Determinants

Determinant of a square matrix 4 is denoted by 1Al or det (4).
Determinant of a matrix < = [@]1 <1 15 14l = |a| =a
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Determinant of a matrix .4 = 1S given by,
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Determinant of a matrix A =|&; b3 b3| is given by (expanding along R):
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Similarly, we can find the determinant of 4 by expanding along any other row or
along any column.

The various properties of determinants are as follows:
o If the rows and the columns of a square matrix are interchanged, then the
value of the determinant remains unchanged.

Example:

ay az as| |lay b e
\Al=|by bz b3|=|az bz ez
€1 €3 €3] |ag b3 c3
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This property is same as saying, if 4 is a square matrix, then 1A [ = |4

o If we interchange any two rows (or columns), then sign of determinant

changes.
Example:
ap by e by a1 o
az by e3|= —|by az cz|, by applying C = Ty
az b3 e3 by a3z e3
by a3 e3
=|bz az cz| by applying B «—= C3
by a1 e
o If any two rows or any two columns of a determinant are

identical or proportional, then the value of the determinant is zero.

Example:
ap by

ay by ¢3|=0,wherekis a constant

kay kb key

o If each element of a row or a column of determinant is multiplied by a
constant a, then its determinant value gets multiplied by a.

Example:

e Area of a triangle with vertices (xy, y1), (x2, 12), and (x3, y3) 1s given by,

x oy 1
x3 ¥y 1
x¥3 y3 |1

-1
b=3

Since area is always positive, we take the absolute value of the above
determinant.



If 4 is a square matrix, then 4 (adj A) = (adj A) A = |A| ]
A square matrix A4 is said to be singular, if A=0

A trix A is said to b -singular, if
square matrix 4 is said to be non-singular, if | 40

If 4 and B are square matrices of same order, then

LAE| = 1AIE|

Therefore, if 4 and B are non-singular matrices of same order, then AB and BA
are also non-singular matrices of same order.

e [f A is a non-singular matrix of order n, then |adj A| = |A\”_1

e A square matrix 4 is invertible, if and only if 4 is non-singular and inverse of
A 1s given by the formula:

-1

1
A —M{ad”.u‘l}

If 4 is a square matrix, then 4 (adjA) = (adjA) A =|A| 1
A square matrix 4 is said to be singular, if
A R ) Al # 0
square matrix A4 is said to be non-singulai, i1
: |A] # 0
If A and B are square matrices of same order, then AB| = LAIB|

Therefore, if 4 and B are non-singular matrices of same order, then 48 and BA
are also non-singular matrices of same order.

e [f A4 is a non-singular matrix of order n, then (ﬂ.:;t’ jﬂ‘{aaﬂ’ jﬂ}‘ =14

e A square matrix 4 is invertible, if and only if 4 is non-singular and inverse of 4
1s given by the formula:

a_ 1, .
A —M{adu.u‘l}

arx + by +eoz =dy
e The system of following linear equations a5 x + bav + ¢z =45 can be written as
azx +hyy +og =dy
AX = B, where



ay by e * dy
A=|ag by o3| . x=|)|.B=|d
a3y b3 c3 d3

A system of linear equations is said to be consistent, if its solution (one or
more) exists.

A system of linear equations is said to be inconsistent, if its solution does not
exist.

Unique solution of the equation AX = B is given by X = 4! B, where 141 # 0
For a square matrix 4 in equation AX = B, if

o |41# 0 then there exists a unique solution

o l4l# 0and (adjd) B # O, then no solution exists

o |Al'# 0and (adjd) B # O, then the system may or may not be consistent

Example 2:

Solve the following system of linear equations:
x—3y+4z =12

2x+tdvy —F= =7

tr —y+2 =13

Solution:

The given system of equations can be written in the form AX = B, where
1 =3 4 x 12

A=|2 2 —=3,X=|¥|andE =| -7
6 -1 2 z 13

Now,

Al =1[252 = (=D (= 3)] +3[2%2—6( = N] +4[2x( = 1) —6x2] =11£0

Therefore, 4 is a non-singular matrix and hence, the given system of linear
equations has only one solution.

Now,



Ap=lE=2-(-D(-3]=1
Ajg= —[2x2-6(—3)]= —22
Aj3=[2(-1)—6x2]= —14
A= —[(—3)=2—-(-1)=4] =2
Apy=[1x2—6x4]= —22
Agz=—-[I(-1—=6(-3)]=-17
Axp=[(—-3)(—3)—-4=2]=1
Ayz= —[1(=3)—2x4] =11
Azz=[lxd—-2(—3)] =58

- 121
L AT = Cr(adjA) = 5| 22 22 11

14 —17 8

Now X = A B
x 1 2 112 11
= |y :11—1 oz —22 11| =7 :11—1 33
z 14 —-17 81|13 55

x=1,y=3,andz=>5
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