Chapter 4

( DETERMINANTS)

41 Overview

To every square matrix A = [a”.] of order n, we can associate anumber (real or complex)
called determinant of thematrix A, written asdet A, wherea,isthe i, j)th element of A.

a b
If A c d then determinant of A, denoted by |A| (or det A), is given by

A= Pl =adob
||—C d—a—c.
Remarks

(i)  Only sguare matrices have determinants.

(i) Foramatrix A, |A|isread as determinant of A and not, as modulus of A.
4.1.1 Determinant of a matrix of order one

Let A =[a] bethe matrix of order 1, then determinant of A is defined to be equal to a.
4.1.2 Determinant of a matrix of order two

a b
c d

as. det (A) = |A| = ad — bc.
4.1.3 Determinant of a matrix of order three

LetA= [a”.] = [ } be amatrix of order 2. Then the determinant of A is defined

The determinant of amatrix of order three can be determined by expressing it interms
of second order determinants which is known as expansion of a determinant along a
row (or a column). There are six ways of expanding a determinant of order 3
corresponding to each of three rows (R, R, and R,) and three columns (C,, C, and
C,) and each way gives the same value.
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Consider the determinant of a square matrix A = [a,],,,, i.€.,

q; dp a3
|A| A Qp Ay

A 8 agn

Expanding |A| along C , we get

Al =a, (D™

8y & a 8, g
+a, (=1)*

3
833 &y Ay

3 &
+a, (_1)2+1

) 2
p agx 5y

= all(aZZ A — Ay a32) —ay (a12 a — 4, a32) + a, (a12 &y — 8, azz)

Remark In generd, if A = kB, where A and B are square matrices of order n, then
[A|=k"|B|, n=1, 2, 3.

4.1.4 Properties of Determinants

For any square matrix A, |A| satisfies the following properties.

(i)
(if)

(i)

(iv)

(v)

(Vi)

|A’] = |A|, where A’ = transpose of matrix A.

If we interchange any two rows (or columns), then sign of the determinant
changes.

If any two rows or any two columns in a determinant are identical (or
proportional), then the value of the determinant is zero.

Multiplying adeterminant by k means multiplying the elements of only onerow
(or one column) by k.

If we multiply each element of arow (or acolumn) of adeterminant by constant
k, then value of the determinant is multiplied by k.

If elements of arow (or a column) in a determinant can be expressed as the

sum of two or more elements, then the given determinant can be expressed as
the sum of two or more determinants.
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(vii)  If to each element of arow (or acolumn) of a determinant the equimultiples of

corresponding elements of other rows (columns) are added, then value of
determinant remains same.

Notes:

() If all theelementsof arow (or column) are zeros, then the value of the determinant
is zero.

(i) If value of determinant ‘A’ becomes zero by substituting X = o, thenx — o isa
factor of ‘A’.

(iii)  If al the elements of adeterminant above or below the main diagonal consists of
zeros, then the value of the determinant is equal to the product of diagonal
elements.

4.1.5 Area of atriangle
Areaof atriangle with vertices (x,, y,), (X,, ¥,) and (X, y,) is given by

1 X Y
5 X Y
X3 Y3

4.1.6 Minorsand co-factors

() Minor of anelement Y of the determinant of matrix A isthe determinant obtained
by deleting i row and j™ column, and it is denoted by M.

(i) Co-factor of an element a, isgivenby A, = (-1)" M,.

(iii)  Vaueof determinant of amatrix A isobtained by the sum of products of elements
of arow (or a column) with corresponding co-factors. For example

|A| = a]_’L AJ_’L + a12 A12 + a13 A13'

(iv) If elements of arow (or column) are multiplied with co-factors of elements of
any other row (or column), then their sum is zero. For example,

a]_’L'A\21 + a12 A22 + a13 A23 = O
4.1.7 Adjoint and inverse of a matrix

(i) Theadjoint of asquare matrix A =[a ]

ijdnxn

isdefined asthe transpose of the matrix
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[a,],., where A, is the co-factor of the element a,. It is denoted by adj A.

Q; dp a3 An Ay Ay
IfA lay a, ay, thenadi A |A, A,, Ay, whereA,iscofactorof g,.
Qi 8y g3 Az Ayp Ag

(i) A (adj A) =(adj A) A=|A|l, where A is square matrix of order n.

(iiiy A sguare matrix A issaid to be singular or non-singular according as|A| =0 or
|A] # O, respectively.

(iv) If A isasquare matrix of order n, then |adj A| = |A|™™

(v) If Aand B are non-singular matrices of the same order, then AB and BA are
also nonsingular matrices of the same order.

(vi) Thedeterminant of the product of matricesisequal to product of their respective
determinants, that is, |AB| = |A] |B.

(vii) If AB=BA =1, whereA and B are square matrices, then B is called inverse of
A andiswrittenasB =A1 Also B1= (AD)?1=A.
(viii) Asguarematrix A isinvertibleif and only if A isnon-singular matrix.
- . . . . 1 .
(ix) If Aisaninvertible matrix, then A== m (adj A)
4.1.8 System of linear equations
(i) Considertheequations:. ax+b y+c z=d,
ax+by+c,z=d,
a3x+b3y+cgz:d3,

In matrix form, these equations can be written asA X = B, where

a b ¢ X d,
A= & b, ¢, , X yadB d,
a by ¢ z d;

(i)  Unique solution of equation AX =B isgiven by X = A™B, where |A| = 0.
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(iii) A system of equations is consistent or inconsistent according as its solution
exists or not.

(iv) For asquare matrix A in matrix equationAX =B

(@ If |JA]# 0, then there exists unique solution.

(b) If JA|=0and (adj A) B # 0, then there exists no solution.

(c) If JA|=0and (adj A) B =0, then system may or may not be consistent.
4.2 Solved Examples
Short Answer (S.A.)

2x 5 |6 _
Example 1 If 8 8 , then find x.
. 2x 5 |6 5 o
Solution We have 8 x I8 . This gives

2x2-40=18-40 = X =9 = x =%x3.

1 x x° 1 1 1
Example2 If A=1 y Y| A =|yz X x| , then prove that A + A, = 0.
1z 7 X y z
1 1 1
Solution We have ;| |yz zX Xy
X y z

Interchanging rows and columns, we get

1 yz x 1xxyzx
Ll oy ==y 0z ¥’
Xz 2

1 xy z Z xXyz z
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x 1 x°

XyZ 2
= xyz y 1y Interchanging C, and C

2
z 1 7

1 x x°

_CDL oy v -

1 z 7

= A1+A=O

Example 3 Without expanding, show that

cosec®  cot? 1

cot?>  cosec?

=0.
42 40 2
Solution Applying C, - C, - C, - C,, we have
cosec’ —cot® -1 cot® 1 0 cot’d 1
cot? —cosec® 1 cosec® 1 _ [0 cosec®® -1=0
0 40 2 0 40 2

Example 4 Show that =(X—p) O+ px—20°)

o T X
O X ©
X O O

Solution Applying C, — C, - C,, we have

X p pq 1 paq
p X xq (xp|lxgq
0 g x 0 g X
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0 p+x 2q
=(x—-p)-1 x q| ApplyingR, - R +R,
0 q X

Expanding along C , we have

(x p(px X* 29°) = (x p)(X* px 29°)

O baca
Example 5 If a b 0 c b],thenshowthat isequa to zero.
acbc O

0 ab ac
Solution Interchanging rows and columns, we get b a 0 bec
cachbhb O

Taking ‘—~1' common from R, R, and R, we get

O b a c a
(<D3la b 0 c b -
ac b¢c O

= 2 =0 or =0
Example 6 Provethat (A) = (A)?, where A is an invertible matrix.
Solution SinceA isaninvertible matrix, so it isnon-singular.
We know that |A| = |JA’|. But |A|#0. S0 |A’|#0 i.e A”isinvertible matrix.
Now we know that AA* =A7A=1.
Taking transpose on both sides, we get (A™)” A’=A" (A =(1) =1
Hence (A isinverseof A’, i.e, (A")*= (A

Long Answer (L.A))

Example 7 If x=—4 isaroot of = 0, then find the other two roots.

w P X
N X DN
X = W
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Solution  Applying R, = (R, + R, + R,), we get

X 4 x 4 x 4
1 X
3 2 X

Taking (x + 4) common from R , we get

(x 4

w P -
N X B
X B

ApplyingC, - C,-C,C, —» C,-C,, we get

1 0 0
x HY1L x 1 0
3 1 x

Expandingaong R,,

A= X+4)[(x—1) (x=3)—0]. Thus, A=0implies
x=-4,1,3

Example 8 In atriangle ABC, if

1 1 1
1 sinA 1 sinB 1 sinC 0,

sSnA+sin’A  sinB+sin®B  SinC+sin’C
then prove that AABC isan isocelestriangle.

1 1 1
1 snA 1 sinB 1 sinC

sinA+sin?A  sinB+sin’B  sinC+sin’C|

Solution Let A=
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1 1 1

_ |1 snA 1 snB 1 sinC R,—>R, - R,

cos’A  cos’B  cos’C

1 0 0

_ |1 snA snB snA snC sinB .(C,—C,-C,andC,—C,-C)

cos’A cos’A cos’B  cos’B cos’C
Expanding along R, we get
A =(sinB —sinA) (sin’C —sinB) — (sinC —sin B) (sin?B — sinA)
=(sinB —sinA) (snC —sinB) (snC—-sinA) =0
= either SiNnB —sinA =0 or sSinC—sinB or SsnC—-sinA =0
= A=BorB=CorC=A

i.e triangle ABCisisoceles.

3 2 sin3 1
Example 9 Show that if the determinant 7 8 cos2 O,thensine=00r§.
11 14 2

Solution Applying R, — R, + 4R and R, — R, + 7R, we get

3 2 sin3
5 0 cos2 4sn3| O
10 O 2+7sin3

or 2[5(2+ 7sin30) —10 (cos26 + 4sin30)] =0
or 2+ 7sin30 —2c0s20 —8sin30 =0
or 2—-2c0s20 —sn30 =0

sinB (4sin’0 +4sin@ —3)=0
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or sinB=0or (2sin@—1)=0or (2sin@ +3) =0

1
or sin6=00rsin6=§ (Why ?).

Objective Type Questions

Choosethe correct answer from the given four optionsin each of the Example 10 and 11.

Ax x* A B C
Example 10 Let By y* dand , |x y z|, then
Cz 7 zy X Xy
A) A =- B) A=A
(©) A —-A=0 (D) None of these
A B C A X yz
Solution (C) isthe correct answer since 1 |X Y z| =B y X
zy x x| |C z X
2
Ax X2 AX X
L e
=—By ¥ vz =%z Y 7 =aA
xyz 2 Cz 22
Cz z¢2 xyz
COSX sinx 1
Example 11 If X, y € R, then the determinant sinx COSX 1 lies
cos(x y) sn(x y) O
intheinterval
A) V2,42 (B) [-1, 1]
© 2.1 DO) 1 V2

Solution The correct choiceisA. Indeed applying R,— R, —cosyR, + sinyR,, we get
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CoSX  SnX 1
SinX  COSX 1
0 0 siny cosy|

Expanding along R, we have

A = (siny — cosy) (cos?x + sin?X)

1 . 1
— (dinv_ —J2 —siny ——cos
(siny — cosy) NG y NG y

. . ) T
= \/E COSZSIny Slnzcosy = \/E sin (y_z)

Hence —\/2 <A< /2.
Fill in the blanksin each of the Examples 12 to 14.

Example 12 If A, B, C are the angles of atriangle, then
Sn?A  CotA

sin?B cotB A ..
sin’C  cotC

Solution Answer is0. Apply R, > R,-R, R, > R, —R..

J23+V3 5 B
Example 13 The determinant A=/15++/46 5 /10| isequa to ..............

3+J115 V15 5

Solution Answer is 0.Taking /5 common from C, and C, and applying
C,— C,— /3 C, weget thedesired result.

Example 14  Thevaue of the determinant
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sin®23 sin’67  cos180
sin?67  sin?23  cos?180 | ..........
cosl80  sin’23  sin%67

Solution A=0.Apply C, - C, +C,+ C..
State whether the statements in the Examples 15 to 18 is True or False.
Example 15  The determinant

cos(X y) sSin(x y) cos2y
sinx COSX siny
COSX sinx cosy

isindependent of x only.
Solution True. Apply R, - R, +sinyR, + cosy R,, and expand
Example 16  Thevalue of
1 1 1
nCl n+ZCl n+4C
nC2 n+2C2 n+4CZ

Solution True

X 5 2
Example 17 If A 2 y 3 ,xyz =80, 3x+ 2y + 10z = 20, then
1 1 z
81 0 O
Aadi.A 0 81 O

0 0 8

Solution : False.
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Example 18 If A 1 2
2 3

thenx=1y=-1
Solution True

4.3 EXERCISE
Short Answer (SA)

N N = N

N||—‘N|wl\)|0'l
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Using the properties of determinantsin Exercises 1to 6, evaluate:

X x 1 X
L X 1 X
0 xy? xz°
2 2
3 xy 0 yz
x*z zy> 0
X 4 X
5 X 4
X X X

3x Xy X

X z Yy z 3z

a b c 2a 2a

2b b c a 2b
2c 2c c a b

Using the proprties of determinantsin Exercises 7to 9, prove that:

2.2
V2 yz y z
x> X z X

Xy Xy Xy

0
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a’ 2a 2a 1
2a 1 a 2 (a 1?3

1 cosC cosB

10. If A+ B+ C =0, then prove that cosC 1 cosAl 0
cosB cosA 1

11. If the co-ordinates of the vertices of an equilateral trianglewith sides of length
2
S
‘@ ae(x,y), (%, ¥,), (%, v, then | X2 Y2 4 =7~
Y3
1 1 sin30
12. Find thevalue of 6 satisfying | -4 3 cos20|=0.
7 -7 =2
4 x 4 x 4 X
13. If 4 4 x 4 x 0,thenfind valuesof x.
4 4 x 4 x
14. If a, a, a, .., a are in G.P., then prove that the determinant
&1 &5 &g
&7 &u & isindependent of r.
& 11 &7 &y

15. Show that the points (a+ 5, a—4), (a—2, a+ 3) and (a, a) do not lie on a
straight line for any value of a.

16. Show that the AABC is an isosceles triangle if the determinant
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18.
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1 1 1
A= 1+ cosA 1+cosB 1+cosC |=0.

cos’ A +cosA cos’B+cosB  cos? C+cosC

011 5
) . 4 A° 3l
FindAZif A 1 0 1 andshowthat A >
110
Long Answer (L.A.)
1 2 0
If A=|-2 -1 -2|,findA™
0 -1 1
Using A7, solve the system of |linear equations

19.

20.

21.

22.

X—2y=10,2x— y—-z=8,-2y+z=1.

Using matrix method, solve the system of equations
3X+2y—2z=3, X+2y+32=6,2x-y+z=2.

2 2 4 1 10
Given A 4 2 4,B 2 3 4  findBA andusethistosolvethe
2 1 5 0 1 2

system of equationsy + 2z=7,x—y =3, 2x+ 3y +4z=17.

a b c
Ifa+b+c#0and|b ¢ a=0,thenprovethata=b=c.
c ab

bc a® ca b’ ab ¢
Provethat ca b®> ab ¢® bc a?|isdivisibleby a+ b+ candfind the
ab c® bc a® ca b?

quotient.
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xa yb zc ab c
If x+y+2z=0, provethat [Yc za xbj=xyz|c a b
D xc ya b c

Objective Type Questions (M.C.Q.)

Choosethe correct answer from given four optionsin each of the Exercisesfrom 2410 37.

24.

25.

26.

27.

121 P A thenvalueof i

8 7 3| en value or X 1S
(A) 3 (B) +3
(C) 6 (D)

a-b b+c
b-a c+a b
c—-a a+b c

The value of determinant

A) a+p+c (B) 3 bc
© a®+ b*+ ¢ — 3abc (D) none of these

The area of atriangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sg. units. The
value of kwill be

(A) 9 (B) 3
<G -9 (D) 6

b2 ab b ¢ bc ac

Thedeterminant [ab @®> a b b* abl equals
bc ac ¢ a ab a?

(A)  abc (b=<) (c-a) (a—Db) (B) (b<) (c-a) (a—b)
© (@+b+c)(b-c)(c—a)(a—b) (D) None of these
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29.

30.

31.
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SINX COSX COSX

The number of distinct real roots of |{COSX sinx cosX O in the interval

COSX COSX SinX

—%s xs% is
(A) 0 B) 2
© 1 (D) 3

If A, B and C are angles of atriangle, then the determinant

1 cosC cosB
cosC 1 cosA|isequal to
cosB cosA 1

A) 0 | -1
© 1 (D) None of these
cost t 1
. @
Letf ()= |2sint t 2t then {lrfolt—z isequal to
snt t t
A) 0 | -1
© 2 (D) 3
1 1
The maximum val ue of 1 1 sin is(0 isreal number)
1 cos 1
1 NE
A 5 (B) >
243

© 2 ©
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32.

33.

34.

35.

36.
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0 x a x b

If f x=(x a 0 X ¢, then
Xxb xc O

(A) f@=0 (B) f(b=0
(© f@O=0 () f@=0

2 3
If A= 0 2 5 | thenAlexistsif

11 3
(A) A=2 (B) A=z 2
(C) Az-2 (D)  None of these
If A and B areinvertible matrices, then which of the following isnot correct?
(A) adi A=|A] A* (B)  det(A)* = [det (A)]*
(C) (AB)!=B*tA" (D) (A+B)'=Btl+A"l

1 x 1 1
If x,y,zaredl differentfromzeroand| 1 1 y 1| 0, thenvaueof
1 1 172
xt+yt+ztis

(A)  xyz B) xtytz!
€ -x-y-z (b -1

X Xy X 2y
Thevalue of thedeterminant [x 2y  x X yl|is
Xy X 2y X

(A) 9 (x+y) (B) 9 (x+y)
© 3y (x+y) (D) 7 (x+y)
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1 2 5
37. Therearetwo values of awhich makesdeterminant, A={2 a =86, then
0 4 24
sum of these number is
(A) 4 B 5
© -4 (D)
Fill intheblanks

38. If Aisamatrix of order 3 x 3, then [3A| =
39. If Alisinvertible matrix of order 3 x 3, then |A~|
2 >t ¢ o’y

2 2
40. If X, ¥, Ze R, then the value of determinant | 3 37 ¥ 3 1is

4 4_’(2 4 4_’(2 1

equal to

0 cosb sinel’

41, 1fcos20 = 0, then |00 sn6 0 | =
sin® 0 cosO

42. If A'isamatrix of order 3 x 3, then (A?)? =
43. If A isamatrix of order 3 x 3, then number of minorsin determlnant of A are

44, The sum of the products of elements of any row with the co-factors of
corresponding elements is equal to

X 3 7
45. If x=—=9isarootof [2 x 2 =0, then other two roots are
7 6 X
0 Xyz X-2
46. y-x 0 vy-272 =
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A+xY  @1+x® (1+x%
47 1f () = |@+x® (1+x® @+x*| = A + Bx + Cx? + ..., then
A+x)" @+x*® @+xY
A = .
State True or False for the statements of the following Exercises:

= 3
48. A= Al , Where A is a square matrix and |A| # 0.

1 _
49. (@A) gA l, where a isany real number and A is a square matrix.

50. [A7Y = |A[, where A is non-singular matrix.

51. If A and B are matrices of order 3 and |A| = 5, |[B| = 3, then
[3AB| =27 x 5 x 3 =405.

52. If thevalue of athird order determinant is 12, then the val ue of the determinant
formed by replacing each element by its co-factor will be 144.

X+1 X+2 X+
53. X+2 X+3 x+b|=0,wherea, b,careinA.P
X+3 X+4 X+cC

54. [adj. A] = |A]?, where A is a square matrix of order two.

sinA cosA SnA+cosB
55.  Thedeterminant |[SiNB  cosA sinB+cosB|isequal to zero.
sinC cosA sSinC+cosB

xa pul f
56. If thedeterminant |y b g v m g| splitsinto exactly K determinants of
ZCcC r+w n h

order 3, each element of which contains only one term, then the value of K is 8.
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p+X a+x a+p
16, then A;=|q+y b+y b+q|=32.
r+2 Cc+z C+r

57. Let

O T Qo
- 0o -
N < X

1 1 1

. . 1
58. Themaximumvaueof 1 (1 sn ) 1 ISE.
1 1 1 cos

e O L ——



