(Chapter — 13) (Limits and Derivatives)

Question 1:
Evaluate the Given

Answer 1:
limx+3=3+3=6

Question 2:
Evaluate the Given limit:

Answer 2:

[ 22)( 22)
Im| x——|=| n=——
X 7 7

Question 3:
Evaluate the Given limit:

Answer 3:
limer® =n (1)’ =n

r—sl

Question 4:
Evaluate the Given limit;

Answer 4:

li

4 x—2 4-2 2

Question 5:
Evaluate the Given limit:

Answer 5:

L 4x+3_4(4)+3_16+3 19

Nax el (<) +(=1) +11-1+41
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limx+3 imit:

: ( 22)
lim| x ——
X1 7

limm

r—sl

. 4x+3
lim
r-»d x_z

lim

el x| ~1-1

"
i 2




Question 6:

Evaluate the Given limit: lim('Hl)— =1
vl X
Answer 6:
x+1) =1
vl Y

Putx+1l=ysothaty - 1asx— 0.

x+1) -1 S
Accordingly. lim (F+1) =lim? l
X

b} vl .‘,,-_l
. ¥y =1
=lim=
[ .‘s_l
e R S /il 35y
=51 lim =na""!
—a ¥ —q
=5
. (x+5) -1
Ilm( ) =5
r—al) ‘-
Question 7: _ o Sl TR
Evaluate the Given limit: llm—t-:‘—
Answer 7:

0
At x = 2, the value of the given rational function takes the form. 0
e 3 -x-10 . (x=2)(3x+5)
Slim - = lim
= x* -4 =2 (x=2)(x+2)
. 3x+5
=lim
=2 y 42
3(2)+5
2+2
11
4




Question 8:

4
Evaluate the Given limit: lim—-lf—_ﬂ——
w03 2x" —5xy—3
Answer 8:

At x = 2, the value of the given rational function takes the form.

x' -8l (x=3)(x+3)(x" +9)
Slim— =i :
=32y =5x-3 x—3 (_\'—3)(2_\'-}-])

x+3)(x* +9
= Iim—( )(A )
X3 2x+1
(3+3)(3°+9)
2(3)+1
_ 6x18
7
_log
7
Question 9:
Evaluate the Given limit; lim izad )
=0 cx +1
Answer 9:

Laxth a(0)+b

= =b
=0 ex+1  ¢(0)+1

Question 10: '
Evaluate the Given limit:  lim

Answer 10:
A

lim =
2zl J
z0—1

At z = 1, the value of the given function takes the form.

0

0
1

Put z=x sothatz —-1asx—1.

g
0




|
a
3

; )
Accordingly, lim ———=lim
sl = =l y—]|
LA |
=lim-
=l x_l
=20 [limf-
Ne»a
=2
!
.z -1
lim——=12
2=l = _l
Question 11: .
Evaluate the Given limit: 1im"x’+—bx+",a+b+c¢0
ol ex” +bx+a

Answer 11:
ar’ +he+ca(l) +b(1)+c
e’ +bx+a ¢(1) +b(1)+a

[a+b+c¢0]

_a+b+c
a+b+c
=]
Question 12: l+l
Evaluate the Given limit: lim *—2
w2 x4+ 2
Answer 12:
1 1
= + —
lim £—2
w2 x+2




At x = =2, the value of the given function takes the form.

11 (2+x)
. + -
;w9 2x
Now, hm = lim—+
-2 x42 -2 xy42
= lim —
L 2_\’
B | | -1
2(—2 4
Question 13: inax
) o < SN ax
Evaluate the Given limit: ~ lim="
Answer 13:
. Sinax
lim
y o) bx

At X = 0, the value of the given function takes the form 6

. sinax smm ax
Now. lim = lim

xepl) bx X ﬂ)

)
)

T
b n—all

:ﬂ)(l [lmw—l}
b

el y

=4
b

cl|le

[.r—)0:>a\'—)0]




Question 14 e

Evaluate the Given limit: lim ,a, bz0
w0 gin by

Answer 14:

sin ax
,a, bz(

[im
0 gin by

At X = 0, the value of the given function takes the form

Sin ax
— X ax

. Sinax i ax
Now, lim— =lm——-7=—
=0 ginhx 0 smbr
x bx

sinax
lim
a u\—w \
b bx
lim
byl
a . sin y
= x lim
b I y=>0 "c
_a
b

Question 15:

Evaluate the Given limit;  lim
=n qr(m—x)

sin(m—x)

Answer 16:
- sin(m—x)
A-n n(n x)

Itisseenthatx > T = (mM—-x)—0

x—=>0=ax—0
andx > 0=bxr—0

:

|




e 8

= x|

Question 16:
Evaluate the given limit:

Answer 16:

cosx cos( 1

Im—=—=—

HWa-x -0 =

Question 17:

Evaluate the Given limit:

Answer 17:

. cos2x~1
lim —
v0 cosx—|

At x = 0, the value of the given function takes the form.

Now,

sin (- x)
x—% TI.'(TI—.\) _n(n-x]—'() (7["'4‘()

|

Cosx

xeal} n—x

vo0 cosx—1

. Siny
lim——= l]
vl ),'

cos2x~1
m.—

g
0




. cos2x—1 . 1-2sin’x-1 3
lnm—lzllm— cosx=1-2sin ~
real) X - xepl) . 2 -
s I-2sin” =1
2
(Sin: X ) 2
< = Ixx
. SInT X X X
=lim =lim £
=l . 4 X v—sl)
sin” T S
) sin 2
= 3 X
< Ix —
(.\-)- 4
2/ )

lim =
'y :
x ] \ X

——
R .
sin”
. )
lim £

r—pll ( X J
L\ 2

| sinx
x=0 X X
=4 . Xx—=>0=—-——0
A\ 2
sin
: 2
lhm-——=
:—ol) i
i 2
g . siny
=4— lim———=1
u 1=} .v
=4

Question 18:

Evaluate the Given limit:  lim -
w0 hsinx

ax+ xcosx




Answer 18:
. ar+Xxcosx
lim ————2
w0 hsinx
At x = 0, the value of the given function takes the form. =
Now,

Sl|o

ax+xcosx 1. x(a+cosx)

lim - =—lim -
=0 psinx b= sinx
X ;
=—l|m{ . )xllm(a+cosx)
b —0\sinx ) 0
| | ;
=—x————xlim(a+cosx)
b ( smx) x—0
lim——
v X
| . sinx
=—x(a+cos0) lim——=1
b x—0 X
_a+|
h
Question 19:
Evaluate the Given limit: lin(} xsecx
Answer 19:
: W X 0 0
limxsecx=lim——=——===()
e 0cosx  cos) |




Question 20:
Evaluate the Given limit: lim

sinax + bx

ab,a+b=0

w0 gy +sin bx

Answer 20:

At x = 0, the value of the given function takes the form. g

Now,

. sinax+ bx
Ihm—
vl gy +sin by

sin ax
( ] ax + bx

: ax
=lim -
=0 sin hx

ax + bx -

bx

. sinax ) . .
(Ilm )xllm(a.\')+hm bx

ay—l ax x—l) vl

. 3 . Sinhx
limax + lim bx(llm ]

=0 =l he— b\‘

lim (ax) + lim bx

— Nl v =pl}

limax + lim bx

e Ll =5l

lim (ax+ bx)

N

~lim(ax+ bx)

=)

=lim(1)

Lo ot

[As x = 0= ax— 0 and bx — 0]

. sinx
lim——=1
= X




Question 21:
Evaluate the Given limit:  lim(cosec x —cot x)

x=

Answer 21:

At x = 0, the value of the given function takes the form. 0 —0o0
Now,
lim (cosec x - cot x)

x—0

. | cos x
0 )| I

0\ sinx  sinx

: | -cosx
=lim| ——

0\ sinx

(I—cosx}

. X
=lim—-
x40 smx)

X

. l—cosx
lim———
L—»l) '\‘
. sinx
lm——
x-al) x
0 . l=cosx . osinx
=— lim———=0and lim =1
I x—0) X =0y
=0




Question 22:

. tan2x
lim
ot T
2
Answer 22:
. tan2x
I
i T
T 0
X =— —
At : , the value of the given function takes the form 0
T T
X——== x=>—=,y—>0
Now. put 2 so that
e
tan2| y+—
.t X @ 2
o lim = lim
xeb T K 30 y
I X—— ’
2
. tan(m+ 2y
— l"n_(—’)
y—0 v
=i PBLY [lan(n+2y) = tan 2\‘]
v-al) } 2
sin 2y

= lim

v=0 y cos 2y

. | sin2y 2
= lim X
y=0| 2y cosy
sin 2v 2
=[Ii ”'""]th[ - J [y—>0=2y—-0]
2v— ) v=01 cos 2)
- He 2 [limsmle]
cos() L ¢
=]1x E
1




Question 23:
i 7.\’+3.
Find ]r|—'33 fX) and | lim -1 f0%), where f(X) =
3(x+1),

Answer 23:

2x+3, x<0

The given function is f(x) = {3(”') >0

lim /() =lim[2x+3]=2(0)+3=3
lim f (x )—iiﬂg3(x+ )=3(0+1)=3
= B fie =T ()=
lim £ (x)=lim3(x+1)=3(1+1)=6
'i;{;!f(x)=i}m3(.\-+1) 3(141)=6

o lim f (x) = lim £ (x) =lim £ (x) =6

x=31"

Question 24:

i x*-1, x<1
Find lim £x), where f() = {

—-x' =1, x>1

Answer 24:

The given function is

x<()

x>0




x*-1, x<1

.f X)= 2
(x) {—x'—l. x>1
!i_Tf(x)=lxiL1?[x“—l]:l'—l:l—l:O

lim £ (x) =lim[ —x* ~1]=-1F~-1=~1-1=-2
Itis observed that lim f(x)=# lim f(x).

Hence, Iin} /(x) does not exist.
I

Question 25:
|x]
Evaluate  lim f(x), where f(x) = { x’ el
' 0, x=0
Answer 25:
|x|
The given function is f(x) = x wr)
0, x=0
()= H
. [(=x ; .
- I"DE(TJ [When x is negaitve, |x|= —.\]
=igch
=1
lim f(x)=lim lil
b LS v |y
o E: z o
=lim |:: [ When x is positive, |x|=x]
=lim(1)
=1

It is observed that lim f'(x)# lim f(x).
=" x—"

Hence, lim f(x) does not exist.
x—)




Question 26:
Find lim
Answer 26:

The given function is
X

f(x)=11
0

lim f(x)= l|m|:|r|—

L AL

. X
=lim| —
x| - ‘-

=lim(-1)

Al

=—1

fim J (x)= 'L'T.‘[| |]

X X
=lim|—
N—»t} X

—Ilm(l)

N—»€)

f(x), where f(x) =

x#=0

x=0

X

A"
0

[W'hen x <0, |\| =

[When x>0, |1| — .\']

It is observed that lim S(x)= lim f(x).

Hence, lim f(x)does not exist.

x—D

]




Question 27:

Find lim f(x), where f(X) = |x|-5

Answer 27:

The aiven function is f(x) =

lim 7 (x)= lim [Ix-5]
=lim(x-5)
=5-5
=0

fi i) = <3)
=lim (x-5)
=5=5
=0

s im f(x) = lim f(x) =0

Hence, lim f(x)=0

-

)

[When x>0, |A| = .\']

[When x>0, |x|= .r]




Question 28:

a+bx, ifx<1

Suppose f(x) =14, ifx=0,
b—ax, ifx>1

and lin} f(x) = f(1) what are possible values of a and b?
xX—

Answer 28:

The given function is
a+bx, x<|

f(x)=14, %=1

b—ax x>1

lim Fix)= Iim(a+bx) =a+b
lim f(x)= lin?(h—ax’) =h-a
x>l T
f(1)=4
Itis given that lim £ (x) = £(1).
cAim f(x)=lim f(x)= lim f(x)=£(1)
xeal” ral' vs
=a+b=4andb-a=4
On solving these two equations, we obtain ¢ =0 and b = 4.

Thus, the respective possible values of a and b are 0 and 4.




Question 29:
Let a1, a2, . . ., an be fixed real numbers and define a function

fX)=(x-a1)(x-az)...x —an) .

What is lim f(x) ? For some a # ai, az... an, compute lim f(x).
x—aq x—a

Answer 29:

The aiven function |sf(v) ( )( ) ( )
!l_[?/( )—-llm[(\—u,)(\—u {x=a, :l

[!",‘j(“ ,)j|[hm(r a)] [!lm(\f a, ]

=("1_ a)a-a)..(q-a,)=0
“dim f(x)=0

V=

Now, lim f(x)=lim [(x-a)(x-a,)..(x—a,)]

= I:l\l}'l‘\'(t -q, )]l:l\",r‘]. (x—a, )}[lxlT(‘ -a, )]
=(a-a)(a-a,)...(a-a,)
~lim f(x) = (¢a—a)(a-a,)..(a—a,)

Question 30:
|x|+l, x<(
If f(x) = 0, x=0
|.x'|—l, x>0

For what value(s) of a does lim f(x) exists?
X—a

Answer 30:

The given function is




|x|+ I, x<0
S(x)=10, x=0
le— ., x>0

When a =0,

lim £ (x) = lim (|+]+1)
=lim(-x+1)
=—0+1
=1

i £(5)= tim (1)
=lim(x~1)
=0-1
=-1

[lfx <0, |v| = —x]

[lfx >0, |r| = x]

Here, it is observed that lim /' (x)# lim f(x).
x—l

-~ lim f(x)does not exist.

x>l

When a <0,
lim f(x)= lim (|x|+|)

=lim(-x+1)
=—a+l
lim f(x)= lim (Jx|+1)

=’ v—=a'

=lim(-x+1)

e 10

=-a+l

x—0"

[.\' <a<0= |x|= —x]

[a <x<0=> |3= —x]

cAim f(x) = lim f(x)=-a+1

Thus, limit of /' (x)exists at x = a. where a < 0.

Whena >0




]Lm /(x)= lim (|x|-1)

=

=lim(x-1) [0< .r<u=>|x|=x]

=a-1
lim £ (x) = lim (|x|-1)

=lim(x~1) [O< a<x=>|x|=x]

>

=a-|
s dim f(x)=lim f(x)=a-1
Thus. limit of / (x)exists at x = a, where a > 0.

Thus, limf(x) exists for all & #0.

t—*a

Question 31: f(x)-2 "
If the function f(x) satisfies, lim—— T evaluate l\l_rnt(x)

Answer 31:

)=2
Iiml):)—~=rt
x—»l x‘_.]

lxi_ln(f(x)—?.)
lim(x* —1)

x—»l

= l\j_rn(f(x)— ) nljm(xz —1)

= lim(f(x)-2

—
I
H
—
i
1
|
——
—

x>
= l\_lm(f(x)—Z):O
= Ijn}f(x)—lin}2=0
= l‘imf(x)—f!:O
< lim f(x)=2




Question 32:

mx® +n, x<0
If. S(x)=qnx+m, 0<x<1 Forwhatintegers m and n does
nx’ +m, x>1

lmgf(v) and lin?f(.x) exist?

Answer 32: The given function is

mx> +n, x<0
S(x)=qnx+m, O0<sx=<1
nx> +m, x>1
lim 7 (x)= ]‘_l_r)r(}(mx' +n)
=m(0) +n
=
‘ILI'(I;I Flx)= I\Ll:lg(ﬂx-&-”l)
=n(0)+m
= m.

Thus, lim f(x) existsif M =n.
x—0

lim S (x)=lim (nx+m)
=n(l)+m
=m+n

lim X)) = l‘i_ry(nx3 +m)
=n(l)3 +m
=m+n

= lim f(x) = lim f/(x)=lim f(x).

Thus limf(x) exist for any integral value of m and n.

>T = 1L
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Exercise 13.2

Question 1:

Find the derivative of x2 - 2 at x = 10.
Answer 1:

Let f(x) = x> — 2. Accordingly,

(10) = i 00 1) =7 (10)

h—0 ll
[(10+h) ~2]~(10*-2)

= lim

Sral) l]

1P +2.10h+0 =2-10°+2
= lim

fr-a0 I’

. 20h+ I
= lim =——

Jral) /7

=1im(20+4)=(20+0)=20

Jr—s
Thus, the derivative of x> - 2 at x = 10 is 20.

Question 2:
Find the derivative of 99x at x = 100.
Answer 2:

Let f(x) = 99x. Accordingly, f’(lOO+h)— f(lOO)

/(100) = lim

=0 l;
99(100+ A)—=99(100

= lim ( z) ( )

fr—0) h

. 99% 1004994 -99x100
= lim

=) ];

. 994
= [im—

) [’
=Iim(99)=99

fra0)

Thus, the derivative of 99x at x = 100 is 99.
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Question 3:

Find the derivative of x at x = 1.

Answer 3: _
14+ h)= f(1

Let f(x) = x. Accordingly, 7/(1) = lim f(1+h)-1(1)

h—0 h

I+h)-1
=Iim——( )

Ji—0 h

. h
=lim—
fi—=0 h

=lim(1)

=0

Thus, the derivative of x at x = 1 is 1.

Question 4:
Find the derivative of the following functions from first principle.

(i) x3 - 27 (i) (x-1) (x-2)
(iii) = (iv) ¥4
Answer 4:

(i) Let f(x) = x3 - 27. Accordingly, from the first principle,

£ =timd +h/ 3—,1‘(.\-)

h—=l)

[(x+h) =27]—(x"-27)

=lim

fr—al) h

. x + R +3x°h+3xh =X
=lim

Jra) h

. W +3x7h43xh’
=lim

Jr-sl) h

=lim(/#* +3x" + 3xh)

=1

=0+3x*+0=3x"
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(ii) Let f({x) = (x - 1) (x - 2). Accordingly, from the first principle,

f(x+h)=f(x)

f'(x)=lim-

f1al) h
bim (x+h=1)(x+h=2)=(x=1)(x-2)
fr—0) h
" (f +hy=2x+hx+h* =2h—x—h+ 2)—-(.‘(" -2x—-x+ 2)
=lim :
fr-() h

) (hx +hx+h’ =2h- h)
= lim

130 /’
. 2hx+h*=3h
= lim ——
fr—a() h
=lim(2x+h-3)
=(2x+0-3)
=2x-3

(iii) Let f(x):l:

X

Accordingly, from the first principle,
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, . f(x+h)=1(x)
f'(x)=lim .
P
=“n](r+hf x
-0 h
= lim —"'2,-('\'”'?2
WSUh| X (x+h)
o] —.\': x> =W =2hx
=lim— ; =
Okl x(x+h)
: 1 [ —h* =2hx
- |lm— T
=0 h| X (x+h)

3 -h=-2x
=lim| ——
"""|:.\" (.\'+/1)'J

0-2x -2
X (.\‘+0): X
(iv) Let f(x) i \'_+: . Accordingly, from the first principle,
X—

£'(x)=lim

f(x+h)=71(x)

h=f)

h

(x+h+l_x+l]
x+h-1 x-1

h

H (x=1)(x+ha+1)—(x+1)(x+h-1)
h (x—1)(x+h-1)

J
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i ] (.\‘: +hx+x—x—=h-1)=(x +hx-x+x+h-1)
R (x—1)(x+h-1)

- Iiml— =
=0 | (x=1)(x+h-1)

-in) e,

=2 =2

(=) (r=1) " (x-1)

~

Question 5:
For the function

‘_Iui.- ‘_w 2
X)=———t—t .t —+x+I
/(%) 100 99 2

Prove that f”(1)=100/"(0)

Answer 5:
The given function is
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10y 0y 2
. X x 2.9
X)=—+ +ort=—+x+1
/() 100 99 2

d d|x™ x” x°
—f(x)=— F—F .t —+x+]
dx dx| 100 99 2

‘i - d{x®). a{x® ax d d
2 r(x)=Z L [ 20 PO 20 KT R
=) dr(loo}ﬂzr[g&)]’k +d\'[ 2 J+¢\-(‘)+(1\-()

. d i :
On using theorem —(x )= nx™"', we obtain

dx

—‘i—f(x)= 100" +99x% s 240
de” V7100 99 2

=x" +x" +.tx+]
SL(x)=x"+x" 4 x+]
Atx=0,
(0)=1
Atx=1,
SM)=1" 41"+l =1+ 1+ 1] =1%100=100

Thus, f/(1)=100x f'(0)

Question 6:

Find the derivative of " 4+ ax™ 4+ a’x" 2 4. +a"'v+a" for some fixed real number a.

Answer 6:
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Let f(x)=x"+ax""+a'x" " +..+a" 'x+a"

2 X )-— (\ +ax" +a".\"'“:+...+a"".\'+a”)

i / o1 a " 1_ d
==k )+a (\ )+a d\ ") +.ta ( ) +a” d\'()

4 d S :
On using theorem -I—.r" =nx""'. we obtain
dx

L(x)=mx"" +a(n-1)x""+a’ (n=2)x"" +..+a"" +a"(0)

=nx""'+a(n=-1)x""+a’ (n=-2)x""+...+a""

Question 7:

For some constants a and b, find the derivative of

(i) (x = a) (x = b) (ii) (ax? + b)? (iii) 2=
Answer 7: x—b
(iYLetf(x) = (x-a) (x-b)
:f(x)=x:—(a+b)x+ah
(\’)— (1 —(a+b)r+ab)

d 5 d d
= _—(.\’ )—(a+b)$(x)+a(ab)

dx

. d n "= -
On using theorem T(\' )= nx""'. we obtain
dx

[ (x)=2x—(a+b)+0=2x-a-b



www.tiwariacademy.com
www.tiwariacademy.com
www.tiwariacademy.in

(i) Let 7 (x)=(ax* +b)
= (i )=a:\"+2ab.vc:+b2

Al )— (a x' + 2abx’ +h) d( )+2ah-(i- ')+—({—(b)

dx dx dx
On using theorem -(Ii—x” =nx"", we obtain
dx
f(x)=a’ (4,\'3 )+2ab(2x)+b(0)
=da’x’ +dabx
=dax(ax’ +b)

By quotient rule,

(x-5) (\—a)(r a);(x—b)

(x=b)
_(x=b)(1)=(x=a)(1)
(x=b)
x-b-x+a
(x—b)

a-b

(x—b)

f'(x)=
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Question 8:

it

n

xXx'—a
Find the derivative of — for some constant a.
Answer 8: x—a
) .‘_.'l _a'.‘
Letf(x)=
xX—a
= d|x"-4"
= f'(x)= —[ J
dc\ x—a

By quotient rule,

Question 9:

Find the derivative of

(i) 2x->
4

(iii) x3 (5 + 3x)

(v) x* (3 - 4x7)

(.\‘ —a')'
_ (x- a)(nx"" - O)‘—(.\"' —-a" )
(x—a)

nx" —anx"' —=x" +a”"

(x—a)’

(i) (5x®* + 3x-1) (x-1)

(iv) x° (3 - 6x79)

2

(Vl) ._2_._
x+1

X
3x—1
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Answer 9:

. 3
Let (x :2_‘-———
(i) Let f(x)=2x x

dx
=g 4. __‘i(}_]
dx de\ 4
=2-0
(i) LetfF(x)=(GBx*+3x-1)(x-1)
By Leibnitz product rule,
f’(x)z(ij +3.\'-l)i()c~I)+(.\'-~I)i(5xJ +3.\'—I)
' 1 dx

dx
:(5-\.?+3"._|)(|)+(x—l)(5.3_\-3+3-O)
= (5".3 +3.\' 3 |)+(_\'— I)(IS\: +3)
=5x" +3x~1+15x" +3x-15x* -3

=20x’ -15x" +6x -4

(iii) Let f(x) = x 3 (5 + 3x)

By Leibnitz product rule,

10
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Flx)=x~ ;{\‘ (5+3x)+(5+3x) ;\‘ [+ )

X2 (0+3)+(5+3x)(-3x7")
X (3)#(5+3x)(-3x71)
=3x7 =15x" =9x~

=—6x" -15x""

=—3x 3(2+§)
=

1
X r
2x+5
X (\ )

5]

(5+2x)

‘4|l
-l

(iv) Let f (x) = x> (3 - 6x79)
By Leibnitz product rule,

i s d 0 o d ¢ s
/(.1‘):.\";7(3—6.\‘ )+(3—6x ):1_\'(‘)

= {0 ~6(-9)x™" } + (3 ~6x7" )(5.\'" )
=1’ (54.\"'" )+ 15x* —30x7°

=54x +15x" —30x~"

=24x7" +15x"

5
=15x" + "":
X

(v) Let f(x) = x4 (3 - 4x7°)
By Leibnitz product rule,

11
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f(x)=x" 1_(3—4;--*)+(3-4x*‘)—(.\-4)

dx -
= fo-a(-5)x o 3 (4

=x7 (200 + (347 ) (—4x)

=20x7" —12x7F +16x7"
=36x"" -12x"°
12 36
== st
X X
xz

2
(vi) Let f (x) = —

ro-5) e

By quotient rule,

F(x)= (x+1) :Z\_ (2)-2 :\ (x+ l)l ) |V(3x— I);; (X:)_xj :11(3.\‘_ l)]
| (3x-1)

(x+1)
:'(x+l)w)iz(n)}_[(h—-n)(zx)—gf)(s)}
(x+1) (3x-1)
=2 [ 6x2 - 2x—3%°
e
_ = _-3.6-2,\-1]

C(x1) | (Ba-1)
-2 _.\‘(3.\‘—2)

(x+1)  (Gx-1)

12
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Question 10:
Find the derivative of cos x from first principle.

Answer 10:
Let f (x) = cos x. Accordingly, from the first principle,

S'(x)=lim f(x+h)-f(x)

h={) h

cos(x+h)-cosx

=lim

Jeeal) h
B “m_cosxcos h—sinxsinh - cos\'
= f=—l) h

| —cosx(l-cosh)—sinxsinh
=lim

=l h

| =cosx(I-cosh) smumh
=lim

() h

. l—cosh
=—cosx| lim———— |=sinxlim
h—s1 h fr—0 h

=-cosx(0)-sinx(1) [[im 1=cosh _ o and 1im SN
fretl ’ B} ’
=-sInx
wf'(x)=~sinx

Question 11:

Find the derivative of the following functions:

(i) sin x cos x (i) sec x (iii) 5 sec x + 4 cos x
(iv) cosec x (v) 3cot x + 5cosec x (vi) 5sin x - 6cos x + 7

(vii) 2tan x - 7sec x

=l

13
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Answer 11:
(i) Letf(x) = sin x cos x.

Accordingly, from the first principle,

f'(x)=lim f(x+h)=f(x)

h—sl) h

sin(x+ h)cos(x+h)—sinxcosx

= lim
= l)

= lim [2 sin(x+#)cos(x+/4)—2sin xcos .\']

h—l) 2 h

= lim [sin2(x+h)—sin2x|

h=0 2h
| 2x+2h+2x . 2x+2h-2x
=lim 2cos -sin
h—0 2h 2 2
o dx+2h . 2h
= lim—| cos Sin—
=D h 2 2

=lim 1 cos(2x + h)sin h]

h—sl) h

. . sinh
=limcos(2x+ #).lim

=) h—l) h
=cos(2x+0).1
=COS2x

(ii) Let f(x) = sec x. Accordingly, from the first principle,

14
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f'(x)=lim

h—0

f(x+h)—f(x)
h

sec(x+/)-secx

=lim

h—0 h

. | |
=lim— -
0 fi| cos(x+h) cosx

lirn ] cosx —cos(x+/)
= lim—
w0 f| cosxcos(x+h)
. (x+x+h) ., (x=x=h)
=-2sin| ———— |sin| —————
- 2 2% )
= Jdim—
cosx 0 fi cos(x+/)
[ s (2x+hY . (
=2sin| ==—— sm‘ -
TP p 2
£ dim— .
cosx 0 fy cos(x+h)
sin L
s 2x+h 2
2 (h]
| ; P/
= dim o
cosx 0 cos(x+h)

. [ 2x+h
sin| ——
2

5
= dim =~ lim
cosx ", (h) i cos(x+h)
3 L-’Z
| { sinx
COSX  COSX
=secxtan x

15
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(iii) Let f (x) = 5 sec x + 4 cos x. Accordingly, from the first principle,
S(x+h)—1(x)

I(x)= 5|ml p
; 5sec(x+h)+4cos(x+h)—[5secx+4cosx]
=lim
fi—0 h
sec(x+h)—secx cos(x+h)—cosx
=5|im[ ( ) ]+-llim[ ( ) :|
Ji—=0 I7 h—) ,7
o | 1 | |
=5lim— - +41lim —[cos (x+/h)—cos .\‘]
W= k| cos(x+h) cosx b0 hy
cosx—cos(x+/h
=5lim L ( ) +4lim l[cos xcosh—sinxsin /1 —cos .\']
=0 k| cosxcos(x+Ah) >0 h

: (.\'+.\‘+h\ g (.\‘—.\'—h]
—2sin sin

5 2
=——Ilim— e +-l|iml —cosx(l—cosh)—sin.\'sinh]
coS X =0 Jp cos(x+h) ey '
: (2.\'+h'}. ( )
. =2sin| ——— |sin| — :

5 . 2 )\ ZJ . (l-cosh) . sinh
> Jdim— + 4| —cosx lim ——= —gin x lim ——
cosx =0 p cos(x+h) -0 h hso h

_ sm[h]—
. (2.\ +h] 2
sin ;
.\ 2 ) h
- T 2 :
= Jdim = +4| (—cosx).(0)—(sinx).I
cosx fl cos(x+4h) [( )-(0)( ) ]
ol 2.\'+h) ool
~ sml sm[;
=——| lim ~.lim — |—4sinx
cosx | =0 cos(x+h) W0 A
2
5 inx .
=— .Sm\.l—-tsmx
COSX COSX

=Ssecxtanx.—4sinx

16
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(iv) Let f (x) = cosec x. Accordingly, from the first principle,

() =tim L) =S (%)

hsO h

J'(x)=lim % [cosec (x+h)- cosec.\':l

=lim—| — l 5 .l
w0 fi| sin(x+/) sinx

1| sin .\'—sin(.\'+h)}

=lim—| — .
0| sin(x+/r)sinx

'

x+x+hY . (x—x=h)
2¢cos| ——— |-sin| ——— |

- 2 -
= lim— : z ;
340 3 sin(x+/)sinx
. (2x+h) . ( h
-cos’ = sm| -
. \ = S 2
= lim — ; .
0 S|ﬂ(,\‘+ll)5|n X
sin("
2x+h \ 2
—Cos S o
2 h
' 2
=lim - 3
01 sm(,\7+h)sm.\'
( 2x+A)) [ h
~cos| ——— Sin) =
5 \ 2 1 2
=lim| — - dim -
=0l sin(x+A)sinx | 1, [h)
\ / 4
_( —cosx |
sinxsinx )
= —cosecx cot x

17
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(v) Letf (x) = 3cot x + 5cosec x.

Accordingly, from the first principle,

£(x)=lim S(x+h)-[f(x)

fi—0) I7

3cot(x+h)+ Scosec(x +h)—3cot x - 5cosec x

=lim
hr—) h

] ] o )
= 3L|_111I;[cot(.x +h)—cot x]+ Slim Z[cosec(.\ + h)—cosec x]

2 ol
Now. lim—| cot(x+ /)—cot x]
h—( h

=lim—

1-c¢)s(,\'+h) COoS X
=0 jp| sin(x+4) sinx

=lim

[ cos(x+h)sinx—cosxsin(x+h)
=0 sinxsin(x+ /)

1l sin(x—x—h) |

ht fp _sin xsin(x+ ”)_

sin(~A)

=0 | sinxsin(x+ h)

. Sinh . |
=—| lim—— |.| lim— -
im0 h b= §in x - $in (.1' + h)_

i .I = ._,l = —cosec’x wsif
sinx-sin(x+0) sin"x

|
|
(B

)

18
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v 4
lim v [cosec (x+h)- cosec.\]

=lm—| — I —= |
w0 ;i | sin ('\- + ,’1) simnx
i 1 [ sin x—sin(x + Il)]

0 | sin(x+h)sinx

-,.. [.\'+.\'+h) . (x-—x—h)
2cos -SIn
2 2

i 1
= lim — ‘
i fp sin(x+/A)sinx
: 2x+h) . h
2cos sm| -
gived] 2 2
=lm— : :
[y sin{x+/)sinx

=lim .
0 sin(x +M)sinx

[2x+h] . (

—COSs s

. 2 .

=lim ;
2

fis0 sin(.r-i-h)sin.\' "0 [

—COS XY ) ]
sinxsinxy /)

= —cosecx cot X -(3)
From (1), (2), and (3), we obtain

/' (x)=—3cosec’x —Scosec x cot x

19
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(vi) Let f (x) = 5sin x — 6¢cos x + 7. Accordingly, from the first principle,

£/(x)=lim f(x+h)=f(x)

h—0 h

=lim [wsm(x+h) 6cos(x+h)+7- >>mr+6com—7]

Jieal) h
1 :
=lim Z[S{sm (x+h)=sinx}—6{cos(x+h)-cos \*}]
—5lim sin(x+h)-sinx bhm—[uos x+h)-cos v]
hi—0) h li—0 ,
it ] x+h+x) . (x+h—-x . cosxcosh—sinxsinfi—cosx
=5lim-—| 2cos sin —-6lm- :
Jreall h 2 2 bl h
2x —cosx(l—cosh)—smnxsinh
=5Iiml 2cos( H'h] ml— —6Im ( )
h=0 2 2 Jr—0) h
. h
2x+h 515 | —cosx(1-cosh) sinxsinh
=51lim| cos = |—6lm -
Bl 2 h h—1) h h
2
sin A
7y : . :
=5li|imcos(“" +I’H lim—2 —6[( coqx)( s ws")—sinxlim(ﬂ
fr—0 2 —I'—,n h h-w h h—0 h
< o)

=5co0s.x.1-6[ (—cosx).(0)—sinx.1]

=5cosx+6sinx

(vii) Let f (x) = 2 tan x — 7 sec x. Accordingly, from the first principle,

20
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f'(x)=lim J(x+h)-71(x)

Hh-0 h

s 7
s 5.".]?- = [.'Ztan (x+h)—T7sec(x+h)-2tanx+ Tsec ,\'J
=lim % [2 {tan (x+ i)~ tan x} — 7 {sec(x + ) - sec \}]

=2 Iim—l-[tan (x+/7)-tan .r] ~7lim 1 sec(x+/1)—sec x]

=0 ) i fy
=2Iiml sin(.\‘+h) 3 sinx —7Iiml | B |
>0 fy -cos(x +h) cosx 0 fi| cos(x+h) cosx
s liml [ sin (x+/h)cosx —sinxcos(x+ /) = liml cos X —cos(x+ /)
SR cosxcos(x+/) B0 h| cosxcos(x+h)
= x+x+h) . (x—.\'—h
- —2sin sin
, sin{x+/4-x) _ 2 . 2
=2Im— —T7hm
=0 h| cosxcos(x+h)| =0k cosxcos(x+h)

(2x+h) . I
-2sIn ’sm -
2t ) N2

{ ' N\
=2hm Lsth I —7lim—
>0 h ) cosxcos(x+h) b0 fy cosxcos(x+/)

J . [ 2x+h
ol
; s — sin -
o skl l g 2 |l 4 L\ 2
=2| lim lim ~T7| hm—-= || lim
i o )| 10 cos xcos(x+h) " | 0 cosxcos(x+ /)

\ 2

| sin X
=21 — 71 —J
COSXCOSX COSX COS X

:
=2sec” Xx—Tsecxtanx

21
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Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class XI)

Miscellaneous Exercise

Question 1:

Find the derivative of the following functions from first principle:

(i) -x (i) (=x)7*
(iii) sin (x + 1) (iv) cos[x—%]
Answer 1:

(i) Let f(x) = -x. Accordingly, f(x+h)=—(x+h)

By first principle,

f(x+h)-f(x)

f'(x)=lim

h—0

i —(x+h)—(—x)
h-»} h
. —Xx—-h+x

= lim—m
>0} h

. —h
= lim—
h—1 h

=lim(-1)=-1

Iy 1)
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(i) Let f(x)=(—x)‘l=—=_, . Accordingly, f(x+h):(x+h)

By first principle,

f(x+h)-1
t(x)=!inl1) et ’3 (x)
-1 (—IJ
=lim— = e
h—’l,lh_x_’_h X
y 7 =l 1
=lim— s
h+0h| x+h x]
F -
=lim— ‘+(\+)
h—mh_ X(X+h)
——x+x+h
=lim—
h-mhh x(x+h):|

5 |
=lim

b0 x(x+h)
B 1 B |

X-X Xx°
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(iii) Let f(x) = sin (x + 1). Accordingly, f(x+h)=sin(x+h+l)

By first principle,

f'(x)=Ilim Pty ~£i%)

el h

= Ll_l;l“l'-% sin(x+h+1)-sin(x+1)]

| X+h+1l+x+1) . (x+h+]1-x-1
=lim—| 2cos sin
h—aflh 2 2

X l[ {2x+h+2). (h)]

= lim—| 2cos| —— |sin| —
b0 hy 2 2

sin h

. [2.\'+h+2] e b

= lim| cos .
h—t 2 h
2

sin| — -
2x ) ( ]
=|imcos(“\+7h+"]-lim 2 Agh_m:)l_‘_,()]

h—>D b, [hJ i 2
' 2

2x+0+2 [ . sinx
=cos| ———— -1 lim =]
2 _x—m X
=cos(x+1)

(iv) Let f(x)=cos(x—§]. Accordingly, f(x+h)=cos[x+h—§J

By first principle,
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f(x+h)-f
f'(x)=lim (x+h)-f(x)
hy»0
1 1 =
=lim— cos(x+h——)—cos[x——]
h-s) hL 8 8
[ T T
| (x+h—§+x_éJ %R et
=lim—|-2sin sin 8 8
h—t) h 2 2
i ] ; 2x+h—— h
=lim—|-2sin| —— [sin—
healt h 2 2
¥ \
i n . (h)
2x+h—— [SIn| —
i : 4 2
=lim| —sin| - = Ny
h—0 2 (h]
2
2x+h—E sm(g]
=lim| —sin| ——2& || .lim =
h—0 2 ‘:_’” (Ej
- ' 2
2x+0-——
=—sin J

=-—sin|

[Ash—»ﬂ:gao]
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Question 2:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x + a)

Answer 2:

Let f(x) = x + a. Accordingly, f(x+h)=x+h+a

By first principle, x+h)=flx
j"(.v:)=lim—f(\+ )=/ (%)
L kol h
. x+h+a—-x—-a
=lm—
h—0 h
, (h\
=lim| —
h-ali\ hJ
=lin(1)

=1
Question 3:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

. . x
and s are fixed non-zero constants and m and n are integers): (p.\'+q)(—+sJ
X

Answer 3: Let/(x) =(p.\'+q‘)(,—\:+s]

'

( r c ,
j"(.\'):(px+q)| ,—+s} +[I—+s (px+q)
X \ X J
Pl S
=(px+q)(rx +5) +[,—+x I(p)
) )
\
! ) r
=(px- —-rx 1-(—+:
(px+q)(—rx ) I \Jp

-\ iz
:(p_\"&q)[-r—gj-r '—+s)p

\ X

_ZPr_gr P,

PS
X x X

=ps—=5
x
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Question 4:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers)

Answer 4:
Let  f(x)=(ax+b)(cx+d)

By product rule, ; N
P f'(x)=(ax+b) (: (ex+d) +(cx+d) (Z (ax+b)
ax dx

= (ax + b)i(c:.\': +2cdx+d” )+ (cx+ d)’ L (ax+5)
dx dx
.

=(a.\'+h)|i 5 (c:.\':)+ d (2cdx)+ a d:J+(cx+d):[ 7 ax + (/{ bJ
dx dx

dx dx dx
=(ax+ b)(z‘:l-\' + 2L‘d) + (C.\' +d’ )a

3

=2c(ax+b)(ex+d)+a(ex+d)
Question 5:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): axth
Answer 5: ex+d
Let (x) = ax+b
7 (x) ex+d
(ex+d) 4 (ax+b)—(ax+b) : (ex+d)
f'(x)= dx  dx
. (ex+d)
_(ex+d)(a)-(ax+b)(c)
(ex+d)
_acx +ad - acx - be
(ex+d)’
_ad-be
(C‘,\'+d):
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Question 6:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers):

+
X
1
=
X
Answer 6:
I x+1
I+ : . x+1
Letf(x)=—F=—2—="—— wherex=0
' - 1 x=1 x—

By quotient rule,

(.\‘—I):ji_(.\'+I)—(.\'+|);i(x—I)
(x=1)°
(x=1)(1) = (x+1)(
(x=1)
:.\'—l-x—l

(x-1)

f(x)=

xz01

|
)..\':eO. |

x=0.1

= —. x#0, 1
(x=1)
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Question 7:
Find the derivative of the following functions (it is to be understood that a. b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): ;
ax" +bx+c

Answer 7:

1
Let ‘ ” | = css—
/ (‘) ax’ +bx+c¢

By quotient rule,

> d d s
(} ax” +bx+ c) = (1)- 2 (ax' +bhx+c )

f(x)=

(ux‘\ +bx + ('):

(ax® +bx+c)(0)-(2ax+b)

(ax: +bhx+c )
- ( 2ax+ b)

( ax® +bx+c )

Question 8:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

i . ax+b
and s are fixed non-zero constants and m and n are integers): -
Answer 8: px +qx+r

i ax+b
Let f/(x) = ——
pX +gx+r

By quotient rule,
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‘ (px* +qx+r) —d; (ax +b)—(ax+b) —d; (px* +qx+r)
f'(x)= dx _dx
T (p,\‘: +gx+ r)-

(px* +qx+r)(a)—(ax+b)(2px +q)

( pxPge+r )2

apx® + agx + ar —=2apx” — aqx - 2bpx — bg

Y

(px* +qr+r)
—apx® —2bpx +ar —bq

(p.\‘: +gx+r ):

Question 9:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): 7 oSl Lk
Answer 9: ax+b
. X+ gx+ -
Let f (\,) e GER T
ax+b

By quotient rule,

(ax+b) ‘L/ (px* +q.\'+r)—(p.\': +c/x+r);{(a\'+ b)
dx

sl n
)= ( (ax+b)
(ax+b)(2px+q)—(px* +qx+r)(a)
) (ax+b)
_ 2apx’ +aqx +2bpx + bq — apx® — agx — ar
B (ax+b)
. apx’® +2bpx + bg —ar

(ax+ b)2
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Question 10:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

. i a
and s are fixed non-zero constants and m and n are integers): —;—-—5+C0sX
X" X

Answer 10:

b
Lct_/(.\')z(—:— —+COS X
¥ e

i d( a d( b d
X)=—| — | — |+—(COS X
/ ( ) (/.r(.\‘4 ) (/.\'(.1" J d.r( )
d d

= M )=h
U(./.\‘(‘ ) dx dx

5 . { d
=al-4x" )=-h(-2x 3 - 5 laa: X = nx"” " —(COS X )=— X
a(—4x7)=b (=217 )+(-sinx) [d‘_(\ )= nx 'md(h_(uosx) snnjl

(cosx)

-4a 2h .
=k ——=SINX
X X

Question 11:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): 4\/;—2
Answer 11:

Let f(x)=4vx -2

10
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Question 12:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)"
Answer 12:
Let f(x) = (ax+b)". Accordingly. f (x+h)={a(x+h)+b}" =(ax+ah+b)’
By first principle,
f(x+h) =71 (%)
h

/'(x)=lim

(ax +ah+b)" —(ax+b)

=lim
-0 h
(u.\’+h)" (I - ah ) —(u.\'+h)"
Zfen ax+h
st} h

(l+~ ah )"—l
= ((,_\‘-Q—h)‘i |‘|n;! 7‘“-*-[77

ioge [ -1 #
=(ax+b) lim l+n[ it )+"(" )( i ) +..p—1
| ax+b [2 ax+b |

(Using binomial theorem )

-1 2,2
1 "( ah J+n(n ya'h

=(ax+h)" lim —+...(Terms containing higher degrees of /)
s e ax+b) |2(ax+b)

=(ax+h) lim - +n(n—l)u:/7+u
=0l (ax+b) [2(ax+b)

~—
~

=(ax+b)’ [(ﬁ) + 0:|

(ax+b)

= ng-————
(ax+b)

= na(ax+b)""

11
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Question 13:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax + b)" (cx + d)™
Answer 13: Let f(x)=(ax+b) (ex+d)"
f(x)=(ax+b) —(L(cx +d)" +(ex+d)" —d—(a.\’ +b) (1)
dx dx
Now, let f, (\) =(ex+ a')”I
Hi(x+h)=(cx+ch+d)"

fi(x+h)=fi(x)

f{x)= lim

h
i (ex+ch+d) —(ex+d)"
=lim
Sl h
—(cx+d)" lim~ (|+ e J -1
b0 b ex+d
Loy [ , -1 c’h?
=(cx+d) llllll 1+ e +m(m ) ( ), +...|—-1
>0 h (L'.\' + d) 2 (L‘,\' +d)
oo 1| me —1)¢h? N
=(ex+d)" lim 1| _mch 1) ,' +...(Terms containing higher degrees of /1)
0 b (ex+d) 2(ex+d)

=(cx+d )' lim T+ il i l)C:h Yiner
ol (ex+d) 2{ex+d )2

=(cx+d)” [ me- g 0}

ex+d

_me(ex+d)”
- (cx+d)

=mec(cx+d)” '

[39]

i(wr +d)" =me(ex+d)"” o
dx

)

Similarly. ;—I (ax+b)" = na(ax+b)"" ={3)
Iy

12
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Therefore, from (1), (2), and (3), we obtain
_/"(.\‘) =(ax+ b)" {lm'(c.'.\‘ +d )mﬁI } +(ex+d )‘" {na(ax +b )M}
=(ax+b)"" (cx+d)"" [ me(ax+b)+na(ex+d)]
Question 14:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin (x + a)
Answer 14:

Let f(x)=sin(x+a), therefore f(x+h)=sin(x+h+a)
By first principle,

f(x+h)-f(x)
h

S'(x)=lim-

=it sin(x+h+a)-sin(x+a)

=) l‘l

e (x+h+a+x+a) .
= lim ?_cosL sin
7
\

\

x+h+a—-x—a
7 J

h )’,-, 2

e

2 1 2x+2a+h) .
=lim—| 2cos — sin

h—l) 7 2

si
2x+2a+h )J

]

= lim cos(
h

»)

[ h
sin| —
] 2 I (‘, l
:Iimcos(z'\+"a+thim‘ . As h—~>0:>h—>0
h=0 \ 2 )_"’..u l{) 2
3 >)
(2x+2a . sinx
= cos| ]xl [llll] = I}
\ 2 x—»(} \

13
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Question 15:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): cosec x cot x

Answer 15:

Lot/ () = cosec xcot x

By product rule,
f'(x) = cosec x(cot x) +cot x(cosec x) (1)
Let f, (x) = cotx. Accordingly, f, (x+ /) = cot(x+h)

v A )= £ (%)
x)=lm
£ (x)=lim !
cot(x+h)—cotx
=1

lim -
cos(x+h) cosx
L sin(x+/4) sinx

By first principle,

x| -

=lim
e

li 1 [ sinxcos(x+ #)—cosxsin(x+#)
=lm-—
h—0 b sinxsin(x+/#)

1| sin(x—x—h)
=lim - -
#=0 h| sinxsin(x+#)

1 . 1| sin(—h)
= — dim—| ———
sinx =0 ;1| sin{(x+#)
—1 . sinh [ ,. 1
= — J Im Iim —
Sin x h—O I) Je—sd Sln(.\-"f' ,’)

—1 1
e — il
sinx sin(x+0)
-1

sin® x

= —cosec-x

- (cotx) = —cosec’x = o

14
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Now, let f2(x) = cosec x. Accordingly, j;(_\-+;,) =cosec(x+h)
By first principle,
fr(x+h)= fi(x)

'/2 (x) & !'Il—li];} ; h

o
- Elm— [coscc(x +h)—cosec x]
=0 7

" 1 1
=lim—| — -
=0 | osin (-

x+h)

sinx

obtain

= 1 .liml

sinxsin(x+ h)

1%
-rcl

From (1), (2), and (3), we I [Sm _\._Sm(_\.”,)}

X+x+h)

0s Jsin
2
\ -

g

\

lx-x-h

N

/

sinx 0 h

sin(x+h)

5 (2x+h) . (=h
_cosL S— |sin| -

— _lim—
sinx 0 f

o]

3 S
—sin(h | 08[2.\ +h ’
/

- lim ;
sin(x+4)

2x 40
cos| ——— ’

- lim = 4

_1 sin[
/

2
sinx 70 (] =0 sin(x+h)
2

[ 2x+0)
o Sos| = --*J

2
" sinx sin(x+0)
~ —1 cosx
sinx sinx

=-—cosecx.coty

~.(cosec x) =—cosecx. cot x -(3)

15
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f"(x) = cosec x(—cosec’x ) + cot x(—cosec xcot x)

3 2
=—COSeCc X —Col™ x cosec x

Question 16:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

cosx
and s are fixed non-zero constants and m and n are integers): -
Answer 16: I+sinx
: Cos X
Let f(x)=—x
| +sinx
: d d 5
By quotient rule, (1+sin .\')*(cosx)—(cos.\')T(l +sinx)
AN

f'(x)= o

(1+sinx)’

_ (1+sinx)(—sinx)—(cosx)(cosx)

(1+sin x):

_ —sinx—sin’ x—cos’ x

(1+sinx)’
—sinx— (sin3 X+cos” \)
(1+ sin.\'):

—sinx—1

- (1+sinx)’
_ —(1+sinx)
(1+sinx)’
-1
(1+sinx)
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Question 17:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) . Sin X 4 COS X
and s are fixed non-zero constants and m and n are integers); —— "

SIN X —COS X

Answer 17:

Let _f(,\') | SINX+Ccosx

Sin X —Cos X
By quotient rule,

(sinx—cos x) L (sinx+ cosx)—(sin x+ cos x) = (sinx —cos x)

f(x)= dx dx

(sinx—cos x)’

~ (sinx—cosx)(cosx—sinx)—(sinx+cosx)(cosx+sinx)

(sinx - cosx)’

~(sinx - cosx)’ —(sinx+cos x)’

(sinx—cosx)’

- [sin' X4C08™ X —28INXCOSX+SiN" X+ COS™ X + 28in X COS x]

(sinx—cosx)’

I )
(sinx—cos x)’
-2

(sinx —cosx)’

17
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Question 18:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

secx 1
and s are fixed non-zero constants and m and n are integers): ———
Answer 18: 1 secx+1

secx -1 \_cosx _ l-cosx
Let f(x)=" f(x)=S08—=
secx+1 41 1+cosx
By quotient rule, Cosx
l
(1+cos x) - (1-cos x) — (1= cos x) - (1+ cos x)
f'(x)= dx dx

(1+ C()s.\'):

K (1+cosx)(sinx)—(1- (:‘()S x)(-sinx)
(1+cosx)

SIN X+ COS X SIN X + SIN X — SN X COS X

(1+cos x)’
2sinx

(1+cos .\'):_

~ 2sinx  2sinx
(l+ L] (sec.\‘\+l)z
Lo Secx sec x

~ 2sinxsec x
(secx+1)°
2sinx

(secx+1)°
2secxtanx
(secx+1)

18
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Question 19:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): sin” x

Answer 19:

Let y = sin” x.

Accordingly, forn = 1, y = sin x.

S.——=C0SX, .., —SINX=COosX

dx dx
Forn = 2, y = sin? x.
da d,. .
so——=—(sinxsinx)
dx  dx
=(sin _\')' sin x + sin x(sin \) [B}' Leibnitz product rulc]

= COSXSiN X +Sin X cos.x
= 2sinxcos x (1)

Forn = 3, y = sin3 x.

dy d . i
s.=—=—(sinxsin" x)
dx dx
r Y . . 2 f - .
=(sinx) sin x +sinx(sin" x) [ By Leibnitz product rule]
= cos xsin” x +sin x(2sin xcos x) | Using (1) ]

cosxsin” x+2sin” xcosx
=3sin” XCos X

v

dipie i S
We assert that —(Sln .\‘)=)2$ln( ’.\'COSX

Let our assertion be true for n = k.
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ie., i('sinA x)=ksin'""" xcosx 2]

dx
Consider
d . wa dor s G
sin""! x) = = (sinxsin' x
& o L
= (sinx) sin‘ x+sin x(sin’ x)' [By Leibnitz product rule]
= cos xsin’ .\'+sinx(k sin""'.\'cos.\') [ Using (2)]

=cosxsin' x+ksin' xcosx
=(k+1)sin" xcosx
Thus, our assertion is true forn = k + 1.

— : dip o
Hence, by mathematical induction, —(sm'x):nsm"’ 'xcosx

dx

Question 20:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

i . a+bsinx
and s are fixed non-zero constants and m and n are integers): ————
Answer 20: c+dcosx

. a+bsinx
Let f(x)="""200
c+dcosx

By quotient rule,
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(c+ (/cosx);—f(a+ bsinx)—(a+bsin x);—i (¢+dcosx)

f(x)= dx dx

(c+dcosx)

_(e+dcosx)(beosx)—(a+bsinx)(—dsinx)

(c+dcosx)’

chcosx + bd cos” x + ad sin x+ bd sin” x

Y

(c +d cos.\')

be cos x + ad sin x + bd (cosz x+sin’ .\')

(c+dcosx)’

B becos x+ad sin x+ bd

(c+d cos,\')“‘

Question 21:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

: . sin(x+a)
and s are fixed non-zero constants and m and n are integers): ———-—~

Answer 21: cos x
. sin{x+a
Let. (i)~ 20ixte)

cos X

By quotient rule,

COS X :Tl\ [sin (x+ a)] —sin(x+ a)(%_ COS X

1(x)=

COs™ X

COS X % [sin (x+ a)] —sin(x+a)(-sinx)

f(x)= e (i)

Let g (x)=sin(x+a). Accordingly, g (x+ /) =sin(x+h+a)

COS™ Xx

By first principle,
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(d_hmg(vﬂﬂ-gbﬂ

fe—() h

-hm—[sm \+h+a >m \+a

h— ’

| \+h+a+r+a
=lim—| 2cos

Ji—1) h

’.I‘

[\+h+a— \'—a]:l
5in

- 2\+2a+h . 1 ]
=lim—| 2cos —

h hl'h 2

s |- [2\+20+h (5

=lim| cos
Sl I\
(ZJ

h
=!imcns(2v+‘a+h 2 Ash->0> ,; —)0}
1= _.o 1 L Z
l 2] J
( 7\+2u] [ sinh ]
lim =
_h—vﬁ- h
= cos(x+a) .. (i)

From (i) and (ii), we obtain

Sf'(x)=

_cos(x+a—x)

cosx-cos(x+a)+sin .\'sin(x +a)

cos™ x

cos’ x
cosa

cos” x
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Question 22:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): x* (5 sin x — 3 cos x)

Answer 22:
Let f(x)=x"(5sinx—3cosx)
By product rule,

Fi(x)=+" i(Ssin x=3cosx)+(5sinx-3cos .\')‘I—[(.\"' )
: LN 5

Il

X! [Si(ﬁn x)- 3%(005 1)] +(Ssinx— 3cos.\')‘%(.\" )

x*[5cos x—3(~sinx) |+ (Ssinx—3cosx)(4x7)

X [5.\'COS x+3xsinx+20sinx—12cos .\']

Question 23:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (x?> + 1) cos x

Answer 23:
Let f(x)=(x"+1)cosx
By product rule,
% ) (l (1 4
"(x)=(x"+1)—(cosx)+cosx—(x" +1
/ ( ) ( )dx( ) dx ( )

= (.r"‘ +1)(—sinx)+cosx(2x)

=—x"sinx—sinx+2xcosx
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Question 24:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers): (ax? + sin x) (p + g cos x)

Answer 24:

Let f(x)=(ax’+sinx)(p+gcosx)
By product rule,
= y . d d 5 .
f'(x)= (u\'“ +sin \)T( pt+gceosx)+(p+gcos .\‘)-é—(u.\" +sin .\')
dx dx
= ( ax’ +sin \)( —gsinx)+(p+qcosx)(2ax+cosx)

=—gsinx(ax’ +sinx)+(p+qgcosx)(2ax+cosx)

Question 25:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x+cosx)(x—tanx)
Answer 25:

Let f(x)=(x+cosx)(x—tanx)

By product rule,

S'(x)=(x+cosx) B (x—tanx)+(x—tanx) - (x+cosx)
dx dx

()[7’ (x)— (tan )}(n x)(1-sinx)

dx
=(x+ cos.\')|:l ——(Z—tan .\‘}- (x—tanx)(l1-sinx) (1)
dx

Let g(\) =tanx Accordingly, g(.\'+h) = tan(.\‘+h)

By first principle,
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g'(x)=1lim g(x+h)-g(x)

e h

(tan(x+h)—tan x}

=lim

h—

h

< f sin(x+h) sinx
=lim -
=0 h| cos(x+h) cosx

= lim—
=0 fp cos(x+h)cosx

l I Psin(xfh—x)}

1 [ sin(x+#)cosx —sinxcos(x + h)}

Jdim -
cosx k| cos(x+h)

1| sink
Jim—| ——
cosx "= k| cos(x+h)

. 4
] . sinh )
| lim A
cosx \ v f \

\
lim——
b0 cos(x + h) J

b
“cosx’cos(x+0)

1

" cos®x

=sec’ x . (i)

Therefore, from (i) and (ii), we obtain

77(x)=(x+cosx)(1-sec’ x)+(x~tanx)(1-sinx)

=(.\'+cosx)(—tan3 .\')+(.\'—tan x)(1-sinx)

=~tan’ x(x+cosx)+(x—tanx)(1-sinx)
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Question 26:

Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

) _ 4x+5sinx
and s are fixed non-zero constants and m and n are integers): —————
3x+7cosx
Answer 26:
4x+5sinx
f(x)=—=x
Let /(%) 3x+7cosx

By quotient rule,

(3x+7cosx) d (4x+5sinx)—(4x+5sinx) 2 (3x+7cosx)
dx dx

1'(x)=

(3x+7cosx)’

(3x+7cosx)| 4 d (x)+5 2 (sinx) |—(4x+5sinx)| 3 4 172 cosx
dx dx dx

(3x+7cosx)’

_(3x+7cosx)(4+5c0osx)—(4x+5sinx)(3—Tsinx)

(3x+7cosx)’

~12x+15xcosx+28cosx+35¢c0s” x—12x+28xsin x —15sin x+35sin” x

N

(3x+7cosx)

15xcosx+28cosx+28xsinx—15sinx + SS(COS: x4sin” x)

(3x+7cosx)
B 35+ 15xcosx+28cosx+28xsinx—13sinx

(3x+7cosx)’

Question 27:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

oo )
X COS| —
T

sin x
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Answer 27:

)
X COS| —
— Ay

Let f(-\')= v
sin x
By quotient rule,
x sin x Z‘(x:)—.\"‘ ‘: (sinx)

"(x) = cos—. : i
f'(x) 4 sin” x

% >
7T |sinx-2x—x"Ccosx
=cos—. —
4 sin” x
Bopss
XCOS . [2 sin x — xcos .\']

sin® x
Question 28:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r
and s are fixed non-zero constants and m and n are integers):

Answer 28: I+tanx

X

Let f(x)=

| +tanx

(1+tan .\‘)i(.\')— X i(I +tan x)
dx dx

d. s (1+tanx)’

(1+tanx)-x- ‘;' (1+tanx)
f'(x)= oD (i)
) (1+tanx)

Let g(x)=1+tanx. Accordingly, g(x+/)=1+tan(x+h).
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By first principle,

(x+h)—-g(x)

g'(x)=lim 2

fr—0

h

|
= Ilm[
h—l)

=lim—
=D h

=lim—
h—) h

-
=lim—
= h

|
=lim—
heal) h

.08
=| lim
=0

\

= 1%
cO

+tan(x+h)—1—tan .\1
h

1 —sin(.\'+h) ~sin .\'}

I cos(x+h) cosx

1| sin(x+#h)cosx—sinxcos(x +h)

cos(x+/1)cosx

[ sin(x+h-x) |

| cos (x+h)cosx 1

sinh

I cos(x+/1)cos x y

inh ..
\, lim
h )| =0 cos(x+h)cosx

SRk
=S§eC" X

N =

ST X

— i(l +tanx)=sec’ x

dx

From (i) and (ii), we obtain

_ I+tanx—xsec’ x
(1+tanx)’

f'(x)

|

o (i)
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Question 29:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers): (x + sec x) (x — tan x)

Answer 29:

Let f(x)=(x+secx)(x—tanx)

By product rule,

f'(x)=(x+sec .\')i(x—tan X)+(x—tan .\')di(.\'+scc.\')
I

dx
=(.\‘+sccx)-%(.\‘)—%tan.\']+(.\'—tan.v)[%(xh%scc.\}
=(x+secx) I—itanx}(,\'—Ianx)[l+ a scc.\} skl

| dx dx

Let f, (x) = tanx, £, (x)=secx
Accordingly. f,(x+h)=tan(x+h) and f, (x+h)=sec(x+h)
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£ (x)= “m[f. (Hh)—f'(x)]

Jieal) h

. (tan(x+h)—tanx)
=lm

Jl-—)(J\ l’ )

, tan(x+h)—tanx |
= lim ( )

h—0 I’
=lim

l—sinA(.\'+hn) sin x
=0 h _cos(x+h) COS X

=lim—
h=0 fy cos(x+h)cosx

sin(x+h—x)

I [ sin(x+h)cosx—sinxcos(x +h)]

=lm -
h0 h| cos(x+h)cosx

i) sin /1
=lhm—
=0 h| cos(x+h)cosx

. sinh (. 1
=| lim | lim .
w0 =0 cos(x+ i) cos x

—— =sec’ x
COS” X

Il
X

= —tanx =sec” X (1)

X
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S (x)=Ilim

h—0

( L (x+h)— 1 (-Y)]

h
sec(x+/1)—secx
=Iim( & ’) \]

Ji—

I

| 1 1
= lim—
=0 i | cos(x+h) cosx

. 1| cosx—cos(x+/)
= lim-—
0 o[ cos(x+h)cosxy
i ods [.\'+.\'+I; 2 (_\'—.\'—/1\
—2sin| ———— |-sin| —
1 1 2 2 J
= Jdim—
COSx JiU cos(x+/7)
—=2sin| ——— |-sin| —
1 < i} 2 2
= Jim—
cosx 0 fy cos(x+/)

)|
g L3

cosx #ov cos(x+/1)

. 2x+ /4
sin
2

sm['"]l
llmsm(’ Pl |l :

L 1]

=Ssec x.
limcos(x+/)
Ji—>1)
sinx. 1
=Ssec oy
COS X
o
— —SseCcxy=secxtanx 2 o)

dx
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From (i), (ii), and (iii), we obtain

£'(x) = (x+secx)(l1-sec” x)+(x—tan x)(1+secxtan x)

Question 30:
Find the derivative of the following functions (it is to be understood that a, b, ¢, d, p, q, r

and s are fixed non-zero constants and m and n are integers):

QLY oy
Answer 30: sin- x

X

Let f(x)=—
sin” x
By quotient rule,

gt ol ad i
sin"x—x—-x—sin" x

f'(x)= dx dx

sin”” x

d i il
It can be easily shown that TS"I" x=nsin"" xcosx
ax

Therefore,

s sad d s
sin"x— x—-x—sin"x

f’(-\')z d_\' o (i\‘
Sin” X

sin” x.l—x(nsin" '.\'COS.\')

e 2N
sin x

sin”' x(sinx —nxcosx)

sin®” x
SIN X — X Ccos x

G+l

sin X

32



www.tiwariacademy.com
www.tiwariacademy.com
www.tiwariacademy.com

Mathematics

(Chapter — 13) (Limits and Derivatives)
(Class — XI)

Exercise 13.2 (Supplementary)

Evaluate the following limits, if exist.

Question 1: lim

Answer 1: lim

. e¥—1
= lim

1— X 4 [Wherey = 4x ]
y—)

. . e¥-1
= 1x4 Using lim—— = 1]
y-0 Y

Question 2: lim

Answer 2: lim

=e?x1 Using lim i 1]
x-0 X

e¥ —e5

Question 3: lim
x-5 X—5

e¥ —eb

Answer 3: lim
x—5 Xx—5

Putx = 5 + h,thenasx -5 = h — 0.Therefore




e — g5 . eS5+h_gs

x—5 Xx—5 h-0 h

h—0 h
h
. . eh-1
=e’x1 [Usmg lim— = 1]
h-0 h
= 95
. . esinx_l
Question 4: lim——
x—-0 X
. esinx_l
Answer 4: lim——
x—-0 X

eSinx_q sinx
X

=lim—— -
x>0 X sinx

eStnx_q sinx
X

= lim —
x—0 SInXx X
. e¥V-1 . sinx .
=lim —— X lim [Where y = sinx]
y—-0 Y x—-0 X
. . eY-1 . sinx
=1x1 [Usmg lim——=1and lim =1
y-0 Y x-0 X
=1
. . eX—¢e3
Question 5: lim
x—-3 x—3
. eX-¢e3
Answer 5: lim
x-3 x-3

Putx = 3 + h,thenasx -3 = h — 0.Therefore




Question 6:

Answer 6:

Question 7:

Answer 7:

. x(e*-1)
lim X6 -D
x>0 1—cosx

. x(e*-1)
lim Xe-D
x>0 1—cosx

1+cosx

. x(e*-1
=lim ( )
x—0 1—cosx

1+cosx

1+cosx

X

X

.X'2

. e*—1
= lim ( ) X
x-0 X 1

1- cos?x

1+cosx

. e*-1 .
= l]m ( ) X llm
x—0 X x—-0

1+cosx

. e*-1 .
= l]m ( ) X llm
x—0 X x-0

1
=1 x(1+1) x5

. lo 1+2x
111’1’1 ge ( )
x—-0 X

. _lo 1+2x
llm ge ( )
x—0 X

. lo 1+2x
=lim M X
x—0 2x

2

2

X lim —;
x—0 Sin?x

X lim
20 (57)

Using lim = x_l = 1and
xX—

. sinx
lim
x>0 X

1




.. lo 1+
= lim ge (1Y) X 2
y—0 y

=1x2

. . log (1+x3
Question 8: lim —g.( 3 )
x>0 sin3x

. log (1+x3
Answer 8: lim —( 3 )
x—0 Sindx

. log (14x3) _ x°
= lim———X=
x—0 sin3x x3

. log (1+x3 x3
lim (3 ) X —
x>0 x sin3x

. log (1+
- lim g (1+y)
y—0 y

X JICI_I,I(I) sinx\3
(=9

[Where y = 2x]

loge (1+y) -1

Using lim
y—-0 y

[Wherey = x3]

Using 1im 229 — 1 gng 1im 3% =
y-0 Y x-0
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