Chapter 7

(INTEGRALS)

7.1 Overview

d
7.1.1 Let PV F (X) = f (X). Then, we write .f f (x)dX=F (x) + C. These integrals are

called indefinite integrals or general integrals, C is called a constant of integration. All
these integrals differ by a constant.

7.1.2 If two functions differ by a constant, they have the same derivative.

7.1.3 Geometrically, the statement If(x) dx=F (x) + C =y (say) represents a

family of curves. The different values of C correspond to different members of this
family and these members can be obtained by shifting any one of the curves parallel to
itself. Further, the tangents to the curves at the points of intersection of a line X=awith
the curves are parallel.

7.1.4  Some properties of indefinite integrals
(1) The process of differentiation and integration are inverse of each other,
d
i.e.,&_‘. f(x)dx="f(x) and J. f'(x)dx="f(x)+C, where C is any
arbitrary constant.

(i) Two indefinite integrals with the same derivative lead to the same family of
curves and so they are equivalent. So if f and g are two functions such that

d d )
&I f(x)dx = o Ig(x)dX , then .f f (x)dx and Ig(x)anre equivalent.

(iii) The integral of the sum of two functions equals the sum of the integrals of

the functions i.e., I( f(x)+9(x))dx= If(x)dx + jg(x)dX,
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(iv) A constant factor may be written either before or after the integral sign, i.e.,

Jaf (x) dx=af f (x) dx, where “a’ is a constant.

V) Properties (iii) and (iv) can be generalised to a finite number of functions
f,f, .., f and the real numbers, k , k, ..., K giving

[ (K FG0+K, 1,00 + bk, T (30) dx= K [ £ Godxrk, [ £, (o dx +..+k, [, (x)dx

7.1.5 Methods of integration

There are some methods or techniques for finding the integral where we can not
directly select the antiderivative of function f by reducing them into standard forms.
Some of these methods are based on

1. Integration by substitution
2. Integration using partial fractions
3. Integration by parts.

7.1.6 Definite integral

b
The definite integral is denoted by J. f(x)dX  where ais the lower limit of the integral

and b is the upper limit of the integral. The definite integral is evaluated in the following
two ways:
(1) The definite integral as the limit of the sum
b
(i) j f (x)dx=F(b) — F(a), if F is an antiderivative of f (X).

7.1.7  The definite integral as the limit of the sum

b
The definite integral I f (x)dxis the area bounded by the curve y = f (X), the ordi-

nates X = a, X = b and the x-axis and given by

J1000= (0 a) lim [ (@) + 1 (a+h) +.f (a+(n-Dh)]
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7.1.8
Q)

(i)

(iii)

7.1.9
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b
jf(x)dx: limh[ f(@) +f(a+h) +..+ f (a+(n-Dh)] ,

where h = E_)()as n—oow .

n
Fundamental Theorem of Calculus

Area function : The function A (X) denotes the area function and is given
by A () = [ 00X,

First Fundamental Theorem of integral Calculus

Let f be a continuous function on the closed interval [a, b] and let A (X) be
the area function . Then A” (X) = f () for all X € [a, b] .

Second Fundamental Theorem of Integral Calculus

Let f be continuous function defined on the closed interval [a, b] and F be
an antiderivative of f.

b
[ T 0dx=[F(0] = F(b) - Fa.
Some properties of Definite Integrals

b b
P, : [FOOd= [f (ot
b a a
P : If(X)dX=—J;f(X)dX,inparticular, If(X)dX=O

P, : Tf(x)dxz jf(x)dX+Tf(x)dx
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P, : Tf(x)dxzjqf(am—x)dx
b, ¢ J1000 = [ 1 a0

P - Tf(x)dx _ ff(x)dmff(za_x)dx

P : jf(x)dxz Zja‘f(x)dx,iff(,?_a—x)zf(x),
0,if f (2a—x)=—f (x).

P (i) _[ f(x)dx = 2j f (x)dx, if f is an even function i.e., f (-X) = f (X)
a o

Giy | FOOOX=0,iffis an odd function i.c., f (-X) = —f (X)

7.2 Solved Examples
Short Answer (S.A))

2a b
Example 1 Integrate [ﬁ 3 +3dx ] Ww.L.t. X
2a b
on |52 —= +3¢3% |ax
Solution I(& N j

= jza(x)%l dx— .[bx*2 dx+j3c xgdx
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3ax

Example 2 Evaluate mdx

Solution Let v= b? + ¢, then dv = 2¢? xdx

3ax dx_3_a @

Therefore, J-bz O T v

Example 3 Verify the following using the concept of integration as an antiderivative.

X2 dx X X
X—— ——log|X 1| C
X 1 2 3
d X X
i — X—— ——log|x 1 C
Solution dx > 3 g| |
IR S S
2 3 X 1
X3
=1-x+¥-—— =
X 1 X 1

3

dx

X X X
Thus (X—7+?—log|x+1|+C]=J‘X+1

X

1
Example 4 Evaluate de, X #1.

1 xdx
SqutionLet1=J' /i-’-—;(dxz,[ 5 dx + ﬁ =sin ' X+,
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here T xdx
wnere = ﬂ

Put 1 — X = 2= -2x dx = 2t dt. Therefore
[=—-d=-t+C=_{1-x* C
Hence I=sin'X _\1-x* C.

B>a

dx
Example 5 Evaluate .[ (x—a)(ﬁ—X),

Solution Putx—ot=t. Then —x= — t?
and dx = 2tdt. Now

I:J 2tdt :f 2dt
Float) Joot]

X—a

f—-a

- 2sin’l%+C=25in’l +C

Example 6 Evaluate Itang xsec” xdx
Solution I = _[tang xsec* xdx
= jtang X(sec2 X) sec? xdx

= jtan8 X(tan2 X+ 1) sec? xdx
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= Itanlo X sec? XdX+J.tan8 X sec? xdx

‘[an11 X tan9 X
= +
11

+C.

X3

Example 7 Find Imdx

Solution Put X2 =t. Then 2x dx = dt.

Now I=.|. X dx IJ- tot

43 +2 292 43t+2

t A B
> = +
t°+3t+2 t+1 t+2

Consider

Comparing coefficient, we get A=—1, B=2.

1 dt dt
Then I= —[2_[— —}

2 t+2 “t+1
1
= 5[210g|t+2|—10g|t+1|]
x> +2
— log +C
VX +1

dx
2sin’X +5cos® X

Example 8 Find _[

Solution Dividing numerator and denominator by cos?X, we have

sec? xdx
2tan’Xx 5
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Put tanx =t so that sec®x dx = dt. Then

I2t2+5:_-[ s
t+[\f2]

_ 1V2 (ft} L C
N W

—1 tan ™! \/Etanx +C
Jio J5 '

2

Example9 Evaluate 7X—5 OXgg a limit of sums.
-1

2+1
Solution Herea= —1,b=2,and h= W ie,nh=3and f (X) = 7x-5.

Now, we have
2
:“1(7x—5)dx= imh[ f(=1)+ f(-1+h)+ f (<1 +2h) +..+ f (<1 +(n=1)h) ]

Note that
f-1)=-7-5=-12
f(-1+hy=-7+7h-5=-12+7h

f-1+(n-1)h)y=7(n-1) h-12.
Therefore,

j(7x—5)dx= limh (~12) +(7h ~12) +(14h ~12) +..+(7(n-1)h-12) .

= limh[ 7h[1 +2+..+(n-1)]-12n]
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_ limh{7h (n_zl)n.lzn} - m[z(nh)(nh_h) —12nh}

h—of 2

_T33.0-120 3209 362
2 2
3 ;
Example 10 Evaluate jm—xdx
0cot X + tan’ X
Solution We have
3 ;
0cot X+ tan’' X
% tan’ (n—xj
2
= I dx by (P,
0 cot’ (n—xj + tan’ (n—xj )
2 2

cot’ (X) dx
cot’ X dX + tan’ X

(2)

ct—u

Adding (1) and (2), we get
2 tan’ X + cot’ X
I= I dx
<\ tan” X + cot’ X

T
dx which gives | g

o'—.m\:
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10 —x
ind [=———d
ExamplellFmd.E <+ 10— x X

Solution We have

dx

Adding (1) and (2), we get
8

21 1ldx 8-2 6
2

Hence 1=3

n
4

Example 12 Find [/l1+sin2xdx
0

Solution We have

J1+sin2xdx =

(sin X+ cos X)2 dx

L

Il
Sy |7
S =3

(sin X+ cos X) dx

I
S |a

(1)

by (P,)

2
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T
= (—cos X+sin X)(‘)‘

I=1.

Example 13 Find X’tan 'x dX.

Solution I= X’tan'x dx

Example 14 Find _[ 10 — 4x+ 4x* dx
Solution We have

I= 10—4x 4x°dx = ./ 2x-1

Put t = 2x — 1, then dt = 2dx.

1 2
Therefore, 1= EJ.‘HZ +(3) dt
2
€9 %log‘t Je 9‘ C

1
2 2

153

(2x-1) {J(2x-1)" +9 + % log‘(ZX—l) +(2x—-1) 2+ 9‘ +C.
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Long Answer (L.A.)

I J~ x> dx
Example 15 Evaluate —X4 RVEDE
Solution Let x> =t. Then

X t t A
1.2 5 12 = = T
XTHX =2 tt+t-2  (t+2)(t-1) t+2 t-1

So t=A(t-1)+B(t+2)

W | —

2
Comparing coefficients, we get A= 3’ B=

g 1 l 1
xX*x2P-2 3 x*+2 3 x*-1

Therefore,

2

X 2 1 1 ¢ dx
— 2 dx== dx+ —
-[x4+x2—2 3J.x2+2 3Ix2—1

than’liJrllo —X_l +C
“ 32 J2 6 &%+
X X
Examplel6 Evaluate v 9dx
Solution We have
3 3
1= 2 Xax = X g xdx =0+1,.

x' -9 x' -9 x' -9
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Now L= Im

Put t=x*— 9 so that 4x* dx = dt. Therefore

C1odt 1 1, |a
Il = Z T = ZlOg|t| C1 = Zlog‘x —9‘+C1
_ Xdx
Again, I, = ¥ _9
Put x> = U so that 2X dx = du. Then
1 du u-3
L72 w_3° "2 6% 3‘ ©
1 x> =3
= —Ilo +C
12 s
Thus  I=1+1,
1 \x4—9\+i10 X3, ¢
408 12 213 :

)
Example 17 Show that [—0 X — 1 jog (V2 +1)

$ sin X+cosX /2

S o |y

Solution We have

z
j- sin” X
0 sin X+ COSX
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Thus, we get

Hence

Example 18

. 2(7[ )
s;m” | ——Xx
2 dx

sin (n - xj +cos (n - X) o
2 2

O o | N

n
j~ cos’ X
Os1nx+cosX

T

ool )]
_ 10gsec[_%j +tan(—%ﬂ

f 1

A3

1
Find [ X(tan" x)” dx
0
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1
Solution  I= _[X(tam’1 x)"dx
0

Integrating by parts, we have

I= X—z[(tan’1 X)zJ1 ; sz'z . de
0

2 0 2 1+ %
2 1 2
_ I > .tan ' xdx
32 J1+x
2 1 X2
T -1
- = _ = tan~ xdX
% I, where [, .([sz
j-x2+1—1 d
Now I =77 tan'xdx
L 14X
1 1 1
= j.tan" XdX—J. > tan ' xdx
o o L+X
1 i\ n
=1,- E((taIfl X) )0 =1L- ED)
1 . 1 X
Here L= J.tanil xdx = (xtan' X)o__“le 2 dx
0 0
= —f—(log‘l-l—xz‘) = Efllog2'
4 2
n 1 n
Thus [ = ———=log2——
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Theref PO S DY S SN S DO
erefore, 32 4 287 30 "1 4 2%
I n+log\/5,

Example 19 Evaluate _[ f(X) A where f (x) = [x + 1] + x| + [x — 1I.
-1

2-% 1f —-1<x<0

Solution  We can redefine f  as f(x)=4{ x+2, if 0<x<l1
3x, if 1<x<£2

2 0 1 2
Therefore, | f ()0 = [(2—x)dx+ [(x+2)dx+ [3xdx (by P))
-1 -1 0 1

:0(—2—l)+(1+2j+3(i—1j =§+§+2=2_
2 2 2 2 2 2 2 2

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples from
20 to 30.

Example 20 _[ex (cos x—sin X)dXis equal to
(A) € cosx+C (B) €sinx+C

(C) —€*cosx+C (D) —€*sinx+ C
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Solution (A) is the correct answer since Iex[f (x)+f(x)] dx=€"f(x) + C . Here
f (X) = cosX, f*(X) = — sin X.

E le 21 | 1

Xample Isinz Xcos® X 1s equal to
(A) tanx + cotx + C (B) (tanx + cotx)* + C
(C) tanx —cotx + C (D) (tanx — cotx)> + C

Solution (C) is the correct answer, since

. I dx - f(sin2x+cosz X)dX

sin’ Xcos? X

sin’ Xcos? X
= jsecz xdx + jcoseczxdx = tanX — cotx + C

3e*-5e¢”
Example 22 If jm dX=ax + b log |4e + 5| + C, then

1, 7
(A) a=—,b=2 (B)a=_,b

0| —

5 b:_

a=—1 p="" D) a=
(©)a=—. b= (D) a= 3

8

o | —

Solution (C) is the correct answer, since differentiating both sides, we have

3@-5@X:a+b(4€—5€ﬂ

4e* +5¢e* 4" +5¢*

giving 3e‘— Se*= a (4e + 5e*) + b (4e* — 5e™). Comparing coefficients on both

-1 7
sides, we get 3 =4a+4band -5 = 5a— 5b. This verifies a=—, b=—

8 8
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b+c

Example 23 J f (x)dx is equal to

a+c

(A) J.f(xfc)dX (B) jf(x+ c)dx
b b-c
(© ] T (0o D) | fod

Solution (B) is the correct answer, since by putting X =t + c, we get

1=

D —— T

f(c+t)dt= [ f(x+c)dx,

Example 24 If f and g are continuous functions in [0, 1] satisfying f (X) =f (a—X)

and g (X) + g (@— X) = &, then _[ f(x)-9(x)dx ig equal to
0

* 3 ®) 5 [Tooox
(©) [ f (o (D) af f ()

a
Solution B is the correct answer. Since [ = j f(x).g(x)dx
0

Sty

f(a—x) g(a—x)dx = f f(x) (a—g(x))dx

= aff(x) dx —Tf(x).g(x)dx = ajf(x) dx g
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aa
= —| f(x)dx
or 1 =510

(A) 3 (B) 6 (C)9 (D) 1

oot dx 1
Solution (C) is th t i x= |—om — = ——
(C) is the correct answer, since _([ or = dy roy

which gives W: 2W . &=9y.

13
Example 26 J‘w dxis equal to
IXT+2 X +1
1
(A)log?2 (B)21log2 © EIOgZ (D)4 log2
. . . j X +[x+1
Solution (B) is the correct answer, since [ = ! NEAD Ix|+1
1 3 1 1
X Ix|+1 [x|+1
= + dx = ————dx
;[x2+2|x|+1 ;[x2+2|x|+1 0+2 '([ (|x|+1)2

[odd function + even function]

1 1
X+1 1
—9 j—zdx=2 ——dx

o (x+1) $ X+1 = 2|log|x+1], =2 log 2.
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1 t 1 t

Example 27 € =a, I © >-dt is equal to
o 1+t o (1+1)

e e e
Aa-1+ = Bya+1-— ©Ca-1-—~ D)ya+1+ <

2 2 2

[
] e
Solution (B) is the correct answer, since [ = J1+t dt
0
|
= |—F€| +|——=dt= -
T+t '(').(1+t)2 a (given)
Theref j ¢ +1
a—— .
erefore, TR >
2
Example 28 I|XCOSTCX| dx s equal to
)

a2 B) > o) 2 D) =
() — B) — (© = (D)

2 2
Solution (A) is the correct answer, since I = _“XCOS mxldx =2 _“XCOS nix|dx
-2 0

1
8

2
Ixcos mx| dX+I|XcosnX| dxp = =
3

2
_[|Xcos nX| dx +
i

0

1| = C— 0 | W

2

Fill in the blanks in each of the Examples 29 to 32.

dx=

sin® X
Example 29 I T
cos
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tan’ X
Solution al; +C
Example 30 I f(x) dX =0 iffisan function.
Solution Odd.

2a a
Example3l | FO)dx = 2[f(x) dx_iff (2a—x) =
0 0

Solution f (X).

sin" xdx

Example 32 | ————=
Sin” X+coS X

ct—

Solution kil
1

7.3 EXERCISE
Short Answer (S.A.)

Verify the following :
2x—1
1. dx =x—log |(2x+3)’| +C
55 g |(2x+3)
2X+3
2. dx =log [}’ +3X + C
j X + 3X el |
Evaluate the following:
(XZ +2) dx e6logx _ e510gx

A d s ———dX
3. '[ Y+ 1 4, e4logX _ e310gX



164

10.

12.

14.

16.

18.

20.

22.

MATHEMATICS

J‘(1+c9sx)dx
X+ sin X

_ftanz xsec® xdx

I\/I + sin Xdx

X
I&de (Hint : Put \Jx =2)

1

X2
I 3 OX
1+ x*

(Hint : Put x= 2%

J' dx
V16 -9x°

J'3X1

NrFTh

X
IX4_1dx

jszax—xz dx

J-(COSSX +c0s4X) o
1-2cos3x

11.

13.

15.

17.

19.

21.

23.

dx
I1+cosx

J'SlnX+ COSX

1+ sm2X

I dt
(3t -2t
j\/5—2x+ x> dx

2
v dx put x® =t

I

sin”! x

3 dx
(1-x2)>
sin® X +cos® X

J.—_ 5 —ax
sin® X cos® X



dx

Jx
SN

'[ dx o
26. Xm (Hint :

Evaluate the following as limit of sums:

2
27, [(x +3)0x
0

Evaluate the following:

1
dx
29. T
le +e

st '!-1/x 1)(@2-x)

T
33. szin xcos” xdx
0

Long Answer (L.A))

J- x*dx

35. —_
xt—x*-12

a7 [
' o 1 +sinX

Put x> = sec 0)

25.

28.

30.

32.

36.

38.
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COS X —cos2X
[oosx—cos2x g,

1—cosX

2
Ie" dx
0

j‘ tan X dx
< 1+’ tan® X
j- xdx
0 l-i—X2
1
2
34.
‘(',.(1+x)\/1 X

(Hint: let x = sinB)

x*dx
aZ )(XZ b2 )

(X’

J- 2Xx—1
(x=D(x+2)(x- 3)
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[ TEXEX
39.  [e” *(%jdx 40 [sin | dx
a+X

(Hint: Put x = a tan®6)

41.

Tl.'

2 1+cosx

I 3x 3
42. e cos” X dx

Tl.'

3

(1-cos X)2

43. J‘«/tanx dx (Hint: Put tanx = t?)

T

2

,[ 2 2

, (@ cos X+b sin? x)?

44.
(Hint: Divide Numerator and Denominator by cos*X)
1 b
45, leog(1+2x)dx 46. leogsin xdx
0
4
47 J. log (sin X+ cos X)dx
K

Objective Type Questions

Choose the correct option from given four options in each of the Exercises from 48 to 63.

48. J'de is equal to

cos X—cos0
(A) 2(sinx + XxcosB) + C (B) 2(sinX — Xcos0) + C
(C) 2(sinx + 2xcos0) + C (D) 2(sinx — 2X cos0) + C



49.

50.

51.

52.

dx .
- - is equal to
SiIn X—a sin X—Db
(A) sin (b—a) log E 2;
(C) cosec (b — a) log %

J‘taln’1 Jxdxis equal to

(A) (x+ 1) tan'x —/x+C

(C) Jx—xtan"'Vx +C

_fe ( j dx is equal to
1+ X%

A +C
A) T

X .
J.(4x2—+1)6 dx is equal to
1 -5
—2j +C
X

(€) 10%((1+4)5 +C

1
(A) 5(‘”
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(B) cosec (b—a) log sin E — Z; +C
) sin(X—a)
(D) sin (b — a) log —sin(x— b) +C

(B) xtan ' vXx —/x+C

(D) Vx—(x+1)tan'/x +C
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53.

54.

55.

56.

MATHEMATICS

dx |
(x+2) (¢ 1) +X| +btan'x+ < +2| +
If '[(X+2)(x2 1) alog |l + X} + btan'x 5 log [X + 2| + C, then

A ——b =2
Aa=15 5
Ga= 2 b2
©a=10 5

3

J. 1 is equal to

2 3

X X

X X
©) X‘j—?—10g|1+x|+ C

j X+smX dx is equal to

1+ cos X

(A) log|l+cosX+C

©) X—tang +C

B —ib 2
(B)a 3
D 1 b_Z
(Dya=15-P=73

2 3

X X
(B) X+?—?—1Og|17x|+ C

2 3

X X
(D) X_7+?—10g|1+x|+ C

(B) log|x+sinx/+ C

(D) X.tang +C

? 3
If X & all x’)? byl x* C,then

NIED'e
A 1 b=1
( )a—3 =
(C)a=—, b=-1



57.

58.

59.

60.

e [ 3

——  isequal to
1 + cos2x

NI

(A) 1 (B) 2

3
f\/l —sin2xdx is equal to
0

(A) 242 B)2 (V2 +1)

cos X€"™*dx is equal to

St— |

J- X+3 efdx
(x+4) B

()3

()2

Fill in the blanks in each of the following Exercise 60 to 63.

61.

62.

63.

a

1 T
——dx = = =
If£1+4xz 8,thena

dx —

J- sin X
3+4cos’ X

T
The value of J. sin’X cos?X dX is

-7

- O F I ——
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(D) 4

(D) 2(v2-1)



