15

Limits and Derivatives

Short Answer Type Questions

2

Q. 1 Evaluate lim X 9.

x-3x—3
2
= jim ®*9E-I lim (x + 3)
x -3 (x=3) x- 3
=3+3=6
4y -1
Q. 2 Evaluate lim .
x-1/22x -1

4’ =1 @x)f - ()

Sol. Given, lim =
x- 12 2x —1 x-1/2 2x -1
= |im W: lim (29C+1)
x-12  Q2x-1) x-1/2
:2x1+1:1+1:2
2
_ Jx+h-x
Q.3 Evaluate lim .
h-0 h
_ 1/2 _  N/2
Sol. Given, lim NrErh -V lim @+ - @)
h-20 h h-0 x+h-x
1/2 _ ,\1/2 O no_ 0
= w o lim = a =ng" WD
h-0 (x+h)-x 0*-a x-a 0
1
=
S [+h-00% A x
2 2
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. (x+2)3 =23
Q. 4 Evaluate lim ( ) .
x -0 X
Sol. Given, im (x+ 2)1/3 _21/3 - Iim (x+ 2)1/3 _21/3
©= 0 x =0 (x+2)-2
1_
:1 xgE !
3
n _ gn
=1 x (2)72/3 lim* ~@ -nan—wg
3 D x-a x—4a D
=3(21)2/3 [+x-00% 2 2]
. (1+x)° -1
Q. 5 Evaluate lim — .
x-0(1+x)° -1
] (1+x)° -1
Sol. Given, Iim (+x) = lim L [dividing numerator and denominator by x]
o014+ 2P =1 x=0(1+ 2 —1
X
A+ x° -1
= fim (*+ %) 1 [x o004 2 A
2= 0(1+ x)? -1
1+ x) -1
0+ ()P )
||m( 0
:xgo (1+x)_1 0. ||m@= xllfnaf(X)D
fim U+ x)° = (1) Ox-aga) lim gd
xliﬂo (1+x) -1 | x - a [}
61 A
_80 N s
(17~ 0xa x-a
:6x1:§:3
2x1 2
5/2 5/2
Q 6 Evaluate lim @+2) - (@+2) /
X - da X —da
Sol. Given, lim ©* 0% —@+2)f? lim €+ x)°% — (@ +2)°'?
. "r-a x —a X - a (2+JC)—(8+2)
§71 n_ on
:§(a+2)2 o lim x a _nanf1g
2 E x-a x —a @
=2§(a+2)3/2 [cx-al* 2 & 2]
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4 _
Q. 7 Evaluate lim ﬂ
x -1 x —1

Sol. Given, lim xt = Vx _ lim N
. IS IV I Jx -1

= lim ()% - Dllm Jx lim ) @x) = lim f(x)0lim g@)E
xa‘l\/;—‘] gxaa x - a x-a a

) _ M)

O
lim O
¥-ag(x) lim g(x)g

|
5
~
|
im [l

1

N =N~
1l
~

x2 -4

~eBx-2 - fx+2
2

. i x? -4 — (x°—4)/3x -2 + Jx +2)

Sol. leen’x@wsx -2 - Jx +2 x'ﬂnzusx -2 - Jx +2)({f3x -2 - Jx +2)
= i (x? = 4)(\3x =2 + Jx +2)
-2 (fBx —2)2 —(Jx +2)°
[ (a+ b)@@-b)=a’ -b?]

_ I|m x - 4)(\/3x =2 + . Jx +2

Q. 8 Evaluate hm

-2 (Bx =2)—(x +2)
- im, (x? - 4) (3 =2 + T +2)
3x -2 -x -2
- in (% - 4)(3x =2 + Jx +2)
2x — 4
||m (x +2)(x -2) \/m+\/x7+
2(x-2)
= jim @2 (f3x -2 + Jx +2)
x -2 2
_R+2)(J6-2+ 2 +2)
2
:4(2+2):8
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4
-4
Q. 9 Evaluate lim Zx—
v~ V2 x? +32x - 8
Sol. Given, lim % ~4 oy &7 -@F

w2 42 + 326 -8 -2 x% + 3J2x -8
- g @ -2 +2)
¥~ V2 x% + 42x —2x -8
i 6 2) R +2)
¥ V2 x(x + 442) —2(x + 4/2)
i B N2) () (2P +2)
N2 (x = 2)(x + W2)
- lim (x + ~2)(x? +2)
x -2 (x + 4/2)
_ (W2 +\2)[(2) +2]
(W2 + 42)
_2\2@+2)_8

52 5

7 5
-2x” +1
Q. 10 Evaluate lim rooer e

x- 1% —3x% 42
7 5
. . -2x° +1 nY O
Sol. Given, lim X~ 71 form
o143 - 3x2 +2 & B
= lim x - x5 —x% +1
v-1 g% - x? —0x? 42

- Im x° (% =) =1(x° -1)
v-1 (e = 1) —2(x2 - 1)
On dividing numerator and denominator by (x — 1), then

x° (2% -1) _1(x%-1)
- fim (=1 (x-1)
o xP(x—1) _2(x% -1)
(x=1) (x=1)

5_10
lim «%(c+1) - lim Eaiily

_! r-10x-10

lim x? - lim (x +1)
x - 1 x -1

_1x2-5x(1)' _2-5
1-2x2 1-4
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Q. 11 Evaluate lim

x - 0

3 3
Sol. Given, fim Y1* ¥ “VIZ% imj”x
X - X -

Q. 12 Evaluate lim

Sol. Given, lim

= lim
"”OxQ(\/1+x3 +\/1—x3)
= lim 2’
20214 %3+ 1-4%)
. 2x
= lim
j“()(\/1+x3 +\/1—x3)
=0
x> +27
x--3x% 4+ 243
x° +27
x% +27 - x+3
= - = |m =
x--3x% +243 x- 345 4243
x+ 3
x® - (=3)° im x% - (=3)
= fm X (8) w8 x—(-8)
x- -3 x5_(_3)5 lim x5_(_3)
x=(-8) *--8 x-(9
_3(=3°7"_3(8f
5(-3°"" 5(-3)
3 3 _1

Q. 13 Evaluate lim

x - 1/2

Sol.

Given, lim
x - 1/2Px —1

%x—?:_4x2+1Ij

\/1+x3 —\/1—x3
> .

201

3—\/1—x3 D\/1+x3+\/1_x3

X
=
x

im0+ x%) (1 -x°)

- Oxz(\/1+ x° +\/1 -x%)

1+ % =1+ 8

x—3_4x2+1D
x-1 4x% -1

= lim

x? 1+ x% + 41 -8

4¢2 10 x- 102 (4x2 - 1)

= lim

ng - 3)@x + 1) — (4x? +1)B
0

O

¥ =125 4x? -1

1
§

Eﬂexz + 8x — 6x — 3 —4x°

—10
0
ad
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2 (6x? + 4x — 3x —2)
4x? -1
2 Px(3x +2) —1(3x +2)]
4% 1
2[(Bx +2)(2x = 1)]
@xy - (1Y
lim 2 (Bx +2)@2x —1)
x- 12 2x —1)2x +1)

2 (3x +2) Z%X%J’Z@

lim
x - 1/2

= lim =
x-1/2 2y —1 2x1+1
:E + 2 :Z
2 2
x" =2"
Q. 14 Find the value of n, if lim =80, n ON.
Xx-2 X —
n _nn
Sol. Given, lim X 2 2 80
x-2 x =2
O n@)" " =80 S-
a
O nE) '=5x%x16
O nx2" "1 =5 x @)
| nx2" "1 =5x @51
O n=>5
. sin3x
Q. 15 Evaluate lim =—-,
x - 0Ssin7x
sin3x B i sin3x
Sol. Given, lim 3% =x-0 ,3975 i
x - 08iN7x Tz lim sin7x  7x
7x x-0 7x
. sin3x
lim —/—=—
:§ -0 Sx
7 . sin7x
lim —=
-0 7x

xn _an n—1D
=na
x-a H
0. 4im sinx -0
H+"v x H

[+x - 00 (kx> 0), here k is real number]
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Q. 16 Eavaluate lim

Sol. Given,

Q. 17Evaluate lim

Sol. Given,

sin 2x
x - 0sinf4x
. sin®2x sin2x
[im 5 = lim 5
¥~ 0gin“4x x- 0 [sin2 (2x)]

lim

sin®2x

x - 0 (2sin2xc0s2x)?

lim

sin®2x

x - 0 4sin®2xcos’2x

lim

11

x- 0 4c0s?2x 4

1-cos2x
x -0 xz
. 1=-cos2x _ . 1-1+2sin“x
lim =1
x- 0 x x- 0 .’XZ2
. L2
= lim 2sin X 5 |im sin“ x
x - 0 x- 0 x2

Q. 18 Evaluate lim

Sol. Given, Iim0

x - 0

=2 |lim

X
. Finx@2
x -0 X

=2 x1=2

2sinx —sin2x

2sinx —sin2x

xS

= lim

= lim

x3

2sinx — 2sinxcosx

x- 0

x -0

x3

2sinx(1 - cosx

3

)

=2 ||m sinx Olim COSQCQ
X - x- 0

=20 lim

—COsx

x -0 x2

1-1+2sin? X

2 lim

x- 0 x
Cxrf

o %IHED

—— lim g—=p=

4x-0n*n
0o 0O

263

[+ sin28 =2sinBcos B]

[ cos0=1]

[ cos2x =1-2sin? x]

0. jim SIN% - 40

Hx-0 x H

[ sin2x =2sinxcosx]

- lim sinx =1t

Elxao H
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. 1-cosmx
Q. 19 Evaluate lim .
x -0 1-cosnx
1-1+2sin2 M Er Cosmx—1—23|n2mx5
. . 1-cosmx _ .
Sol. Given, I|m01_ = ||m0 = 0O ; 0
t cosnx =8 —1 4 2sin” = %ndsinnx:1—23in2i5
2 0
. 2 Mx lﬁ
sin? % . mx
2 xg i %|H7D
E@ m o2
.o Mx X 2 xlao mx o 2x2
sin® —= % o™ 0 mPr
=i 2 = jim 22 = DZDD 4
¥ 0gp2 1% e 0 g2 1% nx[f x°
2 2 X in— 4
#2 lim 5725
gﬁg x-0g nx g
2 oo O
B [
lim —2 0
¥-0g M g
my 02 0 _m 0. jim Sinx _ 40
n? %innxm? n? Hx -0 « H
-4
im 0—2 0
¥-0gx g
oo 0O

1/1 — Cosb6x
Q. 20 Evaluate lim
x - T/3
JE%‘ x@

Sol. Given, lim Ji-cos6x _ im \1-1+2sin 3x
xan/sﬁgg_xg x - T3 @Eg_xg

V2'sin3x sin3x

xATIIS\/*@i @ quIIST[

sin(1t— 3x)
- 3x
3
sin(1t - 3x)
(11— 3x)

lim
x - /3

lim =3x1
x - /3

=3

=3

['.'xHOI:I K %> O]

[ cos2x =1-2sin° x]

[ sin(rt = =sin 6]

O. [im sin —1D

H+0x B

xﬁgmgx g@aog

malm
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. sinx —cosx
Q. 21 Evaluate lim ————=
X n T[
-2 y-_
4 4
@%inx 0 —cosx Di@ J2 %inx cos M- cosx Einjg
V2 O im 4 4

Sol. Given, . lirﬂ/4 - Lo, P

Qx-;@ @“Z@
V2 sinHe - ™
-

@xliw,fié%_; 2 g Am 2= 1g
4

%-xﬁgugs f@qog

3sinx — cos
Q. 22 Evaluate lim M
x> T/6 Tt

6
. O
J3si 2 %smx - %Cosx[l
Sol. Given, lim 3sinx —cosx = 1im a O

xan/67 X~ /e Qx—gg
2 %inxcosg —cos;csingmg . S'”E’C GE
-

= | =
xall'[/G %_EQ xJT{/G @
6 6

[+ sinAcosB —cos AsinB =sin (A = B)]

=2 lim me —1D

Hxaox H

Sl"xagDQc g@—»og

sin2x + 3x
Q. 23 Evaluate lim —————
x - 0 2x +tan3x

sin2x + 3x
in2x + 3x T Px
Sol. Given, Iim SMe** 9% _ iy 20
x-02x + tan3x x- 0 2x + tan3x Bx

ngx sz sin2x + 3
= fim 2% m 2% 2.
x- 0 x+tan3x§3x xao2+tan3x 3
X 3x
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sin2x+§
=2 m 2x 2
3x~02+ lim tan3x
3 x-0 3x
30
%"fﬂj
=2 20 O Jim $N% = qang fim 12N%* =40
3F +10 Hx-0 x <0 x B
03
5
ngg:gXE)(g:-]
3 532 5
3

Q. 24 Evaluate lim SINX ~51na

Sol. Given, lim sinx —sina _ | 2008 éti@nggg
Jx - +a

x-a \/7—\/7 an

U.sinc -sinD =200s8 1D gin€ -DO

g o 25

il o LB

(Jx - va) (x +a)

2cos Q’C;iagsin Q’%Q (Wx + +a)
x-a

= lim

x -0

=2 lim cos gLQ (Jx + V&) lim — 25 gxz;a@

x-a
:2xli£nocos %Q\/*Jr \/’ xhino g%iﬁ@@
2

=2 os? B/a g 0. jim SN _ 4O
2 2 H«o x H
= Jacos?
2
2
cot“x -3

Q 25 Evaluate lim ———
x - T/6 cosecx — 2

2 _ > .
Sol. Given  lim cotx -3 _ |, cosecx-1-3

[~ cosec? x =1+ cot? x]
x-ml6cosecx —2 «x-T/6 COSEC x —2

= i COsec’x-4_ . (cosec x) - @
x-T/6 cosecx —2 x-T/6  cosecx —2
lim (cosecx + 2)(cosecx —2) _ lim  (cosecx +2)

X mle (cosecx -2) x-m/6

=cosecg+2=2 y2 =4
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\@ - 41+ cosx

Q. 26 Evaluate lim

267

x -0 sin® x
e V2 - [1+2c0s? 2 -1
+
Sol. Given, lim V2 - 1 cosx _ = |lim 2 o, cosx =2cos? ¥ —1D
x-0 sin® x x-0 sin® x H 2 B

V2 - Jocos?®
=lim_—— Vv 2 0. sinx = 2S|n2003x

x-0 sin® x H

= lim

O

2B

x@@l cosfg in «E@i—1+2$in2%

x-0  sinfx sin® x
@%sin Q sinf % gig

= Iim72— |m2f

©-0  sin“x X

@fg

|nf
=22 lim D—D Olim gtli
x-0g X x - 0 Csinx 6

04
-2z Onn. L
16 NP

sinx — 2sin3x +sin5x

Q. 27 Evaluate lim
x - 0 X

Sol. Given,
. sinx —2sin3x +sinbx _ . sin5x + sinx —2sin3x
lim = lim
x -0 X x -0 X

- lim 2sin3xcos2x —2sin3x _ lim

2sin3x(cos2x — 1)

x -0 X x -0

- Iim 2sin3x _ A SiN3x

x -0 x-0 3x

— x 3x

. sin3x
=6 lim —/—=
x>0 3x =x-0

4 3 3

-1
Q. 28 If lim 702 im xi, then find the value of k.

4 _ 3 _ 13
Sol. Given, lim ¥ 1= jim X K
x-1 x =1 xakxz_kg
3_k3
0 AT = fim XK

quxz_kz

x —K

dlim (cos2x =1) =6 x1x0 =0

X

(cos2x —1)=6 lim =——(cos2x — 1)
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i x% - K3
im 0 i 0
0 4_x~k x =Kk ’ lim f(x)_x“‘r»naf(x)g
22—k O x-ag(x) lim g(x)0
lim x - a g
x-Kk x—K
2
O 4:% 0 4:§k
2k 2
O k=4x2_8
3 3

Differentiate each of the functions w.r.t. x in following questions

4 3 2
xT+xT+x" +1
Q.29
X
e xd a2 +10
sol. 2 S D=i§x3
dx x 0 dx

x x
dx dx dx dx

= 3x% +2x +1+§—%§
X
1

=37 +2x +1 -

X

:3x4+2x3 +x° -1
x2

wn
)
-
-
@
<
1
mum!
+
2|
o,

dy _d 1@3 _ 1@3’1 d 1 .
O o a§,5+; 3§x+; %Qx+;§ [by chain rule]
_ 1 1
=3+ ;@2@ ot
= 3x2 - x% _3734 +3
Q. 31 (3x +5)(1 + tanx)
Sol. Let y=(3x + 5)(1 + tanx)
O % = j—x[(Sx + 5)(1 + tanx)]
=(3x + 5)i(1 +tanx) + (1 + tanx)i(Sx + 5) [by product rule]
dx dx

=(3x + 5)(sec®x) + (1 +tanx) 3
=(3x + 5)sec’x + 3(1 +tanx)

= 3xsec’x + 5sec’x + 3tanx + 3
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Q. 32 (secx — 1)(secx + 1)

Sol. Let y=(secx —1)(secx +1)
y = (sec® —1) [ (@+ b)(@-b)=a° -b?]
=tan’x
g % =2tanx Efitanx
dx dx
=2tanx Bec’x [by chain rule]
3x +4
Q. 33
-7x+9
SOl.- Let y = 23.7(7 +4
bx“ -7x +9

2 d d 2
o _ (5x“ = 7x + 9)£(3x +4) —(3x + 4)£(5x —7x +9)
dx (5x% = 7x + 9)°
_(5x” = 7x + 9)[B - (3x +4)(10x ~7)
(5x% = 7x + 9)°
_ 15x% = 21x +27 - 30x” +21x —40x +28
(5x° = 7x + 9
_ —15x” -~ 40x +55
(5x° = 7x + 9F
_ 55-15x" - 40x
(5x2 = 7x + 9)

[by quotient rule]

Q 34 —COosXx

sinx
5 _
Sol. Let y=2 —C°0%%
sinx
d simci(x5 -cosx) — (x° —cosx)isinx
0 Y- dx dx [by quotient rule]
dx (sinx)?

_sinx(5x* + sinx) - (x® —cosx)cosx
sin® x
_ 5x*sinx + sin®x —x°cosx +cos®x

sin® x
_ 5x*sinx - x°cosx +sin®x +cos®x

sin® x
_ 5x*sinx — x%cosx + 1
sin® x
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[by quotient rule]

N
Ooooog

inx @x — x° @osx U
— 0
sin® x 0
=i[§xsinx—x2cosx
N2 sin® x

[2cosec x — xcotxcosec x]

cosec [2 — xcotx]

Q. 36 (ax? + cot x)(p + g cos x)

Sol. Let y=(ax? +cotx)(p +qgcosx)

o ¥ (ax?® + cotx)i(p +qcosx) +(p +qcosx)i(ax2 + cotx) [by product rule]
dx dx dx

= (ax? + cotx)(—gsinx) + (p +gcosx)(ax — cosec’x)

= —gsinx(ax® + cotx) + (p + gcosx)(2ax — cosec’x)

Q. 37 a+bsinx

c+dcosx
Sol. Let y= m
' ¢ +d cosx
N dcosx)? (a + bsinx) - (a + bsinx) ¢ +dcosx)
O Y- dx 5 dx [by quotinet rule]
dx (c + dcosx)

(c +dcosx)(bcosx) — (a + bsinx)(—dsinx)
(¢ +dcosx)?

_ bccosx + bdcos? x + adsinx + bdsin® x
( + dcosx)?

_ bccosx + adsinx + bd(cos® x +sin® x)
( + dcosx)?
_ bccosx + adsinx + bd
(c +dcosx)?
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Q. 38 (sinx + cos x)?

Sol. Let y = (sinx + cosx)?
ad /8 2 (sinx + cosx)(cosx —sinx)
dx
=2 (cos®x —sin®x) [by chain rule]
=2c0s2x [ cos2x =cos® x —sin®x]

Q. 39 (2x - 7)’(3x +5)*
y=@x -7)?(Bx +5)°

Sol. Let

7
dx

=x -7 9 (3x + 57 + (3¢ + 5)3di(2x ~7%  [by product rule]

X X
=(@x -7)° (3)(3x + 5 (3) +(3x +5°2 2x -7)@2)  [bychainrule]

=9@x =7 (Bx + 5 +4(3x +5°@2x -7)
=@x -7)3x + 572 [9(Rx ~7) +4(3x +5)]
=(@2x -7)(3x + 5°(18x - 63 +12x +20)
=(@x - 7)(3x + 5?(30x —43)

Q. 40 x%sinx + cos2x

Sol. Let

Q. 41 sin® xcos® x
Sol. Let
O

y = x°sinx + cos2x

o/ i( 2sinx) + 9 cos2x

dx dx dx
= x? [Gosx + sinx 2x + (-sin2x) @ [by product rule]
=x2cosx +2xsinx —2sin2x [by chain urle]

y =sin®xcos® x

Y~ gind 2 ¥ cos®x +cos®x I sin x [by product rule]
dx dx dx
=sin® x [Bcos? x(-sinx) + cos® x [Bsin® xcosx [by chain rule]

= - 3cos? xsin® x + 3sin® xcos” x
= 3sin® xcos? x(cos? x — sin® x)
= 3sin® x cos® x cos 2x

= %(ZSinxCOSx)ZCOSZx

= %sin22x0032x
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Q. 42 !

ax? + bx +c¢
Sol. Let y= S (ax? + bx +¢)
ax® + bx +c
O % = —(ax® + bx +c)?(ax +b) [by chain rule]
X
- (ax + b)

(ax? + bx +c)?

Long Answer Type Questions

Differentiate each of the functions with respect to x in following questions using
first principle.

Q. 43 cos(x® + 1)

Sol. Let f(x) = cos(x? + 1)and f(x + h) =cos{(x + h)*> +1}
O 9 ) = tim [& )~ 1)
dx h-0 h

cos{(x + h)? + 1} —cos(x? +1)

= lim
h- 0 h
0O —x2 -10
_2Sm§x+h +21+x +1DSlnEXx+h 21 x° =1
- im 0 0 O D
h-0 h
0. cosC —cosD = 2sin® * Pgin€ ~P0
H 2 2 B
O I:I 2
| 1D‘ SmE(x+h + 5% +2 [(x+h xD]
hE 0 2 IZI . s
O + h? + 2 +20 . k? + b2 +2xh —x2 [
= lim — [1—2$|n 0sin 3 [l
Theohg g 2 O O 2 g

10 Ox + h? +x2 +20 . Oh? + 2px 0]
= lim — D—28|ng—|:|sm%gj

n-ohg 0 2 0 2

g+2x ]

nh

Ox + hY? + «° +2|:| ES Exgh+2x
D O

= -2 limsi
Jimsin 5 e 0 5 @
2 B

0 2 IZI"”O

B
2 2 O B
= -2 imsin (2 * 2+ 20 @h+2x§ D jim SIN% = 40
h-0 g 2 o-od 2 Hx 0 & H

= -2xsin(x® +1) [+x - 00 ks 0]
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ax+b
Q. 44
cx+d
_ax+b
Sol. Let flx) =
cx +d
flo + py =2 TN +b
c(x+h)+d
0 9ty = tim N + h) = )]
dx h-0h
- 1la(x+h+b _ax+bld
= Imei - 0
h-ohc(x+h+d cx+dp
— i 1lx+b+ah ax+ b0
= Imei - 0
h-oho+h+d cx+df
— im 1 Hax + ah + b)cx +d) —(ax +b{c(x +h) +d}0
n-oh g {c(x + h) +d}cx +d) 5
- lim 1 Qax + ah + b)(cx +d) —(ax +b)cx +ch +d)0
n-oh B fole + h) +d)}ex +d) i
Sacx2 + achx + bcx + adx +adh +bd g
— im 10-{acx® + achx +adx +bcx + beh + bd} O
mon% {clx + h) +d}(cx +d) g
Chcx? + achx + bex +adx +adh +bd O
_ i 1 O acx® —achx —adx —box = beh - bd} [
n-onD {c(x + h) +d}cx +d) -
— jim 10 adh—boh O
= Iim — 0
n~ohHe(x + h) +d}cx +d)5
o ac — bd
= |lim
h-0{c(x + h) +d}cx +d)
_ac -hbd
cx + d)?
Q. 45 x¥3
Sol. Let flx) = x%/°
fox + h) = (x + h)?'3
Now, 9 fxy= lim M@+ )= 1x)
dx h-0 h
= lim %[(x+h)2/3 s

O /3
= lim 1962/3@ + ﬁg _ 23
haohg x

oOooO
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ad
= lim — |]C2/3D|+h|32—+ % -10
h - Ohg o x 3 8
D'(1 +x) =1+nx + ="z, .0
H 2 B
2
= lim 1@2/3%EQ—EE{L+~- %
- & M x 9 x? 05
2/3
= |im >~ ﬁh@ 1 Eﬁ E
h-0 h 3 x
=2,23-1_2 -3
3 3
Alternate Method
Let fla) = x?/3
floc+h) = (x +h)"'®
0 if(x) = lim [+ h)—flx)
dx h-0 h
_2/30 _,2/30
T %x+h)2/3 x = lim gx+h)2/3 x .
(h»OD h 0 (x+h)~x[| (x+h)—x 0
X n
_2 (@23 E} imx —a =na”'wg
3 0*a x-a 0
3
Q. 46 xcosx
Sol. Let f(x) = xcosx
O flx + h) =(x + h)cos (x +h)
O 9ty = tim (&) = 1x)
dx h-0 h
.
= lim —[(x +h +h) -
hlfrwoh[(x )COS(x ) —xCOSx]
= lim %[xcos(x + h) + hcos(x + h) - xcosx]
= Iim 1 [x{cos(x + h) —cosx} + hcos(x + h)]
= I|m ch D—23|n g;%m 0O+ hcos(x + h)g
h- OhIZI g
sinf 0
= I|m D—2xsm§x §7+cosx+hm
I]
D'cosC—cosD:—Z sinC 8in ¢-bo
H 2 B
. h
. . hQg, sm§ 1 )
= —2h||£n0xsm Ex + 5 I@OT D‘5 + h||£nocos(x + h)
2

==-2 E;Lxsinx +cosx

=cosx — xsinx



Limits and Derivatives

Evaluate each of the following limits in following questions

(x+ y)sec(x +y) —xsecx

-0

Q. 47 lim
y

y

Sol. Given , lim (X * ¥)sec(x + ) —xsecx

y -0

= lim

y
x + y _ X
- lim cos(x +y) cosx
y-0 y
= lim (x + y)cosx —xcos(x + )
y -0 yCcosxCos(x + y)

Ckcosx + ycosx — xcos(x + y)O
y-00 ycosxcos(x + ) 0

— jim Lkcosx — xcos(x + y) + ycosx
y =0 yCcosxCcos(x + y) 0

- lim x{cosx —cos(x + y)} + ycosx
y -0 yCosxCOos(x + y)

iy
- x sm %m ?%+ ycosx

y -0 ycosxcos(x +y)

U. cosC —cosD = -2 sin C+ DII'l;inC

H 2 2
gx éﬁsm %’C y%ll’l o+ ycosx%

d
y - 00 ycosxCos(x + y) O

2xsin Qx y@ sinY 1
= lm -— 72 0+ I|m sec (x + )
yﬁocosxcos(x+y)y~0 y 2 y-0

2

. sinx
o. lim —/—=

H o0 «x

=1and x - 00 kx>

pesnfh o 29

=|lm-— = IZL + lim sec (x + )
y-0cosxcos(x+y) 2 y-0
2xsinx 1
="~~~ [l +secx
cosxcosx 2
=xtanxsec x + sec x

=secx (xtanx + 1)

2’75

-D[

H
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Q 48 im sin(a + B)x + sin(a — B)x +sin20x O
cos2fBx — cos20 x

[sin(a + B)x + sin(a — B)x + sin2ox]
Ccos2Bx — cos20x

Gk

Sol. Given, lim
X -

T [2sinax [eagPy +-sin2a A’E!k2s r]C2 o CZDE

x-0 cosEBag— cos20x

[2sinaxcosBx + sin20x]x E cos C - cos D =2SmC +D Ei;inD ; CE

x -0 2sin(@ + B)x sin(a — B)x

= lim [2sinaxcosPx + 2sinoxcosox]x
x -0 2sin(a + PB)x sin(a — B)x

— iim 2sinox[cosBx + cosax]x
x -0 2sin(@ + B)x sin(a — B)x

SIﬂGx%COS %@CCOS %@xg
o P P 5 e O

0. cosC +cosD =2cosC * DcosC -D and sin20 =2 sinBcos BD
H 2 2 H
_ sina x [k
23|n g;gxsm é';gx
sinax

B SN [ o)
S v 5 oo oo
EL@ g;@cié“z FES o

0. fim $N% _4andx - 00 kxe OO

B0 « H

. sinax
lim
*-0 ax

O
O
0O
0
5 5 i
_72B§X limsin ZBQ)CH
-0 F;B%xqo F;BQ{E

lp % - 20
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tan3 x —tanx
Q.49 lim

x - T/4
Ccos

Sol. Given, Iim tan® x - tanx %formg
x> Tm/4 COS@C + 7@
. i
= lim tanx (tan *7 V= Jim tanxOlim Ditan * 0
wmld @C n@ X T/4 X T/ 4 @:os @C gn@@
= —1 xjm (I * tanx) (1 — tanx) [- a2 - b% =(a +b)(@-b)]

/4
xe cos§>(+E

a
=~ lim (1+tanx) lim cosx ~sinx
o/ 4 Qosx I]:os@x + EED
B 403
22 mosx - | winxl @ostItOSx SIﬂ—@IﬂxD
—+1)x lim B2 V2 B 272 lim &
rem/a COSxE:OS%x+TZT§ xﬁ"/‘E cos;cm:osgx n@ D

[-cosAltosB-sinAsinB =cos (A + B)]

COS%{"'*Q
=2 lim — 2 40 - ol - p =

x-TU/4 T 1
BosHk + —
cosx os%x 4@ 5
X
1- sm—
Q. 50 tim
x - % X x@
COS* 0S— —sin—
4 4
1—smf
Sol. Given, lim

X T
COS— @3087 - SII’]—Q

cos?® +sin? X —2 @in® @os X
= lim 4 4 4 4 [-sin®0 +cos?0=1sin206=2sin6Cos §

e cos® (cos¥ -sin%)
2 4 4

@:osf—sinfg2
= lim 4 4 [- cos®20 = cos? 8 -sin? 6]

amn% 2X . 2x§§: X . X
0S™ — —sIn™ — 0S— —SIn—
4 4 4 4
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@:osf—sinfg
= lim 4 [+a®-b% =(a+b)(@-b]

xXx—-TU X X
@:os + smfggzosf - smfg
4 4
i — :g &
T oos® 4sin® L+ L
4 4 2 2

-4
Q. 51 Show that im |~ 4

x>T4 X —4

does not exist,

Sol. Given, im X410
x- Tl x -4

w4 [z =4 = —(x —4), x <d]
x—4

LHL= lim_
xo
4
= -1
RHL= Iim *~9%
‘o ntox—4
4
0O LHL #RHL
So, limit does not exist.

[k cosx
Q.521f fx) =~ %

=1 [o]x =4 =(x —4), x >4]

when x #

4

and lim f(x)= f@@ then find the
x - TU/2 2

OSH =R

3, when x =

OO

value of k.
kcosx
- _Un-2x’
Sol. Given, flx) =
g 3 x =

0
P kcos%[ - h@
0 LHL= lim %C9%% = jim

oL T 2x haon—Q%—hQ
2

o ksinh _ . ksinh
= |lim = |lim
h-0m-m+2h h-0 2h
k sinh _ k k 0. lim w :15

=— |lim=—=_0O=
2h-0 h 2 2 Hnr-ox H

kcos% + h@
kcosx _

RHL = Iim+ Ilmn+
xﬂn?T[—Zx A | 2%+h§

- lim —ksinh - 1im ksinh —ﬁl sinh _ andf%@ 3
h-0m-m-2h h-0 2h 2ha02h 2

It is given that, lim f(x)= f%@ Oo—-=3

x - T/2

Ng N[y

O
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[k +
.53 If =
Q.881F /(=1

I

2, x<-1 . .
, then find ¢ when Llim

X - -

+ <-
Sol. Given, fw=f 2 ="
gexs, x>-1
LHL = fim fx)= lm (x +2)

x - -1

= ||£no(—1 -h+2) =hl|£n0(1 -h)=1

RHL = lim f(x
x - -1t
O =C
If lim f(x)exist, then LHL = RHL

O c=1

Objective Type Questions

sinx

Q. 54 lim is equal to
x-mX — Tl
(@)1
(c) -1
sinx _ lim sin(Tt— x)

Sol. (¢) Given, lim =
X-Tx —TT x”"—(T[—x)

[-sin® =sin(m - 9]
x-m (T-Xx)

2
. x“cosx
Q. 55 lim ———"is equal to

x-01-cosx

(@) 2

(© 7

x%cosx _ . x2cosx
= lim

Sol. (@) Given, lim
x-01-cosx = 05q2 %
2

=2 lim %g

¥ Ogie X

)

1

x - -1

. f(x) exists.

lim cx® = lim c(-1+h)?

x - -1

P

N

. sinx
0. lim —= =

Hao x

Olimcosx =20 =2

X -

1and m-x

U4
a1

2’79

00 % r@

2 X[]

cosx =2sin“ =

2H
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o 1+x)" -1,
Q. 56 lim ¥1s equal to
x - 0 X
(@n (b) 1
(©) —n (d)o
Sol. (@) Given, lim (+a) =1y () =1 (1+ ) 1
x-0 x 2= 0 (1+x)=1 -0 (1+x)—1
— g O = () -1
¥ 0 (1+x)=1 (+x)-1 (1+x)~-1
=n{@)’ =" =n o lim ¥ 78 < pgnmg
02 x-a 0
m
R A
Q. 57 lim is equal to
x-1x =1
(a) 1 b) 2
n
m m2
() —— (d) —
n n
xM =1 i e
Sol. (b) Given, lim il jm X1 _x=1 «-1
x-1x" =1 x-1x" =1 i x" =1
m
x -1 x-1 x =1
_m" " _m D tim 2278 gD
n@’"" n H%a x-a o
1-cos40 .
Q. 58 lim is equal to
8- 01-cos
4 1
= b) —
(a) 9 ( )2
-1
— d) -1
(© P (d)
. . 1-cos4b _ . 2sin’28 -
. (a) Given, lim = | .+ 1-c0s26 =2sin
Sol. (@) Giv 6 01-c0s60 © - 02sin? 3 [ e
2 .
iim *""28 rpgp lim &'”zeg .
Sl L) =4g-028 0 O jim 8" —jandx ~ 00 ke. 02
. SII’]239 2 9 39D2 5 -0 x E
lim 5 [{30) lim =" 0
6~ 0 (36) 6-0036 [
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cosecx —cot x
Q.59 lim ——— s equal to
x - 0 X

=1 1
(@ — (b) 1 (0= (d)1
2 2
Sol. (c) Given, lim COSecx — cotx
x-0 X
1 cosx
= lim Sinx__ sinx — |im 1-cosx
x-0 x x -0 x[$inx
2sin? X tan®
= lim 2= |jm 2
= Oy @sinfcos® -0 x
2
x
tan=
=hm_2g=" D. jim 18N8 _ 40
-0 X 2 2 He-o o H
2
sinx
Q. 60 lim is equal to
x>0 Jx+1—-,1-x
(@2 (b) 0 (o)1 (d) -1
Sol. (¢) Given, lim —_Sn*
() x-0 Jx+1-J1—-x
= Iim sinx EF/x+1 + J1-x
x~ON/x+1—\/1—x \/x+1+\/1—x
- im sinx(x + 1+ 1-x )
x -0 (x+)-(1-x)
- lim sinx(yx + 1+ J1-x)
x¥-0 x+1-1+x
= L iim SI0% jim (Jx+ 1+ fT-2)
2x-0 x x-0
1 0. ... sinx _ .0
=—0O2=1 lim =—= =1
2 Hx-0 x H
2
. sec” x — 2.
Q. 61 lim ——is
x - /4 tanx — 1
@3 (b) 1 (©0 (d)2
2
Sol. (d) Given, lm SeC-x=2
x- /4 tanx -1
I T+tan®x -2 _ im tan®x -1
x- /4 tanx — 1 x - /4 tanx — 1
- i (anx + fftanx -1 _ (tanx + 1)
x- /4 (tanx—‘]) x-T/4

=2
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Wx - 1)@x -3) .

Q. 62 lim > is equal to
-1 2x"+x -3
(a) 1 (b) il (@1 (d) None of these
10 10

Sol. (b) Given, Iim Wr ~Nex -9 lim Wz - 1@x -3)
-1 2x% 4+ x =3  x-1(2x+3)(x —1)
im__ (x -1Nex -3
v 1Rx + )(Wx —NWx +1)
lim 2x -3 _ -1 2;1
T 12x + 3)(Wx +1) 5x2 10

i"[]x], [x] # 0

Q. 631If f(x) x
0, [x]=0

=0 , where [[[J denotes the greatest integer
H
function, then lim f(x)is equal to
x - 0
(@1 (b) 0 () =1 (d) Does not exist

Sol. (d) Given, flx) =

0 LHL= lim f(x)

RHL= lim f(x)= lim
x- 0" x-0* [.’X?]

_ jim SINO+A] sinfh] _
= im m =
x-0* [0+h]  h-0 [h]

LHL #RHL

1

So, limit does not exist.

|sinx|

Q. 64 lim is equal to
x - 0
@1 (b) = -1
(c) Does not exist (d) None of these
Sol. (c) Given, limit = |imOM
x - X

O LHL = fim FPOM = — im0 = g
x - 0" X x- 0 X
RHL= fim SN% =4
x>0t x
. LHL # RHL
So, limit does not exist.
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2 <x<
Q.651f fy=p » 0<%<?
Rx+3, 2<x<3

are lim f(x)and lim f(x)is

X - 2 x_>2+

@ x> -6x+9=0 (b) x*> - 7x +8 =0

, then the quadratic equation whose roots

(© x% -14x + 49 =0 d)x®>-10x +21=0

2 -
Sol. (d) Given, f(x) = Ox® -1 0<x<2
%x +3 2<x<3

O lim fx)= lim (x2 - 1)

x - 27 x - 27

— P2 4= It 2 _ —
= lim [@ =h)* =1]= lim (4 + h* - ah =)

= lim(h® -4h +3)=3

and lim flx)= lim @x + 3)

xo 2t xo 2t

= h“fno 2@+ h) +3]= h||£no(4 +2h +3) =7

So, the quadratic equation whose roots are 3 and 7 is x® - (3 + 7)x + 3 x7 =0i.e.,
x? —10x +21=0.

. tan2x —x .
Q. 66 lim ———is equal to
x - 03x —sIinx
(@2 (b) © ! (L
2 2 4
fan2x _40
Sol. (b) Given, lim tan2xl—x = lim H = : B
*-03x —sinx x-0 Ei_smxu
X
x B
) tan2x
:x|IEn02X o 1:2_1:1
3- fim SN 3-1 2
x-0 x

Q. 67 If f(x) = x —[x], DR, then f' %@is equal to

(a) 3 (b) 1 (©0 (d) -1
Sol. (b) Given, f(x)=x —[x]
’

Now, first we have to check the differentiability of f(x) at x = >

0 Lf'%gz LHD = hnpqof%_h_%_f%@
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%—h@—%—h@—%+%§: N %-n—o-%+o=1
h h

h-0

= lim
n-20

1.0 .0
Rf’%@z RHD fim %
h-0 h
%+h§_%+h§_%+%§_. 1+h—0—%+0
h

and

= lim
h=0

LHL =RHD

; =

1 d .
Q.GSIfy=\/§+—,then—yatx=1lsequalto
Jx dx

1 1
1 - _
@ (b)2 (©) 7 (o
Sol. (d) Given, y=ﬁ+%
dy _ 1 1
Now, w- " _
o dx  24Jx  2x%2
O y :1—1:0
%Qﬂ 2 2
Q. 69 If f(x) _Xt4 then f'(1)is equal to
Y NE
@2 b2 ©1 (d)0
Sol. (a) Given f(x)5—x_4
ot ’ 2Vx
1
2Vx —(x-420 —
Now, F(x) = 2\x
4x
_2x—(x-4) _2x-x+4
T e T2
_x+4
1+4 _5
0 friy=——-_=2
" 4x (12 4
1
1+ J
Q. 70 If y = X ,thenlis equal to
1 dx
1=
ax 4
—4Xx —4Xx
— b
(a) pETY. ()x2—1
1- 2
© =% (d) —~

4x x° =1



Limits and Derivatives 285

1+ 12 241
Sol. (a) Given, y= x1 0y== 1
1- 4 x° =
x2
2 a2
! dy _ (7 —12x - (a” +1)(2x) [by quotient rule]
dx (x2 =1
dy _2x(x® -1-x° -1
dx (x? -7
_ 2x (-2) - —4x
(@® =17 (x® =1y
sinx + cosx ol .
Q. 71 If y=—, then Y atx=0is equal to
sinx — cosx dx
(a) -2 (b) 0 (c)% (d) Does not exist
Sol. (a) GiVen, y= Sl.nx + COSx
sinx —cosx
0 dy _ (sinx —cosx)(cosx —sinx) —(Slnx2+ cosx)(cosx +sinx) [oy quotient rule]
dx (sinx —cos x)

_ —(sinx —cosx)? —(sinx +cosx)?
(sinx — cosx)?

_ —[(sinx —cosx)? + (sinx +cosx)?]
(sinx — cosx)?
_ —[sinx +cos®x —2sinxcosx +sin®x +cos®x +2sinxcosx]

(sinx — cosx)?
-2
(sinx - cosx)?

O %%:02_2

dy

sin(x +9 .
Q. 72 1Ify = g then = at x = 0 is equal to
cosx dx
(@) cos9 (b) sin9 (©0 (d) 1
Sol. (a) Given, :M
cosx
0 dy _cosxcos(x + 9) —sin(x + 9) (-sinx) [by quotient rule]
dx (cosx)?
_ cosxcos(x + 9) + sinx sin(x +9)

cos®x

0 %Q‘ _cos9
X =0 1

=co0s9
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xz xlOO .
Q.731If fx)=1+x TR then f'(1)is equal to

1

@ —— (b) 100
100
(©0 (d) Does not exist
Sol. (b) Gi o) =tew+ & e et
. iven, X)=1+x+"— +. +5
0 ( 2 100
x x99
0 fle)=0+1+2x% +  +1005_
2 100
Flx)=1+x + 22+, +x%
Now, ff(y=1+1+1+...+1(100 times)
=100
x" —a"
Q. 74 If f(x) = = for some constant a, then f'(a) is equal to
X —a
(@1 (b) 0 (c)% (d) Does not exist
n o_ gn
Sol. (d) Given, flx)=2_—2
x-a
_ n=1_/.n _ 4N
g f'(x) = (x ~a)u (7 —a’)(1) [by quotient rule]
(x —a)
0 f,(x)_nx”_w(x—a)—x" +a"
(x - ay
Now, la) = na"~'(0)-a" +a"
(x —a)
0
O f'(a)= =
(@) 0
So, f'(a) does not exist,
Since, f(x)is not defined at x = a.
Hence, f'(x) at x = a does not exist.
Q.75 1If f(x) = 2" +x% +... +x +1, then f'(1)is equal to
(@) 5050 (b) 5049
(c) 5051 (d) 50051
Sol. (a) Given, fx) =" + 2% + . +x +1
O F(x)=100x% + 99x% + ... +1+0
=100x% + 99x% + ... +1
Now, f'(1)=100+ 99 + ... +1
:12@[2 X100 + (100 1) =1)]
— Oc _N O
=50[200 - 99 S, =={2a+(n-1)d
[ ] g o 2{ (n=1 }EI

=50 x101
= 5050
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Q.76 If f(x) =1-x+x% —x> +... =% +x%, then f'(1)is equal to
(@) 150 (b) =50 (c) =150 (d) 50
Sol. (d) Given, flx)=1-x +x2 -x> +... —x% +x'%
flx)=0-1+2x —3x% +... —99x% +100x%

=—1+2x —3x% +... —99x% +100x%
0 fri)y=-1+2-3+...-99 +100
f7
=(-1-3-5-...-99) +(2 +4 +...+100) =S, ="oa+n-na)t
Q 2 H
50

x S0p « -
~ R x1+(50 =1)2] + TR x2 +(50 ~1)2)

—25[2 + 49 x2] +25[4 +49 x2]
~25(@2 +98) +25(4 +98)

-25 x100 +25 x102

- 2500 + 2550

50

Fillers
Q.771f f() = - tanx " then im f(1) = oo
X -
Sol. Given,f(x)zitanx = jim  18N¥ =y Ttan(mox) lim 1aN% — 4
XxX—T *x-T x—T0 T-x-0 —(T[—x) ﬁxﬁo g

.M. x O
Q. 78 lim Esmmxcot—H=2, thenm= ......
x -0 NE)
. Given, Iim Binmrcor % =2
Sol iven x[no |r1mxco\/é
0 im 7% e 0 1x =2
o mx tan——
J3
X
0 lim SNME e V8 gl —o
x-0 mx tani X
NEERVK]
X
0 lim S gl V8 [jim M =5
x-0 mx ’“Otani x-0 X
NE] V3
J3x =2
- 243
3
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2 3
x x° x d
Q.79Ify:1+—+—+—+...,thenl: ......
1 2! 3! dx
2 3 4
Sol. Given, y:1+f+x7+x7+x7+m
1 2l 3! 41
2 3
0 ﬂ:o+1+2x+3i 4x
dx 2 6 41
2 3
=+ +2 + X 4
2 6
2 3
TR L L
1! ! !
=Yy
. X
Q.80 lim —=..
x4>3+[x]
) . . (8+h)
Sol. Given, lim ~ = ||m(
x-3%Y[x] h-0[3+Ah]
= jim 8+ N _,

h-0o 3



