Ex 14.1

Differentials Errors and Approximation Ex 14.1 Q1

Letx=£J X+M=£
2 14
ﬁx:g—x

14
Ay = %_E
14 2
V¥o=siny
a _ Cos X
@
[dy} _ cosa
ax x_% 2
[d_y] _q
ax X_%

Ay = [Z—il_i N

I
14 2
Ay =10

So, there is no change in v,
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Lety =10, ¥ +4% =9.8

Aw =9.8-x
=09.8-10
Ay =-0.2
4 =
y =¥ [volume of sphere]
d—y = 4qr?
ax
[d_y] = 4x (10)°
¥ Jeoio
[d_y] = 4007 cm?®
¥ Jioio

by = [d—y] w

ax Jioig
4007 % [-0.2)
Ay = —B0x cm

S0, approximate diecocase in valume is 80r cm®

Differentials Errors and Approximation Ex 14.1 Q3
Letxy =10, ¥ + Ax = 1D+Lx10
100
X+ bw =104+ 0K
= dx = 10+ 0.k -10
ax = 0k

So,

= |:2D;r) ® [D.kj
Ay = 2kgcm?

Area of the plate increases by 2kag om?,
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Let length(L] = »

X
XHAN =X +—

100

A = 0,01y
MNow,

14 =652

ay

—— =12x cm

ax
So,

by = [d—y]xﬁx

ax

= (12x)({0.01x)
Ay = 0,12x% cm?

= 6(0.02) 57

= 2% of 6x?2

Percentage error in area is 2%,
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Letx be the radius of sphere,
hw = 0.1% of x
Ax = 0,001y

T+ 0,
Let ¥ = valume of sphere

= d4rx® x0.001x

= %ﬂXS[D.DDBJ

0.3
= — xVy

100
Ay =0.3% of y

So, percentage error in wolume of error = 0.3%.
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Given, Av = - %%

=-0.5%
Av = -0,005

Taking log on both the sides,
Iog{pv1'4) =logk
logp +1.4logv =logk

Differentiate it with respect to v,

1dp 1.4
et
pdv+ W
dp 1.4
TP
ap
=| = [Aw
o~ (2]

=130 (-0.008)
W

_1.4p({0.005)
-

4o
apin % = 22 100
b

_ 1.4p(0.005)

b
=0.7%

100

So, percentage error inp = 0.7% .
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Let i be the height of the cone, and « be the semivertide angle.

Here vertgide angle « is fixed.
ah =k ofh
L
1400
ah = (0.0k)A

] A=arir+i)
= [r2 +r.")
=r [rz} +rfr? 42 [Since, inaconei® =K/ +r2:|
r=htana [from figure]
A=n [h2 tan®« + h tana,fhz +h% tan o }
= z[hz tanZ e +h tane, b2 (1 + tan® oc)]

= ﬂ[hz tan®a +h tana thBCa:]

SINT o SR
= Jrhz |:—+ :|

CDS2|:x CDSzo:

sines [sine + 1
A =m‘727( 5 )
Cos* @

Differentiating with respect to b as « is fixed.

gA _ oh 5inoc(5i20c+1)
ahk CO5“ o
So,
Ad = d—'qxﬁh
ah
o 2ok (0.0kR) sina [sine + 1)
costa
WA i % of A Ezh[D.th)sizm(sina +1] xlDD
Cos o A
2m’<h2xsina(sina +1:] cos? o
= x
cos2 o ﬂthintx(Sinﬂ:+1)

=25 %

S0, percentage increase in area= 2k%.
(il
Let v = volume of cone

=Zarch

Differentiating it with respect to k treating « as constant,

g—;= 7 tana xh?

Aw = d_v AR
ah
= mtan® ahzx(D.th)
Av = 0.0kgh° tan®a

Av x 100
W
0.0k sk tard m » 100

Percentage increase in v =

T tan?a wh®
3

= 3k%

So, percentage increase in volume = 3k %,



Differentials Errors and Approximation Ex 14.1 Q8

Let error in radius(r] = x% of r
Ar = 0.0xr
Let v = wolume of sphere
W= im'a
3

Differentiating it with respect to r,

dv 2
— = 4ar
ar g
So,
Ay = d—v W hr
ar

= {4Jrr2}(D.ijr

Av = 0.0% x 4187

. Ay »x 100
Percentage of error in volume = —————

(0.0x) 47r® x 100

Zar®
2

= 3x'%

Percentage of error in volume = 3 [percentage of error in radius),

Differentials Errors and Approximation Ex 14.1 Q9(i)
Let x =25, x4+ Ax = 25.02
Ax = 25.02-25

Axw = 0,02
Let 14 =1'r;7
ay 1
N Dafx
{d_bf} 1
i Jy_as 2425
@y 1
b Je_as 10
Mo,
- [G’_V] ”
@ ) oos
- 1 (n.02)
1a
Ay = 0.002
A25.02 = v + Ay
=25 +0.002
=5+0.002
25.02 = 5.002
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Let X =0.008, ¥+ b4~ =0,009
Ax =0.009-0,008

Ax =0.001
1
Let yo=x3
gy 1
ar  Z
T3
[d_ﬁ’] ot
2
W eano0s 5 0,008)3
1
T 3(0.04)
_ 100
T
=0.8333
o,
Ay = [G"_}I'J ®
ax J 0,008

= (0.8333)(0.001)

Ay =0.008333
1

(0.009)3 = y + Ay
1
= [X)§+D.008333

1
= (0.008)3 +0.008333

=0.52+0.008333

1
(0.009)3 = 0.208333

Differentials Errors and Approximation Ex 14.1 Q9(iii)
Let  x=0.008, x + Ax = 0,007
hx = 0,007 - 0,008

Aw =-0,001
L
Let po=x3
G‘_y 1
= z
ST
[d_Y] ot
2
W eano0s 5 0,008)3
_ 100
Tz
[G"_}’J =18.333
% J 0,008
Ay = [d—yJ = AN
¥ ). o008

= (8.333)(-0.001)
Ay = -0.008333

1
(0.007)2 = y + Ay

1
= x%-0.008333

1
= (0.008)3 - 0.008333

=0.2-0003333

1
(0.007)3 = 0,191667
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Let Xo=400, & +4x = 401
Ax = 401-400
Ay =1

Let =%
a1

dy 2

o)t
X Je_qon 24400

So,

dy
Ay = (—] o
ax )y o400
[D.DES)[l)
0.025
J401 =y + Ay

= .x +0.025

4400 +0.025

20+ 0,025

4401 = 20,025

Differentials Errors and Approximation Ex 14.1 Q9(v)
Let  w=16, ¥ +4x =15

by =15-16
A = -1
1
Let 14 = x4
dy 1
fic 3
x4
5.
e 3
x=18 4(16)3
1
T3z
=0.03125
Mo,

by = (d—yJ w
ax )16

= (0.03128)(-1)
by =-0,03125
1
(15)71 =y +hY
1
= [x)3-0.03125

1
= (1613 -0.03125

=2-0.03125

1
(15)% = 1.96875
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Let N =286, ¥ +hx =255
by =255 - 256

by = -1
1
Let yo=ud
dy 1
]
At
(&)
i S F
Mixezse 4258
1
LT
- 0.00391
Mo,

by = (G‘_jf} oy
X 1y _ose

= (0.00391)(-1)
by =-0,00291
1

[255)4 =y +ay
1
= (%)% +({-0.00391)
1

= (256)% -0.00391
=4-0.00391

1
(25577 = 3.99609
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Let X =2, x+hAx=2.002

Ax = 2,002-2

Ax = 0,002

1
Let Vo= —

=-0.25
Mo,
ol
Ay = [—yJ = AN
ax ) s
= (-0.25)(0.002)
4y = -0.0008
Mo,
1
3 =¥+ by
(z.002)
- L +(-0.0008)
X
=£—D.DDDS
4
= 0,25 - 0.0005
1 =0.2495

(2.002)°
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Let K=, X +hN =404

fx = 4.04- 4
Ax =004
Let v =log
dy 1
dx X
a1
e 4
=0.25
TN 0w,

ady
Ay = | == Ax
Y (dx]x-ﬂtx
= [0.25)(0.04)
Ay = 0.01

log, 4.04 =y + Ay
=logx +{0.01)
=log, 4+0.01
_log, 4
login e

_0.6021
0.4343

=1.38637+0.01

+0.01

+0.01

log, 4.04 = 1.39537

Since, log, b = log b:|
log. &

Differentials Errors and Approximation Ex 14.1 Q9(ix)

Let =10, ¥ + Ax =10.02
dw =10.02-10
dw =002

Let v =log, x

Mo,
by = (dy] X A
ax 1o
= (0.1)(D.02)
Ay =0.002

log, {10.02) = y + Ay

=log, ¥ +0.002
log, 10+ 0.002
2.3026 +0.002

log, (ID.DE) =2.3046

Differentials Errors and Approximation Ex 14.1 Q9(x)



Let N=10 5 +hx =101
Ax =10.1-10
AN =101

Let ¥ o=logypx

_ oG, x
B lag, 10

oL
ax xlogg 10

Since, log, b = :Eg:z]

dyy o1
@ J, 3o 10log, 10

a¥ Je_io
= ;xﬂ 1
10(log, 10
Ay = 0.01
{log, 10)
logy g (10.1) = v + Ay
=lo X+—D'Dl
= %90 log, 10
=lo 10+0.01l0gpe Since, log, b= 1
=100 : io . 104, _Iogba

= 1+(0.01)(0.4343)

lagyq (10.1) = 1.004343

Differentials Errors and Approximation Ex 14.1 Q9(xi)
Let  x =60, x+4x =61
Ay = 61°-60°

Ax = 1°= - = 0.01745
18

Let ¥ o= COSX

ﬂ=—5im{
dx
G‘y]
—_— = -sin|60
(G"X X =Bl { )
__B
2
= -0.866
ay
Ay = [—J x (AN
QX Jy e ()
=[-0.866)(0.01745)
=-0.01511

So,
Cos61% =y + Ay
= cos60°-0.01511
l—D.DlSll
2
0.

£-0.01511

cos61% = 0,.4534389
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Let x=258, ¥ +hx =251
Ax =25.1-Z5
Ax =0.1

1
Let M= —_—
%

dy 2
dw 2
Dy 2
&)
= 3
I xa2s 2(25)z
__ 1
250
= -0.004
Mo,
ay
Ay = (—J w [
) es ()
= (-0.004) (0.1)
=-0.0004
1
=y 4+ 4
=1 Y
- L +i-0.0004)
ke
-1 _nooos
25
-1 0.o004
5
=0.2-0.0004
R =t=t
S5
Differentials Errors and Approximation Ex 14.1 Q9(xiii)
Let K==, X =22
z 14
by = [§_£]
14 2
Ay o= sinx
Let Vo= sing
dy
E— Cos X
[d_y] = Cos
Iy X'iz
(&), -
)z
2
dy
=22 Ax
g [dx]x-iX( )
2
22_ T
B 14 2
=0
So,
. (=22
SN — | = + A
(28] v ey
=sinx +0
. kg
=sin| =
5]
Sin{gj= 1
14

Differentials Errors and Approximation Ex 14.1 Q9(xiv)



Let X o=

Let  y=cosx

b= (7)1

= (-0.266) (-0.0873)
= 0.0756

cos Lz =y 4+ Ay
36

cosx +(0.0756]

C05%+D.D?56

1 +0.0756
2

0.5+ 0.0756

cosg =0.7546
36

Differentials Errors and Approximation Ex 14.1 Q9(xv)
Let  x = 36, ¥ + &x = 37
4x = 37-36
=1

Let  y=x
d

[d_ﬁ’] __ 1

X Jx-ze 2430
1
12

0.0833

= (0.0833)(1)
=0.0833

3T = w4 Ay
= 4% +0.0833
= 436 +0.0833

37 =6.0833
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Let X =81 x+bix =80
Ay =80-81

1
Let wo=xd
d

= [0.00926)(-1)
= -0.00926

1
(804 =y + 4y
1
=x%-0.00926

1
= (81)9-0.00928
=3-0.009286
1
80j3 = 2.99074
(80)

Differentials Errors and Approximation Ex 14.1 Q9(xvii)
Let  x =27, x +hx =29
Ly = 20-27

1
Let ywo=x3
d

dy _ 1
z
xR
dy 1
ax B z
x=27 3(2?)3
-
27
= 0.03704

= (0.03?04) [2)
Ay = 0.07408

1
(28)% = y + 4y
!
=x%4+0.07408

1
= (27)3+0.07408
= 3+0.07408

1
(2993 = 3.07408
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Let

Let

X =064 &+ 4% =66
Ax = B6 - 64
=2

48
0.020833

dy
Ay = {—] x [
% )y ea ()

(0.020833)(2)
0.041666

1
(BB)2 = ¥ + 4y
&
= %3 +0.041666

1
= (64)3 + 0.04 1666

=4+ 0041666

1
[66:]5 = 4.041666

Differentials Errors and Approximation Ex 14.1 Q9(xix)

Let

Let

x =258, ¥+ Av =206
by = 26 - 25
=1

W S x2S
=[0 1)(1)
=0.1
J2_=y+ﬁy
=~x +0.01
= 5E+0.1
26 =L5.1
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Let X =049, ¥ +4x =0.437
by =0.48-0.49
=-0.01

Let = fx
d

ay
by = {—] w [y
ax Jynas ()

= (0.71428)(-0.01]
by = -0.0071428

JS‘_=y+ﬂ.y
=/0.49 - 0.0071428

=0.7-0071428

0.48 =0.6928572

Differentials Errors and Approximation Ex 14.1 Q9(xxi)
Let  x =81, ¥ +4v =82
by = B2-81
-1

1
Let W=t
d

Yo 1
dx 3

Gt
&),

d 3
e 4 (a1)3
1
T 108

= 0.009259

b [Z:_i]x-Sl &)

(0.008259)(1)
0.009259

1
=x%40.009259
1
=(81)% +0.009259

1
(82)71 = 3.009259
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Let X= =, X+hy="—
a1

g1
_17 _1a
T8l 81
o1
Ta1
1
Let y=x7"
dy 1
dx 2
At

(&) e

o |16 3

SR
21

_ 27
32
=0.84375

_[a¥
Ay = [EJX_E xl:ﬁ\x)
a1

= (0.84375) [%]

=0.01041

1
174
B -res

1
(B 4 001041
a1

=0.6666+0.01041

1
17

a
=" =0.67707
&)
Differentials Errors and Approximation Ex 14.1 Q9(xxiii)
Let X =32, ¥ +hAv =33

Ay =33-32

1
Let Vo= x5
d

dy _ 1
r 4
Ex3
dy 1
ox B 4
x=3Z 5(32)5
1
aa
=0.0125

= (0.0125) (1)
4y =0.0125

1
(33)5 =y + 4y
1
= x5+0.0125

1
(32)5+0.0125

1
(33)5 = 2.0125
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Let X =36, x +h4x =36.6
Ay = 36.6 -36
= 0.6

Let y=xf;
d

= [Z:_in-SS g (M)

= (0.0833)(0.6)
= 0.04998

AN36.6 = ¥ + by
= ~/% +0.04993
= /36 +0.04998

36.6 = 6.04998

Differentials Errors and Approximation Ex 14.1 Q9(xxv)
Let  x =27, x+hr =25
Ay = 3537

1
Let yo=x3
d

I
=1
=1
w
pu

= (0.037)(-2)
=-0.074

1
(28)3F = y + 4y
1
=x3+(-0.074)

1
= [2?)5 -0.074
=3-0074

1
(25)3 = 2.926
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Let =f(><)=~q’§, ¥ =49 and x + Ax = 49,5
Then Ax = 0.5
For x = 49 we have

y =49 =7

dx = Ax =0.5

y = x
dy 1

dx 2%
dy 1 1
:[51@49 “3.7 14

dy
Ldy=22d
v dx %

i 5
~dy= L1052
V=135

i
= hy - —
V58

Hence,

VA9 5 =y + Ay = 7+%=7+0.0357 =7.0357

Differentials Errors and Approximation Ex 14.1 Q9(xxvii)
Define a function v = x¥2
Forx=4, y=8
¥+ Ay =3.968 = Ax = 3.968-4=-0.032
v _3 e

dx 2

=dy = [gxifz]dx

= ﬁy|x-4 = (3]‘&;(

= by, , = 3x{-0.032) = -0.096

(3.968)"*
- 7.904

=¥+ Ay =8-0096

Differentials Errors and Approximation Ex 14.1 Q9(xxviii)
Lety = f(x)=x% x=2andx + Ax = 1,999

Then Ax = - 0.001

For x = 2 we have

y = (2)"=32

dw = Ax = -0,001
5

Yy =X
d\," 4
£ -5
:>d>< i
dy 4
=| = =5(2) =80
dx x=1
dy
Sdy=2E5d
v dx x
= dy = 80(-0.001) = -0.080
= Ay = -0.080
Hence,

(1.999)° = v+ Ay = 32- 0,080 = 31,920
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Lety =f(x)= $x, % =009 and x + Ax = 0.082

Then Ax = -0.008
For x = 0.09 we have

y = J0.09-073

dx = Ax = -0,008
y = Afx

dy 1
=

dx 2%

dv) 111
dx<),, 2x4 009 2x03 06

0,082 = v+ Ay = 0.3 —2— = 0.3- 0.0133 = 0.2867

&00

Differentials Errors and Approximation Ex 14.1 Q10

Letx=2 and Ax=0.01. Then, we have:

A2.01)=fx + Ax) = 40c + Av) + 5(x + Ax) + 2

Now, Ay =flx + Ax) — fix)

= flx + Ax) =fx) + Ay

S x) () Ax (as dx = Ax)

= [(2.01)= (457 +5x+2) +(8x+5) Ax

=[4(2) +5(2)+2]+[8(2)+5](0.01)

=(16+10+2)+(16+5)(0.01)
=28+(21)(0.01)

=28+0.21

=2821

Hence, the approximate value of F(2.01)is 28 21.

Differentials Errors and Approximation Ex 14.1 Q11

Letx=35 and Ax=0.001. Then. we hawve:

F(5001)= f{x+Ax)=(x+Ar) =7(x+Ax) +15

NOW,Ay:f(.ti-ﬂx]mf(J]
s (x+Ax) = f(x)+ Ay
= fx)+ f1(x)-Ax

(as dx = Ax)

= f(5.001) = (x' - 7x" +15)+(35° ~14x) Ax

=[(s) =75y +15]+[3(5)" ~14(5) (0.001)

=(125-173+15)+(75-70)(0.001)

=-35+(5)(0.001)
=-35+0.005
=-34.995

Hence, the approximate value of £ (5.001) is —34.995.

Differentials Errors and Approximation Ex 14.1 Q12

[asx =2 Ax=0.01]

[x=35,Ar=0.001]



Let x=1000, » +Ax = 1005
Ay = 1005 - 1000
=5

Let ¥y =loggx

d_y=lclgex --Iogb=|0geb
dx log, 10 7 og, |
dy Lt
dx  xlogg 10
d_y _ logyqe +log, b = 1
¥ Jyoqoo0 1000 : logy =

_ 04343

1000

(0.0004343)

ay
by = {—] [
@ /1000 ()

(0.0004343)(5)
= 0.0021715

[0g,q1005 = p + Ay

= logyp & +0.0021715
= log,; 1000 +0.00217 15

= log,;10% +0.0021715
= 3log, 10 +0.0021715

logy 1005 = 2.0021715
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Let » be the radius of the sphere and A be the error in measuring theradius.
Then,

#=9m and Ar=0.03m

Now, the surface area of the sphere (S} is given by,

5=4dm?

ds

L —=8mr

v

. {dS

SodS = Ar

| dr _,'.
= {l%%m' JAr

=8x(9)(0.03) m*

2.16% m’

Hence, the approximate error in calculating the surface area is 2.16m m2.

Differentials Errors and Approximation Ex 14.1 Q14
The surface area of a cube (5) of side x is given by S = 6x%.

S—\
" d \ P t‘,
=(12x)Ax
=(12x)(0.01x) [as 1% of x is 0.01x]

=012z

Ax

Hence, the approximate change in the surface area of the cube is 0.12x! m?.
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Let » be theradius of the sphere and A be the error in measuring the radius.
Then,
r=Tmand Ar=002m

Now, the volume I of the sphere is given by,

podos
q

a =4’
dr

v {ﬁ]m
dr

= (41'(:-:]:3:-
=4x(7) (0.02) m* =3.92n m’

Hence, the approximate error in calculating the volume is 3.92 T m?.

Differentials Errors and Approximation Ex 14.1 Q16

The wolume of a cube () of side x 15 given by =2,

()

Ay
= (3.1'" ] Ax
=(3x")(0.01x) [as 1% of x is 0.01x]
=0.03x"

Hence, the approxzimate change in the volume of the cube 15 0.03x% e,



