Rational and Irrational Numbers

e The numbers, which can be written in the form § , where p and g are integers

and g # 0, are called rational numbers. Rational numbers can be positive as
well as negative. Rational numbers include all integers and fractions.

For example
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. 55,2—1, etc.
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» To find rational numbers between any two given rational numbers, firstly
we have to make their denominators same and then find the respective
rational numbers.

Example:

I !

Find some rational numbers between © and & .

Solution:
The L.C.M. of 6 and & 1s 24.

Now, we can write
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Therefore, some of the rational numbers between 2416/ 4pq 24\ 8

5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24

Natural numbers are a collection of all positive numbers starting from 1.
Whole numbers are a collection of all natural numbers including O.
Integers are the set of numbers comprising of all the natural numbers 1, 2, 3 ...

and their negatives —1, =2, =3 ..., and the number 0.
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Rational numbers are the numbers that can be written in ¢ form, where p and ¢
are integers and q # 0

Closure property
o Whole numbers are closed under addition and multiplication. However,

they are not closed under subtraction and division.
o Integers are also closed under addition, subtraction and multiplication.
However, they are not closed under division.
o Rational numbers:
1. Rational numbers are closed under addition.

o5 2 10 1sa ratlonal number.

2. Rational numbers are closed under subtraction.
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3 _
4~ 20 is rational number.

3. Rational numbers are closed under multiplication.
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Example: 3 | 3 9 is a rational number.



4. Rational numbers are not closed under division.
Example: 2 + 0 is not defined.
e Decimal expansion of a rational number can be of two types:
(1) Terminating
(i1) Non-terminating and repetitive

In order to find decimal expansion of rational numbers we use long division
method.
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For example, to find the decimal expansion of >s

We perform the long division of 1237 by 25.

49.48
25) 1237.00
100

237
225
120
100
200
200
0
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25
as zero, the decimal number is terminating.

Hence, the decimal expansion of 1s 49.48. Since the remainder is obtained

e Every number of the form ,'f'_; , Where p 1s a prime number is called an irrational

number. For example, ,'E ,'/ﬁ .'/E etc.



Theorem: If a prime number p divides a2, then p divides a, where a is a
positive integer.

Example:
Prove that /7 is an irrational number.

Solution:
If possible, supposeﬁ 1s a rational number.

Then, ﬁ = %, where p, g are integers, g # 0.

If HCF (p, ¢) # 1, then by dividing p and g by HCF(p, ¢, |/7 can be reduced
as

ﬁ:%where HCF (a, b) =1 .. ()
= ﬁi:' =a

= 7b2 = a!2

= a2 is divisible by 7

= a is divisible by 7 )

= a = Tc, where c is an integer
ﬁc =b

= 7h2 = 49¢2

> b2 =7c2

= b2 is divisible by 7
= b is divisible by 7 ...(3)
From (2) and (3), 7 is a common factor of a and . which contradicts (1)

,'E 1s an irrational number.

Example:
Show that .'/1__ — § 18 an irrational number.

Solution:
If possible, supposevfl_ — G 1s a rational number.

Then yf12 —6 = % for some integers p, g (¢ ' 0)
Now,



As p, g, 6 and 2 are integers, %(% + 5) 1s rational number, so is ’lE

This conclusion contradicts the fact that ﬁ 1s irrational.

Thus, /12 — & 1s an irrational number.

e Operation on irrational numbers:

o Like terms: The terms or numbers whose irrational parts are the same
are known as like terms. We can add or subtract like irrational numbers
only.

o Unlike terms: The terms or numbers whose irrational parts are not the
same are known as unlike terms.

We can perform addition, subtraction, multiplication and division involving irrational
numbers.

Note:
(1) The sum or difference of a rational and an irrational number is always irrational.

(2) The product or quotient of a non-zero rational number and an irrational number is
always irrational.

Example:
(1) @3 +42)* 33 -5/2)
_ [2ﬁ+ 3J§) + [‘E—E)‘E) (Collecting like terms)

=(2+3)y/3+(1-5)y2
~5/3-4/2

o) BV7-3y2) - (1/7+3y2)



=573 7732
— 5777322

=(5-T) ﬁ — (343 VE (Collecting liketerms)
- 2742

@) W5+32 )92

= 4‘/5}{‘/{5 + SV’E}CV'E

=4f10+32  (f2yf2=2)

=410 +6

@) SV6+y12
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« If #f is an irrational number such that x is a positive rational number and a (a # 1)

1S a natural number, then EJE 1s known as a surd. Here, 1Jl.f‘ is radical sign, a is
order of the surd and x is radicand.

For example, 310 is a surd of order 3.
* A surd whose order 1s 2 is called quadratic surd.

* Rules for surds:

Ifx,y€Q,x,y>0anda, b, c €N, then
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For example, ﬁ: =R IR [“"“ gy :{il'?}

Forms of surds

Pure form: A surd of the form ;4f; where k € Q such that k==+1. For example,

37 —\J11 are pure surds.

Mixed form: A surd of the form j2f; where k € Q such that £ # 0 and k # 1.
For example, 33/5 _4./16 are mixed surds.

* Conversion of mixed surds into pure surds:

For example, —5./3 =—./25.3 = —.[25x3=—.f75

» Conversion of pure surds into mixed surds:

For example, (77 = {953 =B x43 =37 x5 =343

* In cases, where the radicand is a prime number or it has the factors whose roots are
irrational, it 1s not possible to express pure surd as mixed surd.

For example, .11 .f21 etc.

» If a rational number is obtained after multiplying two surds then each surd is called
the rationalizing factor of the other.

For example, f3,27 = \f3x27 =.\,|"3_1=J9_:=9




So, .f3 and ~/27 are rationalizing factors of each other.

e Rationalization of denominators:

Jatyb

o The denominator of V¥**¥7 can be rationalized by
multiplying both the numerator and the denominator by

'/-‘_' n 'l{,-;, where a, b, x and y are integers.
Vahy

o The denominator of ¢ +/d can be rationalized by
multiplying both the numerator and the denominator by

€ '/E , where a, b, c and d are integers.

Note: 'l/T - V{; and © ~ '/E are the conjugates of VT + V{; and € T '/E

respectively.

243

Example: Rationalize V5+y3

Solution:

22
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