Chapter

(APPLICATION OF INTEGRALS)

8.1 Overview

This chapter deals with a specific application of integrals to find the area under simple
curves, area between lines and arcs of circles, parabolas and ellipses, and finding the
area bounded by the above said curves.
8.1.1 The area of the region bounded by the curve y = f (X), X-axis and the lines
x=aand Xx=b (b> a) is given by the formula:

b b

Area= Ydx= f(x)dx

a a
8.1.2 The area of the region bounded by the curve x = ¢ (y), y-axis and the lines
y=c¢, y=dis given by the formula:

d d

Area - Xdy (y)dy

8.1.3 The area of the region enclosed between two curves y = f (X), y = g (X) and the
lines X =a, X = b is given by the formula.
b

Area= F(X)—9(X) dX wheref(x) g(X)in[a b]

a

8.14IFf f(x) g(Xin[a clandf(X) g(X)in[c, b],a<c<b, then

c b
Area= F(0-g0(0) dx  g(x) - f (%) dx N
8.2 Solved Examples
Short Answer (S.A.) A

Example 1 Find the area of the curve
y = sin X between 0 and 7.
Solution We have

Area OAB = Iydx = j.sin Xdx — |—cos x|;’ ¢} ¥ T

= cos(0 — cosm = 2 sq units.
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Example 2 Find the area of the region bounded by the curve ay? = X, the y-axis and
the lines y=aand y = 2a.
Solution We have

2a 2a 1 2 Y
Area BMNC = Xxdy  a’y’dy C y=2a
a a 2a g N
1
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2222§71 . B/ (8,4)
= Sa . sq units. / -
Example 3 Find the area of the region / %
bounded by the parabola y> = 2x and the 0O
straight line X —y = 4.
Solution The intersecting points of the given / A2 -2

curves are obtained by solving the equations
X—y=4and y* = 2X for X and Y. Fig. 8.3
We have V=8 +2yie,(y—4) (y+2)=0

which givesy=4, -2 and Y

X=38, 2.

Thus, the points of intersection are (8,
4), (2, —2). Hence

¢ 1
Area = J.(4 +y—5y2JdY
2

5 4

y 1 3
4y+ = - —
y 2 6y

= 18 sq units.
-2

Example 4 Find the area of the region
bounded by the parabolas y* = 6x and Fig. 8.4
X2 = 6Y.



172 MATHEMATICS

Solution The intersecting points of the given parabolas are obtained by solving these
equations for X and Yy, which are 0(0, 0) and (6, 6). Hence
6

3
6 ) 5 3
X X X
Area OABC = \/&—? dx — 2\/6?_E

0
0

3
2 3
= 2\/8@ _©) _ 12 sq units.
3 18

Example 5 Find the area enclosed by the curve X =3 cost, y = 2 sint.
Solution Eliminating t as follows:

X
X =3 cost, y=2sint = EZCOSI,

. ,2
% sint, we obtain ©.2ip
(_3a 0)
NI (O X
¥y =1 X A
9 4 (3,0
which is the equation of an ellipse. 0,-2)
From Fig. 8.5, we get Y’
3 Fig. 8.5
the required area = 4 3 9-X" dx
0
8 X 9-x 9sin’lx3 6 i
=35 FV7T sy S = 07T squnits.
32 27 3, d

Long Answer (L.A.)
. . 3%
Example 6 Find the area of the region included between the parabola y = e and the

line 3x—2y+ 12=0.
: . . , 3%
Solution Solving the equations of the given curves y = e and 3x—-2y+ 12 =0,

we get
3X¥-6x-24=0 = (X-4)(x+2)=0
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= X=4, x=-2 which give
y=12,y=3

From Fig.8.6, the required area = area
of ABC

4 452
12
= 3% dx _ 3idx
. 2 L, 4
) |3 [
=(6X+ T) ~|72 | =27 squnits.
> 5 Zs 3x2p+12=0

Example 7 Find the area of the
region bounded by the curves X = at?
and y = 2at between the ordinate
coresponding tot=1and t = 2.
Solution Given that X = at? ...(1),

Fig. 8.6

y=2at..(ii)=>t= 2—}; putting the

value of t in (i), we get y* = 4ax
Puttingt=1 and t =2 in (i), we get
X=a,and X=4a

Required area = 2 area of ABCD =

2Tde=2 X QT\/&dX

34a

(x)2] 56 :
= 8\/5 3 = ?3-2 Sq units. Fig. 8.7

a

Example 8 Find the area of the region above the X-axis, included between the parabola
y?= ax and the circle X* + y? = 2ax.

Solution Solving the given equations of curves, we have
X2 + ax = 2ax

or Xx=0, X=a, which give
y=0. y=ta
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From Fig. 8.8
area ODAB = Y

[t 0

Let x=2asin’. Then dx = 4a o
sin® cosO db and X

N [@!

Xx=0,=06=0, x=a:>9=z.

a

Again, J'w/zax— X dx ]

0

Y/
5 Fig. 8.8
=I(2asin6cose) (4asin600s6)d6
0
3 BTN
= az_[(l—cos49)d6 =a’ (6—511146}4 = —a’.
0 4 0 4
Further more,
a 2 3@
e 22w | 2o
0 3 o 3
Thus the required area = &~ 2a° g2 —— = it
us the required area = 1 3 =& 7~ 7 squnits.
Example 9 Find the area of a minor segment of the circle X + y*> = a* cut off by the
line x = 2
ineXx= .

: . . a . . .
Solution Solving the equation X* + y* = @ and X = -, we obtain their points of

2 b
. N 22 a
intersection which are > 5 and 2’ ,
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Hence, from Fig. 8.9, we get

a

, a’—xtdx
Required Area = 2 Area of OAB =2
2
2 a Y
- 5'\/az—xz +—sin"' =
2 a &
2 r
[ oR
{a_z noa e E}
2 2 4 2 26 5 A B
7 X
O| a2

= %(61:—3\5—27:)

a’ —
= E(47:—3x/§ ) sq units.

Yl
Objective Type Questions Fig. 8.9

Choose the correct answer from the given four options in each of the Examples 10 to 12.

Example 10 The area enclosed by the circle X* + y*= 2 is equal to

(A) 47 sq units (B) 2+/27 sq units
(C) 41? sq units (D) 27 sq units

N3
Solution Correct answer is (D); since Area= 4 V2-— X’
0

V2

X X
=4 =42-X sin'-= = i
> NG 0 27 sq. units.

22
Example 11 The area enclosed by the ellipse ¥+F =1 is equal to

(A) m?ab (B) mab (C)ma’b (D) mab?

a
b 2 2
Solution Correct answer is (B); since Area = 4 Ig a” —x"dx
0
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32 256 64 128
O ®) 5 © 5 0) 5

16
Solution Correct answer is (B); since Area = 2 J‘\/y dy
0

Fill in the blanks in each of the Examples 13 and 14.

Example 13 The area of the region bounded by the curve X = y?, y-axis and the line
y=3andy=4is

. 37 .
Solution 3 s units

Example 14 The area of the region bounded by the curve y = x* + X, x-axis and the
line x=2 and X =5 is equal to

297 ,
Solution & 5 units

8.3 EXERCISES
Short Answer (S.A.)
1. Find the area of the region bounded by the curves y* = 9x, y = 3x.

Find the area of the region bounded by the parabola y* = 2px, X2 = 2py.

Find the area of the region bounded by the curve y=X* and y =X+ 6 and Xx=0.
Find the area of the region bounded by the curve y? = 4x, X* = 4y.

Find the area of the region included between y* = 9x and y = X

Find the area of the region enclosed by the parabola X* =y and the line y =X+ 2
Find the area of region bounded by the line X =2 and the parabola y* = 8x

© N o o s~ WD

Sketch the region {(X, 0) : y= /4 — x* } and X-axis. Find the area of the region
using integration.
9. Calcualte the area under the curve y = 2./x included between the lines X = 0

and x=1.
10. Using integration, find the area of the region bounded by the line 2y = 5x+ 7, x-
axis and the lines X=2 and X =8.



11.

12.

13.
14.

15.
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Draw a rough sketch of the curve y = \/x—1 in the interval [1, 5]. Find the
area under the curve and between the lines X =1 and x = 5.

Determine the area under the curve y = \/ﬂ included between the lines X
=0and x=a.

Find the area of the region bounded by y = \/x and y = x.

Find the area enclosed by the curve y = —x?and the straight lilne X +y + 2 = 0.
Find the area bounded by the curve y = \/x , X= 2y + 3 in the first quadrant

and X-axis.

Long Answer (L.A))

16.
17.
18.

19.

20.
21.
22.

23.

Find the area of the region bounded by the curve y* = 2x and X* + y* = 4x.

Find the area bounded by the curve y = sinX between X = 0 and X = 2.

Find the area of region bounded by the triangle whose vertices are (-1, 1), (0,
5) and (3, 2), using integration.

Draw a rough sketch of the region {(X,y) : Y2 < 6axand X’ +y*< 16a}. Also find

the area of the region sketched using method of integration.

Compute the area bounded by the lines X+ 2y=2,y—x=1and 2x+y=17.
Find the area bounded by the lines y=4x+5,y=35—Xand 4y =X+ 5.

Find the area bounded by the curve y = 2cosx and the X-axis from

X=0to X=2m .

Draw a rough sketch of the given curve y =1+ [x+1|, Xx=-3,X=3,y =0 and
find the area of the region bounded by them, using integration.

Objective Type Questions
Choose the correct answer from the given four options in each of the Exercises
24 to 34.

24,

25.

26.

T
The area of the region bounded by the y-axis, y = cosXand y=sinx, 0 < X < B is

(A) /2 sq units (B) ({2 +1) sq units
(C) ({2 —1) sq units (D) (24/2 —1) sq units

The area of the region bounded by the curve X* = 4y and the straight line
X=4y—-21s

3 5 7 9
(A) g5d units (B) g 5d units  (C) gsd units (D) g Sd units

The area of the region bounded by the curve y=,/16—x* and x-axis is
(A) 8 sq units (B) 20msq units (C) 167 sq units (D) 2567 sq units
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27.

28.

29.

30.

31

32.

33.

34.

Area of the region in the first quadrant enclosed by the x-axis, the line y = X
and the circle X2 + y* =32 is

(A) 16w sq units  (B) 471 sq units (C) 321 sq units (D) 24 sq units

Area of the region bounded by the curve y = cosX between X =0 and X =T is
(A) 2 sq units (B) 4 squnits (C) 3 squnits (D) 1 sq units

The area of the region bounded by parabola y? = X and the straight line 2y = X is

4 2 1
(A) 3 sq units (B) 1 squnits (C) 3 sq units (D) 3 sq units

The area of the region bounded by the curve y = sinxX between the ordinates

b1
Xx=0, x= 5 and the X-axis is

(A) 2 sq units (B) 4 squnits (C) 3 squnits (D) 1 sq units
2 y2
The area of the region bounded by the ellipse E+E =1is

(A) 201 sq units  (B) 207 sq units

(C) 16m? sq units (D) 25 & sq units

The area of the region bounded by the circle X* + y* =1 is

(A) 27 sq units (B) ®squnits (C) 3w sq units (D) 47 sq units
The area of the region bounded by the curve y= X+ 1 and the lines Xx=2 and X=3 is

7 9 11 13
(A) 5 sq units (B) 5 sq units (C) 5 sq units (D) 5 sq units

The area of the region bounded by the curve X = 2y + 3 and the y lines.
y=1landy=-11is

3
(A) 4 squnits (B) 2% units (C) 6 squnits (D) 8 sq units

= © L ——



