Chapter 12. Isosceles Triangle

Ex 12.1
Answer 1.
A
Ax
In 3K
B C

The equal angles and the non-equal angle arein the ratio 3:4.
Let equal angles be 3x each, therefore non-equal angleis 4x.
Angles of a triangle =180°

=3x + 3x + 4x =180°

=10 x = 180°

=x =18°
Therefore, 3x = 54° and 4x = 72°
Angles = 54°, 54° and 72°



Answer 2.

ox

et 2x
B C

The equal angles and the non-equal angle arein the ratio 2:2:5.
Let equal angles be 2x each, therefore non-equal angleis 5x.
Angles of a triangle =180°

—=2% + 2x + 5x = 180"
—9g x = 180"

=x = 20
Therefore, 2x =40 and 5x = 100"
Angles = 40° , 40" and 100°

Answer 3.

B C

Let equal angles of the isosceles triangle be x each. Therefore, non-equal
angle = x+15°

Angles of a triangle = 180°
X + X + (x+15°) = 180°

3x + 15° = 180"
3x = 165°
x = 55°

x+15 = 70°
Angles are 55°, 55° and 70°






Answer 4A.

A
110°
B C
In ABC,
28 = 110r
AB = AC

= sC=sB . ..(angles opposite to two equal sides are equal)
MNow, by angle sum property,

Sh+ AB 4 20 = 1800

= A+ 2B+ 2B = 1807

= 1107 + 22B = 180(F

=2sB= 180 - 110"

= 278 = 70°

= B =35

= 0 =350

Hence, #B = 35° and 2#C = 35°

Answer 4B.

105°

In ABC,
AB = AC
= ZACB = ZABC (1) angles opposite to two equal sides are equal)

Mow, ZACE + 240 = 180° L (linear pair)
= JACE = 180° - ZACD

= JACE = 180° - 105°

= SACE = 75°

= £ZABC = 75° o [From (1]]



Bv angle sum property, in AABC
ZABC+ £ACB - ZBAC = 180F

= 75°+ 757 + #BAC = 180"

= 150°F + #BAC = 180P

= £BAC = 180° - 150

= LBAC = 30°

Hence, in AABC, 28 =307, £B =75 and ~C=75"

Answer 4C.

A
37° -
B D '
In A8BD,
AD=BD o given)
= <ABD = #BAD .. .(angles ocpposite to two equal sides are equal)
Mow, ZAB0D =372 .. ..(given)
= ZBAD = 37°
Byw exterior angle property,
LADC = ZABD + £BAD
= SADC = 3794 37° = 74°
In AA0C,
A =DC L given)
= SADC = ZDAC L (angles opposite to two equal sides are equal)
= sDAC = 74°

Mow, £BAC = ZBAD + ZDAC
= BAC =37+ 74 =111°

In ARBC,
ZBAC+ £LABC+ £ACB = 180°

= 111°+ 37°+ ~ACE = 18CP

= SACB = 180°P - 111° - 37° = 320

Hence, the interior angles of AABC are 379, 111° and 2=,



Answer 4D.

A
50°
C ' D ' B

In AACD,
AD=CD L given)
= ZACD = Z2CAD . (angles opposite to two equal sides are equal)
Mow, ZACD = 50° . . (given)
= £CAD = SCF
By exterior angle property,

ZADB = ZACD + £CAD = S0P + S0P = 100°

In AAD0B,

AD=BD Cegiven)

= <DBA = ZDABE .. .(angles opposite to two equal sides are equal )

Also, £280B + ZDBA + ZDAB = 180
= 1007 + 22DBA = 150°

= 2-0OBA = 80°

= ZDBA = 407

= ZDAB = 407

LZBAC = £DAB + ZCAD = 40P 4 50° = Q0P

Hence, the interior angles of AABC are S0P, 90F and 409,



Answer 5.

Let £ ABC = x, therefore £ BCA = x since AB = AC
In AABC,

£ ABC + ZBCA + ~BAC = 180° ...... (i)
But £BAC +2DAC = 180° ...... (ii)

From (i) and (ii)

ZABC+ £BCA + £BAC = £BAC +£DAC

ZDAC = ZABC+ £BCA=x+x = 2x

Let # ADC = vy, therefore £ DCA = vy since AD = AC
In AADC,

ZADC + £DCA + £DAC = 180° ...... (iii)

But £BAC +~DAC = 180° ......{iv)

From (iii} and (iv)

ZADC+ £DCA+ ~#DAC = ~BAC +2DAC
ZBAC= ZADC+ £DCA=y +vy =2y
Substituting the value of #BAC and ZDCA in (ii)
2x + 2y = 180°

X+ vy =90°

= ZBCA + £ZDCA = 907
= < BCD is a rightangle.



Answer 6.

Q s R
Join PO and produce to meet QR in 5.
In APQS and APRS
PS = PS (commaon)
PQ = PR (given)
£2Q = 2R
~ APQS = APRS
~ £ QPS = £RPS

Hence, PO bisects 2P,

Answer 7.

C
Let ABC be an isosceles triangle with AB=AC.
Let D and E be the mid points of AB and AC.

Join BE and CD.

Then BE and CD are the medians of this isosceles triangle.



In AABE and AACD

AB=AC (given)

AD=AE (D and E are mid points of AB and AC)
ZA = <A (common angle)

Therefore, AABE = AACD (SAS criteria)

Hence, BE = CD

Answer 8.
In AQDP,
DP=DQ
520 = 2P
ZQDR= 2ZQ +£P
2-sQ0DC=£Q+ £P (DC bisects angle QDR)
2.0D0C= A0+ £Q= 220

20DC=~20Q
But these are alternate angles.
~DC || PG

Answer 9.
In APQS,
PQ =PS
& 2 PQS =2 PSQ
ZP+ APQS + £P5SQ = 180°
50° + 22PQS =180°
2-PQ5 = 130°
EPS= 65 = PS5 ...... (i)
In ASRQ,
SR = RQ
~ ZRQS = ZRSQ
2R+ ZRQS + #RSQ =180°
110° + 22RQS =180°

2/RQS = 70°






HROE =35 = =S ... (ii)
Adding (i) and (ii)
ZPSQ + #R5Q = 65" + 35°

ZPSR = 1007

Answer 10.

In ABDC,
ZBDC = 70°

BD = BC

Therefore, #BDC = ZBCD

= «BCD =70°

Now #BCD + #BDC + 2 DBC = 180°

70° +70° + ~DBC =180

ZDBC = 40°

ZDBC = #ABC (BC is the angle bisector)

= 7 ABC = 4

In A ABC,

Since AB = AC, #ABC = ~ACB = ~ACB = 40°

ZACB + ZABC + ZBAC = 180°
40° +40° + ZBAC = 180°

ZBAC = 100°

Hence, £ BAC = 100° and £ZDBC = 40°



Answer 11.
(i} In APQR,

PQ = PR (given)

Nowin AQNT and ARMT

ZONT = ZRMT  (90°)

£Q =R (from(i})

QT =TR (given)

o AQNT 2 ARMT  (AAS criteria)
A TN = TM

(ii) Since, AQNT = ARMT

ButPQ =PR ........ (iii) (given)
Subtracting (ii) from (iii)

PQ - NQ = PR - MR

=PN = PM

(iii} In APNT and APMT

TN =TM {proved)
PT =PT (common)
ZPNT = ZPMT  {90°)
Therefore, APNT= APMT
Hence, 2 NPT = ZMPT

Thus, PT bisects <P



Answer 12.

AN
Q I ] I 5
In APQR,

PQ=QR (given)

ZPRQ= QPR ... (i)

In APRS,

PR = RS {giver‘l}

/PSR = Z/RPS ... (i)

Adding (i) and (ii}

£/ QPR + ZRPS = #PRQ + ~PSR
Z/QPS= /PRQ + £PSR ........ (iii)
Nowin APRS5,

ZPRQ = £RPS + £PSR
ZPRQ = £PSR + £PSR (from (ii})

ZPRQ=22PSR  eoeveeen, (iv)
Now, 2 QPS=2-PSR + PSR (from (iii) and (iv))
Z QPS5 = 32PSR

/PSR 1

ZOPS T 3
= /PSR: AQPS=1":3




Answer 13.
In AKTM,
KT =TM {given)
Therefore, # TKM = ~TMK ..., (1)
Now, ZKTL = ZTKM + 2 TMK
80° = ,TKM + 2TKM = 22TKM  (from (i))
ZTKM = 40° = ATMK =2 LMK ........ (ii)
But £ TKM = 2 TKL(KT is the angle bisector}
Therefore, « TKL = 40°
In AKTL,
ZTKL + £ KTL + 2KLT = 180°
40° + 80° + £LKLT = 180°

ZKLT = 60° = ZKLM
ZKLM = 60° and £ LMK = 40°

Answer 14
In APTQ and APSR
PQ = PR (given)
PT = PS5 (given)
£ TPQ = £5PR (vertically opposite angles)
Therefore, APTQ = APSR

Hence, TQ = 5R



Answer 15.

/

B C

In AADB and AADC
AR = AL {given)

AD = AD {common)

sBAD = 2 CAD {AD bisects #+BAC)
Therefore, AADB= AADC

Hence,BD = DCand £ BDA = ~CDA
But £BDA + ZCDA =180°

= 2BDA = £CDA = 9(0°
Therefore, AD bisects BC perpendicularly.



Answer 16.

In ADEC,

#DEC = £ADE + £ A = Za (ext. Angle to AADE)
DE=DC

=sDEC=2£ZDCE=2a ..ccive. (ii)

In ABDC,let /B =b

DC = BC
=/BDC=2sB=b ... (iii)
In 4 ABC,

ZADB = Z~ADE+ ZEDC+ £BDC

180° =a+~2EDC +b (from (i) and {iii))

ZEDC =180° -a-b ... (iv)

MNow againin ADEC

180 * = £EDC + £DCE + £DEC (from (ii})

180 * = ZEDC + 2a + 2a

ZEDC =180% -4a ... (v)

Equating (iv) and (v}



Answer 17.

(i) In 4ADC,
AD = AC {given)

Therefore, ZADC = £ACD ......... (i)
But #ADB + ~ADC =180° ....... (i)
And £ ACD + #DCE = 180° ........(iii)

From (i), (i) and (iii)
ZADB = £ZDCE
(i} In AABD and ADCE
BD = CD (D is mid-point of BC)
£ ADB=-DCE (proved)
AD = CE (since AD = AC and AC = CE)
Therefore, AABD = ADCE

Hence, AB = CE.



Answer 18.

Y B\ /c 2
Let M and N be the points where AY and AZ are bisected.
In AABM and ABMY
MY = MA {BM bisects AY)
BEM = BM {common)
ZBMY=_.2BMA
Therefore, A ABM = ABMY

Hence,YB = AB ............ (i)
In AACN and ACNZ

NZ = NA (CN bisects AZ)

CN= CN (common)

£ CAN=2CNZ
Therefore, AACN = ACNZ
Hence,CZ = AC ........:.. (ii)
¥Z=%B + BC + CZ

Substituting from (i) and (ii)

YZ =AB + BC + AC
Hence, YZ is equal to the perimeter of AABC



Answer 19.

In APQR, let Z#PQR = x

PQ = PR
= < PQR = £PRQ . SRR (i)

In ARNS,

ZNRS = ZAPRQ=x ... (vertically opposite angles)
£ RBNS = 90° (given)

ZNSR + ZRNS + ZNRS = 1807
ZNSR + 907 + x = 180°

ZNSR = 90° - x RO (1)

Now in Quadrilateral PTRS

ZPTS =907 (given)

ZTPR = #PQR + ZPRQ = 2x (exteriorangle to triangle PQR)
ZPRS = 180° - #PRQ = 180° - x (QRS is a st. Line)

ZPTS + Z#TPR + #PRS + £ TSR = 360° (angles of a quad. = 360°)
90° + 2x + 180° -x+ £TSR = 3607

ZTSR = 90° - X e (i)

From (ii) and (iii)

ZT5R =2 N5R

Therefore, QS bisects ~ TSN.



Answer 20.

D
B E
Join DE and AC,
InASPD and AEPC,
ZDAP = ZECP (e ZBAE = ZBCD)Y
AP =CP L given)
ZAFD = ZEPC .vertically opposite angles)
L AAPD = AEPC LGBy ASA Congruence ariterion)
= AD = EC Yt X o
In AAPC,
AP =CP o given)
= SPAC = ZFCA colangles opposite to two equal sides are equal)
Mow, ZBAE = £BCD and £PAC = £ZPCA
= SBAC = ZBCA
=BC=BA ...[sides opposite to two equal angles are equal)
=BE+ECZ=BD + DA
= BE = BD (o EC = DA)
= <BDE = #BED ....(angles opposite to two equal sides are equal)

= ABDE is an isosceles triangle.

Answer 21.

Q
M
P 5
In APQS and ASQR,
Qs =05 o [Common]
s0SP=Z05R ... [each = 9CF]
ZP0S = #ROS L [given]
L APQS = ASQR L [By ASA ariterion]
=P5=R5:

=x+1l=v+2
=x=y+1 i)



And PO = SO

= 3x+1=0y-2
=3v+11+1=5v-2 . . [From{i}]
=W+ 3+ 1=050y-2

=3y +d=5y -2

=2y=06

=y = 3

Putting v = 3 in (i),
x=y+1=3+1=4

Answer 22A.
a.
In APGS,
PO =0S L given)
= Z05P = 20Ps .. .(angles opposite to two equal sides are equal)

Now, £POS + QSP+ 20PS = 18P
= 60° + 2/ 05P = 18P
= 2/05P = 1200

= /0SP = 60°
— /QPS = 60P

In APRS,

PsS = SR L given)

= sZPRS = ZRPz .. .. (angles opposite to two equal sides are equal)

Bw exterior angle property,
Z05F = ZRPS + ZPRS

= 607 = 2ZRPS

= <RPS = 30r

Mow, ZQPR = Z0PS + ZRPS = 60° + 30° = 90°

b.

In APQSE,

ZPQS = 600, £QPS = 60° and £ QSP = 60°
= APQS is an equilateral triangle,
=PQ=05=PS

And, PS = SR

=PQ=P5=05=%SR



Answer 23.

P

Q R
Let £POS = #SQR = x and ZPRS = #SRQ = v
In APQR,
ZOPR + ZPQR + ZPRQ = 1800
= SOPR + 2x + 2y = 1809
= /OPR = 180P-2x -2y  ...(0)
Since PQ = PR,
SPRO= PR .. .(angles opposite to two equal sides are equal )
= 2w =2y
= x=y
Mow, ZFPRT = #POR + 2QFR ....[by exterior angle property )
= ZPRT = 2x+ 1807 -2x -2y ....[From (i]]
= /PRT = 180° - 2y ()
In ASOR,
ZQSR + ZSQR + 2SR = 1800
= ZQSR + x + y = 180°
— s0OSR = 180P - x - v
= L05R = 180P -y -y oo ® =y (proved)]

— /0OSR = 1807 - 2y (i)

From (i) and (ii ],
ZOSR = ZFRT



Answer 24.

Given: ZPAC =110°

To find:

Base angles: #ABC and £ACE
Wertex angle, ZBAC

In quadrilateral ARPQC,

ZAPO + ZPOC + £ACQ + ZPAC = 360P
=907 4+ 0P 4+ AQCA+ 110F = 3607

= SACD = Z60P - 290°

= /ACQ = 7P

= /ACB =700 (0]

In AABC,

AB = AL L given)

= ZLCB = ZABC L (angles opposite to two equal sides are equal)
= JHBC = 70P o [From (]

In AABC,

SABC+ ZACB + #BAC = 1807 ...(angle sum property)
= /0% + 7P+ ZABAC = 180°

= LBAC = 1807 - 140r°

= SBAC = 40P





