9.10 Double Integral

Functions of two variables: f (x,y) , f (u,v) R
Double integrals: ”f(x,y)dxdy , ”g(x,y)dxdy,
R R

Riemann sum: ii“f(ui )Y, )Axiij

i=1 j=1
Small changes: Ax;, Ay,
Regions of integration: R, S
Polar coordinates: r, 0

Area: A

Surface area: S
Volume of a solid: V
Mass of a lamina: m

Density: p(x,y)

First moments: M _, My

Moments of inertia: I_, I,]I,
Charge of a plate: Q

Charge density: o(x,y)
Coordinates of center of mass: X, y
Average of a function:

1078. Definition of Double Integral
The double integral over a rectangle [a, b]x[c, d] is defined

to be
: '!.J[.f(;(’ Y)dA = malgxlgo iif(ui >V )AXiAYj >
a, bc, d i

max Ay;—>0 i=1 j=1

where (ui ,vj) is some point in the rectangle

(Xi—l’xi)X(Yj—l’Yj)’ and Ax; =x; —x; AYj =Y~ Y-
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Figure 189.

The double integral over a general region R is

[feGeyMia= [Jgborkia.

[a, b]x[c, d]
where rectangle [a, b]x[c, d] contains R,
g(x,y)=f(x,y) if f(x,y) isin R and g(x,y)=0 otherwise.

@

Figure 190.



1079. ” x,v)+g(x,y)dA = ”f ,y)dA+J.J.g x,y)dA
1080. [[[f(x.y)~g(xy)lA = [[f(x,y)dA - [[g(xy)dA

1081. [[kf(x,y)dA =k[[f(x,y)dA

where k is a constant.

1082.1f f(x,y)< g(x,y) on R, then j [£(cy)dA < [[g(xy)dA.
R

1083. If f(x,y)z 0 onR and ScR, then
”f(x,y)dAS ”f(x,y)dA .
S R

L

Figure 191.

1084. If f(x,y)>0 on R and R and S are non-overlapping
regions, then ”f(x,y)dA = ”f(x,y)dA + ”f(x,y)dA
R S

RUS



Here RUS is the union of the regions R and S.

y

Figure 192.

1085. Iterated Integrals and Fubini’s Theorem

”f(x, y)dA = _liqff)f(x, y)dydx

a p(x
for a region of type I,
R={(x,y)la<x<b,p(x)<y=<q(x)}.

y
y=q(x)

y =p(x)

Figure 193.

dvly)
”f(x,y)dA:_[ ff(x,y)dxdy
R cu(y)

for a region of type II,
R={(x,y)lu(y)<x<v(y)c<y<d}.



X = u(y)

X =Vv(y)

Figure 194.
1086. Double Integrals over Rectangular Regions

If R is the rectangular region [a,b]x[c,d], then

jRj £(x,y)dxdy = j:(]jf(x,y)dyjdx = j[}f(x,y)dx)dy ,

C a

In the special case where the integrand f(x,y) can be writ-
ten as g(x)h(y) we have

[ty ety sy sl | oty |.

1087. Change of Variables

”f(x,y)dxdy = Uf[x(u,v),y(u,v) lx,y) dudv,
R s G(u,v)
ox X
where SEX’Y; = g‘yl g"y #0is the jacobian of the trans-
wv) [9Y Oy

ou oOv
formations (X,y) - (u,v) , and S is the pullback of R which



can be computed by x =x(u,v), y=y(u,v) into the defini-
tion of R.

1088. Polar Coordinates
x=rcos0, y=rsin0.

Figure 195.

1089. Double Integrals in Polar Coordinates

The Differential dxdy for Polar Coordinates is
dxdy = ‘a(X’Y)

o(r,0)

Let the region R is determined as follows:
0<g(0)<r<h(0), a<0<PB,where p—a <2rm.
Then

”f (x,y)dxdy =

drdO =rdrdO.

h(6

)
f(rcos®,rsin0)rdrdd.
)

Q ™

g(e
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Figure 196.

If the region R is the polar rectangle given by
0<a<r<b, a<0<p,where p—a<2m,
then

” f(x,y)dxdy = Ti f(r cos 0,rsin O)rdrdo.
R o a

Figure 197.



1090. Area of a Region
b f(x)
A :J- jdydx (for a type I region).

ag(x)

y = h(x)

y=9(x)

Figure 198.

qly

daly)
A =j dxdy (for a type II region).
cply)

p(y

y

d
X =p(y)

X =q(y)

Figure 199.



1091. Volume of a Solid
V= ”f(x,y)dA .
R

z =1(x,y)

Figure 200.

If Ris a type I region bounded by x=a, x=b, y=h(x),
y =g(x), then

V= J.J-f(x,y)dA = T

R

g(x)
f(x,y)dydx .
)

h(x

If R is a type II region bounded by y=c, y=d, x=q(y),
x=pl(y), then

V= J.J-f(x,y)dA = }

R

aly

(x,y)dxdy.

vy—hv

p(y



If f(x,y)>g(x,y) over a region R, then the volume of
the solid between z,=f(x,y) and z,=g(x,y) over R is
given by

V= |[[f(xy)-g(xy)dA .

1092. Area and Volume in Polar Coordinates
If S is a region in the xy-plane bounded by 6 =a., 0=,

r=h(6), r=g(6),
then

B g(6)
A=jjdA=j jrdrde,
S h(e)

V = [[(r,0)rdrdo .

y
0=
/
9(0)
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Figure 201.

1093. Surface Area

u ”\/ (8) (ay] ey




1094.

1095.

1096.

Mass of a Lamina
= [[ply)da.
R

where the lamina occupies a region R and its density at
a point (x,y) is p(x,y).

Moments
The moment of the lamina about the x-axis is given by for-
mula

M, = [[yp(x,y)dA.

The moment of the lamina about the y-axis is
M, = ”xp(x,y)dA.
R

The moment of inertia about the x-axis is

L =[[yp(xy)dA.

The moment of inertia about the y-axis is

I = ”xzp(x,y)dA .

The polar moment of inertia is

I, = [[( +y*plxy)dA.

Center of Mass
”xp(x,y)dA
M1 iy SR
X= mY — mgxp(x,y)dA lj”p(x,y)dA ,
R



1097. Charge of a Plate
Q=[[olxy)da,
R

where electrical charge is distributed over a region R and its
charge density at a point (x,y) is o(x,y).

1098. Average of a Function
1
= ngf(x,y)dA s

where S= ”dA .
R



