Chapter 5

CONTINUITYAND
DIFFERENTIABILITY

5.1 Overview
5.1.1 Continuity of a function at a point

Let f be a real function on a subset of the real numbers and let C be a point in the
domain of f. Then f is continuous at ¢ if

lim f ()= f (c)

More elaborately, if the left hand limit, right hand limit and the value of the function
at X = C exist and are equal to each other, i.e.,

lim f(x) f(c) lim f(x)

then f is said to be continuous at X = C.

5.1.2 Continuity in an interval

(i) fis said to be continuous in an open interval (a, b) if it is continuous at every
point in this interval.

(i) fis said to be continuous in the closed interval [a, b] if

® f is continuous in (&, b)

e lim ) =1f(q

x—a"

e lim fx)=f(b)

x—b"
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5.1.3 Geometrical meaning of continuity

(i) Function f will be continuous at X = C if there is no break in the graph of the

function at the point (c, f(c)).

(i1) In an interval, function is said to be continuous if there is no break in the
graph of the function in the entire interval.

5.1.4 Discontinuity

The function f will be discontinuous at X = a in any of the following cases :
@) Xlg{al f (X) and Xlin; f (X) exist but are not equal.

(ii) Xlg{al f(X) and Xlgg f (X) exist and are equal but not equal to f (a).

(ii)) f (@) is not defined.

5.1.5 Continuity of some of the common functions

Function f (x) Interval in which
— f is continuous
1. The constant function, i.e. f(X) =c
2. The identity function, i.e. f(X) =X R
3. The polynomial function, i.e.
fX=gqx+ax"+.+a x+a
4. |x—al B (o0 ,0)
5. X, nis a positive integer (-0 ,0)— {0}
6. p (X) / g (X), where p (X) and q (X) are R-{x:q(X)=0}
polynomials in X
7. sin X, cos X R
8. tan X, sec X Rf{(2n+1)§:neZ}

9. cot X, cosec X R-{(m:ne Z}
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10. e R

11. logXx (0, o0 )

12. The inverse trigonometric functions, In their respective
ie., sin' X, cos™ X etc. domains

5.1.6 Continuity of composite functions

Let f and g be real valued functions such that (fog) is defined at a. If g is continuous
at a and f is continuous at g (a), then (fog) is continuous at a.

5.1.7 Differentiability
f(x+h)—f(x)
h

The function defined by f’ (X) = ng(l) , wherever the limit exists, is

defined to be the derivative of f at X. In other words, we say that a function f is

f(c+h)y—f(c)
h

differentiable at a point C in its domain if both '}lr(l)l , called left hand

f(c+h)—f(c) : o
f , called right hand derivative,

derivative, denoted by Lf’ (c), and &LI(I)I
denoted by R f” (C), are finite and equal.

(i) The function y = f (X) is said to be differentiable in an open interval (a, b) if
it is differentiable at every point of (a, b)

(ii) The function Yy =f(X)is said to be differentiable in the closed interval [a, b]
if Rf’(a)and L f'(b) exist and f'(X) exists for every point of (&, b).

(iii) Every differentiable function is continuous, but the converse is not true

5.1.8 Algebra of derivatives

If u, v are functions of X, then

CdUEY)  du dv I O
@ "ax dx ~ dx (i) dx dx  dx
du dv

(i) i(ij oM

dx\ v v
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5.1.9 Chain rule is a rule to differentiate composition of functions. Let f = vou. If

t= d both — dy ist th ar_dvodt
= U (X) and bo ix an qt exist then i dt dx

5.1.10 Following are some of the standard derivatives (in appropriate domains)

2

d . 1 d 4 -1
— X) = — X) =
I dx(Sln ) 1-x 2 dx(COS ) 1—-x

1

d -1 d -1 _1
—(tan™'x) = —(cot'x) =
3 dx(an ) 1+ X 4 dx(CO )

1+ %

d 4
—(cosec” X) = X >1
6. dX( ) |

-1
XV —1 ,
5.1.11 Exponential and logarithmic functions

(i) The exponential function with positive base b > 1 is the function
y=f(X) = b* Its domain is R, the set of all real numbers and range is the set
of all positive real numbers. Exponential function with base 10 is called the
common exponential function and with base eis called the natural exponential
function.

(ii) Let b> 1 be a real number. Then we say logarithm of a to base b is X if b*=a,
Logarithm of a to the base b is denoted by log, a. If the base b= 10, we say
it is common logarithm and if b = €, then we say it is natural logarithms. logX
denotes the logarithm function to base €. The domain of logarithm function
is R*, the set of all positive real numbers and the range is the set of all real
numbers.

(iii) The properties of logarithmic function to any base b> 1 are listed below:

1. log, (Xy) = log, X+ log, y

X
2. log, [;j = log, x—log,y
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3. log, X"= nlog, X

log. x
4. logbleog—cb , where ¢ > 1
C

1

log, b
6. log b= 1andlog 1=0

5. log, X

d
(iv) The derivative of € w.r.t., X is €, i.e.&(ex) €". The derivative of logx

w.I.t., X 18 o 1.€. dx g X

5.1.12 Logarithmic differentiation is a powerful technique to differentiate functions
of the form f (X) = (u (X))'™, where both f and U need to be positive functions
for this technique to make sense.

5.1.13 Differentiation of a function with respect to another function

Let u=f(x) and v= g (X) be two functions of X, then to find derivative of f(X) w.r.t.

du
to g (X), i.e., to find ——, we use the formula

av’
du
du_dx
dv dv.
dx

5.1.14 Second order derivative

d dy d’y
dx dx  dx®
y, , if y=1f(x).
5.1.15 Rolle’'s Theorem

is called the second order derivative of y w.r.t. X. It is denoted by Y or

Letf:[a, b] R be continuous on [a, b] and differentiable on (&, b), such that f (a)
= f (b), where a and b are some real numbers. Then there exists at least one point C in
(a, b) such that f” (c) = 0.
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Geometrically Rolle’s theorem ensures that there is at least one point on the curve
y = f (X) at which tangent is parallel to X-axis (abscissa of the point lying in (&, b)).

5.1.16 Mean Value Theorem (Lagrange)
Letf:[a,b] R bea continuous function on [a, b] and differentiable on (&, b). Then

f(b) f(a)

there exists at least one point € in (&, b) such that f” (¢) = b a

Geometrically, Mean Value Theorem states that there exists at least one point C in
(&, b) such that the tangent at the point (C, f (C)) is parallel to the secant joining the
points (a, f (a) and (b, f (b)).

5.2 Solved Examples
Short Answer (SA.)

Example 1 Find the value of the constant K so that the function f defined below is

1—-cos4x
8x*
K, x=0

continuous at X = 0, where f(X)= JX#0

Solution Tt is given that the function f is continuous at X = 0. Therefore, }(1_)m0 f(x)="1(0)

1—cos4x
= im—e
I 2sin22X_k
= xl—r}g 8)(2 -
. 2
- lim sin 2X _k
X—0 2X
= k=1

Thus, f is continuous at X =0 if k= 1.
Example 2 Discuss the continuity of the function f(X) = sin X . cos X.

Solution Since sin X and cos X are continuous functions and product of two continuous
function is a continuous function, therefore f(X) = sin X. cos X is a continuous function.
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X’ + X —16X+ 20 D
Example 3 If f(X)= (x-2)? ’ is continuous at x = 2, find
k , X=2

the value of k.
Solution Given f (2) = k.

X 4+ X2 —16X+20

(x-2)*

Now, lim f(X)=lim f (X)= lin}
X—2" x—2" X

2
_ g X2
x 2 (X=2)
As f is continuous at X = 2, we have
ling f(x)=1(2)
= k=17.
Example 4 Show that the function f defined by

lirrzl(x 5) 7

XSinl X#0
f(x) = X’
0, x=0

is continuous at X = 0.
Solution Left hand limit at X= 0 is given by

. . .1 1
lim f(X)= lim Xsin— = 0 [since, —1 <sin— < 1]
X0 X0 X X

. . 1
Similarly lim f(x) lim xsin— 0. Moreover f (0) = 0.
Thus thgl f(x) thgl f(X)  f(0) Hence fis continuous at x= 0

1
Example 5 Given f(x) = 1 Find the points of discontinuity of the composite

function y = f [f(X)].

Solution We know that f(X) = I is discontinuous at X =1

X_
Now, for x 1,
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{ 1 x—1
fdx) =f 1 =%71 2-X

which is discontinuous at X =2.
Hence, the points of discontinuity are X=1 and X = 2.

Example 6 Let f(x) = X|X, for all X e R. Discuss the derivability of f(x) at X =0

f 0 X2, if x>0
Solution Wi ite f =
uti (] may rewrite 1 as —ijif X <0
J— —_ 2 —_
Now Lf’ (0) = 1imf(0+h) 1:(O)zlim h O:Iim—hzo
h—0" h h—0" h h—0"

FO+N—fO _ o W0 ho

h h—0" h h—0"

Now Rf” (0) = &11})1

Since the left hand derivative and right hand derivative both are equal, hence f is
differentiable at X = 0.

Example 7 Differentiate ,/tan/x W.I.t. X
Solution Lety= /tan~/x - Using chain rule, we have

dy 1
- — —(tan \/_ X)
dx 2 tan\/_ dx

——sec’ \/_—(\/_)

2 tan\/;

———(sec’ I)

2+/tan f \/7

(sec’ &)
- 4xJtan/x

Example 8 If y = tan(x +y), find %

Solution Given y = tan (X + y). differentiating both sides w.r.t. X, we have
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% sec® (X y)%(x )

dy
= 1 —
sec? (X +Y) ax

or [l-—sec2(X+YVY] (;—di= sec2 (X +Y)

dy sec’ (X Y) )
Therefore, dx 1 sec’(x V) X y) = — cosec” (X +Y).

Example 9 If e+ & = e, prove that

ﬂz_ey_x
dx )
Solution Given that & + & = €, Differentiating both sides w.r.t. X, we have
e+ eyﬂ —eg+y 1 Q
dx dx
or e eX+V)ﬂ = eV e
dx
o dy e 7V-¢e €& & ¢ v x
whichimpliesthat 0 v & & & e
oy LX) L L
Example 10 Find dX,lfy—tal’l -3¢ 5 5
_ - T
Solution Put X = tan , where o <0< P
L 3tan@—tan’ O
Therefore, y = tan 1—3tan’0
=tan! (tan3 )
— — 3 —
3 (because ) ) )

= 3tan"'x
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3
= 1 X2 .

gle

Hence,

Example 11 Ify =sin! Xv1 X \/;\/1 X and 0 <x< 1, then find %

Solution We have y =sin”" Xv1 X Ixyl % , where 0 <x< 1.
Put X = sinA and \/x =sinB
Therefore, y=sin"' sinAvl sin’B sinBy1 sin® A

=sin”' sinAcosB sinBcosA

=sin' sin(A B) =A-B

Thus y=sin"' X~ sin’ /x
Differentiating w.r.t. X, we get
1 1
% 2 2 di Jx
X \/ I x \/1 Jx %
1 1

=1 ¢ 2Jx1 x-

Example 12 If x=asec® andy=atan’® , find % at 3

Solution We have x=asec® andy = a tan’
Differentiating w.r.t. , we get

% 3asec’ di(sec ) 3asec’ tan

d
and (;—d)(;=3atan2 O%Oan 0)=3atan’ Osec’ 0 .
dy

dy d 3atan’ sec’  tan

- sin
Thus  dx dX 3asec® tan sec
d
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log X
dx (1 logx?*
Solution We have ¥ = €7, Taking logarithm on both sides, we get

Example 13 If ¥ = &7, prove that

ylogx=x-y
= y (1 +logXx)=X
. X
1.€. Y= log X

Differentiating both sides w.r.t. X, we get

1
11 1 —
dy (I logx).1 x X log x

dx (1 logx)* (1 logx)’ '

d?y cos X
Example 14 If y= tanx + secX, prove that e A sinx)?

Solution We have y = tanx + secX. Differentiating w.r.t. X, we get

— = sec?X + secX tanX

dx

1 sin X 1 sinXx 1+sin X
cos’x cos’x  cos’x  (I+sinx)(I-sinXx) "

dy 1
thus A l—sinx:

Now, differentiating again w.r.t. X, we get

d’y — —cosX cos X
2

A (1-sinx)> (1-sinX)’

3
4

Example 15 If f (X) = |cos X|, find T’
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Solution When 5< X < T, cosX < 0 so that |cos X| = —cos X, i.e., f (X) =— cos X
f’ (X) =sin Xx.
1

3
Hence, f’ vy = sin 37 =\/§

Example 16 If f (X) = |cos X — sinx]|, find f’ 5

. T . . .
Solution When 0 <x < Z’ cos X > sin X, so that cos X —sin X > 0, 1.e.,

f (X) = cos Xx—sin X
f’ (X) =— sin X — cos X

Hence f”’ i sing —cos ¢ = —%(1+\/§) .

Example 17 Verify Rolle’s theorem for the function, f(xX)=sin 2xin 0 5
Solution Consider f (x) = sin 2xin 0, 5 Note that:

(1) The function f is continuousin 0, = | as f is a sine function, which is

b 2 )
always continuous.

T
(i) f’(X) = 2cos 2x, exists in 0, 5 hence f is derivable in (035).

(iit) f(0)=sin0=0and f =sinn=0=f0)=f 7 .

2 2

Conditions of Rolle’s theorem are satisfied. Hence there exists at leastonece 0, —

2
such that f ’(c) = 0. Thus

2cos2c=0 = 2C=E = C:Z'
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Example 18 Verify mean value theorem for the function f (X) = (X —3) (X—6) (X—9)
in [3, 5].

Solution (i) Function f is continuous in [3, 5] as product of polynomial functions is a
polynomial, which is continuous.

(i) f’(x)=3x*—36x+ 99 exists in (3, 5) and hence derivable in (3, 5).

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one
c € (3, 5) such that

IO
53
8
=>3czf36c+99=7=4
13
-6 =
= C 3

13
Hence C 6 \/; (since other value is not permissible).

Long Answer (L.A.)
J2cosx 1

= —’ X -
Example 19 If f (X) coix 1 4
find the value of f 7 S0 that f (X) becomes continuous at X = 1
_ ) V2cosx 1 x —
Solution Given, f (X) = Tooix 1 0 4

. . 2cosx 1
Therefore, imi 9 lim

« — cotx 1
4 4

(\/Ecos X— l)sin X
_ lim

X—’E COs X—sin X

V2cosx 1 ~2cosx 1 cosX sinX

lim . - . - .sin X
« - J2cosx 1 c€osX sinX cosX sinX
4
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) 2cos’ X—1 cosX+sinX , .
lim —————. (sinx)
T x5 €os” X—sin” X +/2cosX+1

4

. COS2X [ cosX+sinX )
lim . .(sm X)
Hg cos2X \/Ecos X+1

. cosX sinX |
Im——=—sin X
~ X 5 \/Ecosx 1

N | —

-
sl
— ﬁ\‘*‘

1
2

lim f(x) +
. 2
4

Thus,

m) 1 T
If we define f [Zj :E , then f (X) will become continuous at X :Z . Hence for f to be

continuous at X Z’ f Z %

1

Ll,if X 0
Example 20 Show that the function f given by f () l

0, ifx 0

is discontinuous at X = 0.

Solution The left hand limit of f at x= 0 is given by

lim f li
xlrgl (X) xlr%Jl 1 01
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!
. el
Similarly, Jp T00 T
e 1
1
- B
. ex 1 x
Jim—S gyl 19
- 1 — ~xo — 10
1 I ex
eX

Thus lim f(x)lim f (
X—

X), therefore, lim f (X) does not exist. Hence f is discontinuous
x—0" X—0
at X=0.

1 00254)(,if % 0
X

Example 21 Let f (X) .

Lif x 0
Jx

,ifx 0
16 Jx 4

For what value of a, f is continuous at X = 0?
Solution Here f (0) = a Left hand limit of f at 0 is

lim f(x) lim —%4X
X 0 X 0

im 2sin” 2x
NG x 0 2
. 2
lim 8 sin2X —s(1)p=%.
2x 0

and right hand limit of f at 0 is

lirgl f(x) lim L

X

x 0. J16 Jx 4

. Jx(16 Vx 4)
_ lim
0 (16 Vx 416 Vx 4)
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JX16 VX 4)
lim lim \16 /x 4 8
x 0 16 Jx 16 x 0
Thus, thgl f(x) )}11{)1 f(X) 8.Hence fis continuous at x=0 only ifa=8.
Example 22 Examine the differentiability of the function f defined by
2x 3,if 3 X 2

f(x) x 1,if 2 x 0

X 2 ,if0 x 1

Solution The only doubtful points for differentiability of f (X) are x=—2 and x=0.
Differentiability at X = — 2.

. f(2 h f2
Nowa’(72)=r}mél ( ; )
- lim 22 32D 1im2—h lim2 2
h 0 h ho h ho
. (2 h fE2
and Rf’(—2)=hllr101 ( f)l 2)
:hm—z h1l (21
h o h
= lim—h L)) 1imD 1
h o h h 0 h

Thus Rf 7 (-2) # L f ’ (-2). Therefore f is not differentiable at X = — 2.
Similarly, for differentiability at Xx=0, we have
f(0 hy f(0)
h
- 0 h1 (0 2

=l
h o h

L (f/(0)= lim

zlimu lirnll
h o h h o

which does not exist. Hence f is not differentiable at X = 0.
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N

with respect to cos?  2XV1 X’ , Where

Example 23 Differentiate tan™! y

X —,1
V2
1 X 5
Solution Let u = tan™ X and v=rcos' 2xvl X" .
du
du dx
We want to find dv  dv
dx
1 x T T
Now u = tan™! N Put X = sin@. | <0< |,
4
1 sin
Then u=tan'! . = tan’!' (cot 0)
sin
T T
=tan! stan| ——0 |r=——-0 — 1
tan { (2 )} 5 s X
% 1
Hence gy 1 52

Now v=cos' (2X /1 x*)
=5 sin” (2X 1 x*)

=5 sin”! (2sin® J1-sin’0)= g—sin_1 (sin20)

_sin"! {sin (T—20)} [since g <20<n]

2
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- 2) — 2
2 ( ) 2
= V= 7+2sin*1x
av 2
= dX 1 X2 :
du -1
du_ax_Vi-x _-1
Hence dv dv 2 2
dx  J1-x

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 24 to 35.

sin X

cosXif X 0

Example 24 The function f (x) = X
k ,ifx 0

is continuous at X = 0, then the value of K is
(A) 3 (B) 2
(©) 1 (D) 1.5
Solution (B) is the Correct answer.

Example 25 The function f (X) = [X], where [X] denotes the greatest integer function,
is continuous at

A) 4 B -2

©) 1 (D) 1.5
Solution (D) is the correct answer. The greatest integer function[X] is discontinuous
at all integral values of X. Thus D is the correct answer.

1

X—[X] 1s not

Example 26 The number of points at which the function f (x) =

continuous is
A) 1 B) 2
©) 3 (D) none of these
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Solution (D) is the correct answer. As X — [X] = 0, when X is an integer so f (X) is
discontinuous for all xe Z.

Example 27 The function given by f (X) = tanX is discontinuous on the set

(A) n:n Z (B) 2n :n Z

n
(@) (2n I)E:n Z (D) 7:n Z

Solution C is the correct answer.
Example 28 Let f (X)= |cosX|. Then,
(A) f is everywhere differentiable.

(B) f is everywhere continuous but not differentiable atn=nm, n Z.

n
©) f is everywhere continuous but not differentiable at X = (2n + 1)5 ,

neZz.
(D) none of these.
Solution C is the correct answer.
Example 29 The function f (X) = [X| + |[x — 1] is
(A) continuous at X =0 as well as at x=1.
(B) continuous at X =1 but not at Xx=0.
©) discontinuous at X =0 as well as at x= 1.
(D) continuous at X =0 but not at x=1.
Solution Correct answer is A.
Example 30 The value of k which makes the function defined by

! .
¢ sin—, ifx 0
() X , continuous at Xx= 0 is
k ifx 0
A) 8 ®) 1
< -1 (D)  noneofthese

o1 .
Solution (D) is the correct answer. Indeed }(I_I)r(l) Sln; does not exist.

Example 31 The set of points where the functions f given by f (X) = |[Xx — 3| cosX is
differentiable is



CONTINUITY AND DIFFERENTIABILITY 105

A) R B) R-{3}

© (0, o0) (D) none of these
Solution B is the correct answer.
Example 32 Differential coefficient of sec (tan'X) w.r.t. X is

X X
(A fiex B) e
1

(C)  xJ1+X (D) W

Solution (A) is the correct answer.

2X gl 2X du
5 |and v= tan , then —Vis

Example33 Ifu= sin”! (

1+ X 1-x2 d
1 1-x
(A) ) (B) X ©) Ll (D) 1

Solution (D) is the correct answer.
Example 34 The value of ¢ in Rolle’s Theorem for the function f (X) = € sinx,

X e[0,m]is

N om e F o 3T
W e ® o, © 5 ™ 5
Solution (D) is the correct answer.

Example 35 The value of ¢ in Mean value theorem for the function f (X) = X (X —2),
xe [1,2]is

N 2 o® 2 © = by 2
@w 3 ® 5 © 5 (D)
Solution (A) is the correct answer.
Example 36 Match the following
COLUMN-I COLUMN-I1
sm3x’i Fx 0

(A) Ifafunction f(x) X (@) ¥

—, ifx 0

2

is continuous at X = 0, then K is equal to
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(B) Every continuous function is differentiable (b) True

(C) An example of a function which is continuous (c) 6
everywhere but not differentiable at exactly one point

(D) The identity functioni.e. f (X)=X VXeRisa (d) False
continuous function

Solution A — ¢, B — d, C—oaDb-=b

Fill in the blanks in each of the Examples 37 to 41.

Example 37 The number of points at which the function f (X) = ﬁ is

discontinuous is
Solution  The given functlon is discontinuous at X =0, = 1 and hence the number of
points of discontinuity is 3.

ax+1if x>1

. is continuous, then a should be equal to
x+2if x<1

Example38If f (X)={
Solution a=2
Example 39 The derivative of log, X w.r.t. X is

1
Solution (log,ye );

Example 40 If Y =sec™ ol ] X _th ¥, 1t
Xa.mpe \/__ \/_+1 cn d 1S equa 0

Solution 0.

Example 41 The deriative of sin X w.r.t. cos X is

Solution — cot X

State whether the statements are True or False in each of the Exercises 42 to 46.

Example 42 For continuity, at X= @, each of Xllgl f (¥ and Xll)n; F(x) is equal to f (a).
Solution True.

Example 43y = [x— 1] is a continuous function.

Solution True.

Example 44 A continuous function can have some points where limit does not exist.
Solution False.

Example 45 [sinx| is a differentiable function for every value of X.
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Solution False.
Example 46 cos |X is differentiable everywhere.
Solution True.

5.3 EXERCISE

Short Answer (S.A.)
1. Examine the continuity of the function
fX)=xX+2x—1latx=1
Find which of the functions in Exercises 2 to 10 is continuous or discontinuous
at the indicated points:

3x+35, if x>2 w, if x=0
2. FX0=9, . 3. fx)= X
X, if x<2 .
5, if x=0
at Xx=2 at x=0
2 _3x— X—4
2XZ3X72 ey XA s
4. FX0=y x-2 5. F(0=12(x-4)
5, if x=2 0, if x=4
at Xx=2 atx=4
[cos, if x£0 |x—afsin—— if x0
6. FT(®= X 7.1(0) = X-a
0, if x=0 0, if x=a
atx=20 atX=a
1
— 2
X X" .
=, if X0 —,if0<x<1
g T0=1 . & 0. FO0=
. 22X =3x+=,if 1<x<2
0, ifx=0 2
atx=20 atXx=1
10, f()=|x+|x-1] atx=1
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Find the value of kin each of the Exercises 11 to 14 so that the function f is continuous
at the indicated point:

. 2% 16 .
£ (%) 3x 8, if x 5 (x5 X—,|fx2
11. kK Lif xS a 12. £ () 4" 16 at X 2
k , iIf x 2

I kx “lkxif 1 x 0

2

13 f™ 2x 1 " tx=0
' X ifo x1 @
X 1
—I_C?Skx, if x£0
14, f (0= lxsmx atx=0
— ,if x=0
2

15. Prove that the function f defined by

_X
f(x)=1 [x+2x"
k , x=0

remains discontinuous at X = 0, regardless the choice of k.
16. Find the values of a and b such that the function f defined by

xX—4
[x=4]
f(x)=7a+b ,if x=4
xX—4
[x=4]

+a,if x<4

+b ,if x>4

1s a continuous function at X = 4.

1
17. Given the function f (X) = T Find the points of discontinuity of the composite

function y = f (f (X)).
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1
18. Find all points of discontinuity of the function f (t) :2;2 , where t:ﬁ .
t°+t -

19. Show that the function f (X) = |sin X+cos X| is continuous at X = T.

Examine the differentiability of f, where f is defined by

Xx], ,if 0<x<2
20. f(x)= (x=1)x, if 2<x<3

at X =2.
2 .1 .
X“sin— ,if x#0
21, f(x)= X
0 ,if x=0
at x=0.
I+x ,if x<2
2. 1(9= 5-x Lif x>2
at X =2.
23.  Show that f (X) = |X—5 | is continuous but not differentiable at X =5.

24. A functionf: R — R satisfies the equation f (x+y)=f(x) f(y) forallx, y eR,
f (X) # 0. Suppose that the function is differentiable at X = 0 and f * (0) = 2.
Prove that f "(X) = 2 f (X).

Differentiate each of the following w.r.t. X (Exercises 25 to 43) :

8X
5.  peos'x 26. — 27, log(x+\/x2+a)

X

28. log [log(log X’ )] 29.  sina/X+cos?\x  30.  sin"(ax® +bx+c)

I 1
31. cos(tan X+1) 32. sinx® + sin® + sin?(x?) 33. S {\/7}
X+1

34, (sinx)*™ 35. sin™ . cos"x 36, (X+1)2 (X+2)7(x+3)
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cos! sin X+ cos X —_n<X<£ tan”! /l—cosx —E<X<E
37 2 "4 4 38. l+cosx ) 4 4

_ e T
39. tan 1(secx+ tanx),—5< X<E

a
, ——<X<—and—tan X > —1

tanl[acos X—Dbsin X] s i
40.

bcos x+asin X 2
41 sec 0<X<—= 47 tan”' 3ax X 1x 1
' 4% =3x )] NG a’ 3a¢ '3 a 3
43 ftan’! AL 41X , —l<x<1,x£0
' (143 —1-x%

Find —= of each of the functions expressed in parametric form in Exercises from 44 to 48.

dx

1 1 1 0 1
= — =t_ — - 0+— |, y=€"| 0——
44, x=t+ Y t 45. X e‘{ Oj y [ 9]
46. X= 3c0s0 —2c0s’0, y=3sin6 — 2sin’6.

2t
1-t% -

sin X—i tan y=
47. 1+t2°

X:1+logt ’ y:3+2logt .

48. . i

49. If x=e**and y = e, prove that & _~ylogx
| ’ dx xlogy -

dy b
50. Ifx=asin2t (1 + cos2t) and y = b cos2t (1-cos2t), show that (&Lt_n Ta.
4

T
51. If x=3sint — sin 3t, y = 3cost — cos 3t, find % att= E .
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X
52. Differentiate — Ww.rL.t. sinX.
sin X

1+x* -1

X } w.r.t. tan”! X when X # 0.

53. Differentiate tan [

Find & when Xand y are connected by the relation given in each of the Exercises 54 to 57.

dx

X
54, sin(xy)+; =x-y

55. sec (X+Yy)=Xxy
56. tan!' (X +y)=a

57. 06+ =xy

dy dx
58. If @ + 2y + by + 2gx-+ 2fy + ¢ = 0, then show that g, g ="

- dy x-y

pRY =
59. If x=e’, prove that dx  xlogx"

o dy (1+logy)’
60. If Y*=€¢"" prove that _y:—( gy)
dx logy

2
(cos Xy dy y~ tan X

k ,show that —/—=

61. 1If y=(cosX) dx ylogcosx—1°

dy_sin’(@+y)

62. Ifxsin(a+y)+sinacos (a+y)=0,prove that -
dx sina

dy [1-y°
2 = — = [—
63. If \1-x* + {/1-y” = a(x-Yy), prove that x V1o

2
64. Ify=tan'x find d73/ in terms of y alone.
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Verity the Rolle’s theorem for each of the functions in Exercises 65 to 69.
65. f(X)=x(X-1)*in [0, 1].

T
66. f(X)=sin*X + cos*X in [055} .

67. f(xX)=1log (¥ +2)—log3in[-1, 1].

68. f(X)=x(x+3)e**in [-3, 0].

69. f(X)=.4-x* in[-2,2].

70. Discuss the applicability of Rolle’s theorem on the function given by

x* Lif 0 x 1

f(x
X 3 xif1 x 2°

71. Find the points on the curve y = (cosX — 1) in [0, 2x], where the tangent is

parallel to X-axis.

72. Using Rolle’s theorem, find the point on the curve y=X(X—4), xe [0, 4], where

the tangent is parallel to x-axis.
Verify mean value theorem for each of the functions given Exercises 73 to 76.
73. f(x)= Ix—1 in[1,4].
74, f(X)=x-2x*-x+3in][0, 1].
75.  f(X)=sinX — sin2X in [0, 7].

76. f(X)= 25-x* in[l, 5].

77. Find a point on the curve y = (X — 3)?, where the tangent is parallel to the chord
joining the points (3, 0) and (4, 1).

78. Using mean value theorem, prove that there is a point on the curve y = 2x* — 5X + 3
between the points A(1, 0) and B (2, 1), where tangent is parallel to the chord AB.
Also, find that point.

LongAnswer (L.A.)
79. Find the values of p and g so that



80.

81.

82.
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2 .
F(x) = X 4+ 3X+ p,.lf x<1
oxX+2 L x>1

is differentiable at X = 1.
If xX"y" = (X + y)™", prove that

' .. dly
—_— :0
M dx X and (i} ax*

2

d’y
dx?

If x = sint and y = sin pt, prove that (1) — X %Jr p’y=0.

., ady | x* +1
F —, ify = X%+
ind dX’l y

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises 83 to 96.

83.

84.

85.

2
X
Iff (x)=2xand g (X)= > +1, then which of the following can be a discontinuous

function
A) fX)+g9X B) f)-9g(x)
9
(© f09.90 ® oo
4-x°
The function f (X) = Ax— X is

(A) discontinuous at only one point

(B) discontinuous at exactly two points
(C) discontinuous at exactly three points
(D) none of these

The set of points where the function f given by f (X) = |2 X— 1| sinx s differentiable is

1
(A) R (B) R- {5}
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86.

87.

88.

89.

90.

91.
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(C) (0, ) (D) none of these
The function f (X) = cot X is discontinuous on the set
(A) {x=nm:neZ} (B) {x=2nmn:neZ}
T nr
X=(2n+l)—;ne”Z i X=—:;ne’Z
©) { (2n+1)7 } (iv) { 5 }

The function f (X) = s

(A) continuous everywhere but not differentiable at x=0
(B) continuous and differentiable everywhere

(C) not continuous at Xx=0

(D) none of these.

!
Iff(x)= X2 Sln; , where X # 0, then the value of the function f at X= 0, so that

the function is continuous at X= 0, is
(A) 0 B) -1
) 1 (D) none of these

. T
mx+1 ,if Xx<—

. . T

if fx)= , 1s continuous at X = E,then
sinXx+n, if x>—
2

nm
(A) m=1,n=0 (B) m=7+1

C mm D T

n=—_— m=n=—

(© n=- (D) ;

Let f (X) = |sin X|. Then
(A) f is everywhere differentiable

(B) f is everywhere continuous but not differentiable at Xx=nm, ne Z.

T
(C) f is everywhere continuous but not differentiable at X = (2n + 1) 3

ne Z.
(D) none of these

1-x2 dy
Ify=log 15 | then ax is equal to



92.

93.

94.

95.
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4x°

(A) 1@ (B)
1

© 4 (D)

Ify= \/sinx+Yy, then ;—di is equal to

cos X

(&) 2y (B)
sin X

© T2y (D)

The derivative of cos™ (2X* — 1) w.r.t. cos™'X is

(A) 2 (B)

2
© (D)

d2
If x=1, y=1, then KZ is

3

A) 5 (B)
3

© S (D)

cos X
1-2y

sin X
2y-1

_—1
2,/1- X%

1 —x

2t

The value of ¢ in Rolle’s theorem for the function f (X) = X — 3X in the interval

[0, /3 ]is

A1 (B) -1
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W | =

3
© 5 (D)

1
96. For the function f(X)=X+ X X e [1, 3], the value of ¢ for mean value theorem is

(A) 1 (B) 3
©) 2 (D) none of these
Fill in the blanks in each of the Exercises 97 to 101:

97. An example of a function which is continuous everywhere but fails to be
differentiable exactly at two points is

98. Derivative of X w.r.t. X is

99. Iff (X) = |cosx|, then f’ i

100. If f (X) = |cosX — sinX | , then ’ 3 -

dy (11

—at| —,—| i
101. For the curve /x ﬁ 1, dx (4 4) is
State True or False for the statements in each of the Exercises 102 to 106.
102. Rolle’s theorem is applicable for the function f (X) = [x— 1| in [0, 2].
103. Iff is continuous on its domain D, then | f | is also continuous on D.

104. The composition of two continuous function is a continuous function.

105. Trigonometric and inverse - trigonometric functions are differentiable in their
respective domain.

106. If f . g is continuous at X = a, then f and g are separately continuous at X = a.

= © L ——



