PRINCIPLE OF MATHEMATICAL
INDUCTION

4.1 0verview

Mathematical inductionisone of the technigues which can be used to prove variety
of mathematical statements which are formulated in terms of n, where nis a
positiveinteger.

4.1.1 The principle of mathematical induction

Let P(n) be a given statement involving the natural number n such that
(i) The statement istrue for n = 1, i.e., P(1) istrue (or true for any fixed natural
number) and

(i) If the statement is true for n = k (wherek is a particular but arbitrary natural
number), then the statement is also true for n.=k + 1, i.e, truth of P(k) implies
the truth of P(k + 1). Then P(n) is true for all natural numbers n.

4.2 Solved Examples

Short Answer Type

Prove statementsin Examples 1to 5, by using the Principle of Mathematical Induction
foralne N, that :

Examplel 1+3+5+ .. +(2n-1) =
Solution Let the given statement P(n) bedefinedasP(n) : 1 +3+5+.+ (2n-1) =
r?, for n € N. Note that P(1) is true, since
P(1):1=1°
Assume that P(k) istrue for somek e N, i.e,
PK:1+3+5+..+(2k—1)=k?
Now, to prove that P(k + 1) is true, we have
1+3+5+.. +(2k-1)+(2k+ 1)
=k+(2k+1) (Why?)
=kz+2k+ 1= (k+1)2
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Thus, P(k + 1) is true, whenever P(K) is true.
Hence, by the Principle of Mathematical Induction, P(n) istruefor all ne N.

w , for all natural numbersn> 2.

-1
Example 2 nz tt+1)=

t=1
Solution Let the given statement P(n), be given as

-1 —
P(n) : nz t(t +1):w, for all natural numbers n> 2.
t=1

We observe that
2-1 1 1.23
PR): X tt+1) = St(t+1) =12 =—
=1 t= 3
2.(2-19(2+))
p 3
Thus, P(n) in truefor n = 2.
Assume that P(n) istrue for n =k e N.
k-1 k(k=1)(k+1
e, Pl St 1) = SHDEED
t=1 3
To prove that P(k + 1) is true, we have
(k+1-1) k
> t(t+1) = Y t(t+1)
=1 t=1
= k(k—1) (k+1
= > t(t+)+k(k+D =%+k(k+l)
t=1

: k(k+l){k—;+3} :k(k+1;(k+2)

_ (kD((k+D)-D)) ((k+D+D
3
Thus, P(k + 1) is true, whenever P(K) is true.

Hence, by the Principle of Mathematical Induction, P(n) is true for all natural
numbersn> 2.
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Example 3 (1__1}[1_&)_" (1__1j=n_+1, for al natural numbers, n> 2.
22 Z n>) 2n

Solution Let the given statement be P(n), i.e.,

1 1 1 n+1
P(n) : ek 1—? 1—F ZE,forallnatural numbers, n> 2

We, observe that P(2) istrue, since

1 1 1 41 3 2+1
2 )T 4T 44 2x2

Assume that P(n) is true for somek e N, i.e,

- (-3) (22

Now, to prove that P (k + 1) istrue, we have

[ - 212](1_%)[1 klz){l‘ (k+11)2)

_k+1[ 1 ] K>+2k _ (k+1)+1

T2k U (ka)? ) T 2k(k+D)  2(k+D)
Thus, P (k + 1) is true, whenever P(K) is true.
Hence, by the Principle of Mathematical Induction, P(n) is true for all natural
numbers, n> 2.
Example4 2*—1lisdivisible by 3.
Solution Let the statement P(n) given as
P(n) : 22— 1isdivisible by 3, for every natural number n.
We observe that P(1) istrue, since
2—-1=4-1=3.1lisdivishbleby 3.
Assume that P(n) is true for some natural number k, i.e.,
P(k): 2*— 1isdivisibleby 3,i.e., 2% —1=3q, whereq € N
Now, to prove that P(k + 1) is true, we have
P(k+1): 2%« -1 =2%+2_1 = 2% 2]
=2% 4-1=32% +(2*-1)
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=3.2%+3q
=3 (2*+q) =3m, whereme N
Thus P(k + 1) is true, whenever P(K) is true.
Hence, by the Principle of Mathematical Induction P(n) is true for all natural
numbers n.
Example5 2n + 1< 2" for al natual numbersn > 3.
Solution Let P(n) be the given statement, i.e., P(n) : (2n + 1) < 2" for al natura
numbers, n> 3. We observe that P(3) istrue, since
23+1=7<8=22
Assume that P(n) is true for some natural number k, i.e., &k + 1 < 2¢
To prove P(k + 1) is true, we have to show that 2(k + 1) + 1 < 2¢%, Now, we have
2k+1)+1=2k+3
=2K+1+2<2k+2<2¢, 2=2%+1
Thus P(k + 1) is true, whenever P(K) is true.

Hence, by the Principle of Mathematical Induction P(n) is true for all natural
numbers, n > 3.

Long Answer Type

Example 6 Define the sequence a, &, a,.. as follows :
a =2,a =5a_, foral natural numbersn > 2.
(i) Writethefirst four terms of the sequence.
(i) UsethePrincipleof Mathematical |nduction to show that thetermsof the sequence
satisfy the formulaa = 2.5™ for al natural numbers.
Solution
(i) Wehavea =2
a,=5a,,=5a,=52=10
a,=5a, , =5a,=510=50
a, =53, =5a,=550=250
(i) Let P(n) be the statement, i.e.,
P(n) : @ = 2.5 for al natural numbers. We observe that P(1) is true
Assume that P(n) is true for some natural numberk, i.e., P(K) : g = 2.5,
Now to prove that P (k + 1) istrue, we have
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Pk+1):a,,,=5a=5.(57"
=25¢=2511
Thus P(k + 1) is true whenever P (k) is true.
Hence, by the Principle of Mathematical Induction, P(n) istruefor al natural numbers.

Example 7 Thedistributive law from algebra saysthat for all real numbersc, a, and
a, we havec(a, + a,) = ca, + ca,

Usethislaw and mathematical inductionto provethat, for all natural numbers, n>2,
if c, a,a, .4 aeany real numbers, then

cl@+a+..+a)=ca +ca,+..+ca
Solution Let P(n) be the given statement, i.e.,

P(n):c(a +a,+..+a)=ca, +ca,+..ca, foral natural numbersn =2, forc, a,
a,..a € R.

We observe that P(2) istrue since
cl@,+a)=ca tca, (by digtributivelaw)
Assume that P(n) is true for some natural number k, wherek > 2, i.e,,
PK:c(a +a+..+a)=ca +ca,+..+ca
Now to prove P(k + 1) is true, we have
Pk+1):c(a +a+..+a+4q,)
=c(@q+ta,+..+a)+a,)
=c(a, +a,+..+8)+ca,, (by distributivelaw)
=C tC,t ..t T,
Thus P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of Mathematical Induction, P(n) is true for al natural
numbers n> 2.
Example 8 Prove by induction that for all natural number n
sno+sn(@+p)+sn(oa+2P)+..+sin(o+(n-1)P)

i sin(oc+n—;1[3)sin(n—zﬁ)

()

Solution Consider P(n):sina+sin(o+B) +sin(o+2B) +...+sin(o+(n—1)B)
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sin(oc+n—;1[3)sin(n—8)

=0

, for al natural number n.

We observe that
P (1) istrue, since

sin(oc+0)sinE
P(1):sina= ; 2
sinE

Assume that P(n) is true for some natural numbersk, i.e.,
P(K):sina+sin(o+p)+sin(o+2B) +...+sin (o + (k=1)B)

_ sin(oc+%1[3)sin(%)

(%)

Now, to prove that P (k + 1) istrue, we have
Pk+1):sno+sn(o+p)+sin(a+2B)+..+sin(o+ (k-1)B) +sin(a+kB)

sin(oc+%1[3)sin(@)
sin(ﬁ)
2

(k1)L kB B
Sln(a+ > Bjsn 2+sn(oc+kB)sm2
p

sn=
2

oos(a—E j— cos(ow kB—Ej+ cos(ow kB—E)—COS(a+kB+Ej
2 2 2 2
p

29n—
2

+dn(a+kp)
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CDS(OL—E)—COS(OL-FI(B-F E)
2 2
p

29n=
2

sin(oc +ﬁ)sin(MJ
2 2
B

sin—=
2

sin[cx +k—2[3) sin (k+1)(%j
p

sn=
2
Thus P (k + 1) is true whenever P (k) is true.

Hence, by the Principle of Mathematical Induction P(n) istruefor all natural number n.

Example 9 Prove by the Principle of Mathematical Induction that
IxU+2x20+3x3+...+nxn'=(n+1)! —1foral natural numbersn.

Solution Let P(n) be the given statement, that is,
Pin):1x11+2x21 +3x 3l +...+nxn!=(n+1)! —1foral natura numbersn.
Note that P (1) istrue, since
PL:1x1=1=2-1=2! -1

Assume that P(n) is true for some natural number k, i.e.,
PK): 1x21+2x21 +3x31+...+kxkl=(K+1)! -1
To prove P (k + 1) istrue, we have
Pk+1):1x2U+2x21+3x31+..+kxkl+Kk+1)x(k+ 1)

=(k+21)! -1+ (k+1)! x(k+1)

=(k+1+1) k+1) -1

=(k+2)k+1!'-1= ((k+2)! -1
ThusP (k + 1) istrue, whenever P (k) istrue. Therefore, by the Principle of Mathematical
Induction, P (n) istruefor all natural number n.

Example 10 Show by the Principle of Mathematical Induction that thesum S of the
ntermof theseries 1?+2x 22+ 3+ 2x 4+ 52+ 2 x 6% ... isgiven by
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2
M, if niseven
= 2
M +D it nisodd
n(n+1)?

,whenn iseven
Solution Here P(n) : §, =

nz(;”) ,Whenn isodd
Also, note that any term T of the seriesis given by
_ |n?if nisodd
" |2n?if niseven
We observe that P(1) is true since
2
P(l) : Sl: 12:1:£=M
2 2

Assume that P(K) is true for some natural number k, i.e.

Case1l Whenk isodd, then k+ 1 is even. We have

Pkk+1):S,,=12+2x22+ .+ K+ 2x(k + 1)

2
KD ke
(k+21) )
= [ +4(k+ 1)] (askisodd, 12+2x 22+ ... +
k+1
= [k* + 4k + 4]
2
- k_+1(k+2)2= (k+ 1) M
2 2

So Pk + 1) istrue, whenever P(K) is true in the case when Kk is odd.

Case 2 When k is even, then k+ 1 is odd.

o D

=K =)
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Now, P((k+1):22+2x2%+ . +2K+(k+ 1y

k(k+1)°
_ (;) +(k+1)2 (askiseven, 12 +2x 22+ ...+ 2k2 =k

(k+1)2 )
2
(k41" (k+2) (kD) (k+D+D)
2 2

Therefore, P (k + 1) istrue, whenever P (k) is true for the case when k is even. Thus
P (k + 1) is true whenever P (K) is true for any natural numbers k. Hence, P (n) true
for al natural numbers.

Objective Type Questions
Choose the correct answer in Examples 11 and 12 (M.C.Q.)
Example 1l Let P(n) :“2n< (1x 2x 3 x ... x n)”. Then the smallest positive integer
for which P (n) istrueis
(A) 1 B) 2 (©) 3 (D) 4
Solution Answer isD, since
P(1:2<1lisfdse
P(2):22<1x2isfdse
P@3):28<1x2x3isfase
But P(4):2*°<1x2x3x4istrue
Example 12 A student was asked to prove a statement P (n) by induction. He proved

that P (k + 1) istrue whenever P (k) istruefor all k>5¢e N and also that P (5) istrue.
On the basis of this he could conclude that P (n) is true

(A) foradlne N (B) foraln>5

(C) fordln>=5 (D) fordln<5
Solution Answer is(C), since P(5) istrue and P(k + 1) istrue, whenever P (k) istrue.
Fill inthe blanksin Example 13 and 14.

Example 13 If P(n): “2.4n+1 + 31 jsdivisbleby A for all ne N’ istrue, then the
valueof A is
Solution Now, forn =1,
2471 + 31 =243+ 3*=2.64+81 =128+ 81 =209,
for n =2,24°+3=8.256+ 2187 = 2048 + 2187 = 4235
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Note that the H.C.F. of 209 and 4235 is 11. So 2.4*"** + 3**1 s divisible by 11.
Hence, Ais 11

Example14 If P(n):“49" + 16+ kisdivisibleby 64 for ne N” istrue, then the least
negative integral value of kis

Solution Forn =1, P(1) : 65+ kisdivisible by 64.
Thusk, should be—1 since, 65— 1= 64 isdivisible by 64.

Example 15 State whether the following proof (by mathematical induction) istrue or
false for the statement.

nin+1)(2n+12)
6
Proof By the Principle of Mathematical induction, P(n) istrueforn =1,

1+1) (2-1+1 k(k+1) (2k +1
12:1=%.Againforsomekzl,kzz%

P(n): 12+ 22+ ...+ P =

. Now we

prove that

k+D) (k+D)+D (2Ak+1D +1)
6

(k+1y =

Solution Fase

Sincein the inductive step both the inductive hypothesis and what isto be proved
are wrong.

4.3 EXERCISE |

Short Answer Type

1. Give an example of a statement P(n) which is true for al n > 4 but P(1), P(2)
and P(3) are not true. Justify your answer.

2. Giveanexampleof astatement P(n) whichistruefor all n. Justify your answer.

Prove each of the statementsin Exercises 3 - 16 by the Principle of Mathematical
Induction:

4" —1isdivisible by 3, for each natural number n.
2"—1isdivisibleby 7, for al natural numbersn.

n* —7n+ 3isdivisible by 3, for al natural numbersn.
Fn—1isdivisible by 8, for al natural numbersn.

S



9.
10.
11.
12.

13.

14.
15.
16.
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For any natural number n, 7" —2"isdivisible by 5.

For any natural number n, X' —y" is divisible by x —y, where x and y are any
integers with x # y.

n3—nisdivisible by 6, for each natural number n> 2.
n (r? + 5) isdivisible by 6, for each natural number n.
n? < 2'for all natural numbersn > 5.

2n< (n+ 2)! for al natural number n.

\/F<715+713+---+ 71: for al natural numbersn> 2.

24+4+6+..+2n=n2+nfor al natural numbers n.
1+2+22+ ... +2n=2m1—1 for al natural numbers n.
1+5+9+ ...+ (4n-3)=n(2n-1) for al natural numbers n.

Long Answer Type
Usethe Principle of Mathematical Induction in the following Exercises.

17.

18.

19.

20.

21.

22.

A sequencea,, a,, a, ... isdefined by lettinga, = 3 anda, =7a_, for all natural
numbers k > 2. Show that a = 3.7 for al natural numbers.

A sequence b, b, b, ... is defined by lettingb = 5and b, = 4 + b__, for all
natural numbers k. Show that b, = 5 + 4n for all natural number n using
mathematical induction.

d
A sequenced, d,, d, ... is defined by letting d, =2 and d, =%for al natura

2
numbers, k > 2. Show that dn = ﬁfor al ne N.

Prove that for all ne N
cos o + cos (o + ) + cos (o + 2B) + ... + cos (o + (N —1) B)

oAl 3)

sinE
2 in2"
Prove that, cos 6 cos 20 cos20 ... cos2™0 = ane. foralne N.
snnb ”2”esin_( ”;1) 0
Provethat, sn6 +sn20+sn30 +...+sSnnB = 0 ,forallne N.

sn—=
2
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° n° 7n
23. Show that €+€+1—5 isanatural number for all ne N.

24. Provethat i+i+,_,+i>E , for all natural numbers n> 1.
n+l n+2 2n 24

25. Provethat number of subsets of aset containing n distinct elementsis 2", for all
ne N.
Objective Type Questions
Choose the correct answers in Exercises 26 to 30 (M.C.Q.).
26. If 100+ 342+ kisdivisibleby 9for @l ne N, then the least positive integral

vaueof kis
(A)5 (B) 3 o7 (D) 1
27. Foralne N, 35" +2"isdivisible by
(A) 19 (B) 17 (C) 23 (D) 25
28. If x»—lisdivisible by x —k, then the least positive integral value of kis
(A)1 (B) 2 ©3 (D) 4

Fill intheblanksinthefollowing:
29. If P(n): 2n<n!,n e N, then P(n) istruefor al n>
State whether the following statement is true or false. Justify.

30. Let P(n) be a statement and let P(k) = P(k + 1), for some natural number Kk,
then P(n) istrue for all ne N.

Pt -1 O L ——



