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vè;k; 5

;wfDyM dh T;kfefr dk ifjp;

5.1 Hkwfedk

'kCn ^T;kfefr* (geometry) ;wukuh Hkk"kk osQ 'kCnksa ^ft;ks* (geo) vkSj ^ehVªhu* (metrein)

ls fey dj cuk gSA ft;ks dk vFkZ gS ^i`Foh* ;k ^Hkwfe* vkSj ehVªhu dk vFkZ gS ^ekiuk*A
blls ,slk izrhr gksrk gS fd T;kfefr dk mn~xe Hkwfe ekius dh vko';drk osQ dkj.k gqvk
gSA xf.kr dh bl 'kk[kk dk vè;;u fofHkUu :iksa esa izR;sd izkphu lH;rkvksa }kjk fd;k
x;k] pkgs og felz gks] cschyksu gks] phu gks] Hkkjr gks] ;wuku gks ;k budkl (incas),

bR;kfnA bu lH;rkvksa osQ yksxksa dks vusd O;kogkfjd leL;kvksa dk lkeuk djuk iM+k
ftuesa T;kfefr osQ fodkl dh fofHkUu izdkj ls vko';drk iM+hA

mnkgj.k osQ rkSj ij] tc Hkh uhy unh esa ck<+
vkrh Fkh] rks fofHkUu Hkwfe Lokfe;ksa osQ layXu [ksrksa
osQ chp dh ifjlhekvksa (boundaries) dks vius lkFk
cgk ys tkrh FkhA bu ck<+ksa osQ ckn] bu ifjlhekvksa
dks iqu% cuk;k tkrk FkkA bl dk;Z osQ fy,] felzokfl;ksa
us ljy {ks=kiQy ifjdfyr djus osQ lkFk gh ljy
jpuk,¡ djus osQ fy,] vusd T;kferh; rduhosaQ vkSj
fu;e fodflr fd,A mUgksaus T;kfefr osQ Kku dk
mi;ksx vUuHk.Mkjksa osQ vk;ru fudkyus rFkk ugjksa
vkSj fijkfeMksa (pyramids) osQ fuekZ.k djus esa fd;kA
os ,d dVs gq, fijkfeM (truncated pyramid)

(nsf[k, vkÑfr 5-1) dk vk;ru Kkr djus dk lgh
vkÑfr 5.1 : dVk gqvk fijkfeM
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;wfDyM dh T;kfefr dk ifjp; 95

lw=k Hkh tkurs FksA vki tkurs gSa fd fijkfeM ,d ,slh Bksl vkÑfr gksrh gS] ftldk vkèkkj
,d f=kHkqt ;k oxZ ;k dksbZ vU; cgqHkqt gksrk gS vkSj ftlosQ ik'oZ iQyd (side faces

;k lateral faces), Åij ,d gh fcanq ij feyus okys f=kHkqt gksrs gSaA

Hkkjrh; mi&egk}hi esa] gM+Iik vkSj eksgutksnM+ks] bR;kfn dh [kqnkb;ksa ls ;g irk
yxrk gS fd flU/q ?kkVh dh lH;rk (yxHkx 3000 bZñiwñ) us T;kfefr dk izpqj ek=kk esa
mi;ksx fd;kA og ,d mPp dksfV dk laxfBr lekt FkkA 'kgj vR;kf/d :i ls
fodflr Fks vkSj cM+s ;kstukc¼ <ax ls fufeZr fd, x, FksA mnkgj.kkFkZ] lM+osaQ ijLij
lekarj gksrh Fkha vkSj Hkwfexr ukfy;ksa dh O;oLFkk FkhA ?kjksa esa fofHkUu izdkj osQ vusd
dejs gqvk djrs FksA ;s ckrsa n'kkZrh gSa fd uxjoklh {ks=kfefr (mensuration) vkSj
O;kogkfjd vadxf.kr esa iw.kZ :i ls fuiq.k FksA fuekZ.k dk;Z esa iz;ksx dh tkus okyh b±Vsa
HkV~Vksa ij idkbZ (cukbZ) tkrh Fkha vkSj bu b±Vksa osQ fy, vuqikr yEckbZ % pkSM+kbZ % eksVkbZ]
4 % 2 % 1 gksrk FkkA

izkphu Hkkjr esa] lqYcklw=k (800 bZñiwñ&500 bZñiwñ) T;kferh; jpukvksa osQ fy,
egRoiw.kZ xzaFk FksA oSfnd dky dh T;kfefr dk mn~xe oSfnd iwtk osQ fy, vko';d
fHkUu&fHkUu izdkj dh osfn;ksa vkSj vfXu&oqQ.Mksa osQ fuekZ.k dk;Z ls gqvkA ifo=k vfXu;ksa
dks vf/d izHkko'kkyh lk/d gksus osQ fy,] muosQ LFkku] muosQ vkdkjksa vkSj {ks=kiQyksa osQ
ckjs esa Li"V :i ls fu/kZfjr vuqns'kksa osQ vuqlkj] gksrs FksA ?kjsyw /kfeZd fØ;kvksa osQ fy,]
oxkZdkj vkSj o`Ùkkdkj osfn;ksa dk iz;ksx fd;k tkrk Fkk] tcfd lkoZtfud iwtk LFkyksa osQ
fy, vk;rksa] f=kHkqtksa vkSj leyacksa osQ la;kstuksa (feys tqys) ls cus vkdkjksa dk iz;ksx
vko';d gksrk FkkA (vFkoZosn esa fn,) ^Jh;a=k* esa ,d nwljs osQ lkFk tqM+s ukS lef}ckgq
f=kHkqt varfuZfgr gSaA ;s f=kHkqt bl izdkj O;ofLFkr fd, x, gSa fd buls 43 NksVs
(;k xkS.k) f=kHkqtksa dk fuekZ.k gksrk gSA ;|fi osfn;ksa dh jpuk djus esa ifj'kq¼ T;kferh;
fof/;ksa dk mi;ksx fd;k x;k Fkk] fiQj Hkh buls lacaf/r fl¼karksa dh dksbZ ppkZ ugha dh
xbZA

mijksDr mnkgj.k ;g n'kkZrs gSa fd T;kfefr dk fodkl vkSj vuqiz;ksx fo'o osQ lHkh
LFkkuksa ij gksrk jgkA ijUrq ;g cM+s vO;ofLFkr izdkj ls gks jgk FkkA izkphu fo'o esa]
T;kfefr osQ fodkl dh bu xfrfof/;ksa dh ,d jkspd ckr ;g gS fd budk Kku ,d
ih<+h ls nwljh ih<+h dks ;k rks ekSf[kd :i ls ;k rkM+ osQ o`{k dh ifÙk;ksa ij fy[ks lans'kksa
;k oqQN vU; fof/;ksa }kjk fn;k tkrk jgkA lkFk gh] ge ;g Hkh ikrs gSa fd oqQN lH;rkvksa]
tSls fd cschyksfu;k eas] T;kfefr ,d vR;kf/d O;kogkfjd n`f"Vdks.k okys fo"k; rd
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96 xf.kr

lhfer jgh rFkk ,slk gh Hkkjr vkSj jkse esa jgkA felzokfl;ksa }kjk fodflr dh xbZ T;kfefr
esa eq[;r% ifj.kkeksa osQ dFku gh fufgr FksA buesa izfØ;kvksa (vFkok fof/;ksa) osQ dksbZ
O;kid fu;e ugha fn, x,A oLrqr% cschyksu vkSj felzokfl;ksa nksuksa gh us T;kfefr dk
mi;ksx vf/dka'kr% O;kogkfjd dk;ks± osQ fy, gh fd;k rFkk mldks ,d Øec¼ foKku
osQ :i esa fodflr djus osQ fy, cgqr de dke fd;kA ijUrq ;wuku tSlh lH;rkvksa esa
bl roZQ ij cy fn;k tkrk Fkk fd dqN jpuk,¡ fdl izdkj gks tkrh gSaA ;wukfu;ksa dh
vfHk#fp mu dFkuksa] ftudks mUgksaus LFkkfir fd;k Fkk] dh lR;rk fuxefud roZQ.k
(deductive reasoning) dk mi;ksx djds tk¡pus esa Fkh (nsf[k, ifjf'k"V 1)A

,d ;wukuh xf.krK FksYl (Thales) dks Js; tkrk gS fd
mUgksaus lcls igyh Kkr miifÙk (proof) iznku dhA ;g
miifÙk bl dFku dh Fkh fd o`Ùk dk O;kl o`Ùk dks
lef}Hkkftr (vFkkZr~ nks cjkcj Hkkxksa esa foHkkftr) djrk gSA
FksYl dk ,d lcls izfl¼ f'k"; ikbFkkxksjl (572 bZñiwñ)
Fkk] ftldk uke vkius vo'; lquk gksxkA ikbFkkxksjl vkSj
mlosQ lkfFk;ksa us vusd T;kferh; xq.kksa dh [kkst dh vkSj
T;kfefr osQ fl¼karksa dk vR;kf/d fodkl fd;kA ;g
izfØ;k 300 bZñiwñ rd tkjh jghA blh le; felz esa
vysDtsafMª;k osQ ,d xf.kr osQ f'k{kd ;wfDyM (Euclid) us
ml le; rd Kkr xf.kr osQ lHkh Kku dks ,df=kr fd;k
vkSj ,yhesaV~l (Elements) uked vius izfl¼ xzaFk osQ :i
esa mls O;ofLFkr fd;kA mUgksaus ,yhesaV~l dks 13 vè;k;ksa esa
foHkkftr fd;k] ftuesa ls izR;sd dks ̂ iqfLrdk* ekuk tkrk gSA
bu iqfLrdkvksa us leLr fo'o dh T;kfefr laca/h le> dks
vkus okyh ihf<+;ksa rd izHkkfor fd;kA

bl vè;k; esa] ge T;kfefr osQ izfr ;wfDyM osQ n`f"Vdks.k dh ppkZ djsaxs vkSj
T;kfefr osQ orZeku Lo:i ls bls tksM+us dk iz;Ru djsaxsA

5.2 ;wfDyM dh ifjHkk"kk,¡] vfHkx`ghr vkSj vfHk/kj.kk,¡

;wfDyM osQ le; osQ ;wukuh xf.krKksa us T;kfefr dks ml fo'o dk ,d fl¼karh; izfreku
(model) lkspk ftlesa os jgrs FksA fcanq (point), js[kk (line), ry (plane) [;k ì"B (surface)],

FksYl
(640 lkú;qúiwú&546 lkú;qúiwú)

vkÑfr 5.2

;wfDyM
(325 lkú;qúiwú&265 lkú;qúiwú)

vkÑfr 5.3
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;wfDyM dh T;kfefr dk ifjp; 97

bR;kfn dh vo/kj.kk,¡ mu oLrqvksa ls LFkkfir dh xb± tks muosQ vkl&ikl FkhaA vkdk'k
(space) vkSj muosQ vkl&ikl osQ Bkslksa osQ vè;;uksa osQ vk/kj ij] ,d Bksl oLrq dh
fl¼karh; T;kferh; vo/kj.kk fodflr dh xbZA ,d Bksl (solid) dk vkdkj gksrk gS] eki
vkSj fLFkfr gksrh gS rFkk mls ,d LFkku ls nwljs LFkku rd ys tk;k tk ldrk gSA bldh
ifjlhek,¡ ì"B (surface) dgykrh gSaA ;s vkdk'k osQ ,d Hkkx dks nwljs Hkkx ls ìFkd djrh
gSa vkSj budh dksbZ eksVkbZ ugha gksrhA ì"Bksa dh ifjlhek,¡ oØ (curves) ;k lhèkh js[kk,¡
(lines) gksrh gSaA bu js[kkvksa ds fljs fcanq (points) gksrs gSaA

Bkslksa ls fcanqvksa (Bksl&i`"B&js[kk,¡&fcanq) rd osQ rhu pj.kksa ij fopkj dhft,A izR;sd
pj.k esa] ge ,d foLrkj] ftls ge foek (dimension) Hkh dgrs gSa] ls oafpr gksrs gSaA
blfy,] ;g dgk tkrk gS fd ,d Bksl dh rhu foek,¡ gksrh gSa] ,d i`"B dh nks foek,¡]
,d js[kk dh ,d foek gksrh gS vkSj ,d fcanq dh dksbZ foek ugha gksrhA ;wfDyM us bu
dFkuksa dks laf{kIr :i ls ifjHkk"kkvksa osQ :i esa izLrqr fd;kA mUgksaus vius bu
jgL;ksn?kkVuksa dk izkjEHk ^,yhesaV~l* dh iqLrd 1 esa 23 ifjHkk"kk,¡ (definitions) nsdj
fd;kA buesa ls oqQN ifjHkk"kk,¡ uhps nh tk jgh gSa%

1. ,d fcanq (point) og gS ftldk dksbZ Hkkx ugha gksrkA

2. ,d js[kk (line) pkSM+kbZ jfgr yEckbZ gksrh gSA

3. ,d js[kk osQ fljs fcanq gksrs gSaA

4. ,d lh/h js[kk ,slh js[kk gS tks Lo;a ij fcanqvksa osQ lkFk likV :i ls fLFkr
gksrh gSA

5. ,d i`"B (surface) og gS ftldh osQoy yEckbZ vkSj pkSM+kbZ gksrh gSA

6. i`"B osQ fdukjs (edges) js[kk,¡ gksrh gaSA

7. ,d lery i`"B (plane surface) ,slk i`"B gS tks Lo;a ij lh/h js[kkvksa osQ lkFk
likV :i ls fLFkr gksrk gSA

;fn vki è;kuiwoZd bu ifjHkk"kkvksa dks ns[ksa] rks vki ik,¡xs fd oqQN inksa tSls Hkkx]
pkSM+kbZ] yEckbZ] likV :i ls] bR;kfn dks Li"V :i ls vkxs vkSj vf/d le>kus dh
vko';drk gSA mnkgj.kkFkZ] fcanq dh ifjHkk"kk ij fopkj dhft, tks ;wfDyM us nh gSA bl
ifjHkk"kk esa] ^,d Hkkx* dks ifjHkkf"kr djus dh vko';drk gSA eku yhft, fd ge ;g
ifjHkkf"kr djsa fd ,d Hkkx og gS tks ̂ {ks=k* ?ksjrk gS] rks gesa iqu% ̂ {ks=k* dks ifjHkkf"kr djus
dh vko';drk gksxhA vr% ,d oLrq dks ifjHkkf"kr djus osQ fy,] vkidks vusd oLrqvksa
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dks ifjHkkf"kr djus dh vko';drk gksrh gS vkSj fcuk fdlh var osQ ifjHkk"kkvksa dh ,d
yEch  Ükà[kyk izkIr gks ldrh gSA bUgha dkj.ko'k] xf.krKksa }kjk ;g lqfoèkktud ik;k x;k
fd oqQN T;kferh; inksa dks vifjHkkf"kr (undefined ) eku fy;k tk,A bl fof/ ls] ge
,d fcanq dh T;kferh; ladYiuk dk Åij nh gqbZ ^ifjHkk"kk* dh rqyuk esa ,d csgrj
varKkZukRed vkHkkl izkIr djsaxsA blfy,] ge fcanq dks ,d lw{e fcanh (dot) ls fu:fir
djrs gSa] ijUrq bl lw{e fcanh dh oqQN u oqQN foek vo'; gksrh gSA

blh izdkj dh leL;k mijksDr ifjHkk"kk 2 esa Hkh vkrh gSA blesa pkSM+kbZ vkSj yEckbZ
dk lanHkZ vkrk gS vkSj buesa ls fdlh dks Hkh igys ifjHkkf"kr ugha fd;k x;k gSA blh
dkj.k] fdlh Hkh fo"k; osQ vè;;u osQ fy, oqQN inksa dks vifjHkkf"kr j[kk x;k gSA
blfy,] T;kfefr esa ge fcanq] js[kk vkSj ry (;wfDyM osQ 'kCnksa esa lery i`"B) dks
vifjHkkf"kr 'kCnksa osQ :i esa eku dj pyrs gSaA osQoy ;g ckr vo'; gS fd ge bUgsa
varKkZukRed :i ls fu:fir dj ldrs gSa vFkok ^HkkSfrd izfrekuksa* (oLrqvksa) dh
lgk;rk ls Li"V dj ldrs gSaA

viuh bu ifjHkk"kkvksa ls izkjEHk djrs gq,] ;wfDyM us oqQN xq.kksa dks fcuk fl¼ fd,
lR; dFku ekuus dh dYiuk dhA ;s dYiuk,¡ okLro esa ^Li"Vr% loZO;kih lR;* FksA
mUgksaus budks nks oxks± esa foHkkftr fd;kA ;s oxZ Fks % vfHkx`ghr (axioms) vkSj
vfHkèkkj.kk,¡ (postulates)A mUgksaus vfHk/kj.kk 'kCn dk iz;ksx mu dYiukvksa osQ fy,
fd;k tks fof'k"V :i ls T;kfefr ls lacaf/r FkhaA nwljh vksj] lkekU; vo/kj.kk,¡ ¹ftUgas
izk;% vfHkx`ghr (axioms) dgk x;kº os dYiuk,¡ Fkha ftUgsa fujarj xf.kr esa iz;ksx fd;k
x;k vkSj ftudk osQoy T;kfefr ls gh fo'ks"k laca/ ugha FkkA vfHkx`ghr vkSj vfHkèkkj.kkvksa
dh vkSj vf/d tkudkjh osQ fy, ifjf'k"V 1 dks nsf[k,A

;wfDyM osQ oqQN vfHkx̀ghrksa dks] fcuk muosQ }kjk fn, Øe osQ] uhps fn;k tk jgk gS%

(1) os oLrq,¡ tks ,d gh oLrq osQ cjkcj gksa ,d nwljs osQ cjkcj gksrh gSaA

(2) ;fn cjkcjksa dks cjkcjksa esa tksM+k tk,] rks iw.kZ Hkh cjkcj gksrs gSaA

(3) ;fn cjkcjksa dks cjkcjksa esa ls ?kVk;k tk,] rks 'ks"kiQy Hkh cjkcj gksrs gSaA

(4) os oLrq,¡ tks ijLij laikrh gksa] ,d nwljs osQ cjkcj gksrh gSaA

(5) iw.kZ vius Hkkx ls cM+k gksrk gSA

(6) ,d gh oLrqvksa osQ nqxqus ijLij cjkcj gksrs gSaA

(7) ,d gh oLrqvksa osQ vk/s ijLij cjkcj gksrs gSaA
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;s lkekU; vo/kj.kk,¡ fdlh izdkj osQ ifjek.kksa (magnitudes) osQ lanHkZ esa dgh xbZ
gSaA igyh lkekU; vo/kj.kk dks leryh; vkÑfr;ksa osQ fy, iz;ksx fd;k tk ldrk gSA
mnkgj.kkFkZ] ;fn ,d f=kHkqt dk {ks=kiQy ,d vk;r osQ {ks=kiQy osQ cjkcj gks vkSj bl
vk;r dk {ks=kiQy ,d oxZ osQ {ks=kiQy ds cjkcj gks] rks f=kHkqt dk {ks=kiQy Hkh oxZ osQ
{ks=kiQy osQ cjkcj gksxkA

,d gh izdkj osQ ifjek.kksa dh rqyuk dh tk ldrh gS vkSj mUgsa tksM+k Hkh tk ldrk
gS] ijarq fHkUu&fHkUu izdkj osQ ifjek.kksa dh rqyuk ugha dh tk ldrh gSA mnkgj.kkFkZ] ,d
js[kk dks ,d vk;r esa tksM+k ugha tk ldrk vkSj u gh ,d dks.k dh ,d iapHkqt
(pentagon) ls rqyuk dh tk ldrh gSA

Åij fn;k gqvk pkSFkk vfHkx`ghr ;g crkrk gqvk izrhr gksrk gS fd ;fn nks oLrq,¡
loZle (identical) gksa (vFkkZr~ os ,d gh gksa)] rks os cjkcj gksrh gSaA nwljs 'kCnksa esa] dksbZ
Hkh oLrq Lo;a osQ cjkcj gksrh gSA ;g vè;kjksi.k (superposition) osQ fl¼kar dh
roZQlaxrrk izdV djrk gSA vfHkx`ghr (5) ^ls cM+k gS (greater than)* dh ifjHkk"kk nsrk
gSA mnkgj.kkFkZ] ;fn dksbZ jkf'k B, fdlh vU; jkf'k A dk ,d Hkkx gks] rks A dks jkf'k B

vkSj ,d vU; jkf'k C osQ ;ksx osQ :i esa fy[kk tk ldrk gSA lkaosQfrd :i ls] A > B

dk vFkZ gS fd dksbZ C ,slk gS fd A = B + C gSA

vkb, vc ;wfDyM dh ik¡p vfHk/kj.kkvksa (postulates) dh ppkZ djsaA ;s bl izdkj
gSa%

vfHk/kj.kk 1 : ,d fcanq ls ,d vU; fcanq rd ,d lh/h js[kk [khaph tk ldrh gSA

è;ku nhft, fd ;g vfHk/kj.kk gesa crkrh gS fd nks fHkUu (distinct) fcanqvksa ls gksdj
de ls de ,d js[kk vo'; [khaph tk ldrh gS] ijUrq blls ;g ugha Kkr gksrk fd ,slh
,d ls vf/d lh/h js[kk,¡ ugha gks ldrhaA ijUrq vius leLr dk;ks± esa ;wfDyM us] fcuk
oqQN crk,] ;g ckj&ckj dYiuk dh gS fd nks fHkUu fcanqvksa ls ,d vf}rh; (unique)

js[kk gh [khaph tk ldrh gSA ge bl ifj.kke dks ,d vfHkx`ghr osQ :i esa uhps ns jgs
gSa%

vfHkx`ghr 5.1 : fn, gq, nks fHkUu fcanqvksa ls gksdj ,d vf}rh; js[kk [khaph tk ldrh
gSA

fcanq P ls gksdj fdruh js[kk,¡ [khaph tk ldrh gSa tks fcanq Q ls gksdj Hkh tkrh gksa
(nsf[k, vkÑfr 5-4)\ osQoy ,dA ;g js[kk PQ gSA fcanq Q ls gksdj tkus okyh ,slh
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fdruh js[kk,¡ gSa tks fcanq P ls gksdj Hkh tkrh gS\ osQoy ,d] vFkkZr~ js[kk PQA bl izdkj]
mijksDr dFku ,d Lo;a fl¼ (self evident) lR; gS vkSj blhfy, ge bls ,d vfHkx`ghr
osQ :i esa eku ysrs gSaA

vkÑfr  5.4

vfHk/kj.kk 2 : ,d lkar js[kk (terminated line) dks vfuf'pr :i ls c<+k;k tk ldrk
gSA

è;ku nhft, ftldks ge vktdy js[kk[kaM (line segment) dgrs gSa] mls ;wfDyM us
lkar js[kk dgk FkkA vr%] orZeku dh Hkk"kk esa] nwljh vfHk/kj.kk ;g dgrh gS fd ,d
js[kk[kaM dks nksuksa vksj foLr`r djosQ ,d js[kk cukbZ tk ldrh gS (nsf[k, vkÑfr 5-5)A

vkÑfr 5.5

vfHk/kj.kk 3 : fdlh dks osQUnz eku dj vkSj fdlh f=kT;k ls ,d o`Ùk [khapk tk
ldrk gSA

vfHk/kj.kk 4 : lHkh ledks.k ,d nwljs osQ cjkcj gksrs gSaA

vfHk/kj.kk 5 : ;fn ,d lh/h js[kk nks lh/h js[kkvksa ij fxj dj vius ,d gh vksj nks
var% dks.k (interior angles) bl izdkj cuk, fd bu nksuksa dks.kksa dk ;ksx fey dj nks
ledks.kksa ls de gks] rks os nksuksa lh/h js[kk,¡ vfuf'pr :i ls c<+k, tkus ij mlh vksj
feyrh gSa ftl vksj ;g ;ksx nks ledks.kksa ls de gksrk gSA

mnkgj.kkFkZ] vkÑfr 5-6 esa] js[kk PQ js[kkvksa AB

vkSj CD ij bl izdkj fxjrh gS fd var% dks.kksa 1 vkSj
2 dk ;ksx] tks PQ osQ ckb± vksj fLFkr gSa] 180º ls de
gSA vr%] js[kk,¡ AB vkSj CD varr% PQ osQ ckb± vksj
izfrPNsn djsaxhA vkÑfr 5-6

2022-23



;wfDyM dh T;kfefr dk ifjp; 101

mijksDr ik¡pksa vfHk/kj.kkvksa dks osQoy ns[kus ek=k ls] gesa ;g Li"Vr% irk py tk,xk
fd vU; vfHkèkkj.kkvksa dh rqyuk esa vfHk/kj.kk 5 oqQN vf/d tfVy gSA nwljh vksj]
vfHk/kj.kk,¡ 1 ls 4 bruh ljy vkSj Li"V gSa fd mUgsa Lo;a fl¼ lR; osQ :i esa eku
fy;k tkrk gSA ijUrq] bUgsa fl¼ djuk laHko ugha gSA blfy,] bu dFkuksa dks fcuk miifÙk
(proof) osQ LohÑr dj fy;k x;k gS (nsf[k, ifjf'k"V 1)A bl tfVyrk osQ dkj.k] ik¡poha
vfHk/kj.kk ij vxys vuqPNsn esa vf/d è;ku fn;k tk,xkA

vktdy] ^vfHk/kj.kk* vkSj ^vfHkx`ghr* nksuksa inksa dks ,d nwljs osQ fy, ,d gh vFkZ
esa iz;ksx fd;k tkrk gSA okLro esa] vfHk/kj.kk ,d fØ;k (verb) gSA tc ge dgrs gSa fd
^vkb, vfHkèkkj.kk djsa*] rks bldk vFkZ gS fd ^vkb, fo'o esa izsf{kr ifj?kVukvksa
(phenomena) osQ vk/kj ij oqQN dFku dgsaA* bldh lR;rk@ekU;rk dh tk¡p ckn esa dh
tkrh gSA ;fn og lR; gS] rks mls ^vfHkèkkj.kk* osQ :i esa LohÑr dj fy;k tkrk gSA

oqQN vfHkx`ghrksa dk ,d fudk; (system) vfojks/h (consistent) dgykrk gS
(nsf[k, ifjf'k"V 1)] ;fn bu vfHkx`ghrksa ls ,slk dFku fufeZr djuk vlaHko gks] tks
fdlh vU; vfHkx`ghr ;k igys fl¼ fd, x, fdlh dFku osQ fojks/h (contradictory)

gksA vr%] ;fn vfHkx`ghrksa dk dksbZ fudk; fn;k gks] rks ;g lqfuf'pr djuk vko';d gS
fd ;g fudk; vfojks/h gksA

;wfDyM us viuh vfHk/kj.kk,¡ vkSj vfHkx`ghrksa dks nsus osQ ckn] budk iz;ksx vU;
ifj.kkeksa dks fl¼ djus esa fd;kA fiQj bu ifj.kkeksa dk iz;ksx djosQ] mUgksaus fuxefud
roZQ.k (deductive reasoning) }kjk oqQN vkSj ifj.kkeksa dks fl¼ fd;kA ftu dFkuksa dks
fl¼ fd;k os lkè; (propositions) ;k izes; (theorems) dgykrh FkhaA ;wfDyM us
viuh vfHkx`ghrksa] vfHk/kj.kkvksa] ifjHkk"kkvksa vkSj igys fl¼ dh xbZ izes;ksa dk iz;ksx
djosQ] ,d rkfoZQd  Ükà[kyk esa 465 lkè; fuxfer (deduce) fd,A T;kfefr osQ oqQN vxys
vè;k;ksa esa vki bu vfHkx`ghrksa dk iz;ksx djosQ oqQN izes;ksa dks fl¼ djsaxsA

vkb, vkxs vkus okys mnkgj.kksa esa ns[ksa fd ;wfDyM us oqQN ifj.kkeksa dks fl¼ djus
osQ fy, viuh vfHkx`ghrksa vkSj vfHk/kj.kkvksa dk fdl izdkj iz;ksx fd;kA

mnkgj.k 1 : ;fn A, B vkSj C ,d js[kk ij fLFkr rhu fcanq gSa vkSj B fcanqvksa A vkSj C
osQ chp esa fLFkr gS (nsf[k, vkÑfr 5-7)] rks fl¼ dhft, fd AB + BC = AC gSA

vkÑfr 5.7
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gy : mijksDr vkÑfr esa] AB + BC osQ lkFk AC laikrh gSA

lkFk gh] ;wfDyM dk vfHkx`ghr (4) dgrk gS fd os oLrq,¡ tks ijLij laikrh gksa ,d nwljs
osQ cjkcj gksrh gSaA vr%] ;g fl¼ fd;k tk ldrk gS fd

AB + BC = AC

gSA è;ku nhft, fd bl gy esa ;g eku fy;k x;k gS fd nks fcanqvksa ls gksdj ,d vf}rh;
js[kk [khaph tk ldrh gSA

mnkgj.k 2 : fl¼ dhft, fd ,d fn, gq, js[kk[kaM ij ,d leckgq f=kHkqt dh jpuk
dh tk ldrh gSA

gy : mijksDr dFku esa] ,d nh gqbZ yEckbZ dk ,d js[kk[kaM] eku yhft,] AB fn;k gS
[nsf[k, vkÑfr 5.8 (i)]A

vkÑfr 5.8

;gk¡ vkidks oqQN jpuk djus dh vko';drk gSA ;wfDyM dh vfHk/kj.kk (3) dk iz;ksx
djosQ] vki fcanq A dks osQUnz vkSj AB f=kT;k ysdj ,d o`Ùk [khap ldrs gSa
[nsf[k, vkÑfr 5.8 (ii)]A blh izdkj] B dks  osQUnz ekudj vkSj BA f=kT;k ysdj ,d vU;
o`Ùk [khapk tk ldrk gSA ;s nksuksa o`Ùk eku yhft, fcanq C ij feyrs gSaA vc js[kk[kaMksa AC

vkSj BC [khap dj ∆ ABC cukb, [nsf[k, vkÑfr 5.8 (iii)]A

blfy,] vkidks fl¼ djuk gS fd ;g f=kHkqt ,d leckgq f=kHkqt gS_ vFkkZr~ AB = AC

= BC gSA

vc] AB = AC gS] D;ksafd ;s ,d o`Ùk dh f=kT;k,¡ gSaA (1)

blh izdkj] AB = BC (,d gh o`Ùk dh f=kT;k,¡) (2)

2022-23



;wfDyM dh T;kfefr dk ifjp; 103

mijksDr nksuksa rF;ksa vkSj ;wfDyM osQ igys vfHkx`ghr (os oLrq,¡ tks ,d gh oLrq osQ cjkcj
gksrh gSa ,d nwljs osQ cjkcj gksrh gSa) ls vki fu"d"kZ fudky ldrs gSa fd
AB = BC = AC gSA

vr%] ∆ ABC ,d leckgq f=kHkqt gSA

è;ku nhft, fd ;gk¡ ;wfDyM us] fcuk dgha crk,] ;g eku fy;k gS fd osQUnzksa A vkSj
B dks ysdj [khaps x, o`Ùk ijLij ,d fcanq ij feysaxsA

vc ge ,d izes; fl¼ djsaxs tks fofHkUu ifj.kkeksa esa vusd ckj vf/dka'kr% iz;ksx dh
tkrh gS%

izes; 5.1 : nks fHkUu js[kkvksa esa ,d ls vf/d fcanq mHk;fu"B ugha gks ldrkA

miifÙk : ;gk¡] gesa nks js[kk,¡ l vkSj m nh gqbZ gSaA gesa ;g fl¼ djuk gS fd l vkSj m esa osQoy
,d fcanq mHk;fu"B gSA

FkksM+s le; osQ fy,] ;g eku yhft, fd ;s nks js[kk,¡ nks fHkUu fcanqvksa P vkSj Q ij
izfrPNsn djrh gSaA

bl izdkj] nks fHkUu fcanqvksa P vkSj Q ls gksdj tkus okyh vkiosQ ikl nks js[kk,¡ l vkSj
m gks tkrh gSaA ijUrq ;g dFku vfHkx`ghr 5-1 osQ fo#¼ gS] ftlosQ vuqlkj nks fHkUu
fcanqvksa ls gksdj ,d vf}rh; js[kk [khaph tk ldrh gSA vr%] ge ftl dYiuk ls pys
Fks fd nks js[kk,¡ nks fHkUu fcanqvksa ls gksdj tkrh gSa xyr gSA

blls ge D;k fu"d"kZ fudky ldrs gSa\ ge fu"d"kZ fudkyus ij ckè; gks tkrs gSa
fd nks fHkUu js[kkvksa esa ,d ls vf/d fcanq mHk;fu"B ugha gksxkA

iz'ukoyh 5.1

1. fuEufyf[kr dFkuksa esa ls dkSu&ls dFku lR; gSa vkSj dkSu&ls dFku vlR; gSa\ vius mÙkjksa
osQ fy, dkj.k nhft,A

(i) ,d fcanq ls gksdj osQoy ,d gh js[kk [khaph tk ldrh gSA

(ii) nks fHkUu fcanqvksa ls gksdj tkus okyh vla[; js[kk,¡ gSaA

(iii) ,d lkar js[kk nksuksa vksj vfuf'pr :i ls c<+kbZ tk ldrh gSA

(iv) ;fn nks o`Ùk cjkcj gSa] rks mudh f=kT;k,¡ cjkcj gksrh gSaA

(v) vkÑfr 5-9 esa] ;fn AB = PQ vkSj PQ = XY gS] rks AB = XY gksxkA
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vkÑfr 5.9

2. fuEufyf[kr inksa esa ls izR;sd dh ifjHkk"kk nhft,A D;k buosQ fy, oqQN ,sls in gSa] ftUgsa
ifjHkkf"kr djus dh vko';drk gS\ os D;k gSa vkSj vki bUgsa oSQls ifjHkkf"kr dj ik,¡xs\

(i) lekarj  js[kk,¡ (ii) yEc js[kk,¡ (iii) js[kk[kaM

(iv) o`Ùk dh f=kT;k (v) oxZ

3. uhps nh gqbZ nks vfHk/kj.kkvksa ij fopkj dhft, %

(i) nks fHkUu fcanq A vkSj B fn, jgus ij] ,d rhljk fcanq C ,slk fo|eku gS tks A vkSj
B osQ chp fLFkr gksrk gSA

(ii) ;gk¡ de ls de ,sls rhu fcanq fo|eku gSa fd os ,d js[kk ij fLFkr ugha gSaA

D;k bu vfHk/kj.kkvksa esa dksbZ vifjHkkf"kr 'kCn gSa\ D;k ;s vfHk/kj.kk,¡ vfojks/h gSa\ D;k
;s ;wfDyM dh vfHk/kj.kkvksa ls izkIr gksrh gSa\ Li"V dhft,A

4. ;fn nks fcanqvksa A vkSj B osQ chp ,d fcanq C ,slk fLFkr gS fd AC = BC gS] rks fl¼ dhft,

fd AC = 
1

2
AB gSA ,d vkÑfr [khap dj bls Li"V dhft,A

5. iz'u 4 esa] C js[kk[kaM AB dk ,d eè;&fcanq dgykrk gSA fl¼ dhft, fd ,d js[kk[kaM
dk ,d vkSj osQoy ,d gh eè;&fcanq gksrk gSA

6. vkÑfr 5-10 esa] ;fn AC = BD gS, rks fl¼ dhft, fd AB = CD gSA

vkÑfr 5-10

7. ;wfDyM dh vfHkx`ghrksa dh lwph esa fn;k gqvk vfHkx`ghr 5 ,d loZO;kih lR; D;ksa ekuk
tkrk gS\ (è;ku nhft, fd ;g iz'u ik¡poha vfHk/kj.kk ls lacaf/r ugha gSA)

5.3 ;wfDyM dh ik¡poha vfHk/kj.kk osQ lerqY; :ikUrj.k

xf.kr osQ bfrgkl esa ;wfDyM dh ik¡poha vfHkèkkj.kk dk vR;kf/d egRo gSA vuqPNsn 5-2
ls iqu% bl vfHk/kj.kk dks ;kn dhft,A bl vfHk/kj.kk osQ ifj.kkeLo:i ;fn nks
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js[kkvksa ij fxjus okyh js[kk osQ ,d gh vksj osQ nksuksa var% dks.kksa dk ;ksx 1800 gks] rks
nksuksa js[kk,¡ dHkh Hkh izfrPNsn ugha dj ldrhaA bl vfHk/kj.kk osQ vusd lerqY; :ikarj.k
(equivalent versions) gSaA buesa ls ,d IysisQ;j dk vfHkx`ghr (Playfair's Axiom) gS
(ftls LdkVysaM osQ ,d xf.krK tkWu IysisQ;j us 1729 esa fn;k Fkk)A ;g bl izdkj gS%

izR;sd js[kk l vkSj ml ij u fLFkr izR;sd fcanq
P osQ fy,] ,d vf}rh; js[kk m ,slh gksrh gS tks
P ls gksdj tkrh gS vkSj l osQ lekarj gSA

vkÑfr 5-11 esa] vki ns[k ldrs gSa fd P ls
gksdj tkus okyh lHkh js[kkvksa esa ls osQoy m gh
js[kk l osQ lekarj gSA

bl ifj.kke dks fuEufyf[kr :i esa Hkh O;Dr fd;k tk ldrk gS %

nks fHkUu izfrPNsnh js[kk,¡ ,d gh js[kk osQ lekarj ugha gks ldrhaA

;wfDyM dks viuh izFke 28 izes;ksa dks fl¼ djus esa ik¡poha

vfHk/kj.kk dh dksbZ vko';drk ugha iM+hA vusd xf.krKksa vkSj Lo;a

;wfDyM dks ;g fo'okl Fkk fd ik¡poha vfHk/kj.kk okLro esa ,d izes; gS]

ftls pkjksa vfHk/kj.kksa vkSj vU; vfHkx`ghrksa dh lgk;rk ls fl¼ fd;k tk

ldrk gSA ijUrq ik¡poha vfHk/kj.kk dks izes; osQ :i esa fl¼ djus osQ lHkh

iz;Ru vliQy jgsA ijUrq bu iz;Ruksa osQ dkj.k ,d egRoiw.kZ miyfC/

gqbZ & ;g miyfC/ vusd vU; T;kfefr;ksa dh jpuk,¡ (l`f"V) jghA ;s

T;kfefr;k¡ ;wfDyMh; T;kfefr (Euclidean Geometry) ls cgqr fHkUu gSaA

bUgsa v;wfDyMh; T;kfefr;k¡ (Non-Euclidean Geometries) dgk tkrk gSA bu T;kfefr;ksa dh jpuk dks

fopkjksa osQ bfrgkl esa ,d ehy dk iRFkj ekuk tkrk gS] D;ksafd rc rd izR;sd O;fDr ;g fo'okl djrk

Fkk fd ;wfDyM dh T;kfefr gh ,d ek=k T;kfefr gS vkSj laiw.kZ fo'o ;wfDyMh; gSA ftl fo'o esa ge

jg jgs gSa] mldh T;kfefr dks vc v;wfDyMh; T;kfefr n'kkZ;k tk pqdk gSA okLro esa] ;g xksykdkj

T;kfefr (spherical geometry) dgykrh gSA xksykdkj T;kfefr esa js[kk,¡ lh/h js[kk,¡ ugha gksrh gSaA ;s js[kk,¡

nh?kZ o`Ùkksa (great circles) (tks ,d xksys vkSj mlosQ osQUnz ls gksdj tkus okys ryksa osQ izfrPNsnu ls izkIr

o`Ùk gksrs gSa) osQ Hkkx gksrh gSaA

vkÑfr 5.12 esa] js[kk,¡ AN vkSj BN (tks ,d xksys osQ nh?kZ o`Ùkksa osQ Hkkx gSa) ,d gh js[kk  AB

ij yEc gSaA ijUrq ;s ,d nwljs ls fey jgh gSa] ;|fi js[kk AB osQ ,d gh vksj osQ var% dks.kksa dk

;ksx nks ledks.kksa ls de ugha gS (okLro esa] ;g 90º $ 90º = 180º gS)A lkFk gh] è;ku nhft, fd

f=kHkqt NAB osQ dks.kksa dk ;ksx 180º ls vf/d gS] D;ksafd ∠ A + ∠ B = 180º gSA bl izdkj] ;wfDyMh;

T;kfefr osQoy ,d ry esa cuh vkÑfr;ksa osQ fy, gh ekU; gSA oØ i`"Bksa esa ;g vliQy jgrh gSA

vkÑfr 5-11

vkÑfr 5-12
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vc] vkb, ,d mnkgj.k ysaA

mnkgj.k 3 : fuEu dFku ij fopkj dhft, % lh/h js[kkvksa osQ ,d ,sls ;qXe dk vfLrRo
gS] tks ,d nwljs ls izR;sd LFkku ij lenwjLFk (equidistant) gksrh gSaA D;k ;g dFku
;wfDyM dh ik¡poha vfHk/kj.kk dk ,d izR;{k (lh/k) ifj.kke gS\ Li"V dhft,A

gy : ,d js[kk l yhft, vkSj ,d fcanq ,slk yhft, tks js[kk l  ij fLFkr u gksA rc] IysisQ;j
vfHkx`ghr ls] tks ;wfDyM dh ik¡poha vfHk/kj.kk osQ lerqY; gS] ge tkurs gSa fd P ls
gksdj tkrh gqbZ ,d vf}rh; js[kk m gS tks l osQ lekarj gSA

vc] ,d fcanq dh ,d js[kk ls nwjh ml fcanq ls js[kk ij Mkys x, yEc dh yEckbZ
gksrh gSA   m ij fLFkr fdlh fcanq ls js[kk l dh nwjh vkSj l ij fLFkr fdlh fcanq ls js[kk
m dh nwjh lnSo leku gksxhA vr%] ;s nksuksa js[kk,¡ l vkSj m izR;sd LFkku ij ,d nwljs ls
lenwjLFk gSaA

fVIi.kh % vxys oqQN vè;k;ksa esa tks vki i<+saxs og ;wfDyMh; T;kfefr gksxhA ijUrq] buesa
gekjs }kjk iz;ksx fd, x, vfHkx`ghr vkSj izes; ;wfDyM osQ vfHkx`ghr vkSj izes;ksa ls fHkUu
gks ldrs gSaA

iz'ukoyh 5.2

1. vki ;wfDyM dh ik¡poha vfHk/kj.kk dks fdl izdkj fy[ksaxs rkfd og ljyrk ls le>h
tk losQ\

2. D;k ;wfDyM dh ik¡poha vfHk/kj.kk ls lekarj js[kkvksa osQ vfLrRo dk vkSfpR; fu/kZfjr
gksrk gS\ Li"V dhft,A

5.4 lkjka'k

bl vè;k; esa] vkius fuEufyf[kr fcanqvksa dk vè;;u fd;k gS%

1. ;|fi ;wfDyM us fcanq] js[kk vkSj ry dks ifjHkkf"kr fd;k gS] ijUrq xf.krKksa us bu
ifjHkk"kkvksa dks Lohdkj ugha fd;k gSA blfy, T;kfefr esa bUgsa vc vifjHkkf"kr inksa osQ :i
esa fy;k tkrk gSA

2. vfHkx̀ghr vkSj vfHk/kj.kk,¡ ,slh dYiuk,¡ gSa tks Li"Vr% loZO;kih lR; gksrh gSaA bUgsa fl¼
ugha fd;k tkrk gSA
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3. izes; os dFku gSa ftUgsa ifjHkk"kkvksa] vfHkx̀ghrksa] igys fl¼ fd, x, dFkuksa vkSj fuxefud
roZQ.k }kjk fl¼ fd;k tkrk gSA

4. ;wfDyM osQ oqQN vfHkx`ghr Fks %

(1) os oLrq,¡ tks ,d gh oLrq osQ cjkcj gksa] ,d nwljs osQ cjkcj gksrh gSaA

(2) ;fn cjkcjksa dks cjkcjksa esa tksM+k tk,] rks iw.kZ Hkh cjkcj gksrs gSaA

(3) ;fn cjkcjksa dks cjkcjksa esa ls ?kVk;k tk,] rks 'ks"kiQy Hkh cjkcj gksrs gSaA

(4) os oLrq,¡ tks ijLij laikrh gksa ,d nwljs osQ cjkcj gksrh gSaA

(5) iw.kZ vius Hkkx ls cM+k gksrk gSA

(6) ,d gh oLrqvksa osQ nqxqus ijLij cjkcj gksrs gSaA

(7) ,d gh oLrqvksa osQ vk/s ijLij cjkcj gksrs gSaA

5. ;wfDyM dh vfHk/kj.kk,¡ fuEu Fkha %

vfHk/kj.kk 1 : ,d fcanq ls ,d vU; fcanq rd ,d lh/h js[kk [khaph tk ldrh gSA

vfHk/kj.kk 2 : ,d lkar js[kk dks vfuf'pr :i ls c<+k;k tk ldrk gSA

vfHk/kj.kk 3 : fdlh dks osQUnz eku dj vkSj fdlh f=kT;k ls ,d o`Ùk [khapk tk ldrk
gSA

vfHk/kj.kk  4 : lHkh ledks.k ,d nwljs osQ cjkcj gksrs gSaA

vfHk/kj.kk  5 : ;fn ,d lh/h js[kk nks lh/h js[kkvksa ij fxj dj vius ,d gh vksj nks
var% dks.k bl izdkj cuk, fd bu nksuksa dks.kksa dk ;ksx fey dj nks ledks.kksa ls de gks]
rks os nksuksa lh/h js[kk,¡ vfuf'pr :i ls c<+k, tkus ij mlh vksj feyrh gSa ftl vksj ;g
;ksx nks ledks.kksa ls de gksrk gSA

6. ;wfDyM dh ik¡poha vfHk/kj.kk osQ nks lerqY; :ikarj.k gSa %

(i) izR;sd js[kk l vkSj ml ij u fLFkr izR;sd fcanq P osQ fy,] ,d vf}rh; js[kk m ,slh
gksrh gS tks P ls gksdj tkrh gS vkSj l osQ lekarj gSA

(ii) nks fHkUu izfrPNsnh js[kk,¡ ,d gh js[kk osQ lekarj ugha gks ldrhaA

7. ;wfDyM dh ik¡poha vfHk/kj.kk dks igyh pkjksa vfHk/kj.kksa dh lgk;rk ls fl¼ djus osQ
lHkh iz;Ru vliQy jgsA ijUrq buls vU; T;kfefr;ksa dh [kkst gqbZ ftUgsa v;wfDyMh;
T;kfefr;k¡ dgk tkrk gSA
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