Ex 3.1

Binary Operations Ex 3.1 Q1(i)
We have,
avh=a" forall abe N

letgaeNandbe

= Fen
= a+beld

The operation * defines a binary operation on &
Binary Operations Ex 3.1 Q1(ii)

Wwe have,

aoh=a% for alla,beZ
leteaeZ and b e 7
= abeZ = gohe 7

For example, if a=2, h=-=2

= af’=2'2=%ez

The operation 'o' does not define a binary operation on 2.

Binary Operations Ex 3.1 Q1(iii)



We have,
avbh=a+b-2foralabeN

LetaeM andbe i
Then, a+b-2en forallabe i
= arbel
For example &=1, b=1
= g+b-2=0eN
The operation * does not define a binary operation on /&
Binary Operations Ex 3.1 Q1(iv)
wie have,
Z ={1J2J3J4J5}
and, &wx;b=Remainder when ab is divided by &
Letaes andb e s
= aw,hefs farallabes
For example, =2, b=3
= 2. 3 =Remainder when 6 isdivided by 6 =0g &
% does not define a binary oparation on &
Binary Operations Ex 3.1 Q1(v)
We have,

5 ={0,1,2,3, 4,5}

and ae b o a+h; ifa+bh<h
! Y la+b-6 ifa+tb=z6

Letae & and b e & such thata+b <o

Then a+,b=3+bes [ 8+b<6=0,1,2,34,5]

Letse & and b e & such thata+b =6

Then s+g¢b=a+b-6e8 [vifa+bz6 then 2+b-620=0,1,2734,5]
S+ be S forabes

+¢ defines a binary oparation on &
Binary Operations Ex 3.1 Q1(vi)
We have,

sob=2"+b" foral a,beN

LetaeN andb e N

= N andb® e N
= b e N
= aoheM

Thus, the operation 'e' defines a binary relation on &

Binary Operations Ex 3.1 Q1(vii)



Wwe have,

a*b=L1 for all 3,beQ
b+1

LletseQ and beQ

a-1
+1
= a+*bed foralla,bed

Then e forb=-1

Thus, the operation * does not define a binary operation on Q

Binary Operations Ex 3.1 Q2
(1) on Z%, *is defined by 2a * b =23 — b.
It is not a binary operation as the image of (1, 2) under *is1*2=1 -2

=—1&z7*.

(i) On Z*, * is defined by 2 * b = ab.

It is seen that for each 3, b £ Z7, there is a unigue element ab in Z*.

This means that * carries each pair (a3, b) to a unique element 3 * b = ab in Z*.
Therefore, * is a binary operation.

(ii) on R, * is defined by a * b = ab?.

It is seen that for each a, b € R, there is a unique element ab? in R.

This means that * carries each pair (2, &) to a unigue element 2 * b = ab?in R,
Therefore, * is a binary operation.

{iv) On Z*, ¥ is defined by 2 * b = |32 — b].

It is seen that for each a, b € Z7, there is a unigue element |2 — bl in Z7.
This means that * carries each pair (a3, b) to a unique element 2 * b =

la — b|in Z*.

Therefore, * is a binary operation.

(v) On Z*, * is defined by 2 * b = a.
* carries each pair (a, b) to a unique element a * b = ain Z*.
Therefore, ® is a binary operation.

(vidon B, * is defined by a * b = a + 4b ,
it is seen that for each element a, b € R, there is unique element a + 4b in R
This means that * carries each pair {a, b) to a unigque element a * b =

a+abinR
Therefore, * is a binary operation.

Binary Operations Ex 3.1 Q3
Itisgiven that. a*b=2a+5-3
Now
3=4=2x23+4-3
=10-3
E

Binary Operations Ex 3.1 Q4

The operation * on the set A = {1, 2, 3, 4, 5} is defined as

2% b=LCM. ofa and b.

2*3 = LC.Mof 2 and 3 = 6. But & does not belong to the given set.
Hence, the given operation * is not a binary operation.

Binary Operations Ex 3.1 Q5
We have,
S = {a, DJC}

We know that the total number of binary operation on a set & with n element
s
= Total number of binary operation on s={abc) = F o

Binary Operations Ex 3.1 Q6
We have,
5 ={a,b}
The total number of binary operation on 5 = {&,5} in L

Binary Operations Ex 3.1 Q7



We have,

M={[g g} abs R—{O}} and

A+xB=A8forall 48e M

a 0 o 0
I_etA={O D}eMandB{O d}eM

a 0jlc 0 ac 0

Mow, A8 = =
on {o DMO d} {o bd]
del beR ceR &delR

= aceRandbde R

ac 0
i)
= [o bd}e
= A He M

Thus, the operater * difines a binary operation on M
Binary Operations Ex 3.1 Q8

& = set of rational numbers of the form ? where me Zandn=1,23

Alzso, a*bh=ab

letae S andbe &
= abe &

For example &= % and b= %

= ab=§€8
[

arxhels

Hence, the operater + does not define a binary operation on &

Binary Operations Ex 3.1 Q9

It is given that, a*bh=2a+b

Mo
(2*¥3)=2X2+3
= 4+3
=7
(2*¥N*4 =T*4=2x 7+ 4
=14 + 4
=18

Binary Operations Ex 3.1 Q10

It is given that, a*b = LCM {a, b)
Mo

E*7 = LCM (5, 7)
35



Ex 3.2

Binary Operations Ex 3.2 Q1

We have,
axb=lomfab) foralaben

(1)

iy,
2xd=lcm [2,4)=4
3*5=lcm [3,5) =15
1#6=lcm {1,8)=6

(i)
Commutatvity:
Leta be N then,
a+b=lcmiah)
=lem(b,a)
=b+*a

= arh=h+g
* |5 commitative on N,

Assodiativity:
Leta b ce N then,
[a*b)*c=lcmia b)*c
=lcmfa b,.c) -—-{

and, axfbxc)=a+icm(bc)
=lcmfa b,c) -—-{ii)

From (i) and (i)
[axty#c=ax(bxc)

* |5 associative on

Binary Operations Ex 3.2 Q2
iy Clearly, by definition a*b=1=b*a , ¥abeN
Also, (a*b)*c=(1*c)=1
and a*fh*c=(a*1)=1 wa,b,ce M
Hence, N iz both associative and commutative,
(ii) 2%h =a+b=b+a=b*aj
2 2
which shows *is commutative

Further, (a * h) *o o=

(ﬂ]m

[a+b]*c_ 2 _a+b+2c

2 2 4
a+[EJ

EJ= 2 =2a+b+c$a+h+20

2 2 2 4
Hence, * is not associative,

a*(b*c):a*[

Binary Operations Ex 3.2 Q3



We have, binary operator *= defined on A and is given by
avh=bforalabe A

Commutativity: Leta, be 4 then
a*rb=bzra=b+a

= a*bzb+*a

e

s not commutative on A

Assodativity: Let g b,ce 4, then
fa*by*c=b*c=c ---{

and, ax(b*c)=a*c=c -——{i

From (i} and (ii)
[a+by*c=ax(b+c)

= !

s assodative on A

Binary Operations Ex 3.2 Q4(i)
"#' iz g binary operator on Z defined by a*b=a+b+ab forall a,be 2.

&

Commutativity of '+"

Leta be Z, then
a*b=a+b+ab=b+a+ba=b+a

arh=hw=g

Assodative of '«

Lletg be Z, then
[a*b]*C=[a+b+ab}*c=a+b+ab+c+ac+bc+3bc
=a+b+c+ab+be+ac +abe ———{i]

Again, a*x[brc) =a*(b+o+be)
=a+b+ec+be+ab+ac + abe -——{i)

From {i} & (i), we get
(axb)wc=axfb«c)

* i[5 commutative and associative on 2

Binary Operations Ex 3.2 Q4(ii)



Commutative:

Leta, be N, then
avb=2* =2 —bra

arb=b+*a
* |5 commutative on i
Acsociative:

Leta, boe M, then
(axb)rc=2buc =270

and, ax{brc)=ax2 -t

From i} & {ii}, we get
fa*by*c=ax(bc)

# |5 ot associative on
Binary Operations Ex 3.2 QA4(iii)
Commutativity:

Leta be @, then
a*h=a-bzb_-a=h=+3

a*h=b+a
= # 15 ot commutative on Q
Associative:

Leta bece, then
(a*b)*c=[(a-b)*c=a-b-cC

and, a*{b*c)=a*{b—c}=a—b+c

From i) & (i), we get
[axb)*rc=ax(bc)

+ 13 not associative on Q

Binary Operations Ex 3.2 Q4(iv)

Commutative:

Let 3,be @, then
seb=3+6=0+3%=he a

= geb=bHe 3
e is commutative on Q.
Associative:

Let s, b,ce @, then
{ae be c={az+b2) e c =[c'.'2+.*_72)2+c2
and, ae[bec)=ae [c'.~2+.bz)=c'.'2+[b2+u:2)2

Fram (|) & (ii),

{2e bjeczae fbe )

e is not associative on Q.

-

- - i}



Binary Operations Ex 3.2 Q4(v)
Binary operation '=' defined on Q, given by sob = E;—b for all a,b e
Commutative:

Let a,b e Q, then

= gobh=hboa
o is commutative on Q.
Associativity:

Leta b,ceq, then
ah

(aob)oc:[?JoC=

be

ao(boc}:ao[?J =

abe

4
abe
4
From (i} & (i} we get

{aob]oc=ao{boc]

a' |5 assodative on

Binary Operations Ex 3.2 Q4(vi)

Comm utative:

Leta,beQ, then

gvh=ah®=ha" =h+a
= RN ]

# 5 not com mutative on Q
Associativity:

Let a,b,ceQ, then

{a*b]*c=ab2*c=ab2r:2 ———{i)

E a*(b*c)=a*bcz=a[bcz}2 - - - i)

From (i} and (i)
fasb)wc=ax(bc)

* (5 not associative on Q

Binary Operations Ex 3.2 Q4(vii)



Commutatvity:

Leta be (), then
arbh=ga+ab -—-{
bra=b+ab ———{ii)

From (|} 2 {ii]
a*b=bh*g

=5 # 13 not commutative on Q)
Associativity:
Leta, bce @ then
fa+b]*c=[a+ab)*c=a+ab+ac +abc ---{)

ax(brc)=ax(b+bc)
=a+ab+abe -——{i

From {i} and fii)
fa+b]*c=a*fbrc)

= * |5 not associative on Q@

Binary Operations Ex 3.2 Q4(viii)
Commutatvity: Leta be R, then

arb=a+b-7
=b+a-7
=h=*a
= arh=h+a
= * s commutative on &

Associativity: Leta,bce @, then
[axbyrc={a+b-7)c
=a+b-7+c-7
=a+b+c-17 -——{
and, a*{b*c) =a*{b+c—?]
=a+b+c-7-7
=a+b+c-17 -——{i

From i) & (i)
[axb)rc=ax(bc)

= * i3 gesocigtive on R

Binary Operations Ex 3.2 Q4(ix)



Cornmutativity:
Leta,be R —{—1}, then

El b
a+h = # =h=*3
b+1 a+1
= a+xh=h+a
= *is not commutative on & - {-1}

Associativity:
Leta,b,CeR—{—l}, then
(a*b}*c=[ il ]*c
b+1
a
_b+1 2 ———{i)
c+1 (b+1)(c+1}

& a*{b*c]=a*[ bl]
C+

a a{c+1) il
b + b+o+1

From i) and (i)

[axb)ee=ax(bc)
= *is not associative on & - {-1}
Binary Operations Ex 3.2 Q4(x)
Commutativity:
Let 3, be @, then
Febh=agb+l=ba+l=b+a
= a+h=b*a
= # g commutative on Q
Associativity:
Let 3, b,c @, then

[arb)*c=(ab+1)c

=abc+c+1 ---{

awfbwe)=awfbc+1)

=abc+a+1 ---{il)

From i} and (ii)

[arb)ec=ax(buc)

= # {5 not associative on Q.

Binary Operations Ex 3.2 Q4(xi)



Commutativity:
Let s, b e i, then

awb=a®2b® = bwa

= a+h=zh+a

+' |5 not commutative on &

Associativity:
Leta, b,ce M, then

{a*b]*c=ab *c=(ab)c =

axfbrc)=a+p’ = (a]bc

From (i} and i)
ot A (a]f"

=(arb)wcfanfbrc)

+' is not associative on A,

Binary Operations Ex 3.2 Q4(xii)

Commutativity:
Leta, be i, then

a+b=a’ 26" =b+a

= Fxh=hg

+#' s not commutative on &

Aszaciativity:
Leta, b, ce M, then

{a*b]*c:ab *c=‘a‘b)c = a¥

gufbac)=a+p = (a]bc

From {i} and fii)
St # (a]b‘

=(arb)rcfaxfbrc)

+' s not associative on &,

Binary Operations Ex 3.2 Q4(xiii)

-

-~ (i



Cornm utativity:
Let 3,b e Z then,
avbh=a-bzxbh-a=b#+a

= axbeh*a
= *i5 not commutative on 2

Aszociativity:
Let a,b,c e 7, then
faxb)+c=[{a-blxc=[(a-b-c) ---{i)

B gufbac)=axfb-c)=[a-b+c) - - - i)

From (i} & (i)
fasb)wc=ax(bc)

*' is not associative on Z.

Binary Operations Ex 3.2 Q4(xiv)
Commutativity:
Let 3,b e Q then,

= gxh=h+*a3
*is commutative on Q@
Associativity:

Let 3,b,c @ then,
ah abc

{e.'»c.b:]»w::T*c:E ---f)
and, a*(b*c)=a*b—c=ﬁ ———{ii}
4 16

From (i} and (i)
[aeb)wc=ax(bwc)

+' 5 associative on Q.

Binary Operations Ex 3.2 Q4(xv)
Commutativity:
Leta be Q) then,

a*b=[a—b]2 ={b—a]2=b*a

= a*b=b+*a

4

Is cormmutative on Q.

Associativity:
Leta bceQ then,

(a*b}*c=(a—b)2*c=[{a—b)z—c]z ———fi)
and, a*{b*c)=a*{b—c}2=[a—{b—c)z]2 -——{i

From (i) and (i)
[axb)*rc=ax(bc)

+ 13 not associative on Q.

Binary Operations Ex 3.2 Q5



The binary operatar o defined an ¢ - {-1} is given by
goh=a+h-ab for aIIa,beQ—{—l}

Commutativity:

Leta,be Q-{-1}, then

gob=a+b-ab=b+a-ba=>5bea

= gob=hog

= ' is commutative on @ - {-1},

Binary Operations Ex 3.2 Q6
The binary operator * defined on Z and is given by
a*b=3a+7b

Commutativity: Leta, be Z, then
a*b=1a+7b and
b+g=3b+75

axh=h#a

Hence, "' iz not commutative on Z.

Binary Operations Ex 3.2 Q7

We have, * is abinary operator defined on Z is given by
a+h=ab+1foral a,be 7

Associativity: Let 3,b5,c e Z, then
fa+b)+c=[ab+1)+c

=ahc+c+1 ---{)

and, a*(b*c)=a*{bc+l}

=abc+a+l ———(ii]
From (i) & (i)

f[a+b)sc=ax(bc)

Hence, +' is not associative on 2,

Binary Operations Ex 3.2 Q8
Wwe have, set of real numbers except - 1 and * is an operator given
by

sxh=a+b+ab forallabes=r-{-1}

Mow, ¥ a3, bel
a+bh=a+b+abes

Cif a+b+ab=-1

= s+bfl+a)+1=0
= {a+1)(p+1)=n0
= g=-1lorh=-1

buta=-1and&=-1 [given)
a+b+ab=-1

= a+heS forabe &

#' is a binary operator on S
Commutativity: Leta,be &

= a*b=3g+bh+ab=b+a+ba=b=*z
= arh=b*3



and, a#[b*c)=axfb+c+bc)

=ga+b+c+bc+ab+ac+abe

Fram (i} and fii)
[a+b]+c=axfb«c)

+' |5 associative on S,

Maw, {2*x}*3=?

= {2+X+2x}*3=?
= 2+ x+ 2 +I+E6+ AN+ BN =T
= 11+12x =7
= 12x% = -4
-4 -1
= No=— =X = —=
12

Binary Operations Ex 3.2 Q9

The binary operator * defined as
S*b= a;_b for all a,b = Q.

I 0w,
Aszociativity: Let 5,b,c e Q, then

a—b_c
[a+p)+c= 25,2

2 2
_a-b-2c

N 4
a_b—c
and, a*[b*c]=a*b_c=72
_2a-b+c

4

From (i} & (i)
{a*b]*c#a*[b*c]

o+

Hence, is ot associative on Q.

Binary Operations Ex 3.2 Q10
The binary operator + defined as
g*h=g+30-4for all 3,be 7

I 0w,
Commutativity: Let g, be Z, then

g*b=3+3b-4=2b+33-4=b+z

= g+h=h+a

+' is not commutative on Z.

Associativity: Let a,b,c e Z, then

[s+b)*c=[(a+3b-4)*c=a+3b-4+3c-4

=3+3b+3c-8

and, ax(b*c)=a*(b+3c-4)=3+3[b+3c-4]-4

=3+3b+9Cc-16

From i) & [ii)

[axb)rc=axlbsc)

Hence, +' is not associative on 2.

Binary Operations Ex 3.2 Q11



Q) be the set of rational numbers and * be a binary operation defined as

a*b=@ forall a,be
=

My,
Assodalivity: Leta,b,c e @, then
ah abr )
(a*b)*c=?*c=g -—-{i)
and, a*[b*c}=a*g=g ——-{i)
5 25
From (i} & (ii)

[arb]*c=ax[b+c)

= * g assodative on Q.

Binary Operations Ex 3.2 Q12
The binary operator + is defined as

avb=22 fralapeo
7

Mo,
Associativity: Leta bce @, then
b abrc )
# B =a_a= =" -
(axbyrc= Dnc- 22 0
Ec abec .
and, ax(b*c)=a == ——— (i}
From {|} & {ii}
fasbyvc=ax(bwc)
= ' iz gassociative on Q.

Binary Operations Ex 3.2 Q13
The binary operator * defined as

a*b=a+b for all &, be Q.
M,
Assodiafivity: Leta, bce @, then
a+b
.Y _a+b* Tz +C
farb)+c= =—*C = 5
a+b+20 )
o= -=-0)
and, a*(b*c)=a*b+c
2
b+
=—=
Za+bh+c .
- frore. -~ i)

From (i} & (i)
fasby*c=ax(bwc)

Hence, *' is not assodiative on Q.



Ex 3.3

Binary Operations Ex 3.3 Q1
The binary operator * is defined on J*
and iz given by,

s+*h=a+bforalabei”

Letae/* and e /" be the identity element with respect to =+,
by identity property, we have,
Fro=gra=a

U

F+e=3
a=10

U

Thus the required identity element is 0.

Binary Operations Ex 3.3 Q2
LetR—{-1} be the setand * be a binary operator, given by
arb=a+b+abforal aber-{-1}

Moy,

LetasR-{-1} ande R -{-1} be the identity element with respect to =,
by identity property, we have,
GEE=E*a=&

= g+e+ae=a
= efl+a) =0
= e=0 [+l1+a=0asa=-1]

The required identity elementis 0.

Binary Operations Ex 3.3 Q3



We are given the binary operator + defined on Z as
a*b=a+b-Cforalabeq

Lete be the identity element with respect to *

Then, a&a*e=g+a=a [By identity property ]
= &+8-5=24
= g=5

Hence, the required identity element with respect to * isG,

Binary Operations Ex 3.3 Q4
The binary cperator * is defined on 2, and is given by
a+bh=a+b+2 forallabeZz

Letae Z and & e Z be the identity element with respect to » then

a*e=g*a=a [By identity property]
= 3+e+2=23
= g=-2Z

Hence, the identity element with respect o » is -2,



Ex 3.4

Binary Operations Ex 3.4 Q1
Given,
arxbh=a+b-4forallabe 7

(0

Commutative; Letga,b e Z, then

= a*b=a+b-d4=b+a-4=b=+3
= axh=b+g

So, '+ s commutative on 2.

Associativity: Leta, b ce Z, then
[a*byrc=[(a+b-d*c=a+b-4+c-4
—a+b+c-8 -—-{i

and, a*fbrcy=a+{b+c-4=a+b+c-8 —-——{ii)

From (i} 8 (i)
farblrc=ax(b+c)

S0, '*' iz associative on Z.

(i)

Lete e £ be the identity element with respect to *,

By identity property, we have
a*e=e+*g3=g forallae 2

= d+e-4=a
= g=4

50, 2 =4 will be the identity element with respect to *

(i}

Letbe £ be the inverse elementofgae £

Then, a*b=b=*a=g

= d+bh-4=p
= a+b-4=4 [+e=4]
= b=8-a

Thus, ©£=8-a will be the inverse element ofa ¢ 2.

Binary Operations Ex 3.4 Q2



We have,
<5'='<.rb=3"%'b forall a,be Qg

(7
Commutative: Let &, be Q,, then
3ab  3ba
arb=—g--—g -bra

= a*bh=b+az
S0, *' iz commutative on Qy

Aszsocialivity: Leta, b,c e @y, then

{a*b)*c=3‘%b*c

Sabc

7= -0

and, a*{b*c}=a*3§c
Sabc .
— -——{ii

From (i} & (i)
farblrc=ax{b+c)

S0, '+ iz associative on Qg

(i)
Lete e Qy be the identity element with respect to *, then
a*ge=e+a=a forallaeQ,

= 2_;
=

= g =

] on

will be the identity elerment with respect to *,

[iii]
Letbe @ be the inverse element of a € @, then
a+*b=bra=g

3

Zab=g
= 5
— Eab:E '-'E'=E

5 E 3
= .E')=§

L]
b= % is the inverse of & Q.

Binary Operations Ex 3.4 Q3



We have,
axh=a+b+ab forallabeq-{-1}

()

Commutativity: Leta, b Q- {—1}

= F*bh=a+b+ab=b+at+tha=b*a
= a*h=b*ga
= ' is commutative on @ - {-1}

Associativity: Leta,b,ce Q- {—1} , then

= (arb)rc=(a+b+ab)+c
=3+b+ab+c+ac+bc+abe --={)
and, ax[brc)=as+fb+c+be)
=3+b+c+bc+ab+ac +abo - —— i)

From (i) & i)
[a+p)rc=axfbac)

= * |5 associative an Q - {—1}

(i)

Let e be identity element with respect to =.

By identity property,
g+g=3=g+3 forall e Q—{—l}

= d+et+am =2

= efl+a)=0 =e=0 ["1+a=#0asa=-1]
e =0 is the identity element with respect to *

i)

Let b be the inverse of 3 « @ - {-1}

Then, a+*b=b#*a=g [£ is the identity element]
= F+h+ab=g
= a+b+ab=0
= bfi+a)=-a
-3 w22 a1, becauseif —° =1
= b=1+a 1+2 1+3
=a=1+a = 1=10 Not possible
b= s the inverse of & with respect to #
1+a

Binary Operations Ex 3.4 Q4



Wwe have,
{a,b) @ (c,d) = [ac,bo +d) for all {a,8),(c,d)e 2g=R

g

Commutativity: Let {a,8),[c,d) e Ry =R, then

= EHopd - (mberd) -
and, [c,d) @ (a,6) = [ca,da + b) - - - i}
From (i) & {i)

{a.b) & [c,d) = {c.d) &fa.b)
= '@ is not commutative on By x &,
associativity: Let (2,6}, {c,d),[e,f) e Ry =R, then

= [(a,b] o} {c, o‘)) o} {e, f) = {aqbc+o‘}© {e,f:]
= [ace, boe,de + 1) ---10)

and, (an]c}[c,dG{e,f))= {a.5) @ [ce, de + 7)

= [ace, boe + da + f) - - -{ii)
= [(a,b] o (=} d)) olef)={abloe [(C, d) @ (e f}}
= ‘o' is associative on R, xR,

(i)

Let [¥,y] € Ry =& be the identity element with respact to @, then
(.8)@ (v ¥)=[x.y)e(a.b)=(ab) foral (a.b)=r; =R

= {ax,bx +p) = [2,8)

|

ax =gand bx +y =bH

U

x=1 andy =0

{1,0) will be the identity element with respect to &

{iii}
Let (C,d} € By %R be the inverse of {a,b) =Ry xR, then
fab)a(c,d)=[c.d)ofab)=e

= {ac, be +a) = {1,0) [-.-e = (1,0)]
= ac=1andbc+d =0
= -:=£anl:|-.:"=—E

a a

[i,—EJ will be the inverse of (a,b].
a  a

Binary Operations Ex 3.4 Q5



we have,

a*b=% for all a,b e Gq

(0

Commutativity: Let 2,0 € Qg, then

= a*b=£=b—a=b*a
2 2
= a*xb=bx*a

Hence, %' is commutative aon Q.

Associativity: Let a,b,c € @, then

= (a*b)*c:%*c:% ___(i}
bo abe .

d, hac)=as = T -
an gufhac)=a+ > . {ii)

From {i} & {ii)
[g+b)+c=ax(bc)

= # iz associative on Q.

(i)

Let e e Qg be the identity element with respect to =,

By identity property, we have,
a*e=eg+*a=gaforallaszQ,

==

— =g —=e=2
2

Thus, the required identity elementis 2.

fiii)

Let b e Qy be the inverse of 3 £ Q4 with respect to * then,

a*b=h+a=eg foral asQy

ab ab
= — =g = —=12Z
2 2
::»b:i
El

Thus, &= 4 is the inverse of 3 with respect to =+,
El
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Wwe have,
b =a+b-ab for all 3,6 e 8 - {+1}

(3

Commutative: Leta b= 8 - {+1}J then,

= a+th=a+b-ab=b+a-ha=h=a
arh=h=*3

!

So, '+' is commutative an R - {+1},

Associativity: Leta,8,c & —{+1}J then
(a*b)*c: {a+b—ab)*c
=g+b-ab+c-ac-bc+abec

=a+b+c-ab-ac-bc +abc ---f)

and, grfbrc)=a+(b+c-bc)

=3+b+c-bc-ab-ac+abc -—-ii}

From (i) & (i)
[g+b)*c=a+{b*c)

So, '+' is assodiative on R - {+1}.

(i)
Lete e & - {+1} be the identity element with respect ta » then

a*e=g+a=ga far aIIaeR—{+1}

= S+e-a8 =5
= efl-a)=0
= e=0 [“a=1=1-23=0]

e =0 will be the identity element with respect to .

(i}
Letbe & -{1} be the inverse element of 2 e & - {1}, then

G+h=h*a=g

= a+h-ab=0 [-.-e=D:|
= b(l—a)=—a
wif 221
_a -
= b=1 #1 = -a=1-a3 =1=10
-7 Mot possible

-3 . . .
b= o is the inverse of 3. & - {1} with respect to *,

Binary Operations Ex 3.4 Q7



Wwe have,
[2.8) *[c,d) = [ac, ba) for all (a,b),(c,d)e 4

(i
Let {a,5),[c,a) = A, then
{a,b) *[c.d) = [ac, ba)
= [ca,db) [vac =03 and bd = gb]
= [c.d) (2. 5)
= [an) *[CJG‘} = [C, -:") *[an}
So, ' is commutative on A

Aszsociativity: Let [a,8),[c,d).{e F) = 4, then

= [[a,b}*[c,d}} (e, f) = [ac, b} + (&, 7)
= {20, bar) ---{i)

and, XY *[[c,d} *{e,f):] = {3, b) # {oe, ar)
= [aceJ.bdf] - - —[ii]

From (i} & (i)

= (@t (e e - (2 ) (od) 1)

So, '*' s associative on 4.

(i)

Let {x,¥) < A be the identity element with respect ta «.
fa.b)#x,v) =[x, v) #{a,8) = (a,b) for all {a,6)< A
= {av.by) = [ab)

ax =g and by =h
x=1 andy=1

uu

{1,1) will be the identity element

(i)
Let {c,d) e A be the inverse of (a,b) e A, then
[a.8) *[c,d) = [c,a) *[a,b0) =

= fac,bd) = (1,1) [e={11]]
= ac=1landbd =1
= c=£ anda‘:i

3 fal

[i,i] will be the inverse of {a,b) with respect to »,
a' b

Binary Operations Ex 3.4 Q8



The binary operation * on N is defined as:

a*b=HCF. ofaand b

It is known that:

H.C.F.ofaand b = H.C.F. of b and a, a, b N.
Therefore,a* b =5h*a

Thus, the operation * i1s commutative.

Fora, b, c € N, we have:

(a*b)*c=(HCF.ofaand b) *c=H.C.F. of 3, b, and ¢
a*(b*c)=a *(H.C.F. ofband c) = H.C.F. of 3, b, and ¢
Therefore, (a* b)) *c=a* (b * )

Thus, the operation * is associative.

Mow, an element e € N will be the identity for the operation
*fa*e=a=e%a v aeN.

But this relation is not true for any a € N.

Thus, the operation * does not have any identity in N.



Ex 3.5

Binary Operations Ex 3.5 Q1
2%y b = the remainder when ab is divided by 4,

eg. (i) 2x3=6=2x,3=2
[When 6 is divided by 4 we get 2 as remainder |

[i] 2x3=4=2x,2=-0
[When 4 is divided by 4 we get 0 as remainder |

The composition table for =, onsets={01,23}is:

% | O 1] 2 3

0 0 ] ] 0

Binary Operations Ex 3.5Q 2



2 +5 b= theremainder when 3+ b is divided by &,

eg. 2+4=6=2+54=1 »+[we get 1 as remainder when & is divided by 5]

2+4=FT=3+54=2 o [we get 2 as remainder when 7 is divided by 5]

The compesition table for +5 onsetS={0,1,234}.

+5 | O 1 2 E 4

Binary Operations Ex 3.5 Q3

a % b = the remainder when the product of ab is divided by &.

The composition table for », onsetS={0,1,234,5.

% | 0] 1] 2] 3] 4]¢5

0 o o u] u] o o

1 o 1 2 3 + &

Binary Operations Ex 3.5 Q4

a ¥ b = the remainder when the product of abis divided by 5.

The composition table for x5 onZ={0 1,23 4}.

s | 0| 1 [ 2] =]«

Binary Operations Ex 3.5 Q5



a3, b = the remainder when the product of abis divided by 10

The composition table for », on sets={1,3,7,9}

wa] T | 3] 7] @

1 1 3 7 9

We know that an element b e § will be the inverse of ae &

iFapb =1 w1is the identity element with:|

respect to multiplication
= Ixpb=1
From the above table 5=7
Inverse of 3is 7.
Binary Operations Ex 3.5 Q6
a3 b = the remainder when the product of ab is divided by 7.

The composition table for x; on s ={1,2,3 4,5,86}

| 1] 2] 3| 4] 5| s

1 1 2 3 4 5 6

We know that 1is the identity element with respect to multiplication

Also, b will be the inverse of g
if, axgh=g=1

= Iugb=1
From the above table 3x;5=1
b=3'-5

Now, 3 'usd4=5x4=6
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& x4, b = the remainder when the product of ab is divided by 11,

The compesition table for =y on 2y,

11 1 2 3 4 5 5] 7 =] 9 10
1 1 2 3 4 5 5] 7 =] 9 10
2 2 4 5] =] 10 1 3 5 7 9
3 3 5] 9 1 4 7 10 3 5 =]
4 4 =] 1 5 9 2 5] 10 3 7
5 5 10 4 9 3 =] 2 7 1 5]
=] 5] 1 7 2 =] 3 9 4 10 5
7 7 3 10 5] 2 9 5 1 =] 4
a =] 5 3 10 7 4 1 9 5] 3
9 9 7 5 3 1 10 =] 5] 4 2
10 10 9 =] 7 5] 5 4 3 2 1

From the above table

Ex,9=1

Inverse of 5 is 9.

Binary Operations Ex 3.5 Q8

Z5={0,1,2,3, 4}

2 x5 b = the remainder when the product of ab is divided by &,

The composition table for x5 on Zg = {DJ 1,23, 4}

*s

u]

1

2

[a]

a

1]

Binary Operations Ex 3.5 Q9

[+ 1is the identity element]




0

From the abowe table we can say that
otb=b=+a=5h
oFc=c¥o=cr
o*d=dso=d
bre=ceh=d
brd=dsbh=¢
crd=d*c=5h

- =" Ecommutative
Agam, obces

= (o=b)+e=b+c=d amd
o={bsc)=a=d=d

- {o=b)*rc=a=(b=c)
- * is aEociative

We know that e will be identity element with respectto = if

ore=pro=oforalloes
= o*a=o, o+b=>b, o*c=¢, oxd=d

- & will be the identity e lement

Agam,
b will be the mwerse of o if
brog=p*h=¢

From the abowe table

o*o=g, b*b=b,c*c=c aml d=d=d

- werseofg=o
b=5b
E=E

d=d



(i)

From the abowe table, we can obserwe
oob= boo, boc= mh
00 = o, bed = dob
ood = doa, cod= doc

- "o Ecommutative on §

Again, forobres

[nnb)u:=nlx:=n ———[i)
(hx:]=nn:=n ———(ii)
From (i) & (ii)

(oob) oe= solbee)
S0, "o &associkative on 5

Now, we hawe,
oob=o
bob=5h
cob=c
dob=d
= b sthe dentity clement with respectto "o”

We know that x will be mwerse of ¥

HFxoy = yoe =2
= amy=yox="h [‘.'E=b]
Now, Trom the abowe table we find that

bob="5h

cod=h

doc=b

El=b c'=d, andd=¢

Mot o) does ont exist

Binary Operations Ex 3.5 Q10
Let X = {0, 1, 2, 3, 4, 5.
The operation * on X is defined as:

[a+h ifa+b<6
,:;*b:-: .
la+h-06 ifa+bz=6

An element e € X is the identity element for the operation *, if
are=g=¢*q VaecX.

For @ € X, we observed that:

a*=a+0=qa [(FEX_>(J+DC6]

Osa=0+a=qa [an—>0+a<6]

Sarl=a=0%gYaelX
Thus, 0 is the identity element for the given operation

=

An element a2 € X is invertible if there exists be X suchthata* b=0= 58 * a.
. |a+b=0=b+a, ifa+h<6

i.e.,9
1«::+h—6=0=b—-c:—6, ifa+hz6

he.,

a=—-borb=6-2a

But, X =4{0,1,2,3, 4,5y anda, be X. Then, a + —b.

Therefore, b = 6 — ais the inverse of 3 a € X.

Hence, the inverse of anelement g eX, a+# 0is 6 —ai.e.,,a'=6 — a.
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