2.9 Special functions and polynomials

Gamma function

o0
Definition F(z)=/ = le7tdt  [R(z)>0] (2.407)
0
n!'=T(n+1)=nl'(n) (n=0,1,2,...) (2.408)
1/2
Relations r(1/2)==" (2.409)
z z! I'z+1)
= = 2410
(w) wlz—w)! Tw+DI'(z—w+1) ( )
1 1
[(z)~e 72271/ (2m)!/2 (1 + 157+ 255 —> (2.411)
Stirling’s formulas ‘ ‘
(for |z],n>>1) nlo=n" 2™ (2m)! 2 (2412)
In(n!)~nlnn—n (2.413)
Bessel functions
0 32 Jy(x) Bessel function of the first
( ) Z /4 (2.414) kind
Series k 'F(V +k+1) Y,(x) Bessel function of the
expanSlon second kind
Yv(X) = J"(X)COS.(TCV) S (x ) (2.415) I'(v) Gamma function
sin(mv) v order (v>0)
Approximations LR,
1 x\V 0.5 11
oo G 0<xkv)
Jy(x) = 0 /(22) 1 (2.416) |
(2) Tcos(x—3vm—%) (x>V) "
—T(v) (x\~ 0<x<v) —0.5 Y,
neo={ 53 @417) |
(&) Tsin(x—zvr—3) (x>v) 0 2 4 _6 8 10
o ew . I,(x) modified Bessel function of
Modified Bessel I"(x)_(_') Jy(ix) (2.418) the first kind
functions K,(x)= ‘+1 [J,(ix)+iY,(ix)]  (2.419) | Ki(x) modified Bessel function of
the second kind
Spherical Bessel 1/2 Jv(x) spherical Begsel fu'nc.tion
P, ()= (7) Jyp1(x) (2.420) o the At kind il




Legendre polynomials*

d*P, dp P, Legend
Legendre (1—x) 32 P 4y =0 ' polynoials
equation dx? dx
(2421) | | order (I=0)
Rodrigues’ 1 d [
formula Pi(x)= 217“@(3‘ —1) (2.422)
iT:lli(r)rri:nce (I 4+ 1Py (x)= 2L+ 1)xP(x)—IP_1(x)  (2.423)
1
Orthogonality / Py(x)Py(x)dx= Zli 1 ow (2.424) | o Kronecker delta
J-1

1/2
Explicit form Pi(x)= ol Z(_l)m ( ! ) (Zl _l 2m> X/ —2m (2.425) (,fl) binomial coefficients
m

m=0

k wavenumber

. exp(ikz) =exp(ikrcosf) (2.426) | z  propagation axis
Expansion of o z=rcos0
plane wave — 21+ 1)ilj1(kr)P1(COS 0) (2.427) Jji spherical Bessel
function of the first
=0 kind (order [)
Py(x)=1 Pr(x)=(3x*—1)/2 Py(x)=(35x*—30x>+3)/8
Pi(x)=x P3(x)=(5x*—3x)/2 Ps(x)=(63x> —70x> +15x)/8

40f the first kind.

Associated Legendre functions”

Associated d 2 dle(x) m? m P™  associated
Legendre dx {(l—x) dx + l(l+1)—1_x2 P/ (x)=0 l Legendre
equation (2.428) functions
From P"(x)=(1—x )'"/2 d” Pi(x), 0<m<I (2.429)
Legendre Pr Legendre
: (l ) polynomials
polynomials P (x)=(=1)" TP (x) (2.430)
(I+m)!
1 (X) =x(2m+1)P}(x) (2.431)
Recurrence Py(x)=(=1)"2m—1)!!(1—x*)"/? (2432) | 11 sn=53-1etc
relations
(I=m+ 1Pl (x) =21+ D)xP"(x) — (I +m) P (x)
(2.433)
1
. I+m)! 2 oy Kronecker
Orthogonalit m m ( .
g y /_1P, (x)P)(x)dx = —m)! 21+15 (2.434) delta
Py(x)=1 P(x)=x Pi(x)=—(1—x")""?
P)(x)=(3x*—1)/2 Pl(x)=—3x(1—x%)"? P3(x)=3(1—x?)

“4Of the first kind. P;"(x) can be defined with a (—1)" factor in Equation (2.429) as well as Equation (2.430).



Legendre polynomials

associated Legendre functions

1\
- Fo 1) 2 G
05t \X P Py <%
3 1 Py
0 0
20 Py
0 Q
—0.5 N
Py
-1 —1
-1 —05 0 0.5 1 -1 0 1
X X
Spherical harmonics
: . 1 0 0 1 o
Differential — sin@) + ] Y"+I(I+1)Y"=0 Y™  spherical
equation l:sm@ a0 ( a0 sin?0 0¢? : ( " I harmonics
(2.435)
2141 (I—m)! 12 ; P/™  associated
Definition Y"(0,¢)=(—1)" P["(cos 0)elm¢ : Legendre
4n (I+m)! fanoti
(2436) unctions
Y"  complex
. o / conjugate
Orthogonality /¢ . /H By Y/ (0,0) Y (0,)sin0d0 dp = dydr (2437) | 5 e
delta
0 I
F0.0)=3"3 anY/"(0.9) (2438)
Laplace series =0 m=_12n . ! ;32;?;‘5”5
where  a, =/ / Y/ (0,6)f(0,¢)sin0 d0 d¢
=0J0=0
(2.439)
Solution to i VZp(r,0,$)=0, then y  continuous
Laplace w1 function
equation p(r0.0)=> > Y"(0.¢) [amr' +bpr V] (2440) | ab  constants
=0 m=—1

Y7'(0,4)=

1
Y5(0.6) =/ 5~
Y1i1(0,¢)=$\/%sin06iid’
+1 — 15 . +ig
Y55 (0,9)=F gsmé)cosee—
1 [7 s
3 E(Scos 0—3)cosO
1 /105
PO.0)="y, 7

+2i¢

YiH0,¢)=TF

43 1 /35
4V 4z

3 43ip

1 /21 ) +ig
1 4nsm@(Scos 0—1)e




Delta functions

1 ifi=j
51] = {0 lf 17&] (2441) ()lj Kronecker delta

Kronecker delta o o
i,j,k,... indices (= 1,2 or 3)

5i=3 (2.442)

€3 =e€ni=e€32=1

Three- €13) = €213 = €321 =—1 (2443)
dimensional all other ;3 =0
Levi-Civita €iik Levi—Civita symbol
symbol €ijk€kim = il 5j’” - 5im5ﬂ (2.444) ! (see also page 25)
(permutation dijeijk =0 (2.445)
tensor)* €ilmE jim = 203, (2.446)
€ijk€ijlk = 6 (2447)
b .
1 if 0<b
/ S(x)dx=4 . MasPs (2.448)
a 0 otherwise
b
Dirac delta a f(x)é(x—xo) dx =f(xo) (2.449) o(x)  Dirac delta function
function S(x—x0)f(x)=d(x—x0)f (xo) (2.450) | f(x)  smooth function of x
a,b constants
o(—x)=90(x) (2.451)
S(ax)=la|7'o(x) (a#0) (2.452)
S(x)~nn 2% (n>>1) (2.453)

“The general symbol e;j.. is defined to be +1 for even permutations of the suffices, —1 for odd permutations, and
0 if a suffix is repeated. The sequence (1,2,3,...,n) is taken to be even. Swapping adjacent suffices an odd (or even)
number of times gives an odd (or even) permutation.



