Chapter 13
(LIMITSAND DERIVATIVES)

13.1 Overview
13.1.1 Limits of a function

Let f be afunction defined in adomain which we taketo be an interval, say, |. We shall
study the concept of limit of f at apoint‘a’ inl.

Wesay lim f(x) isthe expected value of f at x = a given the values of f near to the
X—a~

left of a. Thisvalueis caled the left hand limit of f at a.

We say X“_g‘ f(X) isthe expected value of f at X = a given the values of f near to the

right of a. Thisvalueis called the right hand limit of f at a.
If the right and left hand limits coincide, we call the common value asthelimit of f at

x = aand denote it by )I(l_rg f(X).
Some properties of limits

Let f and g be two functions such that both lim f (x) and lim g(x) exist. Then
O Hm[f(xX)+gX)]=lim f(x)+limg(x)
i Im[f(x)—g@)]=Ilim f(xX)—limg(x)

(i) For every real number o
lim(a f)(X)=oalim f(X)
X—a X—a

(v) mITOIg(1=[lim f(x) limg(x)]

(%) lim f (x)

—X2a

lim x=2a :
sa - , provided g (x) # O
99 limg(x)
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Limits of polynomials and rational functions

If fisapolynomial function, then Ll_rg f (X) existsand isgiven by
lim f (x) = f(a)
X—a

An Important limit
Animportant [imit whichisvery useful and used in the sequel isgiven below:

n n

. x"-a B
lim n-1
X—a X—a

Remark The above expression remains valid for any rational number provided ‘& is
positive.
Limits of trigonometric functions

To evaluate the limits of trigonometric functions, we shall make use of the following
limitswhich are given below:

o g SNnX T ¢ L MG X —
0] Lm—x =1 (i) leLrg)cosx_l (iii) legg)smx_o
13.1.2 Derivatives Supposef isareal valued function, then

sznmfu+m—um

h—0 h

e

iscalled the derivative of f atx, provided the limit on the R.H.S. of (1) exists.
Algebra of derivative of functions Since the very definition of derivatives involve
limitsin arather direct fashion, we expect therules of derivativesto follow closely that
of limitsasgiven below:
Let f and g be two functions such that their derivatives are defined in a common
domain. Then:

() Derivativeof thesum of two function isthe sum of the derivativesof thefunctions.

d d d
&[f(X) +9(¥)] =5 100+ 903

(i) Derivative of the difference of two functionsisthe difference of the derivatives
of the functions.

f(x)—%g(x)

d d
&[f(x) - g(x)] o
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(ii) Derivative of the product of two functions is given by the following product
rule.

%[f(x).g(x)] =[§—X f(x)] - g(x) + f(X)-[%g(X))

Thisisreferred to as Leibnitz Rule for the product of two functions.

(iv) Derivative of quotient of two functionsis given by the following quotient rule
(wherever the denominator is non-zero).

R ORI C e)
ala) - (90)

13.2 Solved Examples
Short Answer Type

Example 1 Evauate lim

X—2

X—2 X —3%%+2X

{ 1 2(2x -3 }

Solution We have

[ 1 2(2x - 3) }

lim

X—2

[im
X—2

_ 1 2(2x-23)
X—2 X —3x%+2x

x—2_x(x—1)(x—2

_x(x—l)—2(2x—3)}

-2 X(x-1) (x-2)
i | x?2-5x+6 |

= R XD (-2 |

(x=2)(x=3) ]

2| x(x-1) (x-2) | X270

[ x-3 }_—1

x-2| X(x—1) 2
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. 2+ X—42
Example 2 Evauate Ilrrgg
X—

Solution Puty =2+ x so that when x — 0,y — 2. Then

1 1
— 2 _922
imN2EXN2 v o2
x—0 X y>2 y—2
1, S
- 1(2)2 :E.z 2 _ 1
2 2 22
n_ n
Example 3 Find the positive integer n so that !(I—rI?], 3 =108,
Solution We have
_ox"=30
e Ol
Therefore, n3)"-t= 108=4(27) = 4(3)*-1
Comparing, we get n= 4

Example 4 Evaluate lim (secx — tan X)

X
2

Solution Puty= g—X.Theny—>Oasx—> g.Therefore

lim (secx — tan x)

X
72

. T T
lim[sec(Z —y) —tan(Z -yl

= Iirrg(cosec y —cot y)
y—

. [ 1 cosyj
= lim| —-—=
y-oldny sny

_ lim [1—.cosy]
y>0\ gny
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Zs'nZX (S'nce,slnzle_ﬂ/\
e { 2 2 J
y=0 . Y Y o oanY Y
25|n20032 smy_25|n20052
= Iimtanlz
Yo 2

2

Example 5 Evaluate Iirrgs'n(2+x)—sn(2—x)
x— X

Solution (i) We have

COS(2+ X+ 2-X) Sin(2+ X—2+X)
Iimsm(2+x)—sm(2—x) ~ lim 2 2
x—>0 X x—>0 X

2

. 2c0s29nx
= |lim——

x—0 X

20(152|ims'—m(=2c052 [aslims—nlej
x=>0 X x=>0 X

Example 6 Find the derivative of f ()
by first principle.
Solution By definition,

ax + b, wherea andb are non-zero constants,

i £ = (9

09 = |Im h
_ ”ma(x+h)+b—(ax+b):”m@:b
h—0 h h-»0 h

Example 7 Find the derivative of f (x) = ax? + bx + ¢, where a, b and ¢ are none-zero
constant, by first principle.

Solution By definition,
f(x+h)- f(x)
h

(9= lim
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_ jim A% h)2 +b(x+h)+c—ax? —bx-c
T oo h

_im 2D +ah’+2axh lim _
=TT h T oo dhF2ax+b=b+2ax
Example 8 Find the derivative of f (x) = x3, by first principle.
Solution By definition,

lim f(x+h)— f(x)

h—0 h

f'(x) =
 (x+h®*-x®
lim ~————
h—0 h

~ Irnx3+h3+3><n(x+h)—x3
" ho0 h

= limpz + 3x (x + h)) = 3¢

1
Example 9 Find the derivative of f (x) = " by first principle.

Solution By definition,

f(x+h)— f(x)
h

. 1( 1 1]
= lim=| —-
h-0h\x+h X

-h -1

(9= lim

im— = —
h>0h(x+h)x x°
Example 10 Find the derivative of f (x) = sinx, by first principle.
Solution By definition,

#00 = lim f(x+hr)]— f(x)

h—0
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sn(x+h)—-snx

lim
h—0 h
2x+h) . h
2cos| > sin—
= lim
h—0 ZD
2
sin—
= Iimcos( )-Iim
h—0 h—0 D
2

= cos X.1 = cos X
Example 11 Find the derivative of f(X) = x?, where n is positive integer, by first
principle.
Solution By definition,

f(x+h)— f(X)
h

()

(x+h)" = x"
h
Using Binomial theorem, we have (x +h)"="C x"+"C X' ~*h + .. +"C h"

. (x+h)"-x"
||m;
h—0

Thus, f(X)

. h(nx" 1+ .. +h" 1
lim =
h—0 h

nxn-1,

Example 12 Find the derivative of 2x* + x.
Solution Let y=2x4+ X
Differentiating both sides with respect to x, we get
dy d 4 d
— = —(2X")+—(X
5 OIX( ) CIX( )
= 2x4x 1+ X
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e+ 1

d
Therefore, &(ZX‘l +X) = 8¢+ 1.

Example 13 Find the derivative of x2 cosx.
Solution Lety = x2 cosx
Differentiating both sides with respect to x, we get

Y i(xzcosx)
dx adx

d d
= x?—(cosx) + cosx— (x?
| (cosx) dx( )

= X2 (—sinx) + cosx ()
= 2X COSX — X2 9inx
Long Answer Type

. 2dn®x+sinx-1
Example 14 Evauate lim —— .
H% 29n°x—3sin x+1
Solution Note that
2s® x+sinx—1= (2sinx—1) (sinx+ 1)
2snx—3sinx+1= (2sinx—-1) (snx-1)

. 2dn’x+sinx—1 _(28nx-1) (sinx +1
Therefore, lIM—— . = ( : )(. )
X_,% 29n“x—3sinx+1 - (2snx —1) (sinx —1)

o sinx+1
X_%sinx—l

(as2sinx—1#0)

1+dn%
= =-3

. T
sin—-1
6
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Example 15 Evaluate “m—tam.(—gsmx
x—0 SIN™ X
Solution We have
. 1
tan Xx—snx snx(——l)
lim— ~ 3 = lim -CO3$X
x>0 sin®Xx x>0 an” X

1- cosx
= Im—
x—0 COSX Sin® X

X
2sn? =
1
= Iirrg x2 X :E'
X—=>
CoSX (4si n=. cos® —)
2 2

3la+ 2X — \/_

Example 16 Evauate lim
0 xoa 3a+x —24x

Solution We have Imm
x—>a,/3a+x ZJ_

I N Y R TR
Ha‘/3a+x 2[ ‘/a+2x+«/_

. a+ 2x— 3x
= |lim

e 20 250

= lim (a- X)(\lsﬁuz\/')
Ha(‘/a+2x+«/_)(\j3a+x 2«/_)(\/3a+x+2\/_)

@[ EETRe ]
= xea(\/m«;-\/_x) 3a+X-— 4X)




234 EXEMPLAR PROBLEMS — MATHEMATICS

afa 2 248
3x2483a 343 9 °

. cosax — cosbx
Example 17 Evaluate lim ——
x-0  ooscx —1

Zsin((aHr b) x) sn (a-bx

Solution We have lim 2 — 2
x—0 SIN™ CX
2
2
Zsin(a+b)x-sin(a_b)x ,
= lim 2 2 X
x—0 X2 . 2 CX
SIN™ —
2
2
- 4
g @t b x sin2-D) X (g) s
— lim 2 : 2 22/ ¢
x—>o(a+b)x( 2] (a-b)x 2 SinZB(
2 a+b 2 a-b 2

c

(a+h)?sin(a+h)-a’sina
h

Example 18 Evauate lim
h—0

(a+h)?sin(a+h)-a’sina
h

Solution We have lim
h—-0

lirm (@® + h? + 2ah)[sinacosh +cosa sinh] — a’sina
h—0 h

_._.a’sna(cosh-1) a’osasinh
= lim[ +
h—0 h h

+ (h+2a) (sinacosh+ cosasin h)]
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azsina(—ZSinz—h) 2 inh
lim 24 im& B3NN jim (h+2a)sin @+ h)
_h0 h? 2| h-o h h>0

2

—a2sinax0+ a&cosa(l) +2asina

= a’cosa+2asna
Example 19 Find the derivative of f(x) = tan (ax + b), by first principle.
f(x+h)—f(x)

h

Solution We havef’(x) = LIES

_”mtan(a(x+ h) +b) — tan (ax + b)
" ho0 h

sin(ax+ah+b) sn(ax+b)
lim s (ax+ah+b) oos(ax+ b)
“h-0 h

_lim sn (ax+ ah+ b) cos(ax+ b) —sn (ax +b) cos (ax + ah +b)
~ho0 h cos (ax + b) cos (ax +ah + b)

_lim asn (ah)
~h-0 a. h cos (ax + b) cos (ax + ah + b)

=lim g lim sinah [ash -0 ah— Q]
~ h-0 cos (ax + b) cos (ax +ah +b) a0 ah

—— = 2
ws? (ax +b) asec? (ax + b).

Example 20 Find the derivative of f (x) =+/sinx, by first principle.
Solution By definition,

/(x) = Jim f(“h;‘ 1

—0
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_ Iim\/sin(x+rr1])—«/s'nx

h—0

_ |im(‘/9n (x+ h) —y/Sinx ) (ySn (x+ ) +Snx)
h—0 h(y/Sn (x+ h) +/sinx)

. sn(x+h)—dgnx
— lim
n>0 h(\fdn (x+ h) +/Snx]

sn-—
2

Z-E(Jsin (x + h) +Jsinx)

2cos(2X; h] h

= lim
h—0

COS X 1 -
= _ = —cot x+/sinx
24/9nx 2
: I 0S X
Example 21 Find the derivative of ——,
1+snx
Soluti Let o
n = ;
HHO Y= Tisnx

Differentiating both sides with respects to x, we get

dY_i( cosxj
dx  dx\1+sinx

L+ snx) %( (cosx) — cosx (;j—x (1+sinx)

(1+ snx)?

L+ dnXx) (—sinx) —cosx (c0sx)
A+ snx)?
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—sinx —sin? x— cos? x
(1+sinx)?

-(l+snx) -1
(1+snx)?  1+snx

Objective Type Questions

Choosethe correct answer out of thefour options given against each Example 22 to 28
(M.C.Q).

Example22 lim sinx isequal to
X ————
. x—=0 X(L+ COSX) ™

1
(A) 0O (B) 3 © 1 (D) -1

Solution (B) isthe correct answer, we have

2sin X s a
sinx 2

x=0 X(L+ cosx) T xo0 X(ZCOSZ g)

tan2
= 1 lim 2 = i
x—0 i( 2
2
. l-dnx .
Example23 lim is equal to
x>k 00SX
2
(A) O (B) 1 © 1 (D) doesnot exit
Solution (A) isthe correct answer, since
: T
. 1-snx 1—sm[5—y
lim

= Ilim

N [takingE - X= y]
x>l 00SX y cos(g ~ y) 2
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2sin? Y
_ lim1=S%SY _ lim
>0 sny " ognY ¥
2 2
= Ilmtanz =0
y—0 2
Example 24 Iimm isequal to
x—0 X
(A) 1 (B) 1 © 0 (D) doesnot exists
Solution (D) is the correct answer, since
. Ix] x
RHS= lim—=-=1
x—=0" X X
. Ix] —=x
and LH.S= |Imu:—=—1
x—=>0" X X

Example 25 |XiLn1[X -1 , Where [.] is greatest integer function, is equal to

(A) 1 (B) 2 © o (D) doesnot exists
Solution (D) isthe correct answer, since

RH.S= Iirg [x-1]=0

and LHS= lim[x-1=-1

. 1
Example 26 le_r)TgJ xsn; is equals to

(A) O B) 1 © % (D) doesnot exist

Solution (A) isthe correct answer, since

. 1
!('_r]g X=0gnd-1< sn= <1, by Sandwitch Theorem, we have
X



LIMITS AND DERIVATIVES 239

. o1
limxdn— = 0
Xx—0 X

1+2+3+...+n

Example 27 r['ﬂjo pv: , ne N, isequal to
1 1
A) O B) 1 C) = D) =
(A) (B) © 3 ©) 3
) ) . 14+42+3+...+n
Solution (C) is the correct answer. As X“ﬁfg 72
_ im0+ _ Iiml[“% L
oo 2n2 x—® 2 n’ 2
[T
Example 28 If f(x) = x sinx, then f P isequal to
1
(A) O (B) 1 € -1 D) 3

Solution (B) is the correct answer. As f’ (X) =x cosx + sinx

[S%) f’[%) - ZeosEigni=1
' T2 2 2

13.3 EXERCISE |
Short Answer Type

Evauate:
lim X2—9 lim 4X2_1 I X+h—\/;(
1. x>3 X —3 2. XH—; 2X -1 3. hL)n(])
1 1 5

5
3_93 6 _ 2 _ 2
Iim(x+2) 2 5. Iim(1+x) 1 Iim(2+x) (a+2)

x—0 X x—1 (1+ X)2 -1 x—a X—a
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XA—& . X —4

lim lim
(R X —1 8. X—>2‘/3X—2—‘/X+2
4 7 5
. x*—4 X —2x5+1 ,/1+x3— 1-x°
9. lim ———— 10 liMm5——— 11 lim
x—>J2 X +3\/5<—8 1 x> — 3x°+ 2 x>0 NG
X3+ 27 _ (8x—3 4x%+1)
12, lim ———-o 13. “mL -—
x=>-3 X° + 243 X_% 2x-1 4x°-1
. Lo xX =2 . sin3x
14. Find ‘n, if lim =80,ne N 15, lim=
X252 X—2 x—a gn 7x
Iirnsin22x Iiml—cost o 2sinx —sin 2x
16. x—0 §n2 4X L7 x—0 X2 18. x—0 X

. 1-cosmx i ﬁl— COS6X lim Sin X — 00SX
lim—— lim -

19550 1— cosrx 20, or (n ) 2L 1 I
- x>z W2 2 - 4 X—=
3N 3 4

Iim\/:_%sinx—cosx Iimsin2x+3x Iimsinx—sina
of oy & 23 50w+ tandx Y xoa Jx—+a
6

22.

. cot’x-3 2 \[i+cosx
25. lim————— 26. lim

% CDSECX —2 x>0 &§n®x

. 9nXx-—2sin3x +sinbx
27. lim
x—0 X

4_q 313

. X . -k
28. If lim —lim>—= , then find the value of k.
x->1 x—1 x-k X2 — k2

Differentiate each of the functionsw. r. to X in Exercises 29 to 42.
4 3
b XXX+l [

3
X+ 1) 31. (3x+5) (1 + tanx)
X

X
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x+4 X° — cosx
— + N
2. (eox—1) (seex+ 1) 33 ga o0t e 3% Tonx
x2 cos~
35. . 4 36. (ax? + cotx) (p + g cosx)
sinx
a+bsnx
- - - . 2 . .
37. o+ d oosx 38. (Sin x + cosx) 39. (2x—7)2 (3x + 5)
. i 1
40. X2 9inx + cos2x 41. sin3X cos*X 42, ————
ax“+ bx+c

Long Answer Type
Differentiate each of the functions with respect to ‘X’ in Exercises 43 to 46 using first
principle.

ax+b 5

ox+d

43. cos (X2 + 1) 44,
46. X CcOSX

Evaluate each of the following limitsin Exercises 47 to 53.

47 lim (X+ y) sec(X + y) — Xsecx
" y=0 y

. (sin(a. + PB) X+ sn(a —B) X+ sin 2a. X)
48 lim - X
x—0 COS2BX — 00S 20X

1—sinZ
2

tan® x — tan x lim

49. |iI'TT1[ . 50. xon X( X . X
X7 COS(X—Fz) COSE cosz—sm—

51. Show that Iimlx;d'I does not exists

x4 X —4
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> Whenx;tE
52. Let f(x) = 42X and if lim f (x) = f(g%
s Xom
3 X==— 2
2
find the value of k
X+2 X<

-1 .
53. Let f() =" find ‘¢ if im (%) exists.
cX x>-1
Objective Type Questions
Choose the correct answer out of 4 options given against each Exercise 54 to 76

(M.C.Q).

. dnx .
54, lim is
X=>n X —1TC

(A) 1 (B) 2 (C) -1 (D) -2

X2 COSX .
is

55, lim
x—0 1 — cosX

3
(A) 2 (B) 3 © = (D) 1
|im(1L)n_1is

x—0 X
(A) n (B) 1 (C) —n (D) 0

56.

x"-1

57. lim is

x>1 X" —

(A) 1 ® ©-—  ©=

i 1-cos40 i
x—01— cos60



59.

60.

61.

62.

63.

64.

65.
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4 1 -1
") 3 ®) 5 © & (D) -1
. COSECX —COtX |
lim—— s
x—0 X

- 1
A - (8) 1 © 3 (D) 1
lim—3n%__ .
0 fx+1- fi-x 'S
(A) 2 (B) O © 1 (D) -1
| sec’x —2
ol tanx—1 'S
(A) 3 (B) 1 (C) 0 (D) 2
|im(‘&_21)(zx_3) is
x>l  2X°+x-3

1 -1
(A) o (B) 0 © 1 (D) None of these

sn[x]
fFf(x)=4 [¥ , Where ] denotes the grestest integer function
0 ,[x]=0

then im f (X) isequal to
(A) 1 (B) 0 (© -1 (D) None of these
. |snx]| .
lim is
x—0 X
(A) 1 (B) -1 (C) doesnot exist(D) None of these

Lett _ )(2—1,0<X<2 h o X h lim f(X) d
etf(®= ox+3 2£x<3’t e quadratic equation whoserootsare "1 an

lim f(X) js
x—2"
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(A) x*-6x+9=0

(B) x*-7x+8=0

(C) x¥*—=14x+49=0 (D) ¥*-10x+21=0
. tan2x—x .
66. lim———is
x-03X —9nXx
1 - 1
(A) 2 B8) 3 © - ®) 7
67. Letf(xX)=x-[X; € R, then f'(%) is
3
(A) 3 (B) 1 (C) 0 (D) -1
68. Ify:s/;(+%,then%atx:1is
A1 B i C i D) O
(A) B) 7 (© NE (D)
69. Iff (x _ X2 then f’(1) is
. = 2& ,
5 4
w5 B) ¢ (© 1 (D) 0
1
1+—2 dy
70. If y=—=% then = is
L
X
—4x - 1-x? 4x
A e-pz B 3 © — D) 21
71. If y=w thenﬂatxzms

SnX—cosx’ dx
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1
(A) 2 (B) 0 © > (D) doesnot exist
72. 1f y=30x+9) then% atx=0is
(A) cos9 (B) sn9 © o (D) 1

X
73. Iff(X) = 1+ X+ —+...4+ —,then f’(1) i al t
(X) > 100 en f’(1) is equal to

1
(A) = (B) 100 (C) does not exist (D) O
100
X'-a"
74. 1f (9= for some constant ‘a’, then f’(a) is
1

(A) 1 (B) 0 (C) does not exist (D) 5
75. If f(X) = X0+ x®+ .. +x+ 1, then f’(1) isequal to

(A) 5050 (B) 5049 (C) 5051 (D) 50051
76. Iff(X)=1-x+x—x..—x*¥+x% thenf’(1) iseuga to

(A) 150 (B) —50 (C) -150 (D) 50

Fill in the blanks in Exercises 77 to 80.

77. 1f f(x) = g,then lim f(x) =
— T

. . X
78. — | =2, thenm=
Lm(smmxcotﬁ) 2
2 3
. X X X dy
79. if y=1+—+—+—+..., then — =
y v 20 3 dx
. X
80. lim— =

- O L ——



