Three Dimensional Geometry

Direction cosines (d.c.’s) of a line:
o d.c.’s of a line are the cosines of angles made by the line with the positive direction of the coordinate
axes.

o If/, m, and n are the d.c.’s of a line, then P+m?2+n?=1
; ST : Xa—¥] JFa—Fl Z27%F]
o d.c.’s of a line joining two points P (x1, y1, z1) and Q (xp, yp, zp) are PO’ PO ° PQ > where

PQ = ‘J(IE - -1'1)2 t (.:P‘z —.}f1)2 + (23 —21)°

Direction ratios (d.r.’s) of a line:
o d.r.’s of a line are the numbers which are proportional to the d.c.’s of the line.
o d.r.’s of a line joining two points P (x1, v1, z1) and Q (xp, yp, zp) are given by x1 —x2, y1 — 12,21 — 22

orx2 —x1,¥2 —y1,22 —21-

If a, b, and c are the d.r.’s of a line and /, m, and » are its d.c.’s, then 1-

— [} — [
1=+ m= t cand n= £

,lﬂ2+52+c2 .:12+.E:-2+¢2 .:12+.i:-2-h:2

Equation of a line through a given point and parallel to a given vector:
o Vector form: Equation of a line that passes through the given point whose position vector is @ and

which is parallel to a given vector & is r=a +Ab , where A is a constant.
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o Cartesian form:
= Equation of a line that passes through a point (x1, y1, z1) having d.r.’s as a, b, c 1s given by
X—X%)] _ F-F1 _E—Z]
a b e
= Equation of a line that passes through a point (x1, y1, z1) having d.c.’s as /, m, n is given by
X—X)] _ F-F1 _ E—E)
) m n

e Equation of a line passing through two given points:

o Vector form: Equation of a line passing through two points whose position vectors are aand b is
givenby » = @ +,-’n( b — F), where A€ R

o Cartesian form: Equation of a line that passes through two given points (x1, y1, z1) and (x2, 2, 22)
X=X — F—F1 _ Z—E

is given by, ¥z—¥1  F2—F1 E27F]

e Co-planarity of two lines

—
—

o Vector form: Two lines 7 = a1l *Aby and r =az b3 ape co-planar, if
B

XX _F ¥ _EEl g X TRa _ FoFa _ Z7Eg
o Cartesian form: Two lines 1 by €] ag ba ¢z and
X7 — X — 97—z
X—X3 _ F—Fa2 _ E—=3 4 1 Ya=hn 4 1
az bz ¢z are co-planar, if | ai by €1 =0

az ba €3



e Angle between two Non-skew lines:
o Cartesian form:
m If /1, mq, ny, and Iy, my, ny are the d.c.’s of two lines and 6 is the acute angle between them,

then £08 €= |Ijf +mymgz + nyny|
» Ifaq, by, c1 and ap, by, cp are the d.r.’s of two lines and 6 is the acute angle between them, then
appthpateya
2.2 2 | 2.2 2
'l«'rﬂl +h ey 'l«'rﬂz +ha +ed N N
o Vector form: If 0 is the acute angle between the lines 77 = 27 + Ak and # =ay +u by, then

B1.ba
cogB= ‘—
=3[ eke]

cog =

e Two lines with d.1.’s ay, by, ¢| and ay, by, ¢, are
o perpendicular, if @1az +b1bz +c1e3 =0
a-b_cl

o parallel, if 2 By o

e Two lines in space are said to be skew lines, if they are neither parallel nor intersecting. They lie in different
planes.

e Angle between two skew lines is the angle between two intersecting lines drawn from any point (preferably
from the origin) parallel to each of the skew lines.

e Shortest Distance between two skew lines: The shortest distance is the line segment perpendicular to both
the lines.



o Vector form: Distance between two skew lines " = g/ + A ,3:; and 7 =ag +[ ,3;._5 is given by,
[51‘*‘52) (az—a1)

it

d =

o Cartesian form: The shortest distance between two lines

X—N] _ F-F 2= and X%y _ ¥-F2 _ E—E3 is given by
aj b €1 az ba €2 ’
Xa—X] Fa-F1 2221
aj b €]
az b2 €32

2 2 ;
1/ [bra—be) +(cmz~am) +(apz—ap

e The shortest distance between two parallel lines 7 = g7 + A g_f and 7 =agz +U ,3_; 1s given by,
b x(a5-aj)

d = 3|

e Equation of a plane in normal form:
o Vector form: Equation of a plane which is at a distance of d from the origin, and the unit vector 7
normal to the plane through the origin is 7 7 =¢_ where 7 is the position vector of a point in the
plane



o Cartesian form: Equation of a plane which is at a distance d from the origin and the d.c.’s of the
normal to the plane as /, m, nis Ix + my + nz=d

e Equation of a plane perpendicular to a given vector and passing through a given point:
o Vector form Equation of a plane through a point whose position vector is z and perpendicular to the

—_—

vector 17 is |[ r —a ). I = (0, where 7 is the position vector of a point in the plane
o Cartesian form: Equation of plane passing through the point (x1, 1, z1) and perpendicular to a given
line whose d.r.’s are A, B, C is Alx—x) +B(y —y) +Clz —z1) =0

e Equation of a plane passing through three non-collinear points:
o Cartesian form: Equation of a plane passing through three non-collinear points (x1, y1, z1), (x2, 12,
A=A Y=y 72
z9), and (x3,y3,2z3) is |[¥2 — ¥ Y2 —¥1 Z2 71| =10
¥3TX@ ¥Y3TX Z3TZE
o Vector form: Equation of a plane that contains three non-collinear points having position vectors

—
—

a,b,and ¢ is (;‘ — E‘)[(E — ,:T):-:[? — H}] =), where ?isthepositionvectorofa

point in the plane

e Planes passing through the intersection of two planes:
o Vector form: Equatlon of the plane passing through intersection of two planes

—
— —

¥ m =d; and ¥ .nm3 .:;32 is given by, r [?:1 + Ay ) =dy + Ad3, where A is a non-zero
constant



o Cartesian form: Equation of a plane passing through the intersection of two planes
Apx+Byy + Gz + D1 =0 and Azx+Bay + Caz +D2 =0 is given by,

(Apx+Byy +Ciz +Dy) +A (Agx +Bay +Caz +D3) =0 where A is a non-zero constant

e Angle between two planes: The angle between two planes is defined as the angle between their normals.

— — — —

o Vector form: If 0 is the angle between the two planes ™ - 71 = dy and 1 .n3 =dz then
n]. 1
i3

cogE=

Note that if two planes are perpendicular to each other, then 71 - 72 = 0. and if they are parallel to each

other, then 1 is parallel to™Z2.

o Cartesian form: If 0 is the angle between the two planes

Ayx+Byy +Ciz +Dy =0 and Agx +Bay + Caz +D3 =0, then cos 0 = |——ati2tBB2#C L0
J a1 +87 +cf y ag+B3

Note that if two planes are perpendicular to each other, then #1432 + BiBz + C1C2 = 0; and if they are

1816
parallel to each other, then 5, B, G,

e Distance of a point from a plane:



o Vector form: The distance of a point, whose position vector is @ , from the plane

—

e . — 5
r mn=d 1s |-:1'— a ..:'2|

Note:

= If the equation of the plane is in the form of 7 .17 =d | where I is the normal to the plane,

|?{._“—.:i|
then the perpendicular distance is |I~T| :
14
N =dis ]

= Length of the perpendicular from origin to the plane 7N =dis

o Cartesian form: The distance from a point (x1, y1 z1) to the plane Ax + By + Cz+ D =015

Ax ]_+H_].? 1+CE 1+D

yadmlec?

e Angle between a line and a plane: The angle P between a line ¥ =d +Ab and the plane 7w =dis

=
=)

the complement of the angle between the line and the normal to the plane and is given by @ =sin
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