—2]+3k)+a(-1+7- 2k

Line II:

x—1 y+1 z+1

=

t=(1—-7-k)+p(+2j— 2k

Here
a, =1—2j+3k
L =1-j-k

The shortest distance between two skew lines is

1@ - Fxb)l

|b><b|

(@ -a)=(0-1-k)-(-2/+3k

= (a,—a,)=0i+j—4k

-~

. . |t 7 k
by xb,=]-1 1 -2
1 2 =2
b, xb, = (—2+4)i— (2+2)j+ (—2— Dk

—_—  —

= b, x b, = 21— 4j — 3k

b x ;| = V22 + (=97 + (—3)?

= |b, x b;| = v29

|(@5 — a)(by x by)| = |(01+ — 4k)(2i - 4j - 3K))|
= @ —a) (b xb;)[ = [(0—4+12)|

= |@;-a)(b; xb;)| =8

Putting these values in the expression,

|(a2—a1)Fxb )l

d=
|b ><b|
g 8
_w@
8
d = —— units

-t
g
o



2 D. Question

Find the shortest distance between the following pairs of lines whose Cartesian equations are :

Answer
Given data:
Pair of lines:

x—3 y-5 z-—-7 x+1 y+1 z+1
1 -2 1 "7 -6 1

To find the shortest distance between these two lines
Solution: We need to write this in vector form

Line I:

=
|

]

=

F=(31+5]+7k) + a(i— 2§ + k)
Line II:

x+1 y+1 z+1
7 -6 1

The shortest distance between two skew lines is

1@ — 37)(b; x b))

d= — —
[by x b,

3 -3)=(-1-7-k) - Bi+5+7k)

= (3, —3,)= —4i—6j—8k

-

by xb,=]1 —2 1
7 —6 1

b, xb,=(—2+6)i—(1-7)j+ (—6+ 19k
= b, xb, = 4i + 6] + 8k

b, x by | = 42 + 62 + 82

= [b; x bz| = 2v29



|2 — @by x b,)| = |(—4i — 6] — 8K)(4i + 6§ + 8K)|
= |@; - a)(by x b;)| = |(~16 — 36 — 64)|
= |5 - a)(b; x b;)| = 116

Putting these values in the expression,

4 |G -3 (b;xby)|

[by X by|
116
B 2\,@
d >8 it
= —— UNnits
V29

3 A. Question

By computing the shortest distance determine whether the following pairs of lines intersect or not :

;o s, ; - ~ L ~

r=(i-j)+2(2i+k)and r=(2i-j) +n(i+j-k)
Answer

Equation of line in vector form

Line I

t=(i—j+0k)+A(21+0] +k)

Line Il:

Here,
a,=1—-]+0k
A =20

The shortest distance between lines is

_ 1@z —3)(b; x by)]

d — —
[by X by|

(@;—-3)=(2i-H—-(@{-j+0k

(z; —3;)=1+0j+ 0k
i ]k
2 0 1
11 -1

—

.
1 X by =

[=n

b, xb, = (0— 1)i— (-2 - 1)j+ (2- 0k

—_—  —

X
by x b;| = /(D)2 +32 + 22



= |byx b,| = V12
|2 — @) (by x b,)| = 11 + 0 + 0K) (i + 3] + 2K)|
= |@; -3 (b; xb,)| =1

Putting these values in the expression,

_1GEG - )(_’xb_;}l

by x b, |

units

Shortest distance d between the lines is not 0. So lines are not intersecting.
3 B. Question

By computing the shortest distance determine whether the following pairs of lines intersect or not :

— S - ~ R " — ; ~ ~

r=(i+j-k)+a(31-j)and 1 :(4i—k)+u('21 SR)
Answer
Equation of line in vector form
Line I:
=(i+j-k)+A@EBI—-]+ 0K
Line II:

= (41 + 0§ — k) + p(21+ 0f + 3k)

The shortest distance between lines is

(32 _31)(_)’( b )l

b, x b, |

(2, —2;) = (4i+ 0j—k) — (i+j—k)

U |
by xb,=[3 -1 0
2 0 3
b, xb, = (=3 —0)i— (9— 0)j+ (0 + 2)k
= b, xb, = —31—9j + 2k



by x b;| = (=3)7+ (—9)2 + 22
= [b; x b,| = Vo4
|@ — &) (b; x b;)| = (31— j + 0K) (=31 - 9§ + 2K)|

= |@ -3 (b;xb;)| =0

Putting these values in the expression,

_ 1@z —a) (b, x by)|

[by X by

d

xﬂ‘:::
s

v
d=0
Shortest distance d between the lines is 0. So lines are intersecting.
3 C. Question

By computing the shortest distance determine whether the following pairs of lines intersect or not :

— T 4 "
2 3 5 1

Answer

Given data:

Pair of lines:

x—1 y+1 x+1 y-—2 5
2 3 T3 T 1 T

To find the shortest distance between these two lines
Solution: We need to write this in vector form
Line I:

xX—1 y+1 =z
= —=—=(

2 3 1

F=(1—7+0k)+a(2i+ 3]+ k)
Line Il:

x+1 y-—2 5
5~ 1 PET

t=(-1+2j+2k) +B(51+] + 0k)

The shortest distance between two skew lines is



42 1@ =) (b xb,)l
b, x b, |

(3; —a) = (=i +2j+2k) - (i—j+0k)

= (@, —a,)=—-2i+3j+2k

by xb,=12 3 1
5 1 0

b, xb, = (0—1)i— (0 —5)j+ (2— 15)k

—_—  —

= b, xb, = —1+5j—13k

X
b, xb;| = (mD2+52 + (—13)2

= [b; xb;| = V195

|@z — &) (b; x b;)| = [(—2i + 3] + 2K)(—i + 5 — 13K)|
= |@;-a))(b; xb,)| = [(2+ 15— 26)|

=@ -a)(b;x b)) =9

Putting these values in the expression,

42 1@ =) (b xb,)l

|b><b|

9

V195

Shortest distance d between the lines is not 0. So lines are not intersecting.
3 D. Question

By computing the shortest distance determine whether the following pairs of lines intersect or not :

X-5 y-7 z+3 Xx-8 y-7 z-5
== = and == =

Answer
Given data:
Pair of lines:

X—5 y—-7 z+3 x—-8 y—7 -5

4 -5 57 1 3

To find the shortest distance between these two lines
Solution: We need to write this in vector form

Line I:

x—5 y—-7 z+3

e
I
S
I
43

t = (51 + 7 — 3k) + a(41 — 5] — 5k)

Line Il:



= (81 + 7§+ 5k) + p(7i+] + 3k)

Here

"’l

=51+ 7j— 3k

&l
I

i+ 7j + 5k

=l
I

i— 5§ — 5k

l

b, = 7i+j + 3k
The shortest distance between two skew lines is

(35 - )(_’xb_;}l

b, x b, |

d=

(2, —a;) = (8i+ 7] + 5k) — (5i+ 7] — 3k)

= (3, —a,)=3i— 0j+ 8k

-~

b; xb, = -5 -5
7 1 3
b, xb, = (=15 +5)1— (12 + 35)j + (4 + 35)k

= b, x b, = —10i — 47j + 39k

—

|b; x by| = /202 + (—47)2 + 392

= [b; x b;| = V820872

@ — a)(b; x b;)| = |(31— 0j + 8K)(—10i — 47 + 39K)|
= |5 - a)(b; xb;)| = (30 + 0+ 312)|

= |5 —a)(b; x b;)| = 282

Putting these values in the expression,

42 1@ =) (b xb,)l

|b><b|

282
V820872

Shortest distance d between the lines is not 0. So lines are not intersecting.
4 A. Question

Find the shortest distance between the following pairs of parallel lines whose equations are :

f:(1+21+%k)+f(1—1+k) and f:(' i—j- k)+u(—1+]—k)
Answer
Equation of a line in vector form

Line I:



F=(1+2]+3k)+Ai-]+k)

Line II:

Here,

Since lines are parallel therefore they have common normal

+k

(=i}

=T—

pa——

lb|= J1I2+ (-2 +12
Ib| = v3
The shortest distance between lines is
4 |G -3) xb]
|b]
(@ -a) = (2i-j-k - ([+2+3k

(3;-3,)=1-3]— 4k

-~

R O B
(a;—a;)xb=|1 -3 —4
1 -1 1

(@ —3)xb=(-3-4)i- (1+4)j+(-1+3)k

= (a;—a,)xb=—7i—5]+ 2k

|@ -3 x| = V(7 + (57 + 22
= |(@; —a;) xb| = V78
Putting these values in the expression,

3 —3) xb
do |(a; —a;) xb|

[b]
i 78
T 03
d= 26

4 B. Question

Find the shortest distance between the following pairs of parallel lines whose equations are :

"

r=(i+])+(2i-j+k) and r=(2i+]j-k)+pn(4i-2j+2k)

Answer



Equation of a line in vector form
Line I:

f=({+)+A2i—-]+k)

Line II:

t=(20+]—k)+ p(4i—2j+ 2Kk

lb|= J22+ (—1)z+12

Ib| = V6

The shortest distance between lines is
1@ -a) xb|
b

-~

(3;-a)=i+j-k) - (+]+0k

(3;-3,)=1-0j-k

-~

I R B
(a;—a;)xb=J|1 0 -1
2 -1 1

(@ —3)xb=(0—1Di—(1+2)j+ (-1 +0)k

-~

= (@;—a)xb=-1—-3—-k

@ -3 xb| = VDT + (37 + (- 1)?
= |(@ —a;) xb| = V11
Putting these values in the expression,

_ 1@z —a) xb]

|b]

d 1 it
= |— units
6

5. Question

Find the equations of the lines joining the following pairs of vertices and then find the shortest distance
between the lines

i.(0,0,0)and (1,0, 2)



ii. (1,3, 0)and (0, 3, 0)

Answer

We need to write this in vector form
Line I:

Equation of line passing through a (0, 0, 0) and b (1, 0, 2)

f=a+A(b—3a)

= (0i+0f + 0k) + A((1 — 0)i+ (0—0)j + (2 — 0)k)
t = (0i+ 0f + 0k) + A(1+ 0f + 2Kk)

Line Il

Equation of line passing through a (1, 3, 0) and b (0, 3, 0)

a+A(b—3)

r
t=(1+3]+0k) + p((0— i+ (3—3)j+ (0 —0)k)

¥ = (1+ 3]+ 0k) + p(—i+ 0f + 0k)

b, = —i + 0j + 0k
The shortest distance between two skew lines is

_ 1@z —a) (b, x by)|

[by X by

d

(@, —a;) = (1+ 3] + 0k) — (0i+ 0f + 0K)
=@ —-a)=1+3f
i

1
-1

=
x

Fl
I

Lo B
= S

b, xb, = (0—0)1— (0 +2)j + (0— 0)k
= b, xb, =—2j

b, x b;| = /(=2)2

= |b; xb,| =2

@z — a0 (b x b,)| = [G+3D (2D

= |@ —aD (b xb,)| = 6l

= |5 -2 (b; xb;)| =6

Putting these values in the expression,



_ 1@z —a) (b, x by)|

[by X by

d

d:

B3| o

d = 3 units
6. Question

Write the vector equations of the following lines and hence determine the distance between them

x-1 y-2 z+4 X—3 yv—-3 z+35
- = and = = —

3 6 4 6 12

]

Answer
Given data:
Pair of lines:

x—1 y—-2 z+4 x—-3 y—3 z+5
2 3 6 4 & 12

To find the shortest distance between these two lines
We need to write this in vector form
Line I:

x—1 y—2 z+4
2 3 6 ¢

t=(1+2]— 4k) + a(2i+ 3] + 6k)
Line II:

¥X—3 y—3 Z+5

4 6 12
= (31+ 3] — 5k) + B(41 + 6] + 12k)

i~
T

(31 + 3 — 5k) + 2B(21 + 3] + 6k)

= (31+ 3] — 5k) + B'(21+ 3] + 6k)

Here the lines are parallel as can be seen from above vector equation

|

[+%)
|
=3

T =1+2]— 4k

3, =3i+3] -5k

Since lines are parallel therefore they have common normal
b = 2i + 3j+ 6k

= yZ+3re

Ib| = v49

The shortest distance between lines is

4 |G -3 xb]
[B]

(a; —a;) = (3i+ 3j — 5k) — (i + 2j — 4k)



(3;-3)=2i+]-k
i j k
2 1 -1
2 3 6

-

(3 -a)xb =

(m;—a3,)%xb=(6+3)i—(12+2)j+ (6— 2)k

= (a;—a,;) X b = 91 — 14j + 4k

(@ — &) x b = oI + (—14)2 + 42
= |@-3) xb|= V293
Putting these values in the expression,

4 |G -3 xb]

|b]

i 293
|49

V293
= units

7 A. Question

Find the shortest distance between the lines

r=(1+2j+k)+2(1-j+k) and r=21—j—k+p(2i+j+2k)
Answer
Equation of a line in vector form

Line I:

t=(1+2{+k)+A0i-7+K
Line Il
F=(21—7— k) +p(2i+j+ 2k

Here,

L=2-7-k
b,=1—j+k

b, =2i+j+2k
The shortest distance between lines is

_ 1@z —3)(b; x by)]

d — —
[by X by|

(@ —-a)=i-j-b-@+2/+k

(@, —a;)=1-3j—2k



-~

. |t i k
by xb,=11 -1 1
2 1 2

o

b, xb,=(—2-1)i—(2—2)j+ (1 +2)k

—_—  — -~

= b, x b, = —31+0j + 3k

b, x b;| = (=3)7+ 07 + 32

= [b; xb;| = 3v2

|(@5 — a)(b; x b;)| = |(i -3 — 2k)(=31 + 0 + 3K)|
= |@; - a) (b x by)| = | - 9]

= |5 -3 (b; xb;)| =9

Putting these values in the expression,

o _ 1@z =7 (by x b))

by x b |
L9
3\;@
d= i units
V2

7 B. Question

Find the shortest distance between the lines

Answer
Given data:
Pair of lines:

x+1 y+1 z+1 x—-3 y—-5b z-7

7 -6 1 1 =2 1

To find the shortest distance between these two lines

Solution: We need to write this in vector form

Line I:

x+1 y+1 z+1

7 ~ 6 1 ¢
P=(-1—-j-k)+a7i—-6j+k)
Line Il

x—3 y—-5b z-7

- 2 -1 °°F

t=(31+5]+7k) +p(i—-2]+ k)

Here



b, = 71— 6] + k
b, =1—2j+k

Shortest distance between two skew lines is

(@ — )(_’xb_;}l

by x b, |

d=

(@, —3)=(31+5]+7k) — (H—-j—k)

= (3, —3,)=4i+6j +8k

-~

. T ik
by xb,=17 -6 1
1 -2 1
b, xb, = (—6+2)i—(7— Dj+ (14 + 6)k
b, x b, = —4i — 6§ — 8k

[b, % by| = V(=47 + (=6)> + (-8)?

= |b, x b,| = 2v29

@5 — a7)(b; x b, )| = |(4i+ 6 + 8K)(—4i — 6] — 8K)|
= |@ - (b; xb,)| = |(—16 — 36 — 64)|

= |(@ —a) (b, x b,)| = 116

Putting these values in the expression,

[:32 (_)Xb }I

d=
W1Xbl
116
d —
2\,@
d = 2v/29 units

7 C. Question

Find the shortest distance between the lines

— ~

r=i+2j+3k+

L.u
“'-...r

('“ j+21::) and I =41+5]+6k+n ('Zi“+3j+l::)

Answer
We need to write this in vector form
Line I:

= (i+2]+ 3k) + A(1— 3] + 2k)
Line Il:

= (41 + 5] + 6k) + p(2i + 37 + k)



b, =2i+3j+k
Shortest distance between two skew lines is

_ 1@z —a) (b, x by)|

d — —
[by X by

(@, —a;) = (41 + 5]+ 6k) — (I+ 2]+ 3Kk)

= (a,—a,)=31+3j+3k

-~

by xb,=]1 -3 2
2 3 1

—

b, xb, = (-3 —6)i— (1—4)j+ (3+6)k

—s —

= b, x b, = —91 + 3]+ 9k

b xby| = J(=9)7+32+ 92

= [b; x b,| =3v19

|@ — a)(b; x b;)| = (31 + 3§ + 3K)(—91 + 31+ 9k)|
= |G - &) (b; x b;)| = (=27 + 9 + 27)]

= |@ -3 (b xb;)| =9

Putting these values in the expression,

_ 1@z —a) (b, x by)|

d

|bs x b, |
d= 2
3\;@
d= i units
V19

7 D. Question

Find the shortest distance between the lines

~

r=61+2j+2k+A(1-2j+2k) and r=—41-k+u(31-2j- 2k

Answer

We need to write this in vector form
Line I:

t = (61 +2f + 2k) + A(1— 2§ + 2k)

Line Il:



Shortest distance between two skew lines is

_ 1@z —a) (b, x by)|

[by X by

d

(3, —3;) = (—4i+ 0§ — k) — (61 + 2j + 2k)

-~

= (@;—3;)=—10i—2j—3k

-~

by xb,=11 —2 2
3 -2 =2

—

b, xb, = (4+4)1— (-2 - 6)j+ (-2 + 6)k

—s —

= b, x b, = 81 + 8j + 4k

by x b,| = 82 +82 +42

= [b;x b;| = 4v9

= [b; xb;| = 12

|@2 — @) (by x b,)| = |(~10i — 2} — 3K)(8i + &) + 4K)|
= |@ - &) (b, x b;)| = (=80 — 16 — 12)]

= |a; - a;)(b; x b;)| = 108

Putting these values in the expression,

4 |G -3 (b;xby)|

[by X by
108
12
d = 9 units

8. Question

Find the distance between the lines 1, and 1, given by

"

r=1+2j—4k+2(2i+3j+6k) and r =3i+3j—Sk+pn(2i+3j+6k)

Answer
We need to write this in vector form

Line I:



t = (1+2]— 4k) + A(21+ 3] + 6k)
Line II:

t = (31 + 3f — 5k) + p(21+ 3j + 6k)

|

[¥]
Il
—

T =1+2]— 4k
3, =3i+3] -5k

Since lines are parallel therefore they have common normal

o'l

=2+ 3j+ 6k

6= yZZ+37 %62

[b| = V45

The shortest distance between lines is
_1G -3 xb]
b

(a; —a;) = (3i+ 3j — 5k) — (i + 2j — 4k)

(3;-3)=2i+]-k

-~

(a;—a;)xb=12 1 —1
2 3 6

(@ —a)xb=(6+3)1—(12+2)j+ (6 — 2)k

= (33— ;) x b =91 — 14j + 4k

|@ -3 xb| = Jo7+ (-19)7 + &
= |(@ —3;) xb| = V293
Putting these values in the expression,

_ 1@z —a) xb]

|b]

i 293
|49

V293
= 7 units

Very Short Answer

1. Question

Write the cartesian and vector equations of X-axis.
Answer

X-axis passes through the point (0, 0, 0).

Position Vector -» 3 = 0i + 0j+ 0k

Since, it is also parallel to the vector, b = § + 0j + 0k having direction ratios proportional to 1, 0, 0, the



Cartesian equation of x-axis is,

xX—0 y—-0 z-0
1 0 0

X

_x_¥_Z
1 0

0

1

Also, its vector equation is

—

T=3a+ A

0i+ 0f + 0k + A(f + 0f + 0k)

= Al

2. Question

Write the cartesian and vector equations of Y-axis.

Answer

Y-axis passes through the point (0, 0, 0).

Position Vector -» 3 = 0 + 0j+ 0k

Since, it is also parallel to the vector,E =0i+ j+ ok having direction ratios proportional to 0, 1, 0, the
Cartesian equation of y-axis is,

x—0 y—-0 z-0
o 1 0

vy z
1

Also, its vector equation is

—

T=3a+ A
=01+ 0f + 0k + A(0i+ §+0k)

= A

3. Question

Write the cartesian and vector equation of Z-axis.

Answer

Z-axis passes through the point (0, 0, 0).

Position Vector » 3 = 0i + 0j+ 0k

Since, it is also parallel to the vector,E =01+ 0j+ k having direction ratios proportional to 0, 0, 1, the
Cartesian equation of z-axis is,

x—0 y—-0 z-0
o 0 1

Z

1

X ¥y
0 0

Also, its vector equation is

—

T=3a+ A

=01+ 0 + 0k + A(0i+ 0f+k)



= 2k

4. Question

Write the vector equation of a line passing through a point having position vector ¢ and parallel to vector |§
Answer

The vector equation of the line passing through the point having position vector d@

And parallel to vectorﬁ is,

F=3+ A8

5. Question

2x — 1 —v + . . . . .
2x -1 = 4-) = - l,erte the direction ratios of a line parallel to AB
- 7 ]

Cartesian equations of a line AB are

Answer
We have

2xk—1 4-y z+1
2 7 2

Now, the equation of the line AB can be re-written as,

1
X=5 y—4 z+1

1 —7 2

The direction ratios of the line parallel to AB proportional to— 1, -7, 2

6. Question

Write the direction cosines of the line whose cartesian equations are 6x -2 =3y + 1 = 2z - 4.
Answer

We have

6x-2=3y+1=2z-4

The equation of the given line can be re-written as,

1 1
X—g_Y+§ z— 2
2

The direction ratios of the line parallel to AB are proportional to—» 1,2,3

The direction cosines of the line parallel to AB are proportional to -»

1 2 3

J12422432 7 12422432 7 \[12422432

1 2 3

\-'ﬂ ! \-'ﬂ ! \-'ﬂ

7. Question

Write the direction cosines of the line X—- == T 7=2

(]
|
f



Answer

We have

= ,2=2

x—2 2y—5
2

5
XxX—2 Y—g Z—2
2 3 0
2
5
x—2 ¥—53 z—-2
4 -3 0

The direction ratios of the line parallel to AB are proportional to—» 4, -3, 0

The direction cosines of the line parallel to AB are proportional to —»

4 -3 0
VAZH(—3)2402 7 J4Z4(-3)2 402 7 J4Z4(-3)%+02

, 0

| b
u.l'
w

8. Question

Write the coordinate axis to which the line i

is perpendicular.

Answer
We have,

xX—2 y+1 z-1
3 4 0

The given line is parallel to the vector,

b = 3i + 4j + 0k

Now let,

xi+yj+ zk be perpendicular to the given line.

Now,

3x+4y+0z =0

It is satisfied by the coordinates of z-axis, i.e. (0,0,1).
Hence, the given line is perpendicular to z-axis.

9. Question

_5 ;
Write the angle between the lines X7 =7 ~ =

Answer

We have,

Xx—5 y+2 z-12
7 -5 1

x—1 y z-1

1 2 3



The given lines are parallel to the vectors
b, =7i—5j+kandb, =i+ 2j+ 3k
Let B be the angle between the given lines.

Now,

by by
[by]ibz|

cos 6 =

(71— 5§ + k). (1 + 2] + 3k)
J7PH(-5)2 +12V12+ 22 +32

7-10+3
VA9 +25+1VI+4+09

=0
2

10. Question

Write the direction cosines of the line whose cartesian equations are 2x = 3y = -z.
Answer

We have

2X =3y = -2

The equation of the given line can be re-written as,

T

The direction ratios of the line parallel to AB are proportional to- 3, 2, -6

The direction cosines of the line parallel to AB are proportional to -»

3 2 —6
V3Z+224(—6)2 7 /32422 4(—6)2 ' /32422 4(-6)2

=1 1w

]
7

’

=11 ra

’

11. Question

Write the angle between the lines 2x = 3y = -z and 6x = -y = -4z.

Answer
We have,
2Xx =3y = -z
6Xx =-y =-4z

The given lines can be re-written as

These lines are parallel to vectors,
b, = 3i+2j— 6kand b, = 2i — 12j — 3k

Let 8 be the angle between these lines.



Now,

by by

cosb = —=—=
by |Iba

(31 + 2§ — 6k). (21 — 12§ — 3k)
J32+22+ (—6)2/22 + (—12)2+ (—3)?

6—24+18
N9+ 4+36Va+ 144+ 9

=0
»0="=
2
12. Question

-3 ;1 4/ 4 r—" 4
Write the value of A for which the lines X = yr- = z Jrand X +1 = vy - = 2+6 are perpendicular to

each other.
Answer
We have,

X—3 y+2 z+4
-3 22 2

x+1 y—2 z+6
3. 1 -5

The given lines are parallel to vectors,
b, = —3i+ 2Aj+ 2k and b, = 321 + j — 5k

Now, for b_l) 1 b_; we must have,

—

b,.b, =0

(—31+2A)+ 2k).(3A1+7—5k) =0
7A-10=0

10

A=-20
7

13. Question

Write the formula for the shortest distance between the lines 7 = a, + 3band T=3, + “E,

Answer

The shortest distance d between the parallel lines = a; + Ab and { = a, + b is given by -

(@ -3,)b

d = =
bl

14. Question

Write the condition for the lines 7 = a, +ibandT=a, + u{_«,)to be intersecting.

Answer

andt =3+ ub_; is given by -

The shortest distance between the lines ¥ = 37+ A 2

1



G- 37)(byxby)

d = ———
|bJ.Xb2|

For the lines to be intersecting, d =0

(@; — a;).(b; x b,)
|b1><b2|

(@ — a).(b; xb;) =0
15. Question

, _ , 2x -1 y+2 z-3 . , ,
The cartesian equations of a line AB are == = .Find the direction cosines of a line parallel to

NE) 2 3

AB.
Answer
We have,

2x—1 y+2 z-3
v3 2 3

The equation of the given line can be re-written as,

1
X—5 y+2 z-3
V3 2 3
2

1
X—5 y+2 z-3
V3 4 6

The direction ratios of the line parallel to AB are proportional to— /3, 4, 6

The direction cosines of the line parallel to AB are proportional to -»

NE 4 6

T T T
\‘II("""E 12+42462 ! \‘II(I"'.E 1P+42462 7 \‘II(\.'E P+42+62

VI o4 6

- ’

v

’

il
&l

=
v Yy oJ

16. Question

3— -5
If the equations of a line AB are ==z = Z7- .write the direction ratios of a line parallel to AB.

Answer
We have,

3—x y+2 z-5
1 -2 4

The equation of the line AB can be re-written as,

Xx—3 y+2 z-5
-1 -2 4

Thus, the direction ratios of the line parallel to AB are proportional to -1, -2, 4.

17. Question



. . . . -5 y+! —
Write the vector equation of a line given by X = 4 = - 6,

Answer
We have,

X—5 y+4 z-6
3 7 2

The given line passes through the point (5, -4, 6) and has direction ratios proportional to 3, 7, 2.

Vector equation of the given line passing through the point having position vector
3 = 5i — 4j + 6k and parallel to a vector b = 3i + 7j+ 2k is -

T=3+2b

= 5i—4j+6k+ A3+ 7] +2k)

18. Question

The equations of a line are given by - = y il _Write the direction cosines of a line parallel to
3 3 6

this line.
Answer
We have,

4—x y+3 z+2
3 3 6

The equation of the given line can be re-written as,

x—4 y+3 z+2
-3 3 6

The direction ratios of the line parallel to the given line are proportional to- -3, 3, 6

The direction cosines of the line parallel to the given line are proportional to -

-3 3 &
V(302432462 7 J(—3)243%462 ' [ (-3)2+3%+62

[
| =
[

’
W

’
Y

ol
ol
ol

J
19. Question
Find the Cartesian equations of the line which passes through the point (-2, 4, -5) and is parallel to the line
X+3 4-y z+8

3 5 6

Answer
The equation of the given line is,

X+3 4-y z+8
3 5 6

It can be re-written as,

Xx+3 y—4 z+8
3 -5 6

Since the required line is parallel to the given line, the direction ratios of the required line are proportional to
3,-5,6.



Hence, the Cartesian equations of the line passing through the point (-2, 4, -5) and parallel to a vector having
direction

ratios proportional to 3, -5, 6 is —»

xX+2 y—4 z+5
3 -5 6

20. Question

Find the angle between the lines 1 = (21 —Sj +f()+}-,(3iﬂ +Zj +6f()and T = }'i — 61:; +1 (1 +2]+21:;)_

Answer

Let © be the angle between the given lines.

The given lines are parallel to the vectorsb_l’ =31+ 2]+ 6k and b_; =1+2j+ 2k respectively.

So, the angle 6 between the given lines is given by,

(31 + 2§ + 6k). (1 + 2] + 2k)
V32 + 22 + 62412 + 22 + 22

Thus the angle between the given lines is cos‘lg.

21. Question
Find the angle between the lines 2x = 3y = -z and 6x = -y = -4z.
Answer

The equations of the given lines can be re-written as -

Z X Z
f=Zandi=L=2
2 —6 2 -12 -3

We know that angle between the lines

XXy _ ¥ ¥1_ ETE X=Xz ¥~¥z _ EZ-Zg, .
== and === is given by -

ay by €y ag by Cz

a,a-+b,bs+c,cn
cos 0~ ] f
':.:.12+I312+::12><\I':.=.22+I:-22+::Z2

N

Let 6 be the angle between the given lines,

32 +2x(—12) + (—6)x(—3)

cos 6 = JBEt224(—6)2 x | 22+(-12)2+(-3)2

6—24+18
- \49y157



Thus the angle between the given lines isg.

MCQ
1. Question

The angle between the straight lines

[ ]
n
.
—
| o]
|

bd

A. 45°
B. 30°
C. 60°
D. 90°
Answer
We have,

x+1 y—2 z+3

2 5 4
x—1 y+2 z-3
i 2 =3

The direction ratios of the given lines are proportional to 2,5,4 and 1,2,-3.
The given lines are parallel to the vectors
~b, =2i+5j+4kand b, =i+ 2j — 3k

Let 6 be the angle between the given lines.

Now,
cos @ = i
b |Ib|

(21 + 5§ + 4k). (1 + 2] — 3k)
V22 + 52 + 4212 + 22 + (—3)?2

2+10—12
~ \45V/14

=0

-0 ==-=90°
2

2. Question

. X vV Z x—1 v—-2 v-2 z-3
The lines —_ = - = ~and l l

1 2 3 2 2 4 6

A. coincident
B. skew

C. intersecting
D. parallel

Answer



The equations of the given lines are —»

x_y_=
1_2_3_)(1)

x—1 y—2 z-3

Thus the two lines are parallel to the vectorp — § + 2] + 3k and pass through the points

(0,0,0) and (1,2,3).

Now,

—
&
|
!
R
X
ol
Il
—
—7
+
o]
—3
+
m}
Nl
X
~~
—
+
o]
—3
+
[F5]
=]
e

Since the distance between the two parallel lines is 0, the given lines are coincident.

3. Question

_7 val7 _ L5 r 3 _
The direction ratios of the line perpendicular to the lines X = y+l = z 6and XT- = yr- = z—4

2 -3 1 1 2 —2

are proportional to
A. 4,57
B.4,-5,7
C.4,-5,-7
D.-4,5,7
Answer

We have,

Xx—7 y+17 -6
2 -3 1

Xx+5 y+3 z-—-4
1 2 =2

The direction ratios of the given lines are proportional to 2,-3,1 and 1,2,-2.

The given lines are parallel to the vectors —»

—

b, =2i—3j+kandb, —i+2j—2k
Vector perpendicular to the given two lines is -

b=b; xb,

=4i+ 5]+ 7k
Hence, the direction ratios of the line perpendicular to the given two lines are proportional to 4,5,7.

4. Question

— j —2 — x—1 v —1 z—1
The angle between the lines x -1 = y—+«_2 1 / — is

= and, = =
1 1 2 -3-1 f3-1 4




w
o A

Q)
w | A

pD. *

4
Answer
We have,

x—1 y—-1 z-1
1 1 2

The direction ratios of the given lines are proportional to 1,1,2 and —,/3-1, /3-1, 4.
The given lines are parallel to the vectors

~b, =i+j+2kandb, = (V3 - 1)i+ (V3 - 1)j + 4k

Let 8 be the angle between the given lines.

Now,

—
—3
+

—
+
(]
E=

){(—V3-1)i+ (V3 -1)j +4k)}

V1Z + 1+22J(—v§— 1)2+ (V3 —1)2+42

—/3-14++3-1+8

V324
6
" 6V2
1
V2
ae=g

5. Question

The direction ratios of the linex -y +z-5=0 = x - 3y - 6 are proportional to
A.3,1,-2

B.2,-4,1

1 2

3
NN TRN¥

C.




2 4 1
D. . .
NZYRNZTRN T

Answer

We have,
X-y+z-5=0=x-3y-6
-»X-y+z-5=0
x-3y-6=0
->X-y+z-5=0-(1)
X=3y+6-(2)

From (1) and (2) we get,
3y+6-y+z-5=0

2y +z+1=0

Also, y = 3‘%6 - From (2)

X—6 —z—1
3 YT

So, the given equation can be re-written as

X—6 vy z+1
3 1 -2

Hence the direction ratios of the given line are proportional to 3,1,-2.

6. Question

The perpendicular distance of the point P(1, 2, 3) from the line X-6_ Y- _ Lis

A.7

B.5

C.0

D. none of these
Answer

We have,

X—6 y—7 z-—7
3 2 @ =2

Let point (1,2,3) be P and the point through which the line passes be Q (6,7,7) - (Given)

Also, the line is parallel to the vector —»
b = 3i + 2j— 2k ~ (Given)
PQ = 51+ 5j + 4k

Now,



i j k
3 2 -2
5 5 4

— 181 — 22f + 5k

> |bxPQ| = /187 + (—22)% + 52

= V324 + 484+ 25

= /833

Il
~

7. Question

The equation of the line passing through the points ali + a,}j' _5131;- and bli + bq_:i + bsl;- is
AT =(aj1+ay]+ak)+ 1 (bi+Db,j+bsk)
B. T =(aji+a,j+ak)—t(bi+b,j+Dbsk)

C T=a,(1-t)i+ay(1-t)j+as(1-t)k+t(bji+D,j+b:k)

D. none of these

Answer

Equation of the line passing through the points having position vectors

a,i+a,j+ a;kand b,i+b,j+bskis,

t = (a,i+a,j+ask) + t{ (byi+ b,j+byk) — (a,i+a,j+ ask)} - (Where tis a parameter)
= (a, i+ a,j+ask) — t(a,i+ a,j+azk) + t(b i+ b,j+ byk)
=a,(1-Di+a,(1-0j+a;(1—-k+ t(b,i+b,j+byk)

8. Question

If a line makes angle a, B and y with the axes respectively, then cos 2a + cos 2B + cos 2y =
A. -2

B.-1

C.1

D. 2

Answer

If a line makes angles a, B and y with the axes then,

cos?a + cos?B + cos?y = 1 - (1)



We have,

Cos2a + cos2B + cos2y = 2cos?a - 1 + 2cos2B - 1 + 2cos?y - 1 - (cos20 = 2cos20 -1)
= 2(cos?a + 2cos?B + 2cos?y) - 3

= 2(1) - 3 - From (1)

=2-3

=-1

9. Question

If the direction ratios of a line are proportional to 1, -3, 2, the its direction cosines are

1 =3 2
A. . .
J147 V147 14
1 2 3

T

-

1 3
C. — . .
J147 V147 14

1 2 3
D. — = =
Ji4T e 1a
Answer

The direction ratios of the line are proportional to 1, -3, 2.

The direction cosines of the lines are »

1 -3 2
Y 1ZH(—3)2422 7 J124(-3) 2422 7\ J124(-3) %420

1 -3 2

\-'ﬁ ! \-'ﬁ ! \-'ﬁ

10. Question

If a line makes angle Eandfwith x-axis and y-axis respectively, then the angle made by the line with z-axis

is

A. /2

B. /3

C. /4

D. 5m/12

Answer

If a line makes angles a , B and y with the axes then,
cos?a + cos?B + cos?y = 1 - (1)

Here,

m
a= -
3

4

Now,



cos?a 4+ cos?B + cos?y =1

coszg + cosZE + cos?y =1
1 1

“+-+cos?y=1

4 2

3

Tt cos?y =1

3
cos?y =1 >

2 1
Ccos = -
Y 4

1
cosy = -

il
Y=3
11. Question

The projections of a line segment on X, Y and Z axes are 12, 4 and 3 respectively. The length and direction
cosines of the line segment are

~
13 13 13
~A 3
B. 19_1_-i;
19 19 19
214 3
11 11 11

D. none of these

Answer

If a line makes angles a, B and y with the axes then,
cos?a 4+ cos?B + cos?y = 1 - (1)

Let ‘r' be the length of the line segment.

Then,

rcosa = 12, rcosB = 4, rcosy = 3- (2)

Now,

(rcosa)? + (rcosp)? + (rcosy)? = 122 + 42 + 32 5 From (2)
r2 (cos?a 4+ cos?B + cos?y) = 169

r2 (1) = 169 - From (1)

= 169
r=+13

r = 13 - (Since length cannot be negative)

Substituting r = 13 in (2) , we get

12 4 1
Cosa = —, CoSB = —, cosy = —
13 13 13

12 4 1

Thus, the direction cosines of the line are PATLTS



12. Question

7 _ LA _3
Thelines X_ Y _Z gX-l _y-2 z-3

1 2 3 2 4 6

A. parallel

B. intersecting
C. skew

D. coincident
Answer

The equations of the given lines are
x_y_=2
12 3 (1)

x—1 y—2 z-3
-2 -4 -6

x*-1_y-2_z-3
T2 s (2)
Thus, the two lines are parallel to the vectorp — 5 + 2] + 3k and pass through the points (0, 0, 0) and (1, 2,

3).

Now,
(@, —33) x b= (i +2j+3k) x (i+ 2j + 3K

)

ol

—0-(3 x3=
Since, the distance between the two parallel lines is 0, the given two lines are coincident lines.

13. Question

-3 vy
The straight line X == = 1 is
3 1 0

A. parallel to x-axis

B. parallel to y-axis

C. parallel to z-axis

D. perpendicular to z-axis
Answer

We have,

X—3 y—2 z-—1
3 1 0

Also, the given line is parallel to the vector,

b =3i+]+0k

Let xi+yj + 7k be perpendicular to the given line.
Now,

3Xx+4y +0z=0

It is satisfied by the coordinates of z-axis, i.e. (0, 0, 1).

Hence, the given line is perpendicular to z-axis.



14. Question

The shortest distance between the lines x -3 = y-8 = z-3 and x+3 = y+/ = z-6 is

A.\/3_0
B. 2./30
C. 530

D. 3,430
Answer

We have,

x—3 -g -3
=_r_T= 50
3 -1 1

x+3 +7 -6
E_VT_I 5(2)
-3 ) 4

We know that line (1) passes through the point (3, 8, 3) and has direction ratios proportional to 3, -1, 1.

It's vector equation is -
f=3 +Ab, Wherea; = 3i+8j+3kandb, =31 —j+k
Also, line (2) passes through the point (-3, -7, 6) and has direction ratios proportional to -3, 2, 4.

It's vector equation is -

-~

=3, +vb, Wherea; = —3i— 7j+ 6kand b, = —3i + 2j + 4k

Now,

—

a, — a, = —6i— 15+ 3k

-~

I i j k
by xb,=13 -1 1
-3 2 4

= —6i—15] + 3k

by x b;| = V(=67 + (-15)2 + 32

V36 +225+9

= /270

(3, — a;) x (b, x b, ) = (—6i — 15] + 3k) x (—6i — 15j + 3k)

=36+225+9

=270

The shortest distance between the lines, ¥ = 37 + lb—; and = 3, + vb_; is given by,

@z —3,)-(b,xbs)

d = ———
b, xbs|

| 270 |
~ Y270

v
=+/270
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