
284 xf.kr

Mathematics is both the queen and the hand-maiden of

all sciences – E.T. BELL

12-1 Hkwfedk (Introduction)

ge tkurs gSa] fd fdlh ry esa fLFkr ,d fcanq dh fLFkfr fuèkkZj.k
osQ fy, gesa ml ry esa nks ijLij yac ,oa izfrPNsfnr js[kkvksa ls
ykafcd nwfj;ksa dh vko';drk gksrh gSA bu js[kkvksa dks funsZ'kka{k vkSj
mu nks ykafcd nwfj;ksa dks v{kksas osQ lkis{k ml fcanq osQ funsZ'kkad
(coordinate)  dgrs gSaA okLrfod thou esa gekjk osQoy ,d ry
esa fLFkr fcanqvksa ls gh lacaèk ugha jg tkrk gSA mnkgj.kr% varfj{k
esa iQsaosQ x, ,d xsan dh fofHkUu le; esa fLFkfr vFkok ,d LFkku
ls nwlj s LFkku rd tkus osQ nk Sjku ok;q;ku dh ,d
fof'k"V le; esa fLFkfr vkfn] dks Hkh tkuus dh vko';drk iM+rh gSA

blh izdkj ,d dejs dh Nr ls yVdrs gq, ,d fo|qr cYc
dh fupyh uksd vFkok Nr osQ ia[ks dh uksd dh fLFkfr dk fuèkkZj.k djus osQ fy, gesa mu fcanqvksa
dh nks ijLij yac nhokjksa ls nwfj;k¡ ek=k gh i;kZIr ugha gS cfYd ml fcanq dh] dejs osQ iQ'kZ ls
Å¡pkbZ] dh Hkh vko';drk iM+rh gSA vr% gesa osQoy nks ugha cfYd rhu ijLij ykafcd ryksa ls
yacor~ nwfj;ksa dks fu:fir djus osQ fy, rhu la[;kvksa dh vko';drk gksrh gS] tks fcanq dh nks
ijLij yac nhokjksa ls nwfj;k¡] rFkk ml dejs osQ iQ'kZ ls Å¡pkbZ dks O;Dr djrh gSaA dejs dh ijLij
yac nhokjksa rFkk ml {kSfrt dk iQ'kZ rhu ijLij izfrPNsfnr djus okys ry gSaA bu ijLij izfrPNsfnr
djus okys ryksa ls yac nwfj;ksa dks O;Dr djus okyh rhu la[;k,¡ ml fcanq osQ rhu funsZ'kkad ryksa
osQ lkis{k funsZ'kkad dgykrs gSaA bl izdkj varfj{k (space) esa fLFkr ,d fcanq osQ rhu funsZ'kkad
gksrs gSaA bl vè;k; esa ge f=kfoeh; varfj{k esa T;kfefr dh ewyHkwr ladYiukvksa dk vè;;u djsaxsA
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12-2  f=kfoeh; varfj{k esa funsZ'kka{k vkSj funsZ'kkad&ry (Coordinate Axes and

Coordinate Planes in Three Dimensional Space)
fcanq O ij izfrPNsfnr djus okys rhu ijLij yac ryksa
dh dYiuk dhft, (vko`Qfr 12-1)A ;s rhuksa ry
js[kkvksa X'OX, Y'OY vkSj Z'OZ ij izfrPNsfnr djrs
gSa ftUgsa Øe'k%  x&v{k] y&v{k vkSj z&v{k dgrs gSaA
ge Li"Vr% ns[krs gSa fd ;s rhuksa js[kk,¡ ijLij yac gSaA
bUgsa ge ledksf.kd funsZ'kkad fudk; dgrs gSaA XOY,

YOZ vkSj ZOX, ryksa dks Øe'k% XY&ry] YZ&ry]
rFkk ZX&ry] dgrs gSaA ;s rhuksa ry funsZ'kkad ry
dgykrs gSaA

ge dkxt osQ ry dks XOY ry ysrs gSaA vkSj
Z'OZ js[kk dks ry XOY ij yacor ysrs gSaA ;fn
dkxt osQ ry dks {kSfrtr% j[ksa rks Z'OZ js[kk ÅèokZjr%
gksrh gSA XY-ry ls OZ dh fn'kk esa Åij dh vksj ukih
xbZ nwfj;k¡ èkukRed vkSj OZ' dh fn'kk esa uhps dh vksj ukih xbZ nwfj;k¡ ½.kkRed gksrh gSaA Bhd
mlh izdkj ZX-ry osQ nkfgus OY fn'kk esa ukih xbZ nwfj;k¡ èkukRed vkSj ZX ry osQ ck,¡ OY'

dh fn'kk esa ukih xbZ nwfj;k¡ ½.kkRed gksrh gSaA YZ-ry osQ lEeq[k OX fn'kk esa ukih xbZ nwfj;k¡
èkukRed rFkk blosQ ihNs OX' dh fn'kk esa ukih xbZ nwfj;k¡ ½.kkRed gksrh gSaA fcanq O dks funsZ'kkad
fudk; dk ewy fcanq dgrs gSaA rhu funsZ'kkad ry varfj{k dks vkB Hkkxksa esa ckaVrs gSa] bu v"Vk'kksa
osQ uke XOYZ, X'OYZ, X'OY'Z, XOY'Z, XOYZ', X'OY'Z', X'OY'Z' vkSj XOY'Z' gSaA
vkSj ftUgsa Øe'k% I, II, III, ...., VIII }kjk iznf'kZr djrs gSaA

12-3  varfj{k esa ,d fcanq osQ funsZ'kkad (Coordinates of a Point in Space)

varfj{k esa fuf'pr funsZ'kka{kksa] funsZ'kkad ryksa vkSj ewy fcanq lfgr funsZ'kka{k fudk; osQ p;u osQ i'pkr~~
fn, fcanq osQ rhu funsZ'kkad (x , y, z) dks Kkr djus dh fofèk rFkk foykser% rhu la[;kvksa osQ f=kfnd
(Triplet) fn, tkus ij varfj{k esa laxr fcanq (x, y, z) osQ fuèkkZj.k djus dh fofèk dh vc ge
foLrkj ls O;k[;k djrs gSaA

varfj{k esa fn, x, fcanq P ls XY&ry ij PM yac
[khaprs gSa ftldk ikn M gS (vko`Qfr 12-2)A rc M ls
x–v{k ij ML yac [khafp,] tks mlls L ij feyrk gSA eku
yhft, OL=x, LM = y vkSj PM = z rc (x, y, z) fcanq
P osQ funsZ'kkad dgykrs gSaA blesa x,y, z dks Øe'k% fcanq P
osQ x&funs Z'kk ad] y&funs Z'kk ad] rFkk z&fun s Z'k k ad
dgr s g S a A v ko ` Q fr 12 -2 e s a ge n s[ kr s g S a fd fc a n q
P(x, y, z) v"Vka'k XOYZ esa fLFkr gS] vr% x, y  vkSj z
lHkh èkukRed gSaA

vko`Qfr  12.1

vkòQfr 12.2
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;fn P fdlh vU; v"Vka'k esa gks rks x, y vkSj z osQ fpÉ rnuqlkj ifjo£rr gks tkrs gSaA bl izdkj

varfj{k esa fLFkr fdlh fcanq P dh laxrrk okLrfod la[;kvksa osQ Øfer f=kfnd (x, y, z) ls fd;k

tkrk gSA

foykser%] fdlh f=kfnd (x, y, z) osQ fn,

tkus ij ge x osQ laxr x&v{k ij fcanq L fuèkkZfjr

djrs gSaA iqu% XY&ry esa fcanq M fuèkkZfjr djrs gSa]

tgk¡ blosQ funsZ'kkad (x, y) gSaA è;ku nhft, fd LM

;k rks x&v{k ij yac gS vFkok y&v{k osQ lekarj

gSA fcanq M ij igq¡pus osQ i'pkr~~ ge XY&ry ij

MP yac [khaprs gSa] blij fcanq P dks z osQ laxr

fuèkkZj.k djrs gSaA bl izdkj fuèkkZfjr fcanq P osQ

funsZ'kkad (x, y, z) gSaA vr% varfj{k esa fLFkr fcanqvksa dh okLrfod la[;kvksa osQ Øfer f=kfnd

(x, y, z) ls lnSo ,osQd&laxrrk j[krs gSaA

fodYir%] varfj{k esa fLFkr fcanq P ls ge funsZ'kkad ryksa osQ lekarj rhu ry [khaprs gSa] tks

x&v{k] y&v{k vkSj z&v{k dks Øe'k% A, B rFkk C fcanqvksa ij izfrPNsfnr djrs gSa

(vko`Qfr 12-3)A ;fn OA=x, OB=y rFkk OC=z gks rks fcanq P osQ funsZ'kkad x, y  vkSj z gksrs

gSa vkSj bls ge P(x, y, z,) osQ :i esa fy[krs gSaA foykser% x, y vkSj z osQ fn, tkus ij ge funsZ'kka{kksa

ij fcanq A, B rFkk C fuèkkZfjr djrs gSaA fcanq A, B rFkk C ls ge Øe'k% YZ&ry] ZX&ry rFkk

XY&ry osQ lekarj rhu ry [khaprs gSaA bu rhuksa ryksa dks ADPF, BDPE rFkk CEPF dk

izfrPNsnu fcanq Li"Vr% P gS] tks Øfer&f=kfnd ( x, y z) osQ laxr gSA

ge ns[krs gSa fd ;fn varfj{k esa dksbZ fcanq P (x, y, z) gS] rks YZ, ZX rFkk XY ryksa ls yacor~ nwfj;k¡

Øe'k% x, y rFkk z gSaA

fVIi.kh  fcanq O osQ funsZ'kkad (0, 0, 0) gSaA x&v{k ij fLFkr fdlh fcanq osQ funsZ'kkad

(x, 0, 0) vkSj YZ ry esa fLFkr fdlh fcanq osQ funsZ'kkad (0, y, z) gksrs gSaA

fVIi.kh  ,d fcanq osQ funsZ'kkadksa osQ fpÉ ml v"Vka'k dks fuèkkZfjr djrs gSa ftlesa fcanq fLFkr gksrk

gSA fuEufyf[kr lkj.kh vkBksa v"Vka'kksa esa funsZ'kkadksa osQ fpÉ n'kkZrh gSA

vkòQfr 12.3
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lkj.kh 12.1

mnkgj.k 1 vko`Qfr 12-3 esa] ;fn  P osQ funsZ'kkad (2] 4] 5) gSa rks  F osQ funsZ'kkad Kkr dhft,A

gy  fcanq F osQ fy, OY osQ vuqfn'k ukih x;h nwjh 'kwU; gSA vr% F osQ funsZ'kkad (2] 0] 5) gSaA

mnkgj.k 2 os v"Vka'k Kkr dhft, ftlesa fcanq (&3] 1] 2) vkSj (&3] 1] &2) fLFkr gSaA

gy lkj.kh 12-1 ls] fcanq (&3] 1] 2) nwljs v"Vka'k esa rFkk fcanq (&3] 1] &2) NBs v"Vka'k esa
fLFkr gSaA

iz'ukoyh 12.1

1. ,d fcanq x–v{k ij fLFkr gSA blosQ y&funsZ'kkad rFkk z&funsZ'kkad D;k gSa\

2. ,d fcanq XZ–ry esa gSA blosQ y&funsZ'kkad osQ ckjs esa vki D;k dg ldrs gSa\

3. mu v"Vka'kksa osQ uke crkb,] ftuesa fuEufyf[kr fcanq fLFkr gSaA

(1, 2, 3), (4, –2, 3), (4, –2, –5), (4, 2, –5), (– 4, 2, –5), (– 4, 2, 5), (–3, –1, 6) (–2, – 4, –7)

4. fjDr LFkku dh iw£r dhft,%

(i) x-v{k vkSj y-v{k nksuksa ,d lkFk fey dj ,d ry cukrs gSa] ml ry dks

_______ dgrs gSaA

(ii) XY&ry esa ,d fcanq osQ funsZ'kkad _______ :i osQ gksrs gSaA

(iii) funsZ'kkad ry varfj{k dks _______ v"Vka'k esa foHkkftr djrs gSaA

12-4 nks fcanqvksa osQ chp dh nwjh (Distance between Two Points)

f}foeh; funsZ'kkad fudk; esa geus nks fcanqvksa osQ chp dh nwjh dk vè;;u dj pqosQ gSaA vkb, vc

ge vius vè;;u dk foLrkj f=kfoeh; fudk; osQ fy, djrs gSaA

eku yhft,] ledksf.kd v{k OX, OY rFkk OZ osQ lkis{k nks fcanq P(x
1
, y

1
, z

1
) rFkk

Q (x
2
, y

2
, z

2
) gSaA

I II III IV V VI VII VIII

x + – – + + – – +

y + + – – + + – –

z + + + + – – – –

v"Vk
a'k

funsZ'
kkad
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P rFkk Q fcanqvksa ls funsZ'kkad ryksa osQ
lekarj ry [khafp,] ftlls gesa ,slk ?kukHk
feyrk gS ftldk fod.kZ PQ gS (nsf[k,
vko`Qfr 12-4)

D;k s a fd ∠PAQ ,d ledk s.k g S
vr%PAQ esa]

PQ2 = PA2 + AQ2 ... (1)

iqu% D;ksafd ∠ANQ = ,d ledks.k]
blfy,ANQ esa]

AQ2 = AN2 + NQ2 ... (2)

(1) vkSj (2) ls gesa izkIr gksrk gS] fd
PQ2 = PA2 + AN2 + NQ2

vc]   PA = y
2
 – y

1
, AN = x

2
 – x

1
 vkSj NQ = z

2 
– z

1

bl izdkj] PQ2 = (x
2
 – x

1
)2 + (y

2
 – y

1
)

2

 + (z
2
 – z

1
)2

vr% PQ = 2
12

2
12

2
12 )()()( zzyyxx −+−+−

;g nks fcanqvksa P(x
1
, y

1
, z

1
) vkSj Q(x

2
, y

2
, z

2
) osQ chp dh nwjh PQ osQ fy, lw=k gSA

fo'ks"kr% ;fn x
1
 = y

1
 = z

1
 = 0, vFkkZr~ fcanq P, ewy fcanq O gks rks

OQ = 2

2

2

2

2

2 zyx ++ ,

ftlls gesa ewy fcanq O vkSj fdlh fcanq Q (x
2
, y

2
, z

2
) osQ chp dh nwjh izkIr gksrh gSA

mnkgj.k 3 fcanqvksa P (1] &3] 4) vkSj Q (&4] 1] 2) osQ chp dh nwjh Kkr dhft,A

gy  PQ fcanqvksa P (1,–3, 4) vkSj Q (– 4, 1, 2) osQ chp dh nwjh gSA

PQ = 222
)42()31()14( −+++−−

= 41625 ++

= 45  = 3 5 bdkbZ

mnkgj.k 4 n'kkZb, fd P (–2, 3, 5), Q (1, 2, 3) vkSj R (7, 0, –1) lajs[k gSaA

gy ge tkurs gSa fd lajs[k ¯cnq] ,d gh js[kk ij fLFkr gksrs gSaA

;gk¡ PQ = 14419)53()32()21( 222
=++=−+−++

QR = 1425616436)31()20()17( 222
==++=−−+−+−

vko`Qfr 12.4

0

0
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vkSj PR = 14312636981)51()30()27( 222
==++=−−+−++

bl izdkj PQ + QR = PR

vr% fcanq P, Q vkSj R lajs[k gSaA

mnkgj.k 5 D;k fcanq A (3, 6, 9), B (10, 20, 30) vkSj C (25, – 41, 5) ,d ledks.k f=kHkqt osQ
'kh"kZ gSa\

gy nwjh&lw=k ls gesa izkIr gksrk gS fd
AB2 = (10 – 3)2 + (20 – 6)2 + (30 – 9)2

= 49 + 196 + 441 = 686

BC2 = (25 – 10)2 + (– 41 – 20)2 + (5 – 30)2

= 225 + 3721 + 625 = 4571

CA2 = (3 – 25)2 + (6 + 41)2 + (9 – 5)2

= 484 + 2209 + 16 = 2709

ge ikrs gSa fd CA2 + AB2 ≠ BC2

vr% ∆ABC ,d ledks.k f=kHkqt ugha gSA

mnkgj.k 6 nks fcanqvksa A rFkk B osQ funsZ'kkad Øe'k% (3] 4] 5) vkSj (&1] 3] &7) gSaA xfr'khy
¯cnq P osQ iFk dk lehdj.k Kkr dhft,] tcfd PA2 + PB2 = 2k2.

gy ekuk xfr'khy fcanq P osQ funsZ'kkad (x, y, z) gSaA
vc PA2  = (x – 3)2 + (y – 4)2 + ( z – 5)2

PB2  = (x + 1)2 + (y – 3)2 + (z + 7)2

fn, x, izfrcUèk osQ vuqlkj] PA2 + PB2 = 2k2] gesa izkIr gksrk gS%
(x – 3)2 + (y – 4)2 + (z – 5)2 + (x + 1)2 + (y

 
– 3)2 + (z + 7)2 = 2k2

;k 2x2 + 2y2 + 2z2 – 4x – 14y + 4z = 2k2 – 109.

iz'ukoyh 12-2

1- fuEufyf[kr fcanq&;qXeksa osQ chp dh nwjh Kkr dhft,%
(i) (2, 3, 5) vkSj (4, 3, 1) (ii) (–3, 7, 2) vkSj (2, 4, –1)

(iii) (–1, 3, – 4) vkSj (1, –3, 4) (iv) (2, –1, 3) vkSj (–2, 1, 3)

2- n'kkZb, fd fcanq (&2] 3] 5) (1] 2] 3) vkSj (7] 0] &1) lajs[k gSaA
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3- fuEufyf[kr dks lR;kfir dhft,%
(i) (0, 7, –10), (1, 6, – 6) vkSj (4, 9, – 6) ,d lef}ckgq f=kHkqt osQ 'kh"kZ gSaA

(ii) (0, 7, 10), (–1, 6, 6) vkSj (– 4, 9, 6) ,d ledks.k f=kHkqt osQ 'kh"kZ gSaA

(iii) (–1, 2, 1), (1, –2, 5), (4, –7, 8) vkSj (2, –3, 4) ,d lekarj prqHkqZt osQ 'kh"kZ gSaA

4- ,sls fcanqvksa osQ leqPp; dk lehdj.k Kkr dhft, tks fcanq (1] 2] 3) vkSj
(3] 2] &1) ls lenwjLFk gSaA

5- fcanqvksa P ls cus leqPp; dk lehdj.k Kkr dhft, ftudh fcanqvksa  A (4] 0] 0) vkSj B
(&4] 0] 0) ls nwfj;ksa dk ;ksxiQy 10 gSA

12-5  foHkktu lw=k (Section Formula)

Lej.k dhft, f}foeh; T;kfefr esa geus lh[kk gS fd

fdl izdkj ledksf.kd dkrhZ; fudk; esa ,d js[kk

[kaM dks fn, vuqikr esa var% foHkkftr djus okys fcanq

osQ funsZ'kkad Kkr djrs gSaA vc ge bl ladYiuk dk

foLrkj f=kfoeh; T;kfefr osQ fy, djrs gSaA

eku yhft, varfj{k esa nks fcanq P(x
1
, y

1
, z

1
) o

Q (x
2
, y

2
, z

2
) gSaA ekuk R (x, y, z) js[kk [kaM PQ dks

m : n vuqikr esa var% foHkkftr djrk gSA XY&ry ij

PL, QM vkSj RN yac [khafp,A Li"Vr% PL 11 QM

11 RN gSa rFkk bu rhu yacksa osQ ikn XY–ry esa fLFkr

gSa fcanq L, M vkSj N  ml js[kk ij fLFkr gSa tks ml ry

vkSj XY&ry osQ izfrPNsnu ls curh gSA fcanq R  ls js[kk LM osQ lekarj js[kk ST [khafp,A ST

js[kk [khaps x, yac osQ ry esa fLFkr gS rFkk js[kk LP (foLrkfjr) dks S vkSj MQ dks T ij

izfrPNsfnr djrh gSA tSlk vko`Qfr 12-5 esa izn£'kr gSA

Li"Vr% prqZHkqt LNRS vkSj NMTR lekarj prqZHkqt gSaA f=kHkqtksa PSR vkSj QTR Li"Vr% le:i

gSaA blfy,

m

n
 =

1

2

PR SP SL PL NR–PL

QR QT QM TM QM–NR

z z

z z

−−
= = = =

− −

bl izdkj z =
2 1mz nz

m n

+

+

vkòQfr 12.5
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Bhd blh izdkj XZ&ry vkSj YZ&ry ij yac [khapus ij gesa izkIr gksrk gS]

nm

nymy
y

+

+
=

12
 vkSj 

nm

nxmx
x

+

+
=

12

vr% fcanq R tks fcanq P (x
1
, y

1
, z

1
) vkSj Q (x

2
, y

2
, z

2
) dks feykus okys js[kk [kaM dks

m : n osQ vuqikr esa var% foHkkftr djrk gS] osQ funsZ'kkad gSa]









+

+

+

+

+

+

nm

nzmz

nm

nymy

nm

nxmx 121212 ,,

;fn fcanq R, js[kk [kaM PQ dks m : n vuqikr esa cká foHkkftr djrk gks rks blosQ funsZ'kkad
mi;qZDr lw=k esa n dks &n ls foLFkkfir djosQ izkIr fd, tkrs gSaA bl izdkj R osQ funsZ'kkad gksaxsa]









−

−

−

−

−

−

nm

nzmz

nm

nymy

nm

nxmx 121212 ,,

fLFkfr 1 eè;&fcanq osQ funsZ'kkad ;fn R, js[kk[kaM PQ dk eè;&fcanq gS rks m : n = 1:1 j[kus ij

x = ,
2

21 y
xx +

= and
2

21 yy +
vkSj z =

2

21 zz +
=

;s P (x
1
, y

1
, z

1
) vkSj Q (x

2
, y

2
, z

2
) dks feykus okyh js[kk [kaM osQ eè;&fcanq osQ funsZ'kkad gSaA

fLFkfr 2 js[kk [kaM PQ dks k : 1 osQ vuqikr esa var% foHkkftr djus okys fcanq R osQ funsZ'kkad
m

k
n

=  j[kus ij izkIr fd, tk ldrs gSa%









+

+

+

+

+

+

k

zkz

k

yky

k

xxk

1
,

1
,

1

121212

;g ifj.kke izk;% nks fcanqvksa dks feykus okyh js[kk ij O;kid fcanq lacaèkh iz'uksa osQ gy djus esa
iz;qDr gksrk gSA

mnkgj.k 7 fcanqvksa (1] &2] 3) vkSj (3] 4] &5) dks feykus ls cus js[kk [kaM dks vuqikr 2%3
esa (i) var% (ii) cká foHkkftr djus okys fcanq osQ funsZ'kkad Kkr dhft,A

gy (i) eku yhft, P (x, y, z), A (1, –2, 3) vkSj B(3, 4, –5) dks feykus okys js[kk [kaM dks
var% 2%3 esa foHkDr djrk gSA

blfy,] 
5

9

32

)1(3)3(2
=

+

+
=x , 

5

2

32

)2(3)4(2
=

+

−+
=y , vkSj 

5

1

32

)3(3)5(2 −
=

+

+−
=z

vr% vHkh"V fcanq 





 −

5

1
,

5

2
,

5

9
 gSA
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(ii) eku yhft, P (x, y, z), A (1, –2, 3) vkSj B(3, 4, –5) dks feykus okys js[kk [kaM dks
cká vuqikr 2 : 3 esa cká foHkDr djrk gSA

blfy,] ,3
)3(2

)1)(3()3(2
−=

−+

−+
=x  14

)3(2

)2)(3()4(2
−=

−+

−−+
=y

vkSj 19
)3(2

)3)(3()5(2
=

−+

−+−
=z

vr% vHkh"V fcanq (–3, –14, 19). gSA

mnkgj.k 8 foHkktu lw=k dk iz;ksx djosQ fl¼ dhft, fd fcanq (-4, 6, 10),  (2, 4, 6) vkSj
(14, 0, –2) lajs[k gSaA

gy eku yhft, A (– 4, 6, 10), B (2, 4, 6) vkSj C(14, 0, – 2) fn, x, fcanq gSaA eku yhft,
fcanq P, AB dks k : 1 esa foHkkftr djrk gSA rks P osQ funsZ'kkad gSa%

 
 

 
 
 

 

+

+

+

+

+

−

1

106
,

1

64
,

1

42

k

k

k

k

k

k

vkb;s vc ge tk¡p djsa fd k osQ fdlh eku osQ fy, fcanq P, fcanq C osQ laikrh gSaA

14
1

42
=

+

−

k

k
 j[kus ij izkIr gksrk gS 3

2
k = −

tc
3

2
k = −  gks rks 

3
4( ) 6

4 6 2 0
31

1
2

k

k

− +
+

= =
+

− +

vkSj

3
6( ) 10

6 10 2 2
31

1
2

k

k

− +
+

= = −
+

− +

blfy, C (14, 0, –2) og fcanq gS tks AB dks 3 : 2 vuqikr esa cká foHkDr djrk gS vkSj ogh P
gSA vr% A, B o C lajs[k gSA

mnkgj.k 9 f=kHkqt ftlosQ 'kh"kZ (x
1
, y

1
, z

1
), (x

2
, y

2
, z

2
) rFkk (x

3
, y

3
, z

3
) gSaA blosQ osQanzd

(Centroid) osQ funsZ'kkad Kkr dhft,A

gy eku yhft, ABC ,d f=kHkqt gS ftlosQ 'kh"kZ A, B, C osQ funsZ'kkad Øe'k% (x
1
, y

1
, z

1
),

(x
2
, y

2
, z

2
) rFkk (x

3
, y

3
, z

3
), gSaA

eku yhft, BC dk eè;&fcanq D gSA blfy, D osQ funs'kkad gSa%







 +++

2
,

2
,

2

323232 zzyyxx
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ekuk f=kHkqt dk osQanzd G gS tks efè;dk AD dks var 2 : 1 esa foHkktu djrk gSA blfy, G  osQ
funsZ'kkad gSa%

2 3 2 3 2 3
1 1 12 2 2

2 2 2

2 1 2 1 2 1

x x y y z z
x y z

, ,

 + + +     
+ + +      

      
+ + + 

 
 

;k 1 2 3 1 2 3 1 2 3

3 3 3

x x x y y y z z z
, ,

+ + + + + + 
 
 

mnkgj.k 10 fcanqvksa (4] 8] 10) vkSj (6] 10] &8) dks feykus okys js[kk [kaM] YZ&ry }kjk
ftl vuqikr esa foHkDr gksrk gS] mls Kkr dhft,A

gy eku yhft, YZ&ry fcanq P(x, y, z) ij, A (4, 8, 10) vkSj B (6, 10, –8)  dks feykus okyk
js[kk [kaM dks k :1 esa foHkDr djrk gSA rks fcanq P osQ funsZ'kakd gSa_









+

−

+

+

+

+

1

810
,

1

108
,

1

64

k

k

k

k

k

k

D;ksafd P, YZ&ry ij fLFkr gS blfy, bldk x&funsZ'kkad 'kwU; gSA

vr% 0
1

64
=

+

+

k

k

;k
2

3
k = −

blfy,  YZ&ry  AB dks 2 : 3 osQ vuqikr esa cká foHkkftr djrk gSA

iz'ukoyh 12.3

1- fcanqvksa (&2] 3] 5) vkSj (1] &4] 6) dks feykus ls cus js[kk [kaM dks vuqikr  (i) 2%3
esa var% (ii) 2% 3 esa ckár% foHkkftr djus okys fcanq osQ funsZ'kkad Kkr dhft,A

2- fn;k x;k gS fd fcanq P(3] 2] &4), Q(5] 4] &6) vkSj R(9] 8] &10) lajs[k gSaA og
vuqikr Kkr dhft, ftlesa Q, PR dks foHkkftr djrk gSA

3- fcanqvksa (&2] 4] 7) vkSj (3] &5] 8) dks feykus okyh js[kk [kaM] YZ&ry }kjk ftl
vuqikr esa foHkDr gksrk gS] mls Kkr dhft,A

4- foHkktu lw=k dk iz;ksx djosQ fn[kkb, fd fcanq A(2] &3] 4)] B(&1] 2] 1) rFkk
1

C 0 2
3

, ,
 
 
 

 lajs[k gSaA
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5- P(4] 2] &6) vkSj Q(10] &16] 6) osQ feykus okyh js[kk [kaM PQ dks le f=k&Hkkftr
djus okys fcanqvksa osQ funsZ'kkad Kkr dhft,A

fofoèk mnkgj.k

mnkgj.k 11 n'kkZb, fd fcanq A (1, 2, 3), B (–1, –2, –1), C (2, 3, 2) vkSj D (4, 7, 6) ,d
lekarj prqHkqZt osQ 'kh"kZ gSa ijarq ;g ,d vk;r ugha gSA

gy ;g n'kkZus osQ fy, fd ABCD ,d lekarj prqHkqZt gS] gesa lEeq[k Hkqtkvksa dks leku fn[kkus
dh vko';drk gSA

AB = 222 )31()22()11( −−+−−+−−  = 4 16 16+ + = 6

BC = 222 )12()23()12( +++++  = 9259 ++  = 43

CD = 222 )26()37()24( −+−+−  = 616164 =++

DA = 222 )63()72()41( −+−+−  = 9 25 9 43+ + =

D;ksafd AB = CD vkSj BC = AD, blfy, ABCD ,d lekarj prqHkqZt gSA
vc ;g fl¼ djus osQ fy, fd ABCD vk;r ugha gS] gesa fn[kkuk gS fd blosQ fod.kZ  AC

vkSj BD leku ugha gSa] ge ikrs gSa %

AC = 3111)32()23()12(
222

=++=−+−+−

BD = 155498125)16()27()14(
222

=++=+++++ .

D;ksafd AC ≠ BD A vr% ABCD ,d vk;r ugha gSA

fVIi.kh  fod.kZ AC rFkk BD ijLij lef}Hkkftr djrs gSa] osQ xq.k dk iz;ksx djosQ Hkh
ABCD dks lekarj prqHkqZt fl¼ fd;k tk ldrk gSA

mnkgj.k 12 fcanq P ls cus leqPp; dk lehdj.k Kkr dhft, tks bl izdkj pyrk gS fd mldh
fcanqvksa A(3] 4] &5) o B(&2] 1] 4) ls nwjh leku gSA

gy dksbZ fcanq P (x, y, z) bl izdkj gS fd PA = PB

vr% 222222 )4()1()2()5()4()3( −+−++=++−+− zyxzyx

;k 222222 )4()1()2()5()4()3( −+−++=++−+− zyxzyx

;k 10x + 6y – 18z – 29 = 0.
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mnkgj.k 13 ,d f=kHkqt ABC dk osQanzd (1] 1] 1) gSA ;fn A vkSj B osQ funsZ'kkad Øe'k% (3]

–5] 7) o (–1] 7] –6) gSaA fcanq C osQ funsZ'kkad Kkr dhft,A

gy ekuk C osQ funsZ'kkad (x, y, z) gS vkSj osQanzd G osQ funsZ'kkad (1, 1, 1) fn, gSaA

blfy,
3 1

1
3

x + −
= ,;k x = 1

5 7
1

3

y − +
= , ;k y = 1

7 6
1

3

z + −
= , ;k  z = 2.

vr% C osQ funsZ'kkad (1, 1, 2) gSaA

vè;k; 12 ij fofoèk iz'ukoyh

1- lekarj prqHkqZt osQ rhu 'kh"kZ A(3] &1] 2) B(1] 2] &4) o C(&1] 1] 2) gSA pkSFks 'kh"kZ

D osQ funsZ'kkad Kkr dhft,A

2- ,d f=kHkqt ABC osQ 'kh"kksaZ osQ funsZ'kkad Øe'k% A(0] 0] 6) B(0] 4] 0) rFkk

C(6] 0] 0) gSaA f=kHkqt dh ekfè;dkvksa dh yackbZ Kkr dhft,A

3- ;fn f=kHkqt PQR dk osQanzd ewy fcanq gS vkSj 'kh"kZ P(2a] 2] 6)] Q(&4] 3b &10) vkSj

R(8] 14] 2c) gSa rks a, b vkSj c dk eku Kkr dhft,A

4- y&v{k ij ml fcanq osQ funsZ'kkad Kkr dhft, ftldh fcanq P(3] &2] 5) ls nwjh

52 2  gSA

5- P(2] &3] 4) vkSj Q(8] 0] 10) dks feykus okyh js[kk[kaM ij fLFkr ,d fcanq R dk

x&funsZ'kkad 4 gSA fcanq R osQ funsZ'kkad Kkr dhft,A

(laosQr eku yhft, R, PQ dks k : 1 esa foHkkftr djrk gSA fcanq R osQ funsZ'kkad

8 2 3 10 4

1 1 1

k k
, ,

k k k

+ − + 
 

+ + + 
 gSaA)

6- ;fn fcanq A vkSj B Øe'k% (3] 4] 5) rFkk (&1] 3] &7) gSaA pj fcanq P }kjk fufeZr

leqPp; ls lacf/r lehdj.k Kkr dhft,] tgk¡ PA2 + PB2 = k2 tgk¡ k vpj gSA
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lkjka'k

 f=kfoeh; T;kfefr osQ ledksf.kd dkrhZ; funsZ'kkad fudk; esa funsZ'kka{k rhu ijLij yacor~
js[kk,¡ gksrh gSaA

 funsZ'kka{kksa osQ ;qXe] rhu ry fuèkkZfjr djrs gSa ftUgsa funsZ'kka{k ry XY&ry] YZ&ry o
ZX&ry dgrs gSaA

 rhu funsZ'kka{k ry varfj{k dks vkB Hkkxksa esa ck¡Vrs gSa ftUgsa v"Vka'k dgrs gSaA

 f=kfoeh; T;kfefr esa fdlh fcanq P osQ funsZ'kkadksa dks lnSo ,d f=kfnd (x, y, z) osQ :i
esa fy[kk tkrk gSA ;gk¡ x, YZ&ry ls] y, ZX ry ls o z] XY ry ls nwjh gSA

 (i) x&v{k ij fdlh fcanq osQ funsZ'kkad (x, 0, 0) gSaA
(ii) y&v{k ij fdlh fcanq osQ funsZ'kkad (0, y, 0) gSaA
(iii) z&v{k ij fdlh fcanq osQ funsZ'kkad (0, 0, z) gSaA

 nks fcanqvksa P(x
1
, y

1
, z

1
) rFkk Q (x

2
, y

2
, z

2
) osQ chp dk nwjh lw=k gS%

2 2 2
2 1 2 1 2 1PQ ( ) ( ) ( )= − + − + −x x y y z z

 nks fcanqvksa P (x
1
 y

1
 z

1
) rFkk  Q (x

2
, y

2
, z

2
) dks feykus okys js[kk [kaM dks m : n

vuqikr esa var% vkSj cká% foHkkftr djus okys fcanq R osQ funsZ'kkad Øe'k%

2 1 2 1 2 1mx nx my ny mz nz
, ,

m n m n m n

 + + +
 

+ + + 
2 1 2 1 2 1mx – nx my – ny mz – nz

, ,
m – n m – n m – n

 
 
 

 gaSA

 nks fcanqvksa P(x
1
, y

1
, z

1
) vkSj Q(x

2
, y

2
, z

2
) dks feykus okys js[kk [kaM PQ osQ

eè;&fcanq osQ funsZ'kkad gSa%

1 2 1 2 1 2

2 2 2

x x y y z z
, ,

+ + + 
 
 

 ,d f=kHkqt ftlosQ 'kh"kksZa osQ funsZ'kkad (x
1
, y

1
, z

1
),  (x

2
, y

2
, z

2
) vkSj (x

3
, y

3
, z

3
) gSa] osQ

osQanzd osQ funsZ'kkad gS%

1 2 3 1 2 3 1 2 3+ + + + + +

3 3 3

x x x y y y z z x
, ,

 
 
 

.

,sfrgkfld i`"BHkwfe

1637 bZñ esa oS'ysf"kd T;kfefr osQ tud Rene' Descartes (1596—1650 A.D.) us ryh;
T;kfefr osQ {ks=k esa mYys[kuh; dk;Z fd;k] buosQ lgvkfo"dkjd Piarre Fermat

(1601—1665 A.D.) vkSj La Hire (1640—1718 A.D.) us Hkh bl {ks=k esa dk;Z fd;kA

2022-23



f=kfoeh; T;kfefr dk ifjp;       297

;|fi bu yksxksa osQ dk;ks± esa f=kfoeh; T;kfefr osQ lacaèk esa lq>ko gS] ijarq fo'kn foospu
ugha gSA Descartes dks f=kfoeh; varfj{k esa fcanq osQ funsZ'kkadks osQ fo"k; esa tkudkjh Fkh
ijarq mUgksaus bls fodflr ugha fd;kA

1715 bZñ esa J. Bernoulli (1667—1748 A.D.) us Leibnitz dks fy[ks i=k esa rhu
funsZ'kkad ryksa dk ifjp; mYysf[kr gS ftls ge vkt iz;ksx dj jgs gSaA

loZizFke lu 1700 bZñ esa izasQp ,sosQMeh dks izLrqr fd, x, Antoinne Parent

(1666—1716 A.D.) osQ ys[k esa oS'ysf"kd Bksl T;kfefr osQ fo"k; esa foLr`r foospu gSA
L. Euler, (1707—1783 A.D.) us lu~ 1748 esa izdkf'kr viuh iqLrd ̂ T;kfefr dk

ifjp;* osQ nwljs [kaM osQ ifjf'k"V osQ 5osa vè;k; esa f=kfoeh; funsZ'kkad T;kfefr dk
lqO;ofLFkr ,ao Øec¼ o.kZu izLrqr fd;kA

mUuhloha 'krkCnh osQ eè; osQ ckn gh T;kfefr dk rhu ls vfèkd vk;keksa esa foLrkj
fd;k x;k] ftldk loksZÙke iz;ksx Einstein osQ lkis{kokn osQ fl¼kar esa LFkku&le;
vuqØe.k (Space-Time Continuum) esa nz"VO; gSA

— —

2022-23




