12082CH13

(UTfIeRdT Probability)

*®* The Theory of probabilities is simply the science of logic
quantitatively treated — C.S. PEIRCE

13.1 95T (Introduction)

Ted &1 Henstl B g Wigehdr i fhdl agfess whem (S das et e
1 TSR ok Hfed B i AMRYFad &1 719 o €9 | 9
ol BHY B TES QUA. oA (1903-1987) BRI
Hhearted efiedia gfteehior =61 ST=nT feran o SR wifdear
1 qleror o gRoTE W) IR we o ¥4 H fefia
fer oam T ToEarer ufomE &t < wifaear
srfumfedta gfteshion @i senfiene fagia (classical theory)
T Treherl ot Tfyq st off| T9 THET] o STHR W ghA
STHaq fassl Tafte i SRl w1 Wiehd 9 &1 ot 5o .
wifehdl o A e ot stemEA e 21 gw st | Pierre de Fermat

7 forelt =121 i wufds® Wf¥eRdl (conditional probability) (1601-1665)

o IR H fa=R &3, e fFet o= e o "fed 81 &1 ga1 a1 99 2, a1 39
TRVl STEURUN i el ¥ I91-THT (Bayes' theorem), FTshdl 1 0 1 qen
Loy TS o o) § TS| B9 5fese = (random variable) 3R $Heh Wifehdl s
T ATVl STAHROT ! HH qoN fREll Wiaehal Se o H1EF (mean) 9 YEROT o
TR Y o IR 1AE o AfH AT H TH U Hew@YUl STHAd Wifdehdl §ed (discrete
probability distribution) @ &R # @7 58 fgug sie el =1 €1 36 e W gq @
wlierr o7 foer uRome wHEEeT B §, S @ TR o1 | el T @l

13.2 wufaser urtaenar (Conditional Probability)

1oft dF B TRl SIe B WIfeRdl Sd S T == & 2| AfE B et ufest wafe
FI Y A T e, 9 F fRE T we o ufed e T ge 1 g S e
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548 TTfoTd

1 WIfFehdl T ISd1 2 ST 36 U3 o ST o [0 Ueh I15ieseh e W fo=m &t
e uftomy Tagwe )
MY, T A = (fair) Tkl &1 IBTeH & Tder0r W four wifau) @ adero
1 gfqesl THfe 8
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

aﬁ$ﬁm%?ma%EH%quﬁﬁﬁ%mﬁa%uﬁ%tﬁﬁﬁﬁ@aﬁqﬁﬁmr%ﬁﬁ%

FX Gehd &1 O iU E s “=fad 31 fod gehe 81" SR F s ‘et faees W
2 yefyid B o el i 2

GE| E = {HHH, HHT, HTH, THH}
R F = {THH, THT, TTH, TTT}
ESIGY P(E) =P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
111 1 1 .
“§TETET Y
R P(F) =P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
_1.1 WAL
8 8 8 8 2
g & E N F = {THH}

g P(E N F)=P({THH}) = %

e UM offSe e o o ® i wedl faeeh W ue gehe e ® et s F
Hfed g€ §, d 51 E 1 Widehdl 1 22 F o §fed g &1 gar1 W 7 ffved € fe
E & Wifaehdl 10 3 o fau 39 fasel fagei ® fa=r 7t foren smom 59w wsa
fosreh W 2 7€ B1 5 E ok foIu 58 gue © ufaeel g S 9 sl 39kl STaqe
F o9 T 81 37 Tl °, 39 efafied g A 79 9Rdd H I S € foR g
T UH AU Agfeseh Tderur o &9 § goerl 91fet ferer gfaest gafte shae 3= aftomt
%1 Tg=ad & S foF S F ok ST @1

S| F %1 9% gfagel fog st E & of 3l &; THH ®1 37d:
F o1 9fqeel ¥afte AMd g oo E &1 Wifoshdl =

1
4
Rl FwaﬁamﬁmwzﬁmEﬁmﬁw=%
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el E &1 39 WIehdl o1 Sufde Wiided #ed &, Sk 91 © {6 =ed F Hfed
& ST €, 3R 38 P (E[F) g1 <@Iid B

SMHP(E|F)=i

e FIST foF F o o 19@d St 51 E o ot 31 bl €, E 99N F o 91l 37aga
e €, S E N F % wfaesl fag €|

37d: €9 S E 1 HYqse Wiidehdl, et i € foh S Fosifed € g € i
75 JhR ¥ 99 F TR 2

_ (ENF) =k a1 wieeet feigeti &1 gen
P(EIF) = F o 3T gd ufaaet fagsti &1 5@
_n(EnF)
~ n(
319 379 9 T HI Uyt wmfe & sagel &t Fd wen ¥ fawfyd F W 79 @
g f% P (B[F) &l f=1 whR § foran <1 gan ©:

n(ENF)
S)  P(ENF
P(E|F) = ZEF; = (P(?)) ()
n(S)

e Hifew o6 (1) aoft 7= & S P(F) = 0 31&fqF = ¢ (F012)

Id: BH WUfaaY Widehar w1 T YR © 9RifiE o "ehd €

uftermar 1 AfE Eqen F el agfess e o ufieel gafie 9 gefud < e €,
Al Fon wfed €F &1 gol W, E 1 qifashd Fefatad 9 9§ 9 e 2t

P(ENF)

PE , Safeh P(F) # 0

P(E[F) =

13.2.1 QUfaaer qrfiehar & T (Properties of conditional probability)
7H of f& Eqen F gt gfaedl gufie S« @ wemd &
TuT 1 P (S|F) =P (F|F) =1

P(SNF)_P(F) _,
P(F) PF)

& 7@ ¢ f& P(S|F) =
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550 T

P(ENF)_P(F) _,

P(F)  P(F)
1d: P(S[F) = P(F|F) = 1
T 2 A% A 3R B ufasel gl S w1 R < S 7 3R F TH 1 W 36 UK
g & P(F) 20, d9
P[(A U B)[F)] =P(A|F) + P(B|F) — P[(A N B)|F]
fagiy ®9 9, aff A @R B oW ervest s e,

P[(AUB)|F)] = P(A[F) + P(BJF)

ESID I P(F|F) =

& Wd ® TR
P[(AUB)NF]

PIAUBIF)] - —— o

_ P[(AnF) U (BNF)]
) P (F)
(W=l o WelfTs W Hiwer o s 7w gu)
_ P(ANEF)*P(BNF)-P(AnB NnF)
B P(F)

3 P(AmF)+P(BmF) P[(AnB) N F]
PP P(F) P(F)
= P(A|F) + P(BJF) — P(ANBJF)

& A dOT B TRER TUaSt @l a
P[(A N B)|F)] =0
= P[(A U B)|F)] = P(AF) + P(B|F)
3: W9 A 99T B WER STqast FeAW g al P(A U B) = P(A|F) + P(BJF)
T[T 3 P (E'[F) =1 - P(E|F)
11 Wl A e T P (S|F)= 1

= P[(EUE)F)]=1 FifF S=EU E'
- P(E[F)+P (E|F)=1  ¥ifsh E N E' TER el FAT¢ 3
37 P (E'|F) =1 - P (E|F)

3L 379 FH{J IR |
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9 4
IS 1 AR P(A)=%,P(B)=E aﬁtP(AmB)=E,a’t P (A[B) 9 wifsTu)

P(ANB)
P(B)

_4

&1 89 d € o P(A|B)= 5

\\o|;\-l>

1
SETETOT 2 U YNER H < o= 2| A 98 71 & Toh o=l § ¥ 9 Y HH TH o=
AgHT B, dl Al oA o IS B HT A Wi 272
T U AT b eI 1 o g TSH! i TeUd i &1 THEI0 1 Hiaesl Tafe 8:

S={(b.b), (g.h), (b.g). (g.8)}
M ST E de F shewr: frfafaa see 1 guid €:

E:'SHi o= @goh ¢
F:'a=ai § 9 %9 4 &9 0% A< o

W

@ E = {(bb)} 3T F = {(b,b), (g.b), (b,2)}
4 EnF={(b,b)}
o7 P(F)=%3ﬁTP(EﬁF):%
1
_PENF) 4 _1
gy PER =5 H "33
4

SETET0T 3 Uk 990 H @ HE | 9 10 q% YUl for@ Y @ Y SR S orel e
e TN 30 T W T w1 Agesdl fehten A AfE ag 9| 7@ fF e e e
W e 3 9 e 8, O 39 G % U BN %] o Yiiekdl 272

T A ST o A 52T FehTel T e W wE Eew € 3 B e (e T e
W HeN 3 9 98l 8 &l e w3 €1 gH P(A|B) 1 ST 2

78 Tie 1 giaesl @A €:S=1{1,2,3,4,5,6,7,8,9, 10}

LiE| A=1{2,4,6,8,10}, B=1{4,5,6,7,8,9,10}

3R ANB={4,628, 10}
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5 7 4
& P(A) = 15 P(B)—EaﬁTP(AmB)_E
4
P(ANB) 109 4
ad P(AIB) = —p o :170=7

10
SETETOT 4 TH qreenen § 1000 faanef €, fw 9 430 wiefwal €1 9 9@ ? fF 430
o W 10% Teihal wen XIIH Yagdl &1 o wiiehdl € foh ok agesan g1 e feenedt
el X1 H vgdl ® 9% 78 9 ¢ T 5 e famnef et 22
& M AT B o2 argesn 51 e fernedt wmen X1 H v 8 SR F e agesa
<1 T fernedi gt B, *i o4 i &1 W P (EIF) T T 2
430 43

CEl P(F) = —— =043 3R P(ENF) =——=0.043 (H?)
1000 1000
P(ENF) 0.043
GEl = = =0.1
PEIF) P(F) 043

FETET0T 5 Ueh 99 ol 1 R SO o YHe0 § ¥ A a1 B &l 7 9&R 9
it foran T 2

A ‘A SO W WA 4 YR BT
B : ‘Tedll S8 W TEA 6 IR qE{ S8 | W@ 5 Yehe el
Ife B o1 =fed g faan @ 2, @ wed A &1 uifiehar I it

T Wiaesl wafe § 216 wiom €
3, B = {(6,5,1),(6,5.2), (6,5,3), (6,5.4), (6,5.5), (6,5.6)}
(1,14) (1,2,4)..(L,6,4) (2.1,4) (2.24) ... (2,6,4)
A= 1(3,14) (324)..(3,64) (414) (4,24) ... (46,4)
(5,1,4) (5,2,4)...(56,4) (6,1,4) (6,2,4) ... (6,6,4)

3R AN B={(654))
6 1
CE| P(B):%aﬁ'{P(AmB)zﬁ
R
e pAB) = LAOB)_216 _1

PB) 6 6
216
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SETETUT 6 Teh T 1 & IR ST 41 3R Tehe g2 WSt &1 AT 6 9 T @
4 o =Id9 T&h 9R Yohe B i HUfqas Wehal F1d hiferg)

&l UM ST E S S8 4 1 ad Tk 9R Wehe g1 IR F EeAl S arEl W
Yehe TS 1 AN 6 B’ I U B

ad E=1{41),42),(4,3),44),4)5),4,6),(1,4),2,4),3,4),(54),(6,4)}
R F={(15),(24),(3.3),(4.2), (5.1)}
mw%ﬁP(E)—— P(F)—%
qqa EnF={24),42)}
CIC] P(ENF)= 326
37d; difsd Tiehdl
2
P(E NF 2
P(E|F) = (P(;) ) =%=§
36

et T B 3 Therml W faem T € fer @l aRom weEee € 3wl
& fou v wufgey wifedr <1 oo foren 21 qenfu gufdes wifrear 1 =@t
TR, ST9e w9 W, 39 feufd 7 ot v w1 S wehdl 8, 59 Hifeid s qagee
T Bl Wifaeha@et P(E ~ F) @ P (F) &1 9Rehe agq@R fepan s 2
3MeT Ffafad ST 9 39 |6 |
IETET0T 7 Uk foaeh i S8eH o qie W faar sifsw) afs faes w fad ywe @
o faaer 1 I4: 386 W AR fager W 1 Johe B d Tk 919 &l Heh| A ¥ ‘&1
¥ FH TH U Yohe B 1 fed B e ww # (H,H)

T U W 4§ TS T@N Yk A1 i gufaey ﬁa(H)

WIfaehdl T hifsig (HeT)

ol qderr o o o 13.1 @ e feman S (E)

Thd T1 39 TR & fo H 9@ Fed & =T §T3;

wher %1 yfaest gafte € g ‘52
S = {(H,H), (/L T), (T.1), (T.2), (T.3), (T4), (T.5), (T.6)}  amepfa131 (1O
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el (H,H) =witar & % 39 Somil W fod wee g1 &, 9o
(T, i) <eiien & o et SO W 9 wohe gon s, o @
%l Hhd T G | Tohe Tel

ad: 8 Hifers =S (HH), (H,T), (T,1), (T.2), \Us

- 1111

(T’3) (T’4), (T’S), (T)6) W-Q-T‘ 454912312) 'qz(T)
111 1

IE,IE,IE,IE'Qﬁaaﬁﬂfﬁﬂﬁiﬁ'3ﬂ'3ﬂ1¥¥ﬁﬁ'%,§ﬁﬂ'ﬁﬁ

o= 132 9 = 2l SRR 13.2

A & F 521 “=FaH T 92 Yehe BF1 3R E S
‘U8 W 4 9 9E @ Yehe B’ i <9I 2

Gl F= {(H,T),(T,1),(T,2), (T.3), (T.4), (T,5), (T,6)}
E = {(T.5), T,6)} 3R ENF= {(T,5), (T,6)}
el P(F) = P{(H,T)}) + P ({(T.1)}) + P ({(T.2)}) + P ({(T,3)}) +

P ({(T.H}) + P({(T.5)}) + P({(T.0)})

11 1 1 1 1 1 3
= —+—t—t—t—F—+—==
4 12 12 12 12 12 12 4

1 1 1
. PENFH=PHUTSH)+PUTON= 775 =¢

2712 6
L
o P(EJF) = P(E(;)F) =%=§
4
| womraett 13.1 ]

1. aff E3X F 39 %R 1 wead ¢ f& P (E) = 0.6, P (F) = 0.3 31X
P(ENF)=0.2, @ P (E[F) 3 P (F|E) 9 it
2. P(A|B) 9@ IfST, oI P(B) = 0.5 3R P (A N B)=0.32
3. ARP(A)=0.8, P(B)=0.5 3R P (B|A)= 0.4 I HifST
(i) P(A N B) (i) P(A|B) (i) P(A U B)

4. P(A U B) @ Hif =g 2P(A):P(B)=% 3R p(A|B):§
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qrfeshdl 555

I P(A) = %,P(B)= % aﬁtP(AuB)=% T HIfe
(i) P(ANB) (i) P(A[B) (i) P(BJA)

frfafed 999 6 9 9 % P(E|F) 1@ sifsg)

6.

10.

11.

12.

13.

T foaeh & A9 9R ISR T T
(i) E: 90 391@ W foq F: 9gelt <M some R fod
(i) E:=am < foa F : tfishag weh o
(iii) E : eifersrag <1 72 F: =JAaq q 92
T foeepl &1 Th IR IV T B:
(i) E: U feeh @ 92 Yohe el € F : Uk fageh W fod yehe eiar ©
(i) E: g 92 Yehe &l Bl € F 1S fod Yehe =&l el €
T U ] dH IR ISl T
E : T 381 W 9@ 4 Yhe B
F : 9gcll 31 3Bl W FHHW: 6 T 5 Gehe e
e Ui fo o wma, fuar o ¢ agesw we €
E: 99 @ il @ @l © F:foa 751 § @2 ®
T Tl 3R T el I ohl STl T 2
(a) TG T YIS AR HT AN 9 TH i Fufasel Wik A Hifee afg a8
@ 2 T el T W S5 YR g3 B
(b) TG W YT F&AS w1 AN 8 TH i Fufasel Wik T Hifee afg 78
@ 8 foF e T8 W Yehe §ET 4 § %Y 2
Teh I U I STl T 8 HeNS B={1,3,5), F=1{2,3}, 3G = {2,3,4,5}
& fau fr=fafaa 3@ wifsa:
(i) P (E[F) 3R P (F|E) (i) P (E/G) 3R P (G|E)
(i) P (E U F|G) @R P (E N F|G)
T of for S oH oTel sI= o1 SIgehT A1 TIgeh! BiFT THEWeT €| 9% ferdt aiear
o g o= B, d S o=l o ASH! B i HUfde Wifehdr # ©, 9 T fea
T R (i) 9o SIS el € (i) FAd9 Tk ool Aga
T YR1eTe o U 300 TeI/3TH YHR o STHM T9H 200 /3T YR o
e U9, 500 Tg-Tashedid FehR o STEM W99 3R 400 Tg-Tamedid YR ok
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e T 1 HUE {1 AR I o WUE W U WY AN I Sl €, A Th
3T U9 i ag-Toshedia BH &1 Wifdehal 1 8N 2

14. ¥ Tz 7o 2 for <1 il ol Sk W Wi WAy - €1 g weme
AN 4 M ST WiFHAT F1d SIS

15. U U™ &1 Thehd o W0 W =R SifNw) Ik 9™ | Yehe 9@ 3 &1 PN
2 A U W G $oh SR A g o W Y § ql U THaeh i 99|
SIS AdH Teh U W GEAT 3 Yehe e A e © ot s fgeeh R 02 yehe
B’ & Gufqs Wifeehar Aq e

Frefefa ol % 8 o W T TR T

16. A€ P(A)= %,P(B)=OHEI P (AB) ®:

(A) 0 (B) % (C) uftenfia =&t (D) 1

17. =% AR B sed 38 ¥R € & P (A[B)=P (BJA) %0 T«
(A) AcB (B) A=B (C) AnB=¢
(D) P (A)=P(B)

13.3 Tfehdr @At o T (Multiplication Theorem on Probability)

qF ofifSw fF E don F U wiasel wafie S &1 < oAl €1 wedd wqeed
ENF S seiefi E e F o =fed 8 i 39fdl 21 371 9l § ENF 5213t E qen
F o F9q wfed g w1 9iial §1 921 E A F 1 EF o foran s 21

W B T ST EF 1 Wifaehdl 10 i 1 SAGeIehdl gidl 81 SI0 o forg,
T o oK T U1 FeRTer o wemn § g9 fAg ueT ‘Uw ewe 3R T I R
Wifoehdl T1d | gogeh € Wehd &1 AT EF 1 WTehal A hid oh foq ex aufase
WIfehdl 1 SUAT Y € ot fom e fe@mn T R

TH SHd ® fF wed Foh fu M W wea E &1 |ufdas wifdsrdr i
P(E[F) 511 S391id ® @i 38 fefeied 9o 9 9 o3 2l

P(E[F) = %,P(Fﬂo

I uftom | &9 forg 9o © T
P(E N F) = P (F) . P (E|F) (D
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Y 9% off 94 © fo

P(FIE) = PEAE) pg)20

P(E)
el P(FE)=% (Fifs ENF=F UE)
31 P(E N F) =P(E) . P(F|E) (2

(1) &R (2) =i o @ eF 9 e € fom

P(E N F) = P(E) P(F|E) = P(F). P(E|F) Si& % P(E) = 0 3R P(F) = 0
SWieRd IR i WifFshar 1 U FE’ wEd €1 STET Tk 3SR o
SETET0T 8 Uk Heasl H 10 el IR 5 Ghs 78 €1 T 1% Tk o «I% Teh Fehrell St

€ 3R veell 1T T o fehrer W UBe arue e W@l St €1 3 it o e o
Y g g 1 et gagwed 2, @ < sl 1] fieher &1 R wifdeRdr 872

%ol 7 fF E ‘Teelt whieft g o fsher’ 6 S @ S F gEd el s & feher’
%1 5T 21 84 P(ENF) & P (EF) I T @

31 P(E) = P (Yeit foehtal & hreft 7ig F—ichm-u)=%

w1l & fean T ® o6 veed el o shiedt 11 fepelt @ ereiq e E wfed € €,
79 HETA H 9 HICA g 3 5 WHR 13 1@ TE ¢ SWAAT, T g Hredt 2 T Wfahar
S/ o et 73 1 e B T A €, $S IR TEl had F 1 Gufdee wifashdr 7
3@ B 1 Sfed 8 96 2

@i P(FE) = %
79 Wfehar o UM fo g & u B @
P(ENF) = P(E) P(FIE) = P(E) . P(F|E) . P(G|EF)

109 3

T15714 7
3 & 37freR g2TeN o foTq ekl T TUM faW A E, F 31k G T wfdsel gafe
1 T §

P(ENFNG) = P(E) P(F|E) P(GIENF) = P(E) P(F|E) P(G|EF)

TH YRR WIRhal o6 TUM a9 1 foRaR =R a1 SAfuek weisti o faw ot foran ST genan
2| frefetfiaa Seren diF seiel o forg wiftrenar o U fom T geid wed i €|
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SETETOT 9 52 TNl i 3ToS! W@ Hel T Tee! § § U oh a1% Ueh o Il for1 gfaeentyud
U fehTel U1 UBSl q) U 1 SIENE SR R T TR BN 1 91 IRl 87

T HE o T K 5121 Fertenl T Ol arewie © ' R SR A ST ¢ fHehTer e ae gen
2’ ! o B & Tl g6 P (KKA) T e 2

4
3 P(K) = )

e S P(KIK) T8 1 8F W T ‘Teet Frebre T 9ReE € R Sl T 6
SIEIE B 1 Wehal i <l 21 o1 el | (52 — 1)=51 7 € s i aeeme @
wfime PKIK) = <

fdqd: P(A|KK) SR FehTel TTT T o1 SoRT B 1 Wufdsel Wikl € ST foh e
A & o <1 S1EemE ved € febed ST g €1 ot el ¥ 50 U @ Y ¥

safera P(AIKK) = P(AIKK)=510
WireRal o T P g eH Wiw e © T
P(KKA) = P(K) P(K|K) P(AJKK)
4 3 4 2

= X X =
52 51 50 5525
13.4 W7 TG (Independent Events)

52 Wl w1 e § W U ww FreRrer & e W faemr wifs fied gee difers
T i FHEHEA WA T @1 4f€ E d F e ueiet ‘fepen e wwn faE
2" SR TeRTeT T U U SeehT @' 1 e & ©,

P(E) = ==L qo P(F)—i—i
) =573 52 13
Y € 'E R F' e femten T uw faEl 1 seeht @7 Wi o Rl ©, ST
1
P(ENF)= o

a: P(EFF) = ———=

1
PENF) 5
PF) 1

13
a?ﬁﬁP(E)=%=P(E|F),WWW%%WF¢H&H@#@‘\E@=|T%W
E &1 WifFshal W g 9919 &l Sl 2l
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& Ig ot ora ® fR
1
P(FIE) = (I;F) =2~ )
4
T P(F):%:P(FlE)w%ﬁmEamrﬁa'mﬁzﬁm%m F I
WIiehdl T I FHE T e 2

3Td: E 9o F39 R &1 9eA1E 8 fof forelt Tk e o ofed e 61 g o) sl
FT WGhdl W HIE g9 T et 2|

T YR 1 SR *l @[T ged’ FEd 2

TftTT 2 < HeAR E el F %l T6as ¥ shed § A
P(FI E) = P(F) S&is! P(E) #0
P(E| F) = P(E) S9! P(F) #0

31d: 39 R H P(E) #IR P(F) 1 Y=RR 8 69a €l

319 WifgeRdr oF oM a9 |

P(E N F) = P(E) . P(FIE) . (D)
IfE E iR Feads wed e @ (1) 9 &5 9 e § TR

P(E N F) = P(E). P(F) )

3d: (2) o SYAN 9 TH I HSARA i Waadl i (EfafEd we 9 off gt
F THd B
aftarer 3 AWM of B3R F et agfezs qdemn o gfaeel wmfe 1 91 wear ®,
E 3R F @3 7ed gt § At
P(E N F) =P(E) P(F)
feugoit

1. < w=Aei EqeNF ! WIf¥d (dependent) ed €, 9% o o= 7 & erefq 4%
P(ENF) = PE).PF)

2. wf-sedi T wewe SR TWER STyes HeAE o |9 wH e 81 S el
‘Tors SIS T QR SIS 1 Aiehdl’ o 9 H i TE § 5a T I
FqerSt SIS T YRS CHeR’ % ®q H 1 TE g1 SHeh SATdIe, TET
et srest § g off aftomm ad St TE e Tehdr © fohg s see §
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oftomg @ré off 8 TR §, 9% Toe He e 71 TIRdd s g @i
e STgerst s waEef 7 E
TR v o, A < U e s sedl € fent ufehdr IR €, @ 98 WER
aTTerstt TEf & wehdl €1 faetma: afk < e Wihehdr el WER Tvest gt
Al €, o 98 T@as el 8 Wbl &

3. < agfess Ten w@ds wEdn €, 9 Yoish ¥ I E 3R F ok faw, i E
e THe @ g F g wer 9 Heifed €, sesti E a1 F o U |1y "t
B W1 Wk, ST Q1 e Hu= fohw ST, WifreRar P(E) 3R P(F) o ToH%e
o SIER Bt €, FTent uftehet ST Thermll o SR U STel-3Ter TR S
21 @19 P(ENF) = P(E) . P(F)

4. 99 weAeh A, B 3R C &1 Was &8l 9@ ¢ 9 iR sed A

P(ANB) = P(A) P(B)

P(ANC) = P(A) P(C)

P(BNC) = P(B) P(C)
3R P(ANBNC) = P(A) P(B) P(C)
Ife Sy | U 9 9 9 Th A 9 ToF TET Bl © dl & TE SES bl s
&l el S 2l

IEETOT 10 Teh U 1 Teh IR ISl Sl 21 ¥ U8 TR Yo & 3 1 799
2, % E 9 IR ‘U W 9w Hemn 99 @, &1 F ¥ frefua fean se at sard @ sed
E 3R F @6 87

T B9 S @ foh 39 e o gfaeet whfe € S={1,2,3,4,5, 6}

@ E=1{3,6},F={2,4,6! 3N ENF={6}
Ll P(E) = %% P(F)——=— AN P(EN F)——
T P(E N F) = P(E). P(F)

31d: E 3R F @ad el ¢

IETET0T 11 Teh ST (unbiased) 99 ohi T SR ST &1 HH o A 2T T8l
I W fave g ura g’ 3k B we ‘it e R foavm e g g guid
21 TS A 3R B o W3 1 GO0 Hifu)

T W&'mﬁ%ﬁﬁmm&ﬁaﬁwaﬂwnﬂﬁaﬁ

1

P(A)_— ﬁ'{ P(B )=%=5
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1 & P(A N B) =P (31 o1 § faug @@ ura g
91
36 4
11 1
9 P(A) . P(B)_EEZZ
Eeel=roe] P(A N B) = P(A) . P(B)

31d: A 3B a5 Al B
IEETOT 12 A Toeepl =61 I8Ten T 81 WA o E s CdH fad @ dF 92 wrw g
I F ¥ =Aag < T ured g1 SR G s ¢ sifushan <1 e e e ki frefua
%W €1 T (EF), (E,G) 3R (F,G) W HhiA-shi1 ¥ Tas 22 hH-5H ¥ THa &7
T whe w1 yfaeyl T ® .

S= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

T E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
3R G = {HHT, HTH, THH, HTT, THT, TTH, TTT}
e & EnF={HHH!, EnG={TTT}, FnG={HHT, HTH, THH}
2 1 4 1 7
o P(E) = ==—,P(F) =~ ==, P(G) = —
(E) s 2 (F) 2% G) 2

1 1 3
PENF) = PENG) =, PFNG) ==

T P(E) . D) = x5 = PE) PG)=p < =-Lai PR PG = x =L
37d: P(E ~ F) =P(E) . P(F)

P(E N G) = P(E) . P(G)
AR P(F N G) # P(F) . P(G)

ZafeT S (E 3R F) a3 € Stk 72 (F 31 G) 311 (E 31X G) T 21
FaTET0T 13 g #ifST ff 9 E iR F <1 Tods e @ df B @R P’ o wds gi

o Hifes Ed F @as 8, gafau
P(E A F) = P(E) . P(F) )
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562 T

ot 13.3,% 39-31@ ¥ 98 W ¢ fF ENF3IRE N F TER eS8 3R e &
E=(ENFUENF) T 5
Fifh ENF 3IRE N F 1R et ¢, E oF
zhfer P(E) = P(ENF) + PE N F)
gl P(E N F) = P(E) - P(E N F)
=P(E) ~P(E).PE) (DF | (BNF) — gXE~ (E'NF)

=P(E) [1 — P(F] meRfa 13.3
=P(E) . P(F)

37d: E 3R F @45 5o

| it | st v e v 1w § fEoAf

(a) B 991 F %A &
(b) E @ F A 2l

SETET0T 14 A% A 3R B s WG € df A9 BH @ =[qH Tk o € 1 Wikl
=1-P(A") P(B)
T P(AIBH ¥ =7q9 TH H &) = P(A U B)

=P(A) + P(B) - P(A N B)

=P(A) + P(B) — P(A) P(B)

=P(A) + P(B) [1-P(A)]

=P(A) + P(B).P(A")

=1- P(A") + P(B) P(A")

=1-P(A") [1-P(B)]

=1- P(A") P (B

[ wwmerett 13.2]

1. A P(A) =§,P(B) =§ AR Aden Bds e € @ P (A N B) F1@ Sifsu

2. 52 Ui i U et H § Agssn fo wfaeenfud fhw e v ket T <t
Tl o el TT 1 BF i ITehdl 1 hifsal

3. R & Uw fesd 1 fleror 399 O O Gad i agesan fa gfawenfya feu
B Fetet T fopann Stran 81 afg i Freprel 7T HeR or=s ©F di fesd i faent o
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10.

11.

12.

13.

qIehdl 563

fIu Teftepa e ST @ oTren sTeeliehd Y 24 €| U fesan e 15 ey @
S 9 12 39 9 3 WU W B, o T o foIT Teiiehd BF 1 Wifsrsharl o
EAIEL

. T A TR 3R T AT T okl SSTel T " o A se ‘faees I faa

TR BT &' 3R B A U T HEA 3 Uk Bl §' I Frefud w1 Fran
HIFY o o2 A 3R B s & &1 12
Th U W 1,2, 37 W F 3R 4,5, 68 W 9 T U F| 3W U i SSrel
T HE o A ST §H 2 SR B EeAl CHe o W g foret T R, 6
frefyd ot €1 A 3R B wad 87
UH of EAeNFE SN 38 YR € T P(E) =§,P(F)=% aﬁIP(EmF)=§?ﬁl
M E qe1 F @&as €2
A IR B UE el & W € el P(A)=%,P(AUB) :gasm P(B) = p.
p 1 W T SIS 4 (i) TN WER et g1 (i) St s B
T ® A 3R B @ds "¢ € 92 P(A) = 0.3 XPB) = 0.4. T«

(i) P(A N B) (i) P (A UB)

(i) P(AIB) (iv) P(BIA) S shifsq

ﬁTﬁWﬁ'Aaﬁ'{BQ{ﬁ%,ﬁﬁP(A)=i,P(B):%aﬁ'{P(AmB):%?W
P(A-TET 3R B-7&) 9 shifer)
mﬁAHmBWWﬁ%aﬁIP(A):%HmP(B):%aﬁt P (AT iR
B-T&f) =i.w A SR B Wdd A 7
A 3R B @da st §t T € el P(A)=0.3, P(B) = 0.67

(i) P(A 2R B) (i) P(A 3Tk B-Tel)

(iii) P(A A1 B) (iv) P(A 3R BH &i¢ st 7f) %1 9w *ifer)

T U I q 9N ISl Sl © A 9 9 %Y TH o) {9 G g 81 &
Ifehal Ad it

q e u afeg 9 o ufaeenfua foeu frerrell st @1 e § 10 Tl 3R 8
et i € A Wik I RIS (i) T A o w6 (ii) T el T gEd ot
2l (iii) TH HIeh a0 O @A
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14.

15.

16.

17.

18.

TIfoTd

T Taiy Te 1 A SIUB g s &9 9 8 F3 1 YIaehard el %ﬁ'{

%%lw&ﬁ,wﬁm@,wwaﬁaﬂmaﬂﬁ%,aﬁmﬁwm
EAIELAED
(i) THE g € Wt @
(i) STH § TLIq: HIE Th THE A HL ol &
AT ok 52 O 1 e G TEEl @ U W AgesA e s 81 et
¥ 9 fora geneti § e E @R F w@as 22
(i) E: “Fepren o ox gpH w1 ¥
F : “fehten T ue geen @
(i) E: “Fehren 0 9o et T 6 @
F : “Fleptell TR 91 U a1EIE 2
(iii) E : “FehTen T O=1 Uk TSI A1 Tk S @
F : “fHehTenl 7o U= Tk S A1 T M 2
Tk BEEE H 60% fenefl &l 1, 40% AU T SR 20% A STEER gd B
T B I AG=SA I Sl 2
(a) Wifrehal S HIfSTY fom o = df &t ik 7 & SISt 1 @R et 1
(b) =g o€ &t 1 STEeR ugdl € df SUeh S i 3f@ar f ggd arel g
T ITIehdl F1G STl
(c) A o€ TUSH 1 SR Ugdl € i 3Tk &l &1 er@ear f gg+ ot g
EiRIPETIISIGEETIS I
e UGl 1 Teh ST SSTell Sl © dl Yeh U W EH S Sl WW i
1 g Frefafad § 9 0 272

1 1 1
(A) 0 B) 3 © 5 (D) 3¢

T FeE A SN B % WER @A #Ed ©, AR

(A) A 3R B TEHR el & (B) P(A'B') = [1-P(A)][1-P(B)]

(C) P(A) = P(B) (D) P(A)+P(B) =1
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13.5 SI-UHA (Bayes' Theorem)

M efifsg for &1 S 18Ik 11 few o &) e 196 2 9 37 3 ot 1 €1 3K S
¥ 4 T 3R 5 o e 21 fordlt wh 9 o 9 U 7% Argesa Febrell Sl €1 84

W@%ﬁﬂqﬁﬁwﬁw%mwm%mwmﬁ%(mﬁﬁwn
49w faeie @1 (9 o §%) e w1 Fepter 1 wifierar off 99 1 Hehd 81 3=
vl H e ferdht fae w1 &1 g feprer w1 wifrehar @ R geRd €, 9f% g e
T F T iR AU O o Frekelt T ?1 AR o W 59 o1 Sk WifdeRdr [
THd © fop g foredt fodw 91 (WM & Sen-10) @ Freprelt 7€ ® afE e freprelt T e
1 W1 741 B2 TRl BH Se-11eh A 1 Aiaeid (reverse )WIehdl Hd Al @ Seifeh
TR 91X B ATel S 1 g9 W €1 Ui i Wi 991 7 giaer wiedr 9w
1 THE 1 GHHM Ufda Wiehdl o STAN gRI el €1 Sk R s T 9
‘S-S T W ST S € S SR geiadd 1763 § ki g ol S ee
o HOF o YA U Ud SMET Uk qRWl R F yRiEs qiomm w R st
13.5.1 T Uidgel @Al &1 @9rsiT (Partition of a sample space)
e E L E, ... E & 9= &1 gfaeet gafe S o faursm & fefia & € ok
(@ E,NE=¢,i#/,ij=1273.n
(b) E,VE,LU..UE=S73du:
(¢) P(E)>0,%% i=1,2,..,n% faq

T v H, ¥ B, E,, ... E Ufaeel Tafe S fauem w1 fefud et € af
A T SEYH €, GHU § AT ST ARl YRR 2

ITEOT: T @A § fF B A E IR SEA | Hmed B/ ufaey wAfe S
fasem € ®ifF ENE =¢ 3R EUE =S.

a-3m@ Tost 13.3, @ &9 STt | Werol Y Uehd € T 7% E SR F forell wfeeet
Tufte S, o W i & TN €, @ {ENF ENF'} 99==4 E & T a9 2

wg=sd {E'"F,ENF,ENF} ¥9es9 E U F & T fa9nse € iR aq==d
{(ENF,ENF E NFE NF} gl gfee S & fausH 2

319 T |YU WIiaehdl i UHA & fag &
13.5.2 Wﬂﬂf UIfehar st 99T (Theorem of Total Probability)

a9 & {E, E,,...E,
SeAE L E, ,...,.E ® Il Y™ 8| °F dfifan A gfaeyl wafe & 9@

n
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566 T

el ©, 4,
P(A) = P(E,) P(AE)+ P(E) P(AIE) + ... + P(E) P(AIE, )

= Y P(E,)P(AIE))
j=1

suufs & T 2 76 E,E,, ..., E, 9foeel Tt S &1 weh fawse @ (ot 13.4) 3afem,
S=E VEU..UE ..(1)

3R ENE=0Vi#jij=12 ..n
Y 9 § foF fordt seA, & foau
A=ANS N
=AN(E UE, ..E) ————

=(ANE)UANE)U..UANE)

WA TANE, SiRANE, FA9: T B, iR B % Suaqes € 3l i # j, % fog
IR € T i), ij=1,2...n% T A NE, 3R AnE + erg €
ERISIY P(A) =P[(ANE)UANE)U..UANE)]

=PANE)+P(ANE)+..+P(ANE)
S P(A NE) = P(E) P(AIE) #if P (E) # OVi = 1,2,..., n

Wifirehal o TUH e gR eR WA € T
BRI P(A) = P(E) P(AIE)) + P(E,) P(AIE)) + ... + P(E ) P(AIE)
R P(A)_ZP(E )P(A|E))

memaqﬁm#@ﬁnfmmaﬂéaﬂm%masﬁaﬁm
0.65 81 TSAlel 7 B 1 91 ggaret 84 &1 fefaal o fafo & o geamgar qof
B 1 WIfeRard s 0.80 e 0.32 € fmiv s % gEarEr o €F %) gt
RIGRCAISL
Tl UM ofifse f& ‘fmfor e & geager gof 897 & s i A iR Cegdre g
%1 e il B gR1 Frefud fran St €1 g9 P(A) T T €1 ed 9 € T
P(B) = 0.65, P (8gdrel &) = P(B") = 1 — P(B) = | — 0.65 = 0.35
P(A | B) = 0.32, P(A | B’) = 0.80
wifer A B 3R B’ WAl W= o fawsH ¢ gafee §qul wifrenal wig gr
=P(B) . P(A | B) + P(B’) P(A | B")

2022-23



qIeshdr 567

=0.65 % 0.32 +0.35 x 0.8

=0.208 +0.28 = 0.488
31 fmfor e gHeEr gof eF T wifaskdr 0.488 R
9 TH ST-WHI T YR HAT 90 39 fag Hwa
IT-UHT (Bayes' Theorem) af€ E.E, ... E 3 e & S T ufaeel gafie S
% fassr 1 i St & U E L E, . E, T SHIH € SR EUE,U ., U
E, =S 3R ASE Tt s € fowet miawa ym 2, o

P(E)PAJE)

P(EJA) = — ,i=1,2,3,...n
D> P(E;)P(A|E))
Jj=1
suufa &9 9 © 6
P(ANE))
PEJA) = — 7
P(E;)P(A[E))
= TA)I (Rt o TUH e )
_ _PE)HPAIE) e & Frm @)

D P(E;)P(AE,)
Jj=1

o s e e S e
HEAHAE , E,, ... E Hl IReeT E (hypotheses )Fed 2l
P(E)) 1 YRehed 1 E &1 Jaehieid (a priori) Wdr e €1 Ufdes Wiy
P(E A) %l Reheql E &l STHIE (a posteriori) WIfdehdl Hed 2l

IS T T CHRON T IfashAl 1 G o Fe S 21w E, viaee wEfe S
o Tk faurs 1 fE wRd € THfe sest E ¥ ¥ U 99 ¥ Uw iR e
T E Hfed Bt ¢ (STE, § W had U E Al Hedl ¢ 3R Uh ¢ sifurew T we
TRl T) 3T: ST Y TH RS R E, (31fq T HRO)HT Wik < € ik
S A w1 Sfed g e e 2

I51-79a &1 fafay afitferfal & swefm 21 39 @ 99 = Frefafaa sceon o
e fa T R
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SETET0T 16 & O [ 3R 11 fau €1 9t 19 3 ol 3R 4 et 1 € o9 ff 9t 10
T 5 el 3 6 el e 21 fordl Th O | ¥ Igesd T T et T oS fe
e T 1 21 3H 91 i 1 iiehdl € T 7 1g 91 11 9 fehret T8 €2

Tel Ot 11 W B B B, § SR 9 1% =@ &1 E, W et 7 et fw
e 1 1 g ke 1 HeT w A9 e w3 2

e P(E,) = P(E,) =

N | —

A& P(AE) :P(%Iﬁ@mﬁﬁﬁ?ﬁm@):%

R P(AlEZ):P(QﬁéHﬁ@mr’nﬁﬁ?ﬁmﬂ):f—l

3@ SR T 9 W5 o™ &1 gifawar, 59 & 98 71d & % 98 o O
&1 € = P(EJA), 39-T99 51

1 5
PEIA) - P(E,)P(A | E,) TR
2 7 P(E)P (AIE)+PE,)PAIE,) 1.3 1 5 68
277 2711

SETET0T 17 6 i fes I 1 3R 11 Ry e € el goie o < foeen € fosd 16
Tl foeer O o €, Tesd 19 <l foger =il o € @R fesd I W U 9H 3R wh
<7<l o1 Teent 1 U St Argesdl U Tesa a1 € iR Sud 9 gssd U e
fhrerar 21 afs faeht @R 1 2, 1 39 91d 1 F1 Wigehar € fo fesd o qowr faant
ff G 1 & 22

&AM A E, B, 3% B, %A fead [ 13 11 % == &1 frefiq & ¢

1
@ P(E) =P(E,) = P(E) = 5

e @ TH A AT FekTen T faeet 9 @1 2 Wl <wid B

LiE| P(AlEl):P(%@rlﬁmﬁaﬂfawﬁm):%:l

P(AIE,) = P(fessl 11 ¥ &M o1 T Toeept feher) = 0

P(AIE,) = P(fesd 11 ¥ |1 1 fasrht ke = ;
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Taeshdl 569

e fesd o g faaent off |F 1 8 1 Wik

= f9erten T WF w1 9o fess 19 BF &1 Wifoehdr
=P(E |A)
9 I-YHI g
P(E))P(AE))
P(E,)PAIE,)+P(E,) P(A|E, )+ P(E;) P (AJE;)

P(E |A) =

IEEI0T 18 AH o foh Uk ..t qdieqor &) favesHiaan fefafea ger 3 ffde
H1 T 2

LS. TiSiifea sAfaal o forq adiero 90% Tar @ H SR 10% Tar 7 @
o gyH g1 TE.STE. . § ds At o foru wharon, 99% Wel udl oRlal § A T,
3.3 Tfea Farar & etk 1% wiferd safea o foau va.eE . dsfifed aamd 21w
e SEE, fSEH 0.1% At T, U €, ¥ 9§ U oAfad Agesdl g1 Sl 8
3R 39 1 e e sH W Gfaer e, 1 suftefa Sdrar 81 s wifeRd
2 for o' =afe ora § TaLeRA. (Ushfed) @2

&1 UM o B9 T Afad o arkdd § TE.STE el uisiied e w1 sel iR A st o
TE.IE AL T § Wsiifea 8 w1 HeAl i g9 &1 g6 P(EJA) I T B
e G E T T Al o TELSAE AL WSiied 7 8 w1 Sl i <uin
Tyl {E, '} SHEen § gt safamal o wfagst gafie &1 weh fause 21 el e @
P(E) = 0.1% =15-=0.001
P(E’) = 1 - P (E) = 0.999
P(A|E)=P (=afert =1 qemt | we.ene. o, disiifed <eiin s f&an mn € fr e

g § TSR AL, Oehted ©) = 90% — %=0.9

#AR P(AE) =P (Af &1 T ® LS al. uisifea <9 s@ fo faan wn ¢
9% ard | TE.eTRA. dsifed T8 §) = 1% =0.01

2022-23



570 T

e d9-YHI g

P(E)P(A|E)
P(E)P(A|E)+P(E")P(A | E")

P(E|A) =

0.001x0.9 90
0.001x0.9+0.999x0.01 1089

37d: Teh Ao g U AfK o aeqd H T, 3T, Isiifed 8 i Wifaehal sidl
fop o € o SEeh wE.emE . qder disifed 7, 0.083 €1
SETETUT 19 U died oM o HREH | 73+ (F3) A, B 3R C el SIS 1 W
25%, 35% 31X 40% diee st &1 39 ") o Scared w1 A 5, 4, 3R 2 gfawd
i TR (Ffeqel) € diced & Pl SR § ¥ U e Agesdl e s € sk
o€ TS U Sl B SRl o Wikl € TR 7Te diee wei B gRI ST TR €2
& A fern % wed B, B,, B, 1 wohR 2
BI:WWAWWW%
BZ:WWBWWW%
BS:WWCWWW%

T g fof Wt B, B,, B, RER T9asit 3R 9 €1 o femn & e E f=
TR : Edice B 2l

e E, SeTs B, AB, A B, % Wt wfeq Bt g1 e

P(B,) = 25% =025, P (B,) = 0.35 3% P(B,) = 0.40
T P(E|B,) = dice & @& 81 1 Wikl i« fo < 31 fof oz WA B g1
fafei 2

=0.083 (TT19)

=5%=0.05
¥dl ¥R P(E|B,) = 0.04, P(E[B,) =0.02
I99-999 g ¥H 9. € T

P(B,)P(E[B,)
P(B))P(EB,)+P(B,) P(E[B,)+P(B;) P(E+[B;)

P(B,[E) =

B 0.35x0.04 0.0140 28
~0.25%0.05+0.35x0.04 +0.40x0.02  0.0345 69
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IETET0T 20 Teh S i Tk UM 1 2@ A1 21 Teed o el § 98 9@ € %

IUh A, 99, TheX A1 fRE T aeA ¥ T FT WiAshard s %,%,%m%
%aﬁ%?,wmw@m%aﬁmﬁ@mﬁmﬁqﬁﬁm:%,%,m%

2, T fopdll o o8 | o W S R & et B Al 9% 3 W @, al SHek oA
T 7 1 Wfaehdr Fd S|

&1 A ofifere i ‘efaet o Wit o 78T @ R’ Y W E ®1 A% SRR & 3,

I, WpeR A1 fHl o1 9Ed gW ST F1 wend %A T, T, T, 31 T, @1,

1 2
P(T)) = %9P(T2):%5P(T3)=E3ﬁ1 P(T4)=g Gl %)

P(E|T1)=@Taaaséq§maﬁmé1@u§—nﬁﬁquw=%

el ¥R, P(E[T,) = %,P(EIT3)= %,P(E|T4)=0,a?ﬁﬁ 3T dEA g 3T W 39
[ T B

37e d9-YHI g
P(T,[E) = SR 51 <X § 3 W A 5 3 &1 Hfehal
) P(T)P(ET,)
P(T))P(E|T))+P(T,) P(E[T,)+P(T;) P(E[T;)+ P (T,)P(E[T,)
301
10" 4 3120 1
3 1 1 1 1 1 2 4018 2

TEETOT 21 Teh AT o aR H A € T o8 4 § 9 3 9N GcF dieidl ¢ o Th I8
1 IV & SR adeldl 7 o 39 T 3 aTelt G& 6 21 39 F1 Giendl 71 Hifea
o 9 W M STl gen arad | 6 2
7o O ofifoe ff E, ‘=afad g1 9 i ST L I8 Fa i foh $9 W T drell
T 6 T I FA B HE S S, U W W@ 6 AW F A R S, TH W
@& 6 TET A H1 HSA 21 qE

P(S,) =H& 6 3T 1 =T 1 Hifehal =

1
6
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572 T

P(Sz)=m6ﬂﬁaﬁﬁmaﬁ9®7ﬁn=%
P(E|S,) ==af 5N ¥ 9N W fF wH fF HEm 6 o € Sk T8 W S aeft
T arsdd | 6 7, i Wifehd
st g e et %) WP =
P(E|S,) = A 51 7€ 9 W & I8 W T 6 T ¢ Waih I8 W S ol
e add § 6 & €, 1 Witk

= AfeRd g1 A &l Al i wifrehar =1-

3TE IF-YHT g
P(S |E) = Af R 7€ SaM i WAkl fF WA 6 Wehe g ¥, W9 aad § Ted 6 8

Al

3
4

1 3
B P(S,)P(E[S,) 64 1 24 3
P(S,)P(E[S)+P(S,)P(ES,) 1.3 5 1 8 8

6 4

m:aﬁ&mﬁwgél

| womrerett 13.3 |

1. Uh %eAql § 5 el 3R 5 shich 18 &) AgesA Tk 1< el Sl ©, 56kt 1
e HE o 9% YA: HAN § W@ & Sl 71 YA Fehrel T W1 w6 2 eAfaite e
FHoe § W@ & S # den ko B ° Tk A Rl S 21 gEd i S A
B 1 WIieRal & 2?2

2. TH U U 4 el SR 4 Hredt e T AN T 3T Ol § 2 o SR 6wl 1o
12 Sl § U U R AgEsA I S @ AR SHY U 1 el S @ S
o el ©1 39 o1 1 9o Wiidehar @ foh g 9gel 91 9 fepredt T8 €2

3. 98 9 © T T el & ol § 9 60% S § ®d © SR 40% SHE
¥ & wd 81 ol o o uRong gfud & ® o see o © A el |
T 30% AR BEMEE § 7 T ol SE H " 20% BE 4 A-U fomn o9 o o
¥ Heiferner o Tk ST i Agesdl I T SR T T R 39 A fhen
21 T9 91 1 1 YRl © foF o o sEed 9 @ ae 82
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ufaehar 573

T Tgfahedt 999 &1 SR I § T famnedl =1 @ e # S S+ € A1 9
Wﬂmélmﬁﬁmwaﬂﬁﬁm%%ﬁ?wﬁwﬁﬁ

mﬁwi%mﬁﬁm#m&wwsﬁqﬂwﬁmaﬁwﬁaﬁ

FIRED 41‘ 2 @ TH 91 P A WITHHAT § T IS B YT F1 W S § A
IE T ¢ T 3H wE SR femn @2

fopelt forgw U o @&l FieM o fow o 1 St 99% TEER B, W aredd o
Ueft S| U Y I B 21 fhg 0.5% aR TR oy safer Y TR S i W
M TTera Fuid 2 @ At safa 1 A0 @ v adqeran @1 A o SmemeE
T 0.1% I 39 AT Y T& 2 o 1 Wiehal 2 o IS Ageoan 971 T At
IH U W TE B AR SHh T 1 S T8 S Sl € foh 39 ¥ A 2?2

i fiyereh faw U €1 U faseh o <Ml SR Fora & =1 g feent eifvea @ foes
a0 75% 91 Yehe il § SR dew i foaent 21 Al o 9 e fawer @i
g3 A1 T SR ST ISl T 71 A faach W faa wehe 7, @ s qifahdr
2 T a% < faq eren foase 272

Teh ST ST 2000 TheX HCThl, 4000 R Hhi 3 6000 Th =Teiehi 1 =1
Tl 81 gHTSH 1 WA ®wEeT: 0.01, 0.03 3R 0.15 B staweha At
(Trereht) H | U g B Sl €1 $9 SAfH % Tl = € k1 Wil
1 7?2

Teh HREH A 3R B 3 w3 @l €1 qdf forenor @ gar weran @ 56 et Saared
T 60% A A R 40% Hei B 51 fohan e 21 s@eh exfafier wefi A%t 2%
3R TS B AT 1% IGT T 71 A Fel I k1 Th &R o1 foran <iral @
3R SH e W A=A Fehrell T o @ €, l 39 o] o’ A’ gR aH
B T WIfeRdT oI B2

3 o Tk I o R Hed W wF qH %1 gfaedi § €1 ued 9o T 5
o St 1 WIfFshdrd H9T: 0.6 91 0.4 € 38 eifafe afg eet s Sfiad
% d U U SR o UE B ki WifdeRdr 0.7 € 3R A SE <o S €
9 91d 1 G TR 0.3 T 3! FFshel F1q HIFSC & 721 Seare g <
BN 9 o = e

M ST foh h1E cTgen! Teh Il SOl 81 A S8 5 41 6 1 GeA Wil erdl
2 dl o TH fHeeh i o R Sorerl § o ‘fadl’ @ Hem [ s 8 At
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11.

12.

13.

14.

TIfoTd

IU 1,2,3 0 4 F T YW Bl @ dl 98 T T &l T a7 oo § 3R
g e Lt © o S8 W a0 fue’ ure gl Afe S Sk U Tea wrw g
2, dl SHeh §N SO ML U™ W 1, 2, 3 I 4 UK B 1 Wiiehdl 1 €2
e S il o 99 A, B 21 C /39 ST 81 9o SR A 1% @la
Gl SedIed shiar @ qel ST B 3R C HH: 5% 3R 7% @ |l Seaifed
FT €1 B W A FeA GHT I 50% Al €, B bl THI H1 30% 1 C e
T T 20% El 21 IS Tk @e el Saafed © 4 38 A g Sarfed fh
I ®T IR w82

52l T TS @ U U Wl Sl ¢ 99 U6l 9§ ) W feprel S @ S €2 ok
T B @l T TN 6T 2 T Wifdehar S €2

Amwﬁaﬁﬁmﬁw?%wﬁwmw%HWAm%ﬁ
o =iyl gam arfaes &9 & fodq ge eF &1 wifaswa 2

4 1 1 2
(A) 3 B) 3 © 5 (D) 3
IfE A 3R B U wed € fF Ac Ba™ P(B) =0 @ = § § &iA 3% ¢
_P(B)
(A) P(AIB)——P A (B) P(A[B) < P(A)
(C) P(AB) = P(A) (D) STH § IE &l

13.6 'éII'l'c{f%EB =T 31T 3‘9@* YTtaehar e (Random Variables and its Probability
Distribution)

&, Tefed TEm SR S gl FE % aR § ve @ ghE g § o whe
H 9 oIfys ® 7W foviy uikome ok s=g@ 8l o fRg T uRoma ®
Hafya fordt g&n o s=g% 9

AT F Tl SR S¥ek IRoml R formr |

(i) < Il Rl Tk o GO H TH A IE W Yohe WA o AN H To5H /I

G B

(i) U Toser ®i 50 R IS | eAN o9 fudl &1 Gen W g gewdl 2
(i) 20 &G & TH R W, F5oH 6 @ €, 4 TG H (T & a8 Th) Fepren

o T ¥ FAN w9 4 agell o ufasyl H Wd oRqgatl i §ed ¥ gl §ehdl
2 7 %1 WE iR diek aegetl o fRdt faem st H)
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Swfe § W Yoeh e § gER U™ U | @ S Yodsh uRond o Ed U
ardfas den e s 21 wheo & gds 9o & fau T ardfas gen
-1 it B Tehdl €1 SEFT 7E Ueh =X €1 W € 3Rl 9 Rl argfess wlem
o RO W R Y € SEaT 3 Agfese W hEd & Uk A ess = ol HHd:
X9 = W B

A AT Tk He i TRATIT T TR SIS ol i f aad o T asi=s
=R X, ®er el 8 5@t Wid (domain) agese T0er0T o qROME! 1 S (2
gfteel wafte) g 21 U arfes =R S f oo 9 o el €, TH SHH
W& (codomain) ST @3t o1 T== Bdl €| 37d: e Agfodeh =) i 1=
R W TR T Fhd 2

TR 4 Uk Agfessh =R 98 o el ¢ et aid et angfesesr wlern 1 gt
gufte g 2l
IIME0T o foTu, 27eT U Foaeh 1§ aR 3T | S8Tel 9 o Tem R faar wifsmu)
T8 e S giaeel g 2:

S = {HH, HT, TH, TT}

Ifg X, O Terdi 1 G i o5 el ® dl X U Ageseh =1 8 31 qeish qiomm

% fau Toe 99 9 TR 9 e m R

X (HH) =2, X (HT) = 1, X (TH) = 1, X (TT) = 0.

T € eyl THie W U 9 atfus Agfess =R qRwifid oy s Hehd 81 SR

& fou om o f& Y, faesf wofe S & yers aftom o o fadi =1 9= 9@ uef &t
T o W I e H ¢l a9

Y (HH) =2, Y (HT)=0, Y (TH) =0, Y (TT) = - 2.
Id: T gigeyl Tafe S # X 3R Y € f9=1 agfess =) uRtwifa feg g €
IETETT 22 Ueh AT U (ki dIF 9R IV o1 ©el Tordl €| Wel o AFsieh
g 39 AR I Y& f9d o faq Rs 2 2T ¢ 3R Yois 92 o fou o8 oFfe
ST i Rs 1.50 a1 81 A & X oferd gRI it 72 a1 g T TR ol oFek shdal
21 MY fop X T agfess =X @ IR 38 wdiern & giqesl @ufie o %ol & &9
T yfyfa wifsm)
T X UH " © e am fore wefeos aieon o gioml w gifia 21 gafae
X T Fgfess =T B

19 Thie w1 gfaeyl wafe 2
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT)}
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576 T

X (HHH) =Rs 2x 3) = Rs 6
X (HHT) = X (HTH) = X (THH) = Rs (2x 2 — 1 x 1.50) = Rs 2.50
X (HTT) = X (THT) = X (TTH)= Rs (1x2—-2x 1.50)= —Re 1
AR X (TTT) =—Rs (3 x 1.50) = — Rs 4.50
Tel o g, faenet 1 =i 1 <9l @1 ?1 o1a: ufieyl wafie o g e@ad &

foru X =1 T fgdt 7 2, safan X ufaest gufte @t %o § e 9 7
(-1, 2.50, —4.50, 6}

SETET0T 23 T O H 2 e 3R | o 113 € Agesa Uk 1% Fehrell T 3R STeh
T A wE ok % SH G O | S T g9 UiRAr B g fRer men oA X |
eRTell H HheTal 1 @A i <Al @ d, X o1 foer01 <, STel b ol g a1 fHeher
el 9 T @

T UM A TR Ot | Wl AR B ow, w, - W e B T
a9 yfaeel gafie 2:
S={w, w, w, W, w, W, W, w, W I, W I, I W, W, rr}
31 X = 7] ® & = Fhad hi HE&A
ARG X (fw w1 = X (hw, w,}) =X (4w, w,}) =X (Dwy w,1) =0
X (fwy, ) = X (tw, 73) = X (L rw ) =X ({rw}) = 18I X ({rr) = 2
Ia: X U Afeseh S e S 0, 191 2 9 o Hehell B

13.6.1 Tk argieder =X @l WAkl e (Probability distribution of a random
variable)
MY W UREAR f, f, ... f,, ¥ T URER il 36 TR T o e W fa=r & 6
Heish URER 1 A HHEAed B’ o T uRaw £, . f " FE9: 3,4,3,2, 5,
4,3,6,4,59<H g
3TSU Ueh URER &l I o ITch T i T Hl A HY, X ¥ S HITo(C| Tl
X T agfess =1 & T8 1 yeer @ uRenfya femen e 2

X(f) =3, X(£) =4, X(f) =3, X() = 2, X(f) = 5,

X(f) =4, X(f) =3, X(fy) = 6, X(f) =4, X(f,) =5
Id:2,3,4,5, 68T XHE F ue o ghar @

379 X 1 A 2 B Wi GRER £, 1 I T E X H AE 3T Rl € S5 S

foo f, ™ © el qREm =l g1 S g R

X =4, qR&ER £, £ A0 f, 1 I STCW
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X =5, %@ URER £, A f, 1 A ST
R X = 6, 519 YRER f, 1 A ST
<feh A T 2 T Yok ORaR 1 g S SREeed 7, sefee ufER £, % g S

FHT iR %%I
31d: X &1 91 2 8H 1 Uifehdl %%I

WW%P(X=2):%
e B f,f, A f, 9 fedl ot wh aRen g w1 Wil

3
P iD= 75 B
d: X 1 HA 3 BH 1 Hiaehdal =

. 3
WW%P(X:@:E

T YR B9 U © R
3 2
PX =4) =P}, [, f,}) =10 P(X'=35) =P/, f,,}) =10

1
R P(X = 6) = P({f,) =75
T YR 1 faaner e agfes® =~ o W 39! 9d Wiiehdiet o fam@n s
2, &1 Fefesd =R X &1 Wi 927 FEd 2
qehd: oh AGTes® =X X &1 Wehdl sied &l 61 o) o wfiwi feran s 2|
it 5 forelt aRfess =R X i Wikl s genst & ffafaa yomet ()
I 2

3
10

X : X, X, X,
P(X) P, P,
n
&l pi>ovz Pi=1,i=1,2,....n

i=1
SIfo T x , x,, ... x G0 =R X F W AF (FeA) € MW p (i=1,2,...n)
Aoz T X HT AH x BF F1 WAHA & S0Q P (X=x) = p,

| oot | = x Tgfem =R X, %1 T WA e § @ FOH X = x, Wit T
% Fo g (i) & fAC & 9 e 81 37 X T x G T FT AAhA H3d YRR
Bt 8 21 P(X = x) # 01
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Y & X o |t difod A ok fau ufasel wmfe o gt fogew @1 e @
ST 21 SafeTT fordlt WieRar ded o e 9l WieRars?i &1 A T ST =meu

SETET0T 24 TRT o6 52 T &1 Tk Gfsd Teel 9 &1 I0 ST Uiqeema T o |l
FepTel ST S1 TRR1 Bl T 1 WITHHA seT T HIAT
T ShI 1 W Th Agreveh = €| THeh! gH X ¥ el &t 8| Tqeedan X &1 4
0, 1,212 2| i Tl ! Giaeea o @1l fepren T ® sEfAu ST ool w1 fepre
Tor st wE B
e P(X = 0) = P(3h1 &l AR 3o=h1 )

= P(3RT TN x P (3FhT &)

48 48 144

52 52 169
E Iy P(X = 1) = P(3ahT SR gaenT &l 1@l goeh1 &1 IR gl

= P(3FT) . P(3FRT &) + P (351 ~TEN) . P (35h0)

4 48 48 4 24

52 52 52 52 169

R P(X = 2) = P(3%hT i SehT) = P(IFHT) X P(3FHT)
4 4 1
= — X—=—
52 52 169
31d; a1vfe Wil e 2
X 0 1 2
o [ [
gy 169 169 169

SETE0T 25 Ul o T S &l o aR 8o W gl (doublets) 1 W& &1
ifehal deA | hifeid|

T HA oitee R X fget &1 gen fefua w3 2

(1,1), (2,2), (3,3), (4,4), (5,5), 3 (6,6) Gva fge &

e ® o X AE 0,1,2, 3%|

w fow T R A W = é

@%Wq%ﬁﬁaﬁmﬁw—l—%=%
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55 5 125
P(X=0)= P(qamﬂf‘gaﬂfr)—g g 16
P(X=1)=P(u# fgh R g &

_lééélééél_lxi_ﬁ
6 |6 6] 216

666666666

( 1 5) 15
=35 x=|=—
6> 6 216

1 1 1
P(X =3) =P (i fgeh) =— g 5 216
31d: X @1 31vfiee WifeRdr e ﬁr—r%rF@a e
X 0 1 2 3
P(X 125 75 15 1
(X) 216 216 | 216 | 216
TS iR 1 A
: 125 75 15 1
Q0= +—t—
216 216 216 216
3 125+75+15+1_216_1
a 216 216

3Td: ST UIFehal Sed Tl 2

SETE0T 26 H o TRt agfess g+ T faemerdt fom o wer & =i &1 X 9 39
ST €1 X o 0 x @ 1 Ak freAfafad @@ 9 €, SEl k Tw i e

0.1 3afgx=0
kx gfg x=131 2
k(5-x)afs x=31 4
0 AT

P(X=x)=

(a) kR HME F1A HIST
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580 RG]
(b) TH &1 T w1 Wiidehar @ foh a1

A A gd &7 qeAd: e Ugd &7 Aferhan 1 W ugd €7
T X o1 Wifdehdl s A= fean w2

X | o 1| 2 3
PX) | 0.1 k| 2k | 2k

(a) &5 9@ % fF 2 o=l
i1

AT 0.1 +k+2k+2k+k=1
= k=0.15
(b) P(3MT =Iad & 52 ed €) =P (X >2)
=P(X=2)+P(X=3)+P(X=4)
=2k+2k+k=5k=5x0.15=0.75
P(3T Ged: = e ed §) =P (X =2)
=2k=2x0.15=03
P(3TY 3ffeehad &1 5 Ugd §) =P (X <2)
=P(X=0)+PX=1)+P(X=2)
=0.1+k+2k=0.1+3k=0.1+3x0.15=0.55
13.6.2 AGFBF o & AT (Mean of a random variable)
agd o Tmened ¥ el agfees =X & fohelt a1 1 Tha Wel 9§ 0 s
Bl €, fr =X 1 wif¥rehar sicd © 9 Y Tehd € UE € 5w WeAad qied, wienes o
ageh Bd 21 39 el | g Hied W w1 ;e srarefa a1 she ygfa w1 A
2 ol § ® fop e fordll aefemes =) o HegmE a1 iied 99 i S S

TR 6 HF o X U Efeed = € fomer weifer /M x, x,, x,, . x, FOHERD:

TTH p, py pyy oo p, B X1 WA, B 1, W o A7l %, mzxp,%ﬁél

1ffe x 1 ¥4, 3R X, o Gt A 1 i Siga g €, e
G yitehdl | wiRa = T B

qgfess =X X o WA &l X %1 G (Expectation) i #ed €, @
E(X) ¥ = %% 21 31a:

EX)=p :zxipi =xptxp, t..txp
i=1
T Wl H
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FEfess =X X T WA A1 YART X o Gt G Ol a1 SRt Gd Wifehareti
o TUH T I B 2

SETETOT 27 HA W o UGl oF T SIS ] Sl Sl € 3R Agfeseh =X X, Tl W
Yo S 1 AN foran S 71 X S HIgd A A | i)

7ol 39 qer w1 yfasel wmfe 36 Hifaw wewe ¥ fAfifa gon €, =< »fva g
(x, y) % &9 | foran <1 @ehar € Sel x = 1,2,3,4,5,6 3 y =1,2,3,4,5,6.

Agfegeh =R X o A ST Il W T HeAeT &1 A 2,3, 4,5,6,7, 8,9,
10, 11 31 12 & Hehal B

1
W PX=2)=P({(1. D) =5
PX=3)=P({(1,2), (2,1 -2
(X=3)=P({(1,2), 2. D)) =5
3
P(X =4)=P({(1.3). 2.2), 3. D)) =3¢
4
P(X =5)=P({(1,4). (2.3),3,2). (4. D =3¢
5
P(X =6)=P({(15). 2,4, (3.3), (4, 2), (5, DN =3¢
6
P(X =7)=P({(1,6). (2,5).(3,4), (4, 3). (5.2), (6. D)) =3¢
5
P(X=8)=P({(2,6). (3.5). (4.4, (5.3). (6.2} =5,
4
P(X =9)=P({(3,6). (4.5). (5. 4). (6. )} =7
3
P(X = 10) = P({(4, 6). (5.5), (6. H)}) =7
P(X =11)=P({(5, 6), (6,5 -2
(X =11)=P(((5.6). (6.5)) =3¢
P(X =12) = P({(6, 6) :i

36
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X T UTfaehd! ded 2:
X?’JITxl_ 2 3 4 5 6 7 8 9 10 | 11 12

s L2 |22 s ]e]sa]a]z]
()p"36 36 |36 |36 |36 |36 [36 |36 |36 |36 | 36

n 1 .2 3 _ 4
BRIy =EX)= X, p; =2X—43X—+4x—+5x—
h=EX) z‘ P e T 56T 36 " 36

+6><i+7><£+8><i +9><i+10><i+11><£+12><i
36 36 36 36 36 36
_246+12+20+30+42+40+36+30+22+12 _ 7

36
37d: < UG oF $iehd W Udhe TS & AN &1 WE 7 7

13.6.3 AgTe®eh =¥ &l GQUOT  (Variance of a random variable)

Tgfezeh =R 1 HIeA SH W o WEl H foeRor o a) § i g € < 21 W g
fafq=1 wiferdr e oot agfoseh =R/ o HeA WHH B Hehd ®, S TR X @R YR
frfafed seat o faamn mr

X | 1] 2 3 | 4
R ERE
@1 3518 |3 |3
Y | 1] o] 4 5] 6
R EE
M1 3] 3| 35| 3|3
1 .2 .3 22
Tl EX)=1x—42x—+3x—4+4x—=—=2.75
() =begraxghixgtaxg=3g
12 4 1 12
E(Y)=-1x=40x=43x—=45x—+ 6x—=—=2.75
#® ()= = bt O g g T %=

T X AR Y T & TR ITF WA HE © I8 3 =W & TaAs e §
off o | Uferd R S war © (SR 13.5)1
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P(X) P(Y)
Ys1 s
2/ 4 2/
8 8
Al H H 1" ] ]
X<5 1 2 3 4 X X -1 OI 1 2 3 4 5 6 X
0] (i)
axr@"ﬁr 13.5

X & Y T w8 o fou gd agfess =) & oM o faee &t 9 9% o 919 hi
AEYTRA €| T WifeTsh! o el € Tk sfishel o famror o1 fagwa =1 A € g
21 3 YR gfewsh =R % godi | forawe ol GeRer § W1 S Gehdl 2
uftarer 7 AR AT X tE afed W T e wfad ged o, v, x, W
EIRETIE] p(x,), p(x,), ...,p(xn)éﬁ iy T 21

A & p=E (X), X %1 717 81 X 1 R var (X) a1 o2 g1 Fefa, 61 fm=
THR 9§ qRefia feran s €

O'x2 = Var(X)= Z (x;— /U)z p(x;)
i=1

A T o = E(X-p)’
R e o, = \Var (X)=JZ (%, —12)° p(x;)
i=1

%1 Aok WX X 1 A fa=ie (standard deviation) e&d 2|
ATgferdh oI T UERUT J@ T 1 o G
T 9 € R

Var(X) = Z (xi - “)2 p(xi)
i=1
= Z(xiz +p’ - 2px;) p(x;)
i=1

= Z ('xiz p(x)+ Z l-12 p('xi)_z 2px; p(x;)
i-1 i=1 i=1
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- lznl“(xf plx)+1’ iznl:p(x,-)—2uiznl‘,xip(xi)
- Zn“xfp(xi)wz—zu{azrﬁ ip (x,) =18 p= Zn‘,xiP(xi)}
p— P i
_ Z<x P -1

n ( n \\2
= Var(X) = 3 (x p(xi))—kai p(x))
i=1 i=1

el Var(X) = E(X*)-[E(X)] ., S&l E(X?) =Zn‘,x,-2 p(x;)
i=1
JEENUT 28 Ueh HYAd U™ ! thehd W W T&ATS 1 JEOT JMA hifed|

o Ther &1 gfaest gEfte @ S={1,2,3,4,5,6)

A o X, T8 T Yehe G 1 o4 Hidl 21 a9 X T q5iess =X 8 S 1,2, 3,
4,59 6 HE o Hehdl Bl
Y 7 P(1)=P(2)=P(3)=P(4)=P(5)=P(6)=%
Tafert X &1 giferdr ded

X 1 2 3 4 5 6

pol Ll L{ 1L |L]L
XI5 l16ls6|6|6]|s
CE E(X)= 2% P(x)
i=1
= 1><l+2><l+3><l+4><l+5><l+6><l=2
6 6 6 6 6 6 6
e g EX?) = I’ ool e el el 2
6 6 6 6 6 6 6

3. Var(X) = E (X?) — (E(X))*

_2_[21)2_91 441 35
6 36 12

T 6 \6
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SETETUT 29 RN ok 52 TNl i Th Hedl-oifd H T TeE § ¥ I Id SRR o
HRTETOHT 3 (A1 Tk ©17) kTl ST &1 SIe9iel o1 S o1 Wied, YEl o Wih-foeer
@ I

T WA ST foh S o9 ke § SRl %1 gen w X 9 e % 2l X Th
Tgfemeh T E W 0, 19 2HH o Fehall 2l

48!
®C, 2148-2)! 48x47 188
2c, 520 saxs1 221
21(52-2)!
4C148C1
52C2

T P(X = 0) = P(1E 9ISIME &) =

P(X = 1) = P(T& 938 3R TH 9E30E T2) =

| 4x48x2_ 32
T s0x51 221
4
, C, 4x3 1
3R P(X =2) = P (3 91_9IE) =55 —=

C, 52x51 221
;X BT iR s 2

X 0 1 2
boo | 188 [ 32 [ L
(X) 221 221 | 221

T e X= EX)= 2% P(%)
i=1

188 32 1 34
= OX—+IX—4+2X—=—+—
221 221 221 221

n
Trer & EOC) = YXE (%) = 02 xAdS 42y 32 L2 1 36
= 221 221 221 221
EC Var(X) = E(X?) - [E(X)]?
36 (34 6800
:E(E) T (221)°
TqfeTg o, = JVar(X) = 6800:0.37 (T

(221)

2022-23



586 T

[ wvaTaet 13.4 |

1. =Rt o Fefafad Wi e § ®F 9 T aefess =X o fog 96 T2
21 ST I HROT FWiegd faray)

i [ xTTo [1 [2

PX)| 04 | 0402

i) [ x [o [1 |2 | 3|4
Px)| 01| 05] 02 [-0.1] 03

i) [Y -1 To [1
P(Y)| 06| 01| 02
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